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1. Introduction

Let A denote the set of functions f(z) = z + azz% + ... that are analytic in
the unit disk U and S denote the subset of A consisting of univalent functions. In [4]

the authors show that the integral operator

Ipo(f)(z) = [% / ’ f"(t)sa(t)t"‘dtr 1)

maps certain subsets of A into S.

In (2] and [3] were obtained Hardy classes for integral operator (1) and

I[f)(z= [‘:# /0 ’ Jid (t)t"‘ldt]%, z€eU. (2)

In this paper we obtain Hardy classes for these operators using the ”open

door” function [4], a special mapping from U onto a slit domain.

2. Preliminaries

Definition 1. Let ¢ be a complex number such that Re ¢ > 0 and let

1 1
N =N(c) = fioe [|c|(1+2Re c)z +Im c] .

If h is the univalent function h(z) = T2£V_z_2_ and b = h~!(c) then we define
-z

the ”open door” function Q. as

_ [z+b>
QC(Z)_h\l+Ez , z€eU.
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From its definition we see that Q. is univalent, @.(0) = ¢ and Q,(U) = h(U)
is the complex plane slit along the half-lines Re w = 0, Imw > N and Re w = 0,
Imw< —N.
Definition 2. Let f and g be analytic in U. The function f is subordinate to g,
written f < g or f(z) < g(2) if g is univalent, f(0) = g(0) and f(U) C g(U).

For f analytic in U and z = re'’ we denote

1 27T " ?
— f(ret "dﬁ) , for0<p<oo
My(r, f) = (2”/0 | ( )
sup |f(re'?)], for p = oco.
0<b<2n

A function is said to be of Hardy class H?, 0 < p < oo if M,(r, f) remains
bounded as r — 17, H is the class of bounded analitic functions in the unit disk.

We shall need the following lemmas:
Lemma 1. [5] Let Q. be the function given by Definition 1 and let B(z) be analytic
function in U satisfyz’ﬁg B(z) < Qc(2).

If p is analytic in U, p(0) = 1 and p satisfies the differential equation zp'(2)+
B(z)p(z) = I then Re p(z) >0, z € U.
Lemma 2. [4] Let a,8 € C, Re (a+48) > 0 and let ¢ be analytic function in U with
P(0)=1,p(2) £0in U. If f € A satisfies

22) | 2¥(2)

e + o) +6 < Qas4(2) 3)
and F is defined by
FE) = 1106 = [(@+9) [ e p0a] ™ (4
then
Re [(a+5)ZF'(Z)] >00iFES
F(z) '

Moreover, if a + 6 > 0 then F € S* (starlike functions).

Lemma 3. (Prawitz, 1927) If f € S, then f € HP, p< %
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3. Main results

Theorem 1. If 3>0,v>0, f€ A and %;()z) < Qctz) then

I(f) e H, X=-"—, g¢<
where I is defined by (2).

Proof. The operator I as given by (2), can be written as I : I = Gy o G2 where

Gt = (52 ﬁ”""))

cne =+ | ora) "

Bzf'(z)
f(2) .
operator F' defined by (4) to maps in G;. Hence G2(z) € S* and G2 € HY, ¢ < 3

If in Lemma 1 ¢(z) = 1 then condition (3) to maps ———~ < Q.(2) and the

. B+
On the other hand if f € HP then ff+Y ¢ H#7% and f_ﬂizl € H#%. Hence

B+ 3 1
(L__z‘yﬁ) € H7¥ and we obtain G, € HPE if f € HP. Since Gz € HY, ¢ < 3
weobtainGloGzeHF”%,q<§. ]

Corollary 2. Let a,d complez numbers with Re (a + §) > 0 and ¢ analytic in U,
9(0) =1, p(z) # 0, z € U. If f € A and satisfying (3) then F € H*, A < —;— (F
defined by (4)). Ifa+8 >0 then F € H% and F' € H*.

Theorem 3. Let Q. "open door” function and B(z) analytic in U satisfying B(z) <
Qc(2). Let ¢ an analytic function in U, ¢(0) = %, and 2¢'(2) + B(z)¢(z) = 1. Let
o, 3,8 be real numbers B > 0, ad > 0 and ¢ analytic in U with ¢(0) = 1, p(z) #0,
z €U. If f € A satisfies (3) then

A3 1
P -1 -
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Proof. From Lemma 1 we have Re ¢(z) > 0. Hence Re - ¢( ) > 0 and — ¢( ) € H*,

A < 1. The integral operator Iy, as given by (1) can be written as: Iy, = Go F
IOy
where G(z) = (——) and F is defined by (4).

27¢(2)
From Lemma 2, F € S* and from Lemma3, F € H?, ¢ < L . Since m € H*
applying Holder’s inequality we obtain p ¢ B Fo+3(z) € H¥ where
q .
p= /\a + § gA ¢< 1
T Ma+d)+q’ 2
A5 « + ]
Hence
gApB 1
G(F) € H?, = <=, ALl
() eH, p=3arere 752
(]
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