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THE ASSOCIATED LOCUS OF SOME HYPERSURFACES IN R n+1

C O R N E L  P IN T E A

Dedicated to Professor Pavel Enghiş at his 7(fh anniversary

Abstract. For a smooth hypersurface of the space R n+1 project orthog
onally the origin of Rn+l on its tangent hyperplanes and call the set of all 
projections the associated locus of the given hypersurface. In this paper 
we are going to find the equation of the associated locus for some given 
hypersurfaces and to show that it is a smooth hypersurface diffeomorphic 
with the ini tied one. We will also show that in one particular case both 
of them, the hypersurface and its associated locus, are diffeomorphic with 
the n-dimensional sphere.

1. Introduction

In this section we recall a simple fact concerning homogeneous functions which 
will be very useful for all over this paper.

Definition 1.1. A function /  : R n+1\{0} R  is called homogeneous of order a E R  
if f (tx) =  taf(x )  for all t > 0 and all x E R n+1\{0}.

Lemma 1.2. If f  : R n+1\{0} -> R  is a smooth homogeneous function of order 

a E R* and c E R*, then / “ 1(c) is either the empty setf or f ~ l (c) is a smooth 
hypersurface of R n+1.

Example 1.3. Let a be a natural number, (3 E {1 ,. . .  , n-f 1} and a =  (a i, . . .  , an+1 ) E 
R n+1 be such that a,- ^  0 Vi E {1 , . . .  , n +  1}. Then the set

=  { *  =  ( * ! , . . .  ,* B+1) € R "+1\{0}
r 2 û tC1
~2a

w2 a
,2a ~2a

*0+1

r 2a gn-f 1
a2a an+1

is a hypersurface of R n+1.
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Observe that Hp can be also represented as Hp =  /  1(1), where

«2 a
* 1/  : R "+1\{0} - f  R, / ( * ! ,  • • • , xn+l) =  - ± - +

xla r2a
Cft+1
,2 a
2P+1

p2a 
cn + 1 
,2a zn+l

2. The associated locus o f the hypersurface Hp

Let x =  ( x i , . . .  , xn+i) G R n+1 and a 6 R b e  such that x f  exist for all 
i E {1,. •. , n-f 1}. Denote by xa the vector (x f , . . .  , x£+1) and observe that x2 =  ||x||2 

for all x E R n+1 and that (tx)a — taxa for all t > 0. Also, if there exist the vectors 

xQP and {xaY > f°r the rea-l numbers a, /?, then x°^ =  (x**) .̂ Using this notation the 
equation of Hp can be rewritten as follows:

H$ :<p(a~2a,x2a) =  1 ( 1)

where tp : R n+1 x R n+1 —» R  is the nondegenerate biliniar symmetric form given by

<p{x, y) =  xiyi + -----h x ^  -  xp+iyp+1 --------- Zn+i2/n+i

for all x =  (xi, . . .  ,xn+1),y =  (yi,. . .  ,yn+i) G Rw+1.

Theorem  2.1. The associated locus Cp of Hp is the set

|x E R n+1\{0} J I |x 112^-i =  p>(a 2« - i , ï 2û- i ) 

Proof. Denote by Ajg the set

R n+1\{0} IÎ U2" - 1 =  <p(a* * - 1
3aX2a
* > }

and consider p° =  (pj , . . .  ,p®+1) G Hp. The tangent hyperplane Tpo(Hp) of Hp at 

p° has the following equation:
n+1 a j?

Tpo(Hp) : -^-(P°)(xi ~ Pi) =  0, or, equivalently
i+i aa:<

ï p o ( ^ ) ~2a
i+1

- -  E  H r — = ■■
• =/?+! a.- ( 2)

70



THE ASSOCIATED LOCUS OF SOME HYPEESURFACES IN R n+ 1

The parametric equations of the straight line passing through 0 G R n+1 which is 

orthogonal on the tangent hyperplane Tpo(Hp) are:
' / 0\2or—  1

t € {1 , . . .  ,/?}
< * (3)

/_ 0\2or—  1 ^

Xi -  , * € {/? +  1, • • • , n +  1}.»

To find the orthogonal projections of 0 G R n+1 on the tangent hyperplane Tpo(Hp), 

replace the a?,-, i 6 { l , . . . , n + l }  from equations (3) in the equation (2) and we get:

” +1 (v°)4a~2 1=  1. that is =  .(a .4a — .4a.S iy

where (•, *) is the usual scalar product on R n+1. Hence, the orthogonal projection 
q° E Cp of 0 G R n+1 on the tangent hyperplane Tpo(Hp) has the following coordinates

Xi =  (a-4or|ÿdj4â-,a )' {!»••* )^}
(4)

k xi — “  — > * € { / ? + 1 ,  .. .  +  1}.

Therefore, on the one hand, we have
« + 1 i " + 1 /_ 0 \ 4 a -2  i

||a0|,2 _  v x 2 _  __________ i \Pjd_____  =  _________ i _________
-  ^  “  <a~4a, (p°)4tt- 2)2 ^  a4of (a "4*, (p0)4* - 2) ’

and on the other hand

( 0 \ 4Û- 1
£*■] > * €  {1, • • • ,/?}

(5)
/ 0 \ 1

diXi =  ~(a-4a;(p6)4a-2y (^ J  , * € { / ? + 1 , . . .  , n + 1}.

Prom relations (5) it follows

n+l

namely

(p(a*Z-' ite0) 2" - 1) =  a*“ 1 — X ] K ® »)3*"1 =
i=i *=p+i

=  ( ( a - 4 « j ( p 0 ) 4 a - 2 ^ )  2O<- ( P 0) 2“ ) =  ( ( a - 4 a ( p 0 ) 4 a - 2 j )  >

||g°||5^ T  =  (0( a ^ T ,  (Ç° ) 3^ T ),
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that is q° £ Ap and we just showed that Cp C Ap. To prove the other inclusion, 

consider x° =  ( x j , . . .  , x °+1) £ Ap, that is,

113? ° J12o—i =  (x°)âSr).

