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ON CERTAIN NEW CONDITIONS FOR STARLIKENESS AND
STRONGLY-STARLIKENESS

GHEORGHE OROS

Abstract. In this paper we will obtain conditions for starlikeness and
strongly-starlikeness starting from the differential subordination of the for-
m:
azp'(z) + p’(z) < h(z), where a >0,
h(z) = anzqd'(z) + ¢ (2),
and g is a convex function in the unit disc U, with ¢(0) = 1 and Re ¢(z) > 0,

n > 1. We will obtain our results by using the differential subordination
method developed in [1], [2], [3].

1. Introduction and preliminaries

Let A, denote the class of function of the form:
f(z) = 24 app12™ ! Fappoa™t? 4.

which are analytic in the unit disc U = {2 |2| < 1} and let 4 = A;.

We let #[a, n] denote the class of analytic functions in U of the form:
f(2)=z+apnz" +app2" +..., z€U

and let

{feA Re z;;()) >0, zeU}

be the class of starlike functions in the unit disc U.

For A € (0, 1] let

TE 3,z e}

denote the class of strongly-starlike functions.

arg

s={rea

85



GHEORGHE OROS

We will need the following notions and lemmas to prove our main results.

If f and F are analytic functions in U, then we say that f is subordinate to
F, written f < F or f(z) < F(z2), if there is a function w analytic in U with w(0) =0
and |w(z)| < 1, for z € U and if f(z) = F(w(z)), 2 € U. If F is univalent then f < F
if and only if f(0) = F(0) and f(U) C F(U).

Lemma A ([1], [2], [3]). Let ¢ be univalent in U with ¢'(¢) #0, |¢| =1, ¢(0) = a
and let p(z) =a+ppz+ ... be analyticin U, p(z) # a and n > 1.

if P £ q then there exist 2o € U, (o € OU and m > n such that:

(i) p(z0) = a(Go)

(i) zo(p'(20) = moq' (Co)-

The function L(z,t), z € U, t > 0 is a subordination chain if L(z,t) =
a1(t)z + aa(t)2? + ... is analytic and univalent in U for any t > 0 and if L(z,t1) <
L(z,t2) where 0 <t < ta.

Lemma B ([7]). The function L(z,t) = a1(t)z+az2(t)z%+. .., witha;(t) # 0 fort > 0
and cl—lglo |@a1(t)] = oo is a subordination chain if and only if there are the constants
r € (0,1] and M > 0 such that:

(i) L(z,t) is analytic in |z| < r for any t > 0, locally absolute continuous in
t > 0 for every |z| < r and satisfies |L(2,t)| < M|ay(t)| for |z| < r and t > 0.

(ii) There is a function p(z,t) analytic in U for any t > 0 measurable in
[0,00) for any z € U with Re p(z,t) > 0 for z€ U, t > 0 so that

0L(z,t) ZBL(z, t)
ot 0z

p(z,) for 2| <7

and for almost any t > 0.

2. Main results

Theorem 1. Let o > 0 and let q be a convex function in the unit disc U, with

q(0) =1, Re ¢(2z) > 0 and let

h(z) = anz¢'(z) + ¢*(2), 1)

where n s a positive integer.
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If p € H[1,n], satisfies the condition:
azp'(z) + p*(2) < h(z) (2)
where h is given by (1) then p(z) < ¢(z), and g is the best dominant.
Proof. Let
L(z,1) = a(n + 1)z’ (2) + ¢°(2) = ¥(q(2), (n + t)2¢(2)). 3)
If t = 0 we have
L(z,0) = anzq'(z) + ¢*(2) = h(2).

We will show that condition (2) implies p(z) < ¢(z) and ¢(z) is the best
dominant.

From (3) we easily deduce:

20L(2,t)

ey @], 2,
8L(z,t) _( +t) [1+ q/(z) ] + aq( )

at
and by using the convexity of ¢ and condition Re ¢(z) > 0, from Theorem 1 we obtain:

20L(z,t)
Re 22— > 0.

Hence by Lemma B we deduce that L(z,t) is a subordination chain. In
particular, the function h(z) = L(z,0) is univalent and h(z) < L(z,0), for ¢t > 0.

If we suppose that p(z) ié not subordinate to ¢(z), then, from Lemma A,
there exist zo € U, and (o € OU such that p(29) = ¢({o) with |(o| = 1, and zop'(20) =
(n + t)¢oq’ (o), with t > 0.

Hence

Yo = ¥(p(20), 20P'(20)) = %(9(¢o), (m + )Coq’(¢o)) = L(Co, %), £ > 0.

