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V-COHOMOLOGY OF COMPLEX FINSLER MANIFOLDS

GHEORGHE PITIS, GHEORGHE MUNTEANU

Dedicated to Professor Pavel Enghig at his 70'® anniversary

Abstract. Starting from a natural decomposition of the exterior differ-
ential of a complex Finsler manifold, we define new cohomology groups

and a Dolbeault type theorem is also proved.

1. The holomorphic tangent bundle.

Let us consider a complex manifold M,dim¢ M = n , (U, (z')) the complex
coordinates in a local chart. The complexification Tc M of the tangent bundle TM is
decomposed in each point z after the (1,0) vector fields and their conjugates of (0, 1)
type, TcM =T'M & T"M. As it is well-known ([1],[2],[8]..), 7'M is also a complex
manifold of dimension dimg 7'M = 2n and the natural projection 7y : T'M — M
defines on V(T'M) = {£ € T'(T"M) [ wr.(€) = 0} a structure of holomorphic vector
bundle of rank n over 7'M. We denote by V(T' M) the module of its sections, called
vector fields of v—type.

A given supplementary subbundle H(T"M) of V(T'M) in T'M, i.e.

T/(T'M) = H(T'M) & V(I" M) (1)

defines a nonlinear complex connection, and we denote by H(7T' M) the mod-
ule of its sections, called vector fields of h—type.
Considering also their conjugates V(TVM) and H(T'M), we obtain the fol-

lowing decomposition of the complexification T¢(T'M) of the real tangent bundle
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T(T' M),

To(T'M) = H{IT'M) @ V(T'M) & H{I'M) & V(T'M) @)

The elements of the conjugates are called vector fields of —type, and h—type,
respectively.

If (U,(z*, 7)) are the complex local coordinates on T'M and if N (z,1) are
the coefficients of the complex nonlinear connection, which are changed at local change
of the local chartafter the rule,

1k 1" 2,0
A, B (3
then the following set of complex vector fields

0 0 N9y 2y (L2 %,y L .
{3';.'—37'{ Ngaﬂj}’{aﬂ‘}’{ﬁ—é)’i" N'aﬁ"}'{aﬁ"} (4)

are called the local adapted bases of H(T'M),V(T'M), H(T'M) and V(T' M), respec-
tively. The dual adapted bases are denoted by

{d'}, {87 = dn + Nid3}, {dF}, (o7 = df + N;d7’} (5)
2. Complex valued forms

Let us consider the set F(T'M) of the complex valued differential forms on
T'M given by the direct sum,
FIT'M)=  Fram(T'M) (6)

p,q,r =01
where FP:9™*(T'M) [or FP4"*(U) for the open set U of T'M , or simply FP¢"*
when there is no confusion danger] is the set of (p + ¢ + r + s)—forms which can
be non zero only when these act on p vector fields of h—type, on ¢ vector fields of
v—type, on r vector fields of h—type, and on 5 vector fields of T—type. The elements
of FP.2"*(J) are called (p, q,r, s}—formson U.
In the adapted dual bases we have the following local expression of (p, g, r, s)

—forms w,
W= E Wiy ipfr..dqhy..hrky..ky - B2 A A dZ'PA
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PN .. AP AdEM A L dZP A ST A LT (7)

where the sum is after the indices 4 < ... < 4y ; j1 < ... < Jjg; h1 < ... < by ;
ki< ..<k,.
Now, let us consider f a complex valued differentiable function defined on

T'M. In [2] the following operators are considered:

dhf = 3de = (3L - N} 3L)de 5 dvf = ghon

az* l' 811) (8)
dl/hf: %d? = (-g‘_’é _ﬁfa%_%)d? s df = 8%%671’

and they give a natural decomposition of the exterior differential df of f.
We shall generalize these operators for any differential form. For this pur-
pose we compute the exterior differential dw of a (p,g,r, s)—form given by (7). A

straightforward calculus, taking into account (5) and the properties of d, gives

dw € Fp+1)9)r)‘5 (43} FP.‘H'L"»’ 5} Fpnq)r"'l,’ [<>) FP.Q.T.-”H @ FP+2.¢1—1""0®

Fp+1,q—1,r+1,s ® Fp+1,q-—1,r,:+1 @Fp+1,q,r+1,o—1 @ Fp,q+1,r+1,:—1 @ Fp,q,r+2,a-—-1 (9)

