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M A X W E L L  E Q U A TIO N S F O R  A  G E N E R A L IZE D  L A G R A N G E  
SPA C E  OF O R D E R  2 IN IN V A R IA N T  F R A M E S

M A R IU S  P Ă U N

Dedicated to Professor Pavel Enghiş at his 7(fh anniversary

A b s tr a c t . The study of higher order Lagrange spaces founded on the 

notion of bundle of velocities of order k has been given by Radu Miron 

and Gheorghe Atanasiu in [2]. The bundle of accelerations correspond 

in this study to k = 2 . The notion of invariant geometry of order 2 was 

introduced by the author in [4]. In this paper we shall give the Maxwell 

equations of a generalized Lagrange space of order 2 in invariant frames.

1. G eneral Invariant Frames

Let us consider the bundle E =  Os<?M, a nonlinear connection N with the
\

N'. iv 3 , Nii and the duals

(1) (2) J (i) (2)

coefficients

The invariant frames adapted to the direct decomposition

Tu(O sc2M )  -  N0(u)® V2(u) VueJS (1)

will be 3ft =  ( e(°J*, e ^ ‘ , ' ) and the dual 3i* =  ( / ^ “  , , f ^ a ).

The duality conditions are

< > = S'j Sg (A,B =  0,1,2) (2)
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In this frame the adapted basis has the representation

£ _  M)a & & _  Al)a S S _  (2)« S
Sxi ~  J i  8yW{ ~  Ti  Ssl1)* Sy W  ~  J i  SsC2) «

and the cobasis

Sx* =  eWg sW*  ;<fy(1)‘  =  e ^ ' S s ^  ; S y ( 2 '̂ =  (4)

and we have the relations

(sJÂiï ’ Ss(B)fi)  = S° SA (A,B =  0,1,2) (5)

This representation lead us to an invariant frames transformation group with 

the analitycal expressions

* 2 *  = c £  (^ ,y (1) ,j/(2)) ,e (^ ‘ ; f f )a = c ; r f fi

isomorphic with the multiplicative nonsingular matrix group

(6)

0c $  o o

0 C% 0

\

o q ;  J

A N-linear connection D has in the frame 5 ft  the coefficients

OA /  r (-A)m \
Li .  =  W  ( i i w  +  (a = o, i ,2) (7)

BA
C}a =  f (n h

c (A)m
C P I f,(B)ie(A)J fim 

S s ( B )a  +  e « e fi

(B)

(A =  0,1,2; B =  1,2) (8)
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MAXW ELL EQUATIONS FOR A GENERALIZED LAGRANGE SPACE OF ORDER 2 IN INVARIANT FRAMES

D efinition 1 .1 . If the vector field X  £ X {E) has the invariant components X ^ a
g

(A=0,l,2) and we denote by ) the h— and vb, B=l,2 the covariant invariant 

derivative operators then

y ( A ) a

(B)x W *  )p

6 X W a
Ss(°)P

s x w *
S s W

QA+  LŞpXW *

+  < % f i x ( A *

(9)

The definition of the Lie bracket conduces us to the introduction of the non- 

holonomy coefficients o f Vranceanu

S S
Ss(A)a ’ 6s(°h

(AB) (AB)

+

0 2

t v 7 — - —

(AB)

(1 0 )

(A,B =  0 ,1 ,2 ; A < B ) .

2. Torsion  and C urvature d-tensor Fields

The torsion tensor of the N-linear connection D on E

T (X ,Y )  =  DXY -  D y X  -  [X,Y] V X , Y  G X(E) (11)

in the invariant frame 5? , has a number o f horizontal and vertical components corre

sponding to Dh , DVl , DV2

T heorem  2.1. The torsion tensor of a N-linear connection D in the invariant frame 

3? is characterized by the d-tensor fields with local components

n .  =

(0)

(00) (00)

-  -

(0)

(00)

=
(OA)

( A )

(00)

(12)
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* Ta
"* Q II

(10) (0)

1a
tT1

(i)
(i) (01)

p \ (01) (1)
fia _ ^fia + W'fia

(H) (01)

fia

(12)

(2)

w \ a
(01)

(20) (0)

-& fia ~
(2) (02)

p 7r  Pa
(21)

(1) (1)

W lfi ~ Ŵ fia
(02) (01)

P1
pa

( 2 2 )

(02)

F * .

