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O N  C E R T A I N  N E W  C O N D I T I O N S  F O R  S T A R L IKENESS A N D  
S T R O N G L Y - S T A R L I K E N E S S

Abstract. In this paper we will obtain conditions for starlikeness and 
strongly-starlikeness starting from the differential subordination of the for- 
m:

and g is a convex function in the unit disc £/, with q(0) =  1 and Re q(z) > 0, 
n > 1. We will obtain our results by using the differential subordination 
method developed in [1], [2], [3].

1. Introduction and preliminaries

Let A n denote the class of function of the form:

f{z) = z  + a„+1zn+1 + an+2an+2 +  . . . ,

which are analytic in the unit disc U =  {z\ \z\ <  1 }  and let A  =  A\.

W e let 7i[aj n] denote the class of analytic functions in U of the form:

f ( z )  =  z +  a „ z n +  an+i z n + 1 + . . . ,  z £ U

G H E O R G H E  OROS

azp(z) +p2(z) h(z)} where a > 0,

h(z) =  anzq(z) + q2(z),

and let

be the class of starlike functions in the unit disc U . 

For A G (0 ,1] let

denote the class of strongly-starlike functions.
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We will need the following notions and lemmas to prove our main results.

If /  and F  are analytic functions in (7, then we say that /  is subordinate to 

F , written /  -< F o r  f(z)  -< F(z ), if there is a function w analytic in U with w( 0) =  0 

and \w(z)\ <  1, for z £ U and if f(z)  =  F(w(z)), z £U.  If F  is univalent then f  F 

if and only if /(0 )  =  F(0) and / ( { / )  C F(U).

Lem m a A  ([1], [2], [3]). Let q be univalent in U with q'(Ç) /  0, |C| =  1, q{0) =  a 

and let p(z) — a +  pnz +  • • • be analytic in U, p(z) ^  a and n >  1.

If p q then there exist z q  £ U, Co £ 9(7 and m > n  such that:

(i) p(z0) =  g(Co)

(n j 2o(p'(2o) =  ™<o?'(Co)-
The function L(z,t), z £ U, i > 0 is a subordination chain if L{z,t) =  

a i(t)2 +  a2(02;2 +  • • • analytic and univalent in U for any t > 0 and if L(z,ti) -< 

£ (2,^2) where 0 <  t\ < t%.

Lem m a B ([7]). The function L(z1t) =  ai(t)z+a2(t)z2 +  . . . ,  with ai(t) /  0 fort > 0 

and lim |ai (t) | =  oo is a subordination chain if and only if there are the constantst—► oo
r £ (0,1] and M  >  0 such thaf;

fij L(;z,£) is analytic in \z\ <  r for any t >  0, locally absolute continuous in 
t > 0 /o r  evert/ |z| < r and satisfies \L(zyt)\ <  A/|ai($)| /or  |z| < r and t >  0.

(ii) There is a function p{z)t) analytic in U for any t >  0 measurable in 

[0, oo) for any z G £7 with Re p(z> t) >  0 for z £ U, t > 0  so that

dL(z,t)
dt f°r \z\ <r

and for almost any t > 0.

2. M ain  results

T heorem  1. Let a > 0 and let q be a convex function in the unit disc U, with 
g(0) =  1; Re q(z) > 0 and let

h(z) =  anzq'(z) +  q2(z), (1)

where n is a positive integer.
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ON CERTAIN NEW CONDITIONS POR STARLIKENESS AND STRONGLY-5TARLIKENESS

I f  p  €  7£[1, n], satisfies the condition:

a zp '(z )  +  p2(z) -< h(z)  (2)

where h is given by ( 1 )  then p {z )  -< q(z) ,  and q is the best dominant.

Proof. Let

L { z , t ) =  a  (n +  t ) zq '( z)  +  q2 (z) =  i p ( q ( z ) , ( n + t ) z q ' ( z ) ) .  (3)

If t =  0 we have

L(z, 0) =  an zq f (z)  +  q2 (z)  =  h(z) .

We will show that condition (2) implies p(z)  -< q(z)  and q(z)  is the best 

dominant.

From (3) we easily deduce:

zdL(z,t)

dL(z,t) =  (n +  0  
dt

1 +
zq"{z) 2 , \

+  - q { z )
q'(z)  J a

and by using the convexity of q and condition Ee q(z)  > 0, from Theorem 1 we obtain:

zdL(z,t)

Re J ,z_ ^ >  0.
dLŞ*>*)

Hence by Lemma B we deduce that L(z , t )  is a subordination chain. In 

particular, the function h[z)  =  L(z, 0) is univalent and h(z)  -< L(z, 0), for t > 0.

If we suppose that p(z )  is not subordinate to <j(z), then, from Lemma A, 

there exist zq G U,  and Co G dU  such that p(z0) = q{Co) with |Co| =  1, and zop'(zo) =  

(n 4- t)Coq'(Co), with t > 0.