Since h(zo) = L(z0,0), we deduce that vy ¢ h(U), which contradicts condi-
tion (2). Therefore, we have p(z) < ¢(z) and ¢(2) is the best dominant. a
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If we let p(z) = iﬁ-gl, (where f € A,), then Theorem 1 can be written in the following
equivalent form:
Theorem 2. Let a > 0, q be a conver function in the unit disc U, with q(0) = 1,
Re q(z) >0,n > 1.

If f € A, with l—gﬂ #0, z € U, satisfies the condition

zf'(z)
f(2)

J(@, f;2) < h(2),

where h is given by (1) then

1 o

and q 1s the best dominant.

In the case a =1 this result was obtained in [4].

3. Particular cases

1) If we let g(2) = 1 + z, then
h(z) =1+ (an+2)z+2%, n>1

and Theorem 1 can be written as:
Theorem 3. Let @ > 0, and let n be a positive integer.
If p € H[1,n], satisfies the condition:

azp'(z) + p*(2) < 1+ (an + 2)z + 22,
then

p(z) <1+2z

and this result is sharp.
In this case Theorem 2 becomes:

Theorem 4. Let a > 0, and let n be a positive integer.
If f € A,, with -f—(}l # 0, satisfies the condition

zf'(2)
f(z)

J(a, f;2) < 1+ (an + 2)z + 2?
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then
2f'(z) /14
f(2) 1+

and this result is sharp.
2) If we let g(z) = 3%, then

_14+2(14an)z+22
h(z) = =2 .
and Theorem 1 becomes:

Theorem 5. Let o > 0 and let n be a positive integer.

If p € #[1,n], satisfies the condition

14+ 2(1 + an)z + 22
asp/(5) +57(e) < HOE LS,
then
1+ =z
plz) < 1-2

and this result is sharp.

Theorem 2 becomes the following criterion for starlikeness:
Theorem 6. Let a > 0, and let n be a positive integer.

If f € A,, with Lgﬂ # 0, satisfies the condition

2f'(2)
f(2)

14+2(1+4an)z + 22
(1-2)

J(a, f;2) <

then f € S*.
A
3) If we let g(z) = (}—‘t_i) , where 0 < A < 1, then

z

o= (222) 12+ ()]

and Theorem 1 becomes:

Theorem 7. Let a >0, 0 < A < 1, let n be a positive integer and let
h(z) = 1+2z\* [ 2aniz + 1+2\* (142 A= 9anAz + 1+ 2\M?
T \l-2z 1-22 1—-z) | \1-2 (1-2)2 1-z '

(4)
If p € H[1,n], satisfies the condition:

azp'(z) +p*(2) < h(2),
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p(z) < (ii)

From Theorem 2 we deduce the following criterion for strongly-starlikeness.

where h is given by (4), then

and this result is sharp.

Theorem 8. Let a > 0, 0 < A < 1, and let n be a positive integer.
If f € Ay, with ﬂzﬂ # 0, satisfies the condition

zf'(2)
f(2)

J(a: I Z) < h(Z)

where h is given by (4), then
f € S*[A

By choosing certain subdomains of A(U) we can deduce the following partic-
ular criteria for strongly-starlikeness.
Corollary 1. Let0<A<1,n>1,a>0.

If f € A,, with %ﬂ # 0, satisfies the condition

Iar {zf((;)J( ; z)} < ¢o(n,a, A), (5)
where
A 142 2o
ng + + AT
do(n, o, A) = —+a.rctan =X (1 ;2 S (6)
%{%) ? cos"T’r

then f € S*[A].

Proof. The domain h(U), where h is given by (4) is symmetric with respect to the
real axis. Therefore, if z = €%, then in order to obtain the boundary of h(U) it is
sufficient to suppose 0 < 6 < .

Letting cot? =t and h(e'?) = u + iv, we find:

(7)

u(t) = t)« [ am\a(l +t2) + (b2 - az)t’\]
v(t) = t* [2822(1 + £2) + 2abt?]