Particularly, by using (8) we have

dF0,0,0,0 C Fl,0,0,0 D IpO,l,0,0 ® F0'0'1'0$ F0,0,0,I (10)

where F%9.9:0 denotes the set of complex valued differentiable functions on 7M. We

also obtain

dFl,O,O,O C F2,0,0,0® F1’1’0’0$ F1’0'1’0® FI,O,O,I (11)

dF90L0 - F1,0,10 o FO0,1,1,0 ¢ (0,020 gy £0,0,1,1 (12)

Now, we assume that M is a complex Finsler manifold with Finsler metric F ([2],
definition 3.1) and we consider that N is the complex Rund connection on M (idem,

definition 3.3). Then it is well-known that, [11]

SNj _ ONj
820 T 8z
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and taking account the local expression (7) of the (p, g, 7, s)—forms, the formulas (5)

and the properties of the exterior differential, we give

dFO10.0 - FL100 g 0,200 & £0,1,1,0 ¢ 50.1,0,1 gy [11,0,1,0 gy 1,0,0,1 (13)

dF00.01  FLOOL o 101,01 & 00,11 oy £0,00,2 g £1,0,1,0 g [20,1,1,0 (14)

From (9)-(14) it result the following
Proposition 01 If M is a complez Finsler manifold endowed with the com-

plex Rund connection then we have

dFpens « pptlarns o pratlns o ppartls o pranstlg

FPtlg—lirtls o pptlg-lrst+l o pp+lar+ls—1 o ppig+lrils—1 (15).

From the above decomposition (15) it follows that we can define eight morphisms of
complex vector spaces if we consider the different components, namely
h . Mt Lt . . 1Y b ¥y
d'® . Fp.ars __)Fp+1qrs ’dlv'qurs_)qu-Hra
d”h : Fp,q,",a — vaqﬂ'"'l,C ; d”ll :FprQIrns - FP,Q.",0+1
61 :FP,q,",O — FP+1;<I"117'+1:‘ ; 82 : prq)ry" —_ FP+1:Q‘1:",3+1

O3 : FPams y Fprlartlis=1 . g5, . pp.aims _y ppgtlrtls—1

We remark that these operators and the classical operators d’ ,d” that appear in the
decomposition d = d' + d” of the differential on a complex manifold, are related by

the following relations

d=d"4+d" +0:3+404 ;d"=d""+d"™ + 0, + 0 (16)
Moreover, by equalizing the terms of the same type in the relation

d*=(d" +d" + 05+ 0s+d™ +d™ +8,+8,) =0

we obtain:

(d*)?2 =0, (@*)?>=0, (d™*)?=0, (d")?=0

(01)2=0, (82)2=0, (83)2=0, (0a)>=0

d"d" +dvd* =0, d"™d¥ +d"d" =0, d™d"* +d"hd" =0
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dP0y 4 09d™ =0, d¥04+04d" =0, d"0+0,d"™" =0

d?03+ 03d™ =0, d"0+ 0.d"" =0, d"™0y+ 04d"" =0

0102+ 0201 =0, 0,03+ 030, =0, 0204+ 0403 =0

dPd" 4 d"d'P 4 d"¥ 0y + 02d" =0, d'Vd" + d"P A" + d" 0y + 04d"’ =0
d" 03 + 03d"” + d™0y + 0ad™ =0, d"™0; + 0,d" + d"h0y + G2d"™ =0
d"h03 + 83d"" 4 0104 + 0401 =0, d"0; + 01d™ + 8382 4+ 0203 = 0
d'*d"™ 4 d"™d™ + 81d" + d"V 0y + 0204 + 040 + 03d"’ +d"03 =0

By the same argument we have
d"(wA0)=d™wAl+ (-1)%E“wAd" (17)

for any w € FPO™% @ € F? 4" and similar equalities for the other operators
defined above.

