
STUDIA UNIV. “ B A B E Ş-B O L Y A F , M ATHEMATIC A, Volume XLIII, Number 3, September 1998

V-COHOMOLOGY OF COMPLEX FINSLER MANIFOLDS

GH ËORGHE PITIŞ, GH EORGHE M U N TE AN U

Dedicated to Professor Pavel Enghi§ at his 7&h anniversary

A b stra ct. Starting from a natural decomposition of the exterior differ­

ential o f a complex Finsler manifold, we define new cohomology groups 
find a Dolbeault type theorem is also proved.

1. The holomorphic tangent bundle.

Let us consider a complex manifold M, dime M  =  n , (U, (z*)) the complex 

coordinates in a local chart. The complexification TcM  of the tangent bundle TM  is 

decomposed in each point z after the (1, 0) vector fields and their conjugates of (0, 1) 

type, TcM  == T 'M  0  TnM . As it is well-known ([1],[2],[8]..), T 'M  is also a complex 

manifold of dimension dime T 'M  =  2n and the natural projection 7tt : T 'M  M 

defines on V’(T 'M ) =  {£ G T '(T 'M ) /  7tt+(£) =  0} a structure of holomorphic vector 

bundle o f rank n over T 'M . We denote by V (T 'M ) the module of its sections, called 

vector fields of v—type.

A given supplementary subbundle H(TfM) of V '(T'M ) in T 'M , i.e.

T '(T 'M ) =  H(T'M) 0  V(T'M) (1)

defines a nonlinear complex connection, and we denote by 'H(T'M ) the mod­

ule o f its sections, called vector fields of h—type.

Considering also their conjugates V(T'M) and //(T 'M ), we obtain the fol­

lowing decomposition of the complexification To (T 'M ) of the real tangent bundle
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T (T 'M ),

T c(T 'A f) =  H{T'M ) ® V{T'M) ® (T 'M ) ® V{T’M) (2)

The elements of the conjugates are called vector fields of v—type, and h—type, 
respectively.

If (U, (z*, r/*)) are the complex local coordinates on T 'M  and if Nj(z,Tj) are 

the coefficients of the complex nonlinear connection, which are changed at local change 

of the local chartafter the rule,

tidzfk dzfi d2zfi kNL'^—  =  ^rrN ? k qz3 -  - *dzk J dzidzk  ̂

then the following set of complex vector fields

'Sz* dz* dip*' Xdrf*' XSz* 8 ?  'd ip*' Xd ff i

(3)

(4)‘

are called the local adapted bases of 7£(T'M), V̂ (T/M),'W(T/M ) and V (T 'M ), respec­

tively. The dual adapted bases are denoted by

{dz%  {Srf =  drf +  Njdz*}, { dzj } , {Srf =  d rf+  N'j dz*} (5)

2. Complex valued forms

Let us consider the set F  (T 'M ) of the complex valued differential forms on 

T 'M  given by the direct sum,

F (T 'M ) =  0  Fp>q'r's{T'M) (6)
p,qtr ,s -0 Tn

where F™'r>3 (T 'M ) [or Fp’<*>r's(U) for the open set U of T 'M  , or simply F™'r>* 
when there is no confusion danger] is the set of (p +  q +  r +  s)— forms which can 

be non zero only when these act on p vector fields of A—type, on q vector fields of 

v—type, on r vector fields o f A—type, and on s vector fields of v—type. The elements 

o f Fp,q’r's(U) axe called (p, q, r, s)—forms on U.

In the adapted dual bases we have the following local expression of (p, q, r, s) 

—forms u>,

w =  'y .*pji•.'jqh \...hrk\....kg * dz*1 A  A dzipA
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6 r f l A .....A A rfz*1 A ...... A S r f 11 A * (7)

where the sum is after the indices ii -< ... ip ; j\ ... -< j q ; hi -< ... -< hr ; 

ki -< ... ^  fc,.

Now, let us consider /  a complex valued differentiable function defined on 

T 'M . In [2] the following operators are considered:

and they give a natural decomposition of the exterior differential df of / .