An
2

An

where a = sin 2 and b = cos a5
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We also have:
anA(] 4 ¢2) + tr+1sin AF
tA+1 cos —2-

¢ = ¢(t) = arg h(e'?) = '\T” + arctan

From (8) it is easy to show that the equation ¢’(t) = 0, has the root:

to= /2

1-X
and
ftnzi51¢(t) = ¢(to) = ¢o(n, A)
where ¢g(n, A) is given by (6).
We deduce that the sector {w : |argw| < éo(n,a, A} is the largest sector
which lies in A(U). Hence (5) implies

2f'(2) ;
f)
where h is given by (4) and Corollary 1 follows from Theorem 2. O

J(@, f;2) < h(z)

Corollary 2. Let0<A<1,n>1,a>0.
If f € Ay, with ﬁ;l # 0, satisfies the condition

Im ;(()) J(a, f;2)| < V(n,a,N), )
where V(n, a, A) = v(to), with v given by (7) and to is the root of the equation:
4t**sin Aw 4 an(A + 1)t? cos %{ + an(A — 1) cos :\; =0 (10)

then f € S*[)].

Proof. From (7) we deduce:
o — A2 [an(/\ -1)b + an(A+ l)bt2 +4abt)‘+1]

2 2
and the equation v'(t) = 0 becomes (10).
Hence
V(n,a,A) =v(to) = mléw(t)
and we deduce that the strip [v| < V(n, @, A) lies in h(U). Therefore (9) implies

2f'(2)
f(2)

J(a, f;z) < h(z)

91



GHEORGHE OROS
and Corollary 2 follows from Thereom 2. 0

Corollary 3. Let0<A<1,n>1,a>0.
If f € A, with —f%l #0, z € U, satisfies the condition:

2f'(2) ]
Re J(o, f;2) > U(n,a, A 11
(L s(a 0] > Uiaa )
where U(n, a, A) = u(tg), with u given by (7) and 1, is the root of the equation:
4t*+! cos Aw — na( + 1)t% cos %7[ —na(A— 1)sin );—" =0 (12)

then f € S*[)].

Proof. From (7) we deduce:

ana(A-1) ane(A+1)
2 2

and the equation v/(t) = 0 becomes (10).

u' = xr2 [— 2 4+ 2(6% — az)t""’l]

Hence
U(n,X) = u(te) = IPZagcu(t)
and we deduce that the half-plane {w : Re w > U(n,a, )} lies in h(U). Therefore

(11) implies

Zf,(z) a,f;z z
f(z) J( )f’ )*h()

and Corollary 3 follows from Theorem 2. O

4. Examples
1) fwelet n=1,a =3, A= 1, then from (6) we deduce

11 T 1
do (1,5,-2-) = Z+arctg (l-l-gm) = 1.7027...

and by Corollary 1 we have the following result:
If f € A, with £2 £ 0, 2 € U and:

o[ (i) <o

then f € S* [%], i.e.
z2f'(z
f(2)

arg

) T
<4.
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ON CERTAIN NEW CONDITIONS FOR STARLIKENESS AND STRONGLY-STARLIKENESS

2) f welet n =2, a =1, A= 3, then from (6) we deduce

11 T V2
do (2,-2-,5)—z-+arctg <1+§—§-) =1.863...

and by Corollary 1 we have the following result:
If f € Ay, with L& £ 0, 2 € U and:

zf'(z) zf'.(z) zf"(z)
la’g e (f(z) T

+1)”< 1.863...

then f € S* [-;-], i.e.

HHweletn=2a= %, A= %, then from (6) we deduce

12\ = 2458 .3
¢0 (2, 5, g) = § + arctg —'g-%:-'—'-%—- =2.2725...
and by Corollary 1 we have the following result:

If f € Ay, with L& £ 0, 2 € U and:

zf'(z) (Zf'(z) zf"(z) )”
ar + 1 < 2.2725...
* T T T
then f € S* [2] ie.
zf'(z)| =
argT(z)— < 3
4) If welet n =2, a = 1, A= %, then from (6) we deduce
11\ = 1+ 2% _
¢0 (2, 5, 5) = 'é‘ + al'Ctg m =1.2792...

and by Corollary 1 we have the following result:
If f € Ag, with £2) £ 0, 2 € U and

w19 (04 580 ).

then f € S* [3] i.e.
z2f'(2)
“"g 1(2)

5) f welet n =2, @ = 1, A = 1, then equation (10) becomes:

<7|'
6.

16t% +3vV2t2 -2 =0
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which has the root ¢ = 0.1846... Hence by Corollary 2 we deduce the following

result:
If f € Ay, with £2) £ 0, 2 € U and:

i [ (7 + )| <2

then f € * [4].

6) If we let n = 2, @ = 1, A = 1, then equation (12) becomes: 3t* —1 =0
and from Corollary 3 we deduce the following result:

If f € Ay, with £2) £0, 2 € U, and:

Re [z;(g) (z;(g) + zﬁ;S) + 1)” > —0.610...

then f € S* [1].
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