From (17) and from the linearity of d"¥ we deduce that if w € FP:9™?® is
locally given by (7) then

e — Z 0(-03‘1...1',,3'1..5'1):1...h,kl..,k.Jﬁ; Adzt A AdZi?
n

ASTPE A o ASTPT A dZP A L dZ NG A ST (18)

where the sum is after the indices iy < ... < ip ; j1 < ... < Jg; b1 < ... < by ;
ki < ...<k,.

We know ([8],proposition 1.1) that the local bases {a—""_-,»}, {%} of V(T'M),
corresponding to a change of complex coordinates {z*,7'} = {z",7/'} on T'M, are
related by

o 079 0

o - o7 o 19

The formulas (19) prove that if f is a complex valued differentiable function defined
on 7'M then the condition

—==0 ;i=12.n (20)
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is independent with respect to this change. Moreover, the of form w € FP9™0 js
d""—closed (i.e. d”*w = 0) if and only if its local components satisfy the conditions
(20). We denote by ®7-97 the sheaf of germs of these forms.

Another property of the operator d” is a Grothendieck-Dolbeault type lem-
ma, namely

Theorem 1 Let w be a " -closed (p, g, T, s)—form defined on a neighborhood
UonT'M and s > 1. Then there erists a (p,q,r,s — 1)—form 0 defined on some
neighborhood U’ C U and such that d"'0 = w on U’.

Proof. We use an argument inspired by the paper [12]. Let be h the index defined
by the condition that the form w, given by (7), does not contains dz*+!, .....,dz". We
shall prove the assertion by using the induction on h.

For h = 0 we have

W = Wiyipgydgky. ke G20 A A2 A S A LA ST A ST A LT

and then
d"w = d"w (modulo the therms containing d7, ....,dz").
But d"w = 0 and if we consider 71, ...., 7" like parameters, then the Grothendieck-

Dolbeault lemma can be applied and therefore there exists a (p,¢,0,s — 1)—form 6
with the property
w=d"0 (modulo dz',....,d7")

on some neighborhood U’ C U. Hence we have

w=d"0+ Y AAdE (21)
i=ln
where \; are (p,q,0,s — 1)—forms. Now because w € FP%%*  from (21) we obtain
w = d""0 and the assertion is proved for h = 0.
We assume the result valid for the indices hg < h — 1 and we prove it for k,
i.e. for (p, g, r, s)—forms which do not contain dz**!, ..., dz". Such a form is expressed

as follows

w=dz" Aa+f (22)
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where o € FP97=1s B e FPams and do not contain dz*,dz**!, ..., dz". Therefore
by using (17) we have

d"w=—dz" Nd"a+d"f =0
hence
dllva:O ’ d”uﬁ=0

and by applying the induction hypothesis it follows that on some neighborhood U’ C
U there are two forms a* € FP9r—1s-1 g* ¢ Fpaim3=1 gych that

a’ = dllva* : ﬁ — dllvﬂt (23)
Now, from (22),(23) and taking into account (17) we obtain

w=d"(—dz" Aa* + §*)

Q.E.D.
Let FP97* be the sheaf of germs of (p,q,r,s)—forms and we denote by i :
&P 97 — FPa"0 the natural inclusion. The sheaves FP:9™*are fine and taking into

account the Theorem 1. it follows that the sequence of sheaves

. v 1"
0 = ®Par by Fpar0 &Y ppart 4N rpars I pparett

is a fine resolution of ®”%" and we denote by H*(M, ®P4") the cohomology groups
of M with coefficients in the sheaf ®?97 | called v—cohomology groups of M. then we
obtain a de Rham type theorem, namely

Theorem 2. The v—cohomology groups of the complex Finsler manifold M

are given by

H’ (M’ QP:Q:") ~~ ZPIerr" / d””Fprerys-l(T’M)

where ZP:9"* is the space of d"V— closed (p,q,r, s)—forms globally defined on T'M.
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