Hence

to =  V>(p(*o),2op'(*o)) =  ^{q{Co)i {n^-t)Coq/{Co)) = L(Co,^)j t > 0.

Since h{zo)  =  L (zo ,0 ), we deduce that fa 0  h(U),  which contradicts condi

tion (2). Therefore, we have p{z )  ■< q(z)  and q(z)  is the best dominant. □
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If we let p(z) =  i (where f  £ An), then Theorem 1 can be written in the following 

equivalent form:

T heorem  2. Let a > 0, q be a convex function in the unit disc U, with q(0) =  1, 

Re q(z) >  0, n >  1.

If f  £ An, with I&L ^  0; z £ U, satisfies the condition

z f ' ( z )

/ ( * )
J (a , / ;  z) -< h(z),

where h is given by (1) then

z f ' ( z )
m

-< vi*)

and q is the best dominant.

In the case a =  1 this result was obtained in [4].

3. Particular cases

1) If we let q(z) =  1 + zy then

h(z) =  1 +  (an +  2)z +  22, n > 1

and Theorem 1 can be written as:

T heorem  3. Let a >  0, and let n be a positive integer.

If p £'H[l)n], satisfies the condition:

azp'(z) +  p2(z) 1 +  (an +  2)z +  z2,

then

p(z) < 1  + z

and this result is sharp.

In this case Theorem 2 becomes:

T heorem  4. Let a > 0, and let n be a positive integer.

If f  £ An, with ^  0, satisfies the condition

-• /(«. / ;  z) ■< 1 +  (an +  2)z +  z2
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ON CERTAIN NEW CONDITIONS FOR STARLIKENESS AND STRONGLY-STARLIKBNESS

then
* /* (* )

/ ( * )
-< 1 +  z,

and this result is sharp.

2) If we let q(z) =  then

. x 1 +  2(1 +  an)z +  z2
= ---------- ( ï ^ p ---------- •

and Theorem 1 becomes:
T heorem  5. Let a >  0 and let n be a positive integer.

If P € 7£[1, n], satisfies the condition

1 +2(1 + an)z +  z2

then

otzp'(z) + p 2{z) ■<

p{z) -<

( l - 2)2

1 + 2  

1 - 2

and £/iis resu/£ is sharp.

Theorem 2 becomes the following criterion for starlikeness:

T heorem  6. Let a >  0, and let n be a positive integer.

If f  £ An, with ^  0, satisfies the condition

zf i z) J(n f . A , 1 +  2(1 +  an)z +  z2 
f(z)  ( l - z )2

then f  £ S*.

3) If we let q(z) =  , where 0 <  A < 1, then

2anXzf l  +  z\  2 an \ z f l  +  z \  
* ‘ ) =  { — z )  r r 7 + ( — )

and Theorem 1 becomes:

T heorem  7. Let a > 0, 0 <  A < 1, let n be a positive integer and let 
/ i  , \ A 2 anXz f l  +  z \ X / l  +  z \ A_1 2anXz  / l  +  z \ A+1

l - 2 2 +  \ l - z j =  ( i - J

n'Ir—I 

+

IT—I
_____I

(4)

If p £ 7i[l,n], satisfies the condition:

azp'(z) + p 2(z) -< h(z),
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where h is given by (4), then

«  ( r r f )
and this result is sharp.

From Theorem 2 we deduce the following criterion for strongly-starlikeness. 

T heorem  8. Let o r> 0 , 0 < A < 1 ,  and let n be a positive integer.

If f  £ An, with ^  0, satisfies the condition 

zf'(z)
m

where h is given by (4), then

■J{aJ\z) -4 h(z)

f e s * [  A].

By choosing certain subdomains of h(U) we can deduce the following partic

ular criteria for strongly-starlikeness.

C orollary 1. Let 0 <  A < 1, n > l, a > 0.

If f  E An, with ^ p  ^  0, satisfies the condition

where

. naA 4. ( 1±aA
. , ATT A 1 —A "T* l l - A J<po(n, a, A) =  —  +  arctan---------- -—

2 /1 i \ \ ~3

1±A
sm À7T

( * * ) '

(5)

(6)

COS Xn

then f  £ S*[A].

Proof The domain h(U), where h is given by (4) is symmetric with respect to the 

real axis. Therefore, if z =  ei$, then in order to obtain the boundary of h(U) it is 

sufficient to suppose 0 < 9 <  7T.
Letting cot| =  t and h(eiB) =  u +  iv} we find:

u{t) =  tx [ - ^ ( 1  + 12) +  (62 -  a2) tx ] 

v{ t ) =  t x [ 2 2 ^ ( 1  -4 -12) +  2a6^2]
(7)

where a =  sin and b =  cos .
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We also have:
À7T, L/ i»\ Att ^ ( l  +  f2) +< A+1sin -2

<t> =  4>{i) =  arg h(e ) =  —  +  arctan -2 ----- fA+1 ^  M ---------l (8 )

From (8) it is easy to show that the equation =  0, has the root:

“ =\/t?
A
A

and

rmn<j>(t) =  <j>(t0) =  <t>o(n, A)

where <t>o(ny A) is given by (6).

