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ON THE STABILITY OF THE ALTERNATIVE M ETHOD

D A M IA N  T RIF

Abstract. The stability of the alternative method is investigated. An op­

timization of the volume of computation for the numerical approximation 

of a solution of the equation Lu =  Nu  is also given.

1. Introduction

The stability of the fixed point iteration procedures has been investigated by 

A.M. Harder and T.L. Hicks [1]:

Definition 1 .  Let (X,d) be a metric space, T : X  —> X, x q  G X  and the iteration 
procedure xn+\ =  /(T , xn). If xn -> p, where p is a fixed point ofT, let yn G X  and 

e n =  c f(2/n+ i,/(T ,yn ))* / / s n 0 implies yn p then the iteration procedure f  is 
T-stable relating to T.

If T  is a contraction, a theorem of Ostrowski [1] shows that the iteration 

procedure f (T ,xn) =  Txn is T-stable:

Theorem 1. Let T : X  X  be a contraction on the complete metric space (X,d). 

Let p a fixed point o fT ,  xo G X\ æn+i =  Txnf n =  0 ,1,... be. Let yn G X and 

Sn =  d(yn+1,Tyn), n =  0 ,1 ,... . Then

1. d(p,yn+1) <  (1 -  fc)-1 (en +  kd(yn,yn+l))

2. d(p, yn+i) < d(p, xn+i) +  kn+1d{x0, y0) +  £  *n -V;
»=0

3. yn P if and only if en -*  0.

If X  is a Banach space, E : X e -> X  is a linear operator and N : X n -> X  
is a nonlinear operator, let us consider the equation Eu =  Nu , u G X e H X n -
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If E is an invertible operator, this equation is equivalent to u =  E~1Nu, a 

fixed point problem for T =  E~lN . If T is a contraction, Theorem 2 applies. If T 

is not a contraction or E is not invertible, the equation Eu =  iVu is studied by the 

alternative (Lyapunov-Schmidt) method. Using an idea of Sanchez [2] it is easy to 

conclude that the alternative method is T-stable. An optimization of the volume of 

computation for the numerical approximation of the solution of the equation Eu =  Nu 
by the alternative method is also given.

2. T he stability o f  the alternative m ethod

Let A  be a Banach space, E : X e —> X  a linear operator, N : —» X  a

nonlinear operator and we suppose that

a )  : there exists a projection P : X  —> X  such that X  =  P (P ) 0  R{I — P) 
and PE  =  P P

b )  : there exists H : R(I — P) —»■ P ( /  — P), a linear operator such that

H(I -  P)Eu =  ( /  -  P)u for all ti E X e 
EH(I -  P)Nu = { I -  P)Nu for all u £ X N

c )  : all the fixed points of P  +  H(I  — P)N  are in X e -

Theorem  2. Eu — Nu if and only if

(I — P)u =  H(I — P)Nu 
P ( E P u - N u )  =  0

Let D : R(P) —► P (P ) be a linear, invertible and with bounded inverse 

operator. For a, b > 0 we define

C =  {(v, w) |v G P (P ), ||t; -  v0|| <a,w& R(I — P), |M| <  6}

where Vo G P (P ) is an approximation of the solution of the equation Eu =  JVu. 

On C we define ||(t;,t̂ )|| =  ||v|| +  ||u;||. Let p G IN, u =  v +  w where (t;,u;) G C, 

u;0 — w,wl — H (I — P)AT(v +  u;*-1 ), for i =  1,2, . . . , p + l  and PF =  u^+1. Let 

U =  t; — D~l P(Ev — N(v + W )). We define an operator on C by T(v, u;) =  (U, PF). 

We remark that in the paper of Sanchez [2], p =  0.