We shall generalize these operators for any differential form. For this pur­

pose we compute the exterior differential dw of a (p, <7, r, $)— form given by (7). A 

straightforward calculus, taking into account (5) and the properties of d, gives

du G F p+1,*,r** ® Fp,ç+1,r,J ® Fp,9,r+1,a ® Fp,<7,r,5+1 ® Fp+2,g” 1,r,,0

p p + l ,q - l > r + l ta 0  p p + l , q - l tr,s+l  0  £ ip + l ,$ r ,r + l ,« - l  0  £ i p , g + t , r + l , 5 - l  0  jpp,qtr+ 2 fs - l  ^ gj

Particularly, by using (8) we have

d ^ o , 0,0,0 c  F 1,0,0,0 ® F 0,1,0,0 ® F 0,0,1,0 ® F 0,0,0,1 (10)
»

where F 0,0,0,0 denotes the set of complex valued differentiable functions on T 'M . We 

also obtain

^ £ r l,0,0,0 £  £i2,0,0,0 0  jp M .0 ,0  0  £11,0,1,0 0  £11,0,0,1 ( JJ )

J £ i0 ,0,1,0 £  £11,0,1,0 0  £10,1,1,0 0  £10,0,2,0 0  £10,0,1,1 ^ 2 )

Now, we assume that M  is a complex Finsler manifold with Finsler metric F  ([2], 

definition 3.1) and we consider that N is the complex Rund connection on M  (idem, 

definition 3.3). Then it is well-known that, [11]

SNj _  SNj 
&zi Szk

77



GHEORGHE PITIŞ, GHBORGHB MUNTEANU

and taking account the local expression (7) of the (p, <Z, r, s)— forms, the formulas (5) 

and the properties of the exterior differential, we give

^ p O ,t,o ,o  q  p i,i»o,o 0  ^ o , 2,0,0 0  jpO,1,1,0 0  po,  1,0,1 0  ^ p i,o ,i,o  0  p i , 0,0,1

dP°>°,0»1 q p i »0»0»1 0 _p0,1,0,1 0 ^ o ,0,1,1 0 ^ 0 ,0 ,0 ,2  0 ^ 1 ,0 ,1 ,0  0 pO, 1,1,0 ^ 4̂

From (9)-(14) it result the following

P rop osition  01 If M is a complex Finsler manifold endowed with the com­

plex Rund connection then we have

dpP><l>r>s Q  pP+l><i,r,s 0  p p ,q + l,r ,s  0  p p ,q ,r + 1,5 0  pp ,q ,r,s-\ -l^

jp p + i;q -\ ,r + l ,s  0  p p + l ,q - l , r ,a + l  0  jp p + M .r + l ,* - !  0  jp p ,9 + l,r + l,# -l (15).

From the above decomposition (15) it follows that we can define eight morphisms of 

complex vector spaces if we consider the different components, namely

. p p ,q,r,3 p p + l ,<7,r ,5 . f lv  . p p ,q,r,s p p ,q+ l ,r,s

(jUh . p p tq,r,s p p ,q,r+1,5 . tftv . p p ,q,r,s p p ,q,r,s+1

d \ : F p'q>r•* —> p p+1>q~l>r+1>* ; # 2 : F p >q,r,s

d 3 : FPtQ*r>* _> p p + l ,q,r+ l ,s - l  . . p p ,q,r,s p p tq+ l tr+ l ,3- l

We remark that these operators and the classical operators d! , d" that appear in the 

decomposition d =  df -f d" of the differential on a complex manifold, are related by 

the following relations

d! =  d!h +  d,v +  Ô3 +  Ô4 ; d" =  +  3i +  02 (16)

Moreover, by equalizing the terms of the same type in the relation

d2 =  (d,h +  d,v +  ds +  d4 +  d"h +  d"v +Ô 1 +  d2)2 =  0

we obtain:

(d,h)2 =  o, (< r )2 =  o, k "*)2 =  o, (dHv)2 =  o

(d i ) 2 = 0 , (d 2) 2 = 0 , (d3 ) 2 =  0 , (d4 ) 2 =  0

d,hd,v +  d,vd,h =  0, d"vd,v +  d,vd“v =  0, d"vd"h +  d"hd"v =  0
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d'hd2 +  d2d'h =  0, d'vd4 +  d4d,v =  0, d"hd i +  dxd"h =  0

d,hd3 +  d3d'h =  0, d,/,'Ô2 +  d2d"v =  0, d"hd4 +  d4d"h =  0

d iô2 +  S2c>i =  0, didz +  ô33i =  0, d$d4 +  d4d3 — 0
d'hd"v +  d"vd'h +  dn d2 +  d2d,v =  0, d,vd"h +  d"hd'v +  d"vd4 +  d4d"v =  0

d»d3 +  d3d,v +  d,hd4 +  d4d'h =  0, d”vd i +  aid"0 +  d"hd2 +  d2d"h =  0

d"*>d3 +  d3 d"  ̂ +  d\d4 +  d4d\ — 0, d'^di +  did'** +  d3d2 +  d2d3 — 0
d'hd"h +  d"hd'h +  di d'v +  d’vd J +  d2d4 +  d4d2 +  d3d"v +  d"vd3 =  0 .