(2)

fia

(02)

Q \ a  =  (H)
(H) (H) (1)-(1) (1) W^fia(U)(2) (2)

Q \ a  = W \ a(21) (H)

(13)

(14)

(15)



M AXW ELL EQUATIONS FOR A GENERALIZED LAGRANGE SPACE OF ORDER 2 IN INVARIANT FRAMES

(21) (1)
Q pa _

C T » . -(12)
(2) (12)

(1) (2)
Q pa _

(22)
(12) (12)

(16)

(2)

(22)

CT’fia
(2)

(22)

(2 )

(2 )

(22)

(17)

T h eorem  2.2. The components given by Theorem 2.1 are the invariant components 

of the d-tensor fields of torsion of the N-linear connection D

The curvature tensor field H. o f the N-linear connection D on Osc2(M) has 

the expression

n { X ,Y )  =  [ D x  , Dy ] Z -  D[x ,y \Z (18)

T heorem  2.3. The curvature tensor field H of a N-linear connection D in the in

variant frame 9Î is characterized by the following d-tensor fields on Osc2(M):

(00)
O V _JS  pa — 57TÔF"

(00)
•HL, (00) (00) 

+  L W a
(00) (00)

-  * ? . ! « >  -
(0) (00) (i) (10) (2) (20) (19)

- < +  < +  w ţa r>'P

(00) (00) (1) (00) (2)
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p  ¥>

(i)

(10 )

( i )
i«(0)°

(00)
SLV

(10)
(00) (00)

(10)

+ c l p

(1)

I P^•qol

(1)

(0)
(OO)

(1) (10) (2) (20)

— W *
v v P a £ ï *

+  w *T  v v p a ^  + <
r " p

u i H >

(01) (01) (1) (01) (2)

(20)

p  ¥> 
/?«

^iP
_  (2) (O?)

4Jf r . +

(20)

(2)

(00) (00)
-I3 ,a

(20)

(2)
(2)

— 4«(°>“

(0) (00) (i) (10) (2) (20)

- W *vvPa +  Wja
/~t<p
°1<P + vv fia

r"<>
07V>

(02) (02) (1) (02) (2)

(10) (01) 

4 <%„ 4 C *,

^ y ’pa _  (X) (*)
4,(i)<» 4j(i)/>

(11)

(1)

-  Wţa
(H)

(10) (10) (10) (10)

+  ^ C f -  C " ’7 a

(1) (1) (1) (1)

(10) (2) (20)
/'•»¥> _  
°7  0 <

r i f

(1) ( i i) (2)

(20)

(21)

( 2 2 )
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(20) (10) 

* C&  * C*a

S7V  _  (2) (1)
— $*(>)<* ~s7&W

(21)

( 1)

-  <
( 12)

(30) (10) (10) (20)

+  C C'pna -  c'~'7 or CÏP
(2) (1) (1) (2)

(10) (2) (20)

r v  — w pa

(i) (12) (2)

(23)

<? V 
Pa

(22)

(20)

(2)
SalV"

(20) 
6 Cv>^7 or 

(2)
(20)

•+SsWP
(2)

(2) (20)

WP« °Tf0
(22) (2)

(2 0 ) (2 0 ) (2 0 )

r̂]a -  Cv'- 'T o r

(2 ) ( 2 ) (2 )
(24)

T heorem  2.4. The components given by Theorem 2.3 are the invariant components

of the d-tensor fields of curvature of the N-linear connection D

T heorem  2.5. In the frame 3fi the essential components of the curvature tensor field 
Tt are those given by Theorem 2.3.

3. Fundam ental Identities, M axw ell Equations

Begining from Jacoby identities we obtain
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Theorem  3.1. The non-holonomy coefficients W given by satisfy the following fun

damental identities called Vranceanu identities:

E
ci cl

(a p 7)

(/)
W°,Pi

(00)

(-0
W nrr oca 
(0/)

+

V)
w ”,Pi

(00)

6sWa
=  0 (25)

(I,J=0,1 ,2; summation also by l)

>■< .
(<*,P) <

(•0
w ,Pi

(J)

w l
(/) (J)

(OK)
(/) (J)1 1

w °p i w \ a +■ ' +  2 W°afi +  2
(OK) (0/) (00) ( I K)

<*P
(00)

2 Ss(K)i y =  0 (26)

’ (J) (J) '