114



ON THE STABILITY OF THE ALTERNATIVE METHOD

T heorem  3. If

1. there exists rj > 0 such that (v,w) G C implies ||7V(v +  tu)|| < r)

2. H (I — P) is a bounded operator and ||H(I -  P)\\ < b/rj

3. there exists a > 0 such that ||Z?” 11| <r <  1 and if {viyw), (v2iw) G C then 
\\D(vi -  v2) -  P{Ev i -  N(v\ +  w) -  Ev2 +  N ( v 2 +  w))\\ < cr ||vi -  v2\\

4. there exists 7 > 0 such that (vo, w) E C  implies

\\D~l P ( E v 0 -  N ( v 0 + te))|| < 7 < (1 -  ||ZT1 || <r)a, 

then T applies C into C.

Proof From (v, w) € C we have (v, wk) G C for all k thus

\\W\\ =  ||J3T(Z -  P)N(v +  w?) H < b/r) • rj =  6

We have also

||V -  «oil <  ||r>-x|| ||D(« -  «0) -  P(Ev -  N(v +  W)) -  P(Ev0 -  N(v0 +  W))|| <

< ll-D- 1  II o’ ||« -  «o|| +  (1 -  U^-1  II o )a  <  a

T heorem  4. If the conditions 1-4 of theorem 4 hold and

5) there exists L > 0 such that if Ui =  Vi 4- Wi, G =  1,2 then

p / t t !  -  JVtl2 || <  X  ||l/! — W2 ||

6) n =  ||l?-1 1 <r+(l+||£>-1P|| L)(0+...+0p+1) <  1, where 0 =  \\H(I -  P)|| L, 

then T is a contraction.

Proof Let T(vi,Wi) =  (V*, W i),i =  1,2. We have

m  -  Wt\\ < IIH (I -  P)|| Ldl®! -  «all +  I K  -  KID

But

thus

I K - K I I < ( l l « i - t * l l  + wr1 - k~1 )\\H(I-P)\\L

\ \ W i  -  W a|| <  ||«i -  va|| (0 +  .. .  +  0p + 1 )  +  0p+1 | H  -  10 31|
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Consequently,

\\Vi -  Vail +  IlW, -  W2II <  [Hi?-11 <r +  (1 +  ||i?-1i, || L)($ +  ... +  0p+1)] IK -  va|| +  

+(1 + ||i?~l-P|| L)0P+1 ||u)j -  it)2|| < (i (||wi -  v2|| + ||«>i -  iü2||)
Hence T has an unique fixed point (v,w) =  (V, W)  G C that may be obtained by the 

iteration procedure (vk+uWk+i) =  T(vk, Wk)>

Theorem 5. If the conditions of the theorems 4,5 hold, then u =  V +  W is a solution 
of the equation Eu =  Nu.

Proof. We have w1 =  W ,...,ujP =  W, that is W = H (I -  P)N(V  +  W). Then 

V = V ~  D - 1P{EV  -  N(V  +  W)) and consequently, P{EV  -  N(V +  W)) =  0 and 

Eu ~  Nu from theorem 3.

з. The optimization of the numerical computation of the solutions

We approximate the 2tt—periodic solutions of the equation

=  f { t ,  u( t ) )

Let X  be the Banach space of 27r—periodic, continuous functions u : IR —► 

IR, ||u|| =  sup |u(t)|, /  a continuous, 27r— periodic function on t , differentiable in
t€[0,27T]

и, with locally bounded derivative. Let X e =  i / 2(0, 2w) ,X n =  X, Eu =  — u", Nu =

/(•.«)•
If u G X  let 00

“ ■ +  cos kt +  bk sin kt)
/c= l

his Fourier series. We define, for m G IN,
m

Pmu = — -f cos kt -|- bk sin kt)
k=1
00

H(I — Pm) u =  ^  (ak coskt +  bk sinkt)/k2
k=m +l

^From [3] we have ||H (I — Pm)|| —> 0 when m -> 00. For an approximation vo € PmX  

we define the sequence w3 =  H (I — Pm)N(v -ftu5” 1), w° =  0, for s =  1,2, ...,p +  1. 

If m is sufficiently great then (v,wâ) G C if ||v — vo|| <  a, v G PmX. The second
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equation P(EPu  — Nu) =  0 becomes an equation for the Fourier coefficients of v} 

F(c) =  0, where c =  (a0/2, a1} bu ...am, bm).