We deduce that the sector {w : |argit;| < <j>o{nya yX} is the largest sector 

which lies in h(U). Hence (5) implies

* f ( * ) ■J(a,f;z) -< h(z)

where h is given by (4) and Corollary 1 follows from Theorem 2.

C orollary  2. Let 0 <  A <  1, n > 1, a > 0.

If f  £ Any with ^  0, satisfies the condition 

zf'(z)

□

Im
/ ( * ) .

*/(<*,/; z) < V{nya y A),

where V(ny a, A) =  v(to), with v given by (7) and to is the root of the equation: 

4tx+1 sin Xtt +  an(A +  1 )t2 cos ^  +  an(A — 1) cos ^  =  0 

then f  e  S*[A].

Proof. From (7) we deduce: 

v’ =  A<a" 2

(9)

(10)

a n ( A - l ) 6  +  g n (A + _ l)t f2 +  ^  A+1
2 2

and the equation v '(2) =  0 becomes (10).

Hence

V(n , a, A) =  v(to) =  minv(tf)

and we deduce that the strip \v\ <  V(nya yX) lies in h(U). Therefore (9) implies

z f ( z )
m

■J{a,f ,z) -< /i(z)
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and Corollary 2 follows from Thereom 2. □

C orollary 3. Let 0 < A < 1, n >  1, a >  0,

/ /  /  € AU} with /  0, 2 E U, satisfies the condition:

Re
/ ( * )

> U(n,a,\) (H )

where U(n, a, A) =  u ( t o ) ,  with u given by (7) and to is the root of the equation: 

Atx+1 cos Att — raa(A +  1 )t2 cos — na(A — 1) sin ^ -  =  0
Jt /

then f  e  S*[A].

Proof. From (7) we deduce:

u' =  Xtx- 2 _ ana(* ~  1) _  ? n.a, ( ^ + j ) f2 +  2(fr2 _  a2)^ -n j 

and the equation u'(tf) =  0 becomes (10).

( 12)

Hence

U (n, A) =  u(Jo) =  maxit(t)

and we deduce that the half-plane {w : Re w > 17(n, a, A)} lies in h(U). Therefore 

(11) implies
* / ' ( * )

m
J(<x,f;z) -< h(z)

and Corollary 3 follows from Theorem 2.

4. Examples

1) If we let n =  1, a =  A =  then from (6) we deduce

*”(1'5 'i) = ï + “ c t e  ( 1 + 55^) = 17027'
and by Corollary 1 we have the following result:

If /  6 A, with Up- ^  0, z G U and:

□

arg

then /  € S* [5], i.e.

zf'{z) (zf>
m  \ f (

&  , * n * )
/ ( * )  v  m  +  m  + 1)] < 1.7027...

arg zf'(z)
m

7T

< 4 -
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2) If we let n =  2, a =  A, A =  then from (6) we deduce

<t>0 (2, =  \  + arctg j = 1*863...

and by Corollary 1 we have the following result: 

If /  €  A 2 , with ^  0, z G U and:

* f ( z) ^ zf ( z) , * /"(* )arg

then /  6 S* [5], i.e.

m  V m  T  f ( z )

. n , )

0 1
+  1 <  1.863...

arg
/ ( * )

7T

< 4 -

3) If we let n =  2, a =  A =  then from (6) we deduce

2 +  5§ • #
M 2 , I  2 W

' ’ 2 ’ 3 /  3
+  arctg

5 t . |
=  2.2725...

and by Corollary 1 we have the following result: 

If /  G A2, with ^ p  7̂  0, z G [/ and:

arg

then /  € S* [§] i.e.

. > n < ) , . ' l l  .........7„ ,

.T P riT PT^ w + VJr22725 " 

*/*(*)
/ ( * )

7r

< 3 *
4) If we let n =  2, a =  A =  then from (6) we deduce

<£o k i k +  arctg 1 +  2a

2 Ï - V S
=  1.2792...

and by Corollary 1 we have the following result: 

If f  € At, with UÛ- ^  0, z £ U  and

arg

then /  G 5* [|] i.e.

z f

L /(

■'{z) f z f ' ( z )  zf»(z)  , ,M
(z) V f(z)  +  f'(z) +  V J  

* / ' ( * )

< 1.2792...

/ ( * )
5) If we let ra =  2, a =  |, A =  then equation (10) becomes: 

16ti +  3\/212 -y/2 =  0
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which has the root =  0.1846... Hence by Corollary 2 we deduce the following

then f e  S* [I ] .

6) If we let n =  2, a =  A =  then equation (12) becomes: 3t2 — 1 =  0 

and from Corollary 3 we deduce the following result:

If /  € , with ^  0, z G U, and:
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result:

If /  € A2, with ^  0, z G U and:

then /  e  S* [| ].
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