By the same argument we have

d"v(u A 6) =  d"vw A 6 +  (—l)de8woj A d"v9 (17)

tor any w G F p,9,r,s, 0 G pp’ ,i' ,r' and similar equalities for the other operators

defined above.

From (17) and from the linearity of d"v we deduce that if u G Fp'q’r,‘  is 

locally given by (7) then

J/IV _  duii.. .if ji . . . jthi...hrki...k, 
W~  ^  drf Srf A dztl A .....Adz%p

Aôrf1 A .....A Srfq A dzhl A ......dtéir A 6rjkl A ....Srf9 (18)

where the sum is after the indices i\ -< ... -< ip ; j i  ... -< j q ; hi -< ... ^ hr ; 

ki -< ... ks.

We know ([8],proposition 1.1) that the local bases { 3=7}, { 3=77}  of V(T'Af), 

corresponding to a change of complex coordinates {z l ,r f}  -> {z ftyr)n} on T 'M , are 

related by

j L = < m j L  dm
drf d ?  drf' K

The formulas (19) prove that if /  is a complex valued differentiable function defined

on T'M  then the condition

d f
drf

ţ =  0 ; i =  1, 2...n ( 20)
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is independent with respect to this change. Moreover, the of form u> G Fp,9,r,° is 

d"v—closed (i.e. d"vu =  0) if and only if its local components satisfy the conditions 

(20). We denote by $ p,*,r the sheaf of germs of these forms.

Another property o f the operator d,,v is a Grothendieck-Dolbeault type lem­

ma, namely

T h eorem  1 Let u) be a d,lv-closed (p, q, r, s)—form defined on a neighborhood 

U on T'M and s >  1. Then there exists a (p, g,r, s — 1)— form 0 defined on some 
neighborhood Uf C U and such that d,,v0 — u on U*.

Proof, We use an argument inspired by the paper [12]. Let be h the index defined

by the condition that the form u;, given by (7), does not contains dzh+i, .....,dF\ We

shall prove the assertion by using the induction on h.

For ft =  0 we have

u  = V i i . . . i pj l . . . j qk 1. . .kBd z %1 A .....A dz'p A Srf1 A ......A Srf* A Srf1 A
and then

d,,vu) =  dnu) (modulo the therms containing efz1, ...^dF1).

But d,,v<jj =  0 and if we consider J1,...., F 1 like parameters, then the Grothendieck- 

Dolbeault lemma can be applied and therefore there exists a (p, <7, 0, s — 1)—form 0 
with the property

u) — d"0 (modulo dz1, ....,dF*) 

on some neighborhood U* C U. Hence we have

w =  d"0+  Ai A d ?  (21)
»=l,n

where A,- are (p ,9, 0, s — .1)— forms. Now because lj G Fp,9,° ’5, from (21) we obtain 

u =  dnv0 and the assertion is proved for h =  0.

We assume the result valid for the indices ho <  h — 1 and we prove it for ft, 

i.e. for (p, g, r, s)— forms which do not contain dzh+l ,..., dF\ Such a form is expressed 

as follows

GHEORGHE PITIŞ, GHBORGHE MUNTEANU

uj — dzh A a + /? ( 2 2 )

80



V-CO H OM O LOGY OF COM PLEX FINSLER MANIFOLDS

where a G Fp'q'r 1>S, fi G Fp'q'r's and do not contain dS*, dS*+1,..., dz*. Therefore 

by using (17) we have

d"vw =  -dz*1 A d"va +  d"v/? =  0

hence

d"v a =  0 ; d"vp =  0

and by applying the induction hypothesis it follows that on some neighborhood U' C 

U there are two forms a* G P* G such that

a =  d"va* ; f3 =  d"v p* (23)

Now, from (22),(23) and taking into account (17) we obtain

w =  r ( - ( ^ A a * + ^ )

Q.E.D.

Let JW'q'r'* be the sheaf of germs of (p, tf, r, s)— forms and we denote by i : 

$ p,9,r j:p,qtr,o ^  natural inclusion. The sheaves J ^ ^ 'a r e  fine and taking into

account the Theorem 1. it follows that the sequence of sheaves

0 ŢPASS* yrp>q,r, l ....... jrpas^ jx>,qtr,8+\...............

is a fine resolution of <£M,r and we denote by # 5(Af, $ p,9,r) the cohomology groups 

of M with coefficients in the sheaf $ p»*»r , called v—cohomology groups of M. then we 

obtain a de Rham type theorem, namely

T heorem  2. The v—cohomology groups of the complex Finsler manifold M  
are given by

H 9(M ,& 'q*r) »  Zp'q'r's / d"vFp,q’r's~1 (T'M) 

where Zp'q,r's is the space of d,,v— closed (pyq,r}s)-~forms globally defined on T'M.
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