If the Jacobian J(co) of F  in vq is invertible, let D =  J{co) and we use a 

theorem of Urabe [4]:

T heorem  6. Let us consider the system F(c) =  0, F =  ( F i , F n), c =  (c i,...,cn) 

for n E IN. We suppose that F E C 1(fî) and £ha£ there exists k E [0,1) and <S > 0 

such that

1. %  =  { c 6  FmX  |||c -  c0|| < J } C Q

2. || J(c) -  J(c0)|| < * /M

3. Mr/(I - k )  < 6

where M > ||d*“ 1(c0)|| , r > ||F(c0)||.

Then the system F(c) =  0 has an unique solution c E £ls and ||c — co|| <  

M r/(1  — k).

For a sufficiently great m the conditions of theorems 4,5 are consequences 

of the hypothesis of the Urabe’s theorem. Hence the 2 7r—periodic solution u of the 

equation — u/f =  /( t ,  u) is u =  V +  W, where W  is obtained by a fixed point iteration 

procedure for Pm +  H (I — Pm)N  and V is obtained by the Newton’s algorithm for 

the system F(c) =  0 (every step requires the iterations for W).

We consider the following error sources:

a) The computation of the Fourier coefficients (cf. [5]) of w8 =  H(I — 

Pm)N(v ■+■

T heorem  7. Ifg(t) isp times continuously differentiable, 2tt—periodic and his Fouri­

er series is
oo

+  y^(a* cos kt +  bk sin kt)
*=l

then the Fourier coefficients may be approximated by

j 2N 2N

ak *  Jf g(ti) cos nti bk™ ) sin nti
»=i *=i
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where t{ =  (2 i — l)ir/(2N)ii =  1,...,2JV and k =  1, AT — 1 and the approximation 

error is

where

<tp( N -  l) =  v §

2orp(AT _  1)

1 1
+

2tt

A

1/2

+  ...

1/2

i) -p+ l/2
_iV2p (JV +  1)2P

b) The truncation of the Fourier series at rank N — 1 (cf. [5]). We have

g(t) — (a* cos fct +  bk sin kt)
N - l

k=1
< <Tp(N — 1) dt

Consequently, if ws is approximated by ws we have

2tt
K  -  w*H <  2V N -m <rp(N -  1) 

+<rp(AT -  1)

0
2tt , v

j L /^ ( w  +  u»*-1) ^  (<)

(<r (m) -<r(7V)) +

where

At every step we have an error es < K  (Ns — 1) p+1 2̂, where 

I----ô----  r 1 2r
K  = V 2^1 (x + 2VAr~m) * ^  è  / N  (v +  w ’ ~ l)iP) {t)s

 ̂ 1  ̂ 2
dt

if A , <  TV fors  = 1, 2,..., S.

The whole error for 5  iterations is

0*+i& * ÿ5

for a computational effort proportional to 2 (TVo +  ... +  TV5).

Our problem is now to minimize this effort for a given error S q . Let S E IN. 

We have to minimize TVo +  ••• +  TV5 if
S  - e_o__ b$

V ______i_____ = H ___1=2. = >ic
i\P —1/2  ^  ~  S£
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By the Lagrange multipliers rule, let

L — Nq +  ... +  Ns -h A
$* ( N i - l ) p~1/2

We have the system

from where

iV; =  1 +  — ---------------------------------
( e -w *  - 1) 3,1+1

for i =  0 , 1 , S'. Now we can choose S for which the computing effort is minimum. 

As an example, let us consider the equation (cf. [5])

Nq =  20 and at every step the fixed point W  was obtained by 64 evaluations of 

Nu =  sin u — u3 (instead of 120 evaluations if at every step we choose JV =  20, for 

the same precision).
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un =  sint — u3 (t)

For m =  l ,p  =  2, 0 =  0.4, N0 =  4, Nx =  4, N2 =  5, N3 =  7, N4 =  10, iV5 =  14,
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