It easy to verify that x° is the orthogonal projection of the origin 0 £ R n+1 on the 

tangent hyperplane Tpo(Hp ), where p° =  (pj , . . .  ,p£+1) and its components are given 
by:

i,o =  (ai) ^ r ( n̂ F ) 5Srr) i G { l , . . .  , /?}

< (6)

k p° =  - ( ai ) ^ ( i p $ p ) ’ ",” \  •••,« +  !} .

and the theorem is completely proved.□
Let us mention that the associated locus of an ellipsoid appears in [Ca, pp. 

90,91] as an exercise.

Theorem  2.2. The associated locus Cp of Hp is a smooth hypersurface of R n+1 

Proof According to theorem 2.1 we have succesively

=  far € R n+1\ {0 }  ||ar||5^T =  < p ( a ^ , x 3 ^ r ) }  =

-  { ,  €  R -+ '\ (0 } I ! } = » - ( ! ) ,
 ̂ 1 llxlbo-i J

/ __2sl_ _12_\<p ţa3* - 1, x 2®-1 )
where

M l3" - 1
9 : R n+1\{0} -► R, g(x) =

For t > 0 and x £ R n+1\{0} we have:
/ 2 a  . \ _ 2 a _ \  / 2ot 3 a  2 a  v

( f i a  , ( t x )  2 a l  )  2 a - l  . £ 2 a - l J

, .2»-.. /  . 3ft . ,2qr x /  4a 4a x
2a“ l , X 2ar- 1 J  ̂ 2a ^^a2*»-1 , X 2" ” 1 J

^CT I . » . Ort2<*-i ||ar||2« -i
. 4a xX 2a— 1 )

Therefore g is a smooth homogeneous function of order Because (ai, 0, . . .  , 0) £

£-1 (l), it follows that #_1(1) ^  0, that is, according to lemma 1.2, Cp =  ^ ^ ( l)  is a 
smooth hypersurface of R n+1.ü
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The hypersurface and its associated locus ££+1 will be simply denoted

by H a and Ca respectively. The equation of H a is:

Ha :(a~a,x2a) =  1.

Corollary 2.3. The associated locus of Ha is given by

r  =  { i e  R "+1\{0} I ||*||5ftr =  (a5 ^ r ,a :^ T ) }  

and it is a smooth hypersurface of R n+1.

3. The diffeomorphism between Hp and Cp

Theorem  3.1. The mapping& x  • Hp -* Cp, Xi • Cp -> Hp given by
2a — 1 2a — l

*/>  *L+1
V

r » + l . IIH

^ T '  ^ 7 ’ ’1 a i a  J° n + i  /

2a - l  # _  2a  — 1 
1 X 1

2a 1 
a 2a - l  . ~ 2cr-l 

, * • • , a p + P  J• a 0 + l
. 7. ^ - T  

* 0 + 1Ik ll* -■

for all x =  ( « 1 , . . .  , xn+i) E Cp, are well defined and they are inverse to each other. 

Proof. Indeed on the one hand, for x =  (x\,. ..  , tfn+i) E Hp, we have:

i b w i i ^ ,  0 brf-)ira—  -  ( g  V )  ~ =

(a -4“ , i 4a- 2)5^T =
(a-*4**, a?4a“ 2) i 

and on the other hand,
(a-4a ,x 4o,- 2)3^T ’

/  _ 2s _  . x _ 2sl_ \  1 (  3°  •«O3 Oo,\=  -— -— -— y I f l*-» >°-i ,xza) =
*n4a — 2\ 3a —I \  /

<a-4“ ,* 4“ - 2>5^T

(a-40', x4a~2) 

■V(a -to,* 2tt) = 1
(a~4a,X4a_2)â^T

Therefore

H x W I I ^  =  for all x E

that is x(^) E Cp for all x G Hp, which means that the mapping x  is well defined.
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Analogously, for x  =  ( x \, . . .  , xn+i) €  Cp, we get:

^(a_2or,X i(« )2“ ) =  y(a~2a+^ 7 , x ^ )  =  < p ( a ^ ,  x ^ )  =  1,
11*11»*-1 INI3" - 1

that is X i{x ) € H£  for ail x  =  (x i , . . .  ,xn+i) G and the mapping \i is well 

defined.

For x =  ( x i , . . .  , xn+i) E ££  we also have:

( x ° x i ) W  =  x(xi(*)) =

‘ II*

IMP

2cr 1 2 ar 1 
ûr-l 2ar-l _  2 a -l 2 a -l

» a /3+l '-.^0+1 » ' • ‘ J a n + l

• > * » + 0 - * =  idc « (x ) .

,X n + i )  € H p, we have

, _ 2 a —1 2a—1
f * l  *fi

2 a - i  
* /? + !

.4a—2) \ a 2a » ’ a |« ’ fl2a ’ ’
a /H l

--------------------------------—  (*11 • •
. ( a ~ 4 a , r 4 a —2) 2 « - i

• , * n + l )  =

-2û —1

<a-<«*4a-3>35=t
{a -*40' tx Aa~ 2) . « ,

Corollary 3.2. The mappings \ and Xi are diffeomorphisms between II£ and Cp. 

The next theorem can be proved in a completely analogous way.

Theorem 3.3. The mapping h : H a -> S” , h(x) =  jj ĵj is a diffeomorphism and 

h - 1 : Sn ->  H a is given by h~l (x) =  (a_2o ^2q)i /^  *
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