(P,i) <

w \ a W'pi
(/) (•/) (/) (J)

(OK) 1 1 ( K K )
W"77a n «  + 6s(x)P + 2 ""p i WVac + 2 ŝ(°)<» y = 0 (27)

(»*) (0/) ( K K ) ( KI )

J

(I,J=0,1,2; K —1,2; >--< meaning permutation of indexes and subtraction of results)

( i ) (0) (2) (0) (0) (0)

W ° P i V P ' +  YY 0.0 ' W * W c c  + w ' V

(12) (01) (12) (02) (02) (01)
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(0)

W °

( 0)

W ,

a0 ”  a'l 
(01) (02)

(0)

W "  + S -

01

(12)
=  0

(I) (1) (I) (1) (7) (1)

w °01 n ,  + - W a „vv a{3
(12) (0/) (02) (/ l) (01) (72)

( 1)

W\

+  E -

Pi
( 12)

(28)

=  0 (29)

(2 )

w n,
(7) (2) (7) (2) (7) (2)

W °Pl + w °vv 'ya w a *VY aft W Th

(12) (07) (02) (71) (01) (72)

P i

(12)

Ss( °)“
=  0 (30)

(1=0,1,2; summation by I; E meaning sumation on simultaneous cycle on pairs (0, a); (1, /?); (2,7) 

Denoting by

... ... ... 1 M a „  ... .
(31)?((l)a _  s(l)a . g(2)a _  ÿ(2)« +  I  M<P g(l)0

’ 2  (1)

then in the considerated invariant frame the Liouville vector fields are:

1 „X- „X.. S
T =

S s W

r  =  ï (1)“ 77^77 +  2 g<2)“ - *'r S s ë i ï  (32)

Let us consider the generalized Lagrange space GL^2n̂  =  j / 1), y(2))) with

symmetric and nondegenerated, the canonical metrical linear N-connection LT(N) 
and the case when the three frames adapted to the three distributions are the same. 

Then

e(o)i _  (1)* _  (2)« _  i ̂ n —  ̂ rtf — c rv — (33)
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and simillar for the duals.

In this frames the canonical metrical linear N-connection has the coefficients:

(0)
(00)

= 5
(00)

( i i) (1) „

C %  =
1
2

r <*
W %  + f ? j p e* pl 

(1)
(i) ( 11)

(22) (2) „ „

°  Pi
1
2

CJa
w °  + f t 4 ei  01 

(2)
(2) (22)

(34)

We shall consider now the tensor fields

(A)c
)P

r\(A)a _  (A)a , (AB)a
U ă — 9 “  p

. . .  (B)
(35)

(A,B=1,2)

T heorem  3.2.. The tensor fields defined above represent the invariant conponents of 

the deflection tensor of the canonical metrical N-linear connection.

We define the invariant electromagnetic tensor field by:

p { A )  _
*  <*P ~

r  * < * >
s s(°)“

.(AB) _ i J '  *,<*> H {?
aP —

2 I S s W P <îs(B)«

i
l (36)

(A,B=1,2)

T heorem  3.3.. The electromagnetic tensor fields have the expressions

F (t l  =  \

f (AJ ] = (37)
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and represent the invariant components of the electromagnetic tensor fields of the 

cononical metrical N-linear connection.

Using Ricci identities with respect to CT(N) we prove

T h eorem  3.4. The electromagnetic tensor fields and / ^ f  ̂ of the generalized

Lagrange space GL^2n  ̂ satisfy the following Maxwell generalized equations:

S F (5| T =  z { < l iA)vRvP<n-'iL,d{X ) Rv
B=l

«7
(OB)

(B )
e f (5  |7 + e Æ  =  s { î ^ (  p ,<*Ph *lP<* 1 

( B )

- E C (  p.B=1
*}P<*1
(B)

(■B)

FqP'ya ) 

(■B)

^ B) k =  s  { r.W n

c =1 «7 
(BC)

|7 =  S

(D)

9iA)v Ptfen
(BC)

z>=1
(BC)

a'y

( C’en C \a )

(B) (B)

► B ^ C (38)
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T heorem  3.5. If the canonical metrical N-linear connection is torsionless then 

and f^p^ satisfy the folowing generalized Maxwell equations:

y  p (A) _  o

y   ̂ _  n^  afi \l ap|7 “  U

( A m  ( B )

It = «
/ A R\

S / (i B) It =  o (39)
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