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MAXWELL EQUATIONS FOR A GENERALIZED LAGRANGE
SPACE OF ORDER 2 IN INVARIANT FRAMES

MARIUS PAUN

Dedicated to Professor Pavel Enghig at his 70" anniversary
Abstract. The study of higher order Lagrange spaces founded on the
notion of bundle of velocities of order k has been given by Radu Miron
and Gheorghe Atanasiu in [2]. The bundle of accelerations correspond
in this study to k=2. The notion of invariant geometry of order 2 was

introduced by the author in [4]. In this paper we shall give the Maxwell

equations of a generalized Lagrange space of order 2 in invariant frames.

1. General Invariant Frames

Let us consider the bundle £ = Osc?M, a nonlinear connection N with the

coefficients | N%; , N’; | and theduals | M*; , M

(1) (2) (1) (2
The invariant frames adapted to the direct decomposition
T.(Osc®M ) = No(u) ® Ni(u) @ Va(u) Vu€E (1)

willbe R = (@', e e@¥ ) and the dual ®* = ( fO%, s gy,

The duality conditions are

< P> = g (4B=0,12) @
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In this frame the adapted basis has the representation

6 _ (O)C! 6 6 _ (l)a 6 6 _ (2)0 5
P £ 3sa gy — £ ssMea 5y — £ Js@a 3)
and the cobasis
Szt = e(?)"gs(o)a : éy(l)i — e(z)iés(l)a : Jy(z)a — e(i)ias(z)a (4)
and we have the relations
é
<m, JS(B)ﬁ> = ég JE (A,B = 0,1,2) (5)

This representation lead us to an invariant frames transformation group with

the analitycal expressions

A B
. i —a —=(B
B = CB (z,y ), y@), M pBe T FP (6)

isomorphic with the multiplicative nonsingular matrix group

g [+
Cg 0 0
0 Cg 0
0 0 Cg

A N-linear connection D has in the frame R the coefficients

0A Je(‘;)m () (A)j
AN o toeldies L] (4=0,1,2) @

ds(0)a

BA lAaIm o
Clo = FA b+ Bl cop (A=0,1,2; B=1,2) (8)

(8)

JS(B)or
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Definition 1.1. If the vector field X € x (E) has the invariant components X (A)a
(A=0,1,2) and we denote by ‘)‘,‘)3 the h— and vg, B=1,2 the covariant invariant
derivative operators then

S X (A)a
és(0)8

sXA)e
8s(B)8

A 0A
x4 = + L%y XA 9)

) BA .
Xy + Chy X

The definition of the Lie bracket conduces us to the introduction of the non-

holonomy coeflicients of Vranceanu

0 1 2
5 5 - 5 s
[JS(A)a ) 53((3)/3] = Wasgon t W gon T Wa gm0
(4B) (4B) (48)

(A,B=0,1,2; A<B).

2. Torsion and Curvature d-tensor Fields

The torsion tensor of the N-linear connection D on E
T(X,Y) = DxY — DyX — [X,Y] VX, Y € x(E) (11)

in the invariant frame R , has a number of horizontal and vertical components corre-

sponding to D* | D1 | Dv»

Theorem 2.1. The torsion tensor of a N-linear connection D in the invariant frame

R is characterized by the d-tensor fields with local components

(
T, (00) (00) ©
(0) - Lo = Llap — Wi,
00
< @0 (12)
o (4)
Pa = W'Ya
(04)
\ (00)
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(

o (21) W
pa  _ _
ay Cba W
(2) (12)
(16)
- 1) @
Ba —
o e Wi
L (12) (12)
- (22) (22) (2)
(‘za = Cha = Co — Wi (a7

(2) (2) (22)

Theorem 2.2. The components given by Theorem 2.1 are the invariant components

of the d-tensor fields of torsion of the N-linear connection D

The curvature tensor field R of the N-linear connection D on Osc?(M) has

the expression

R(X,Y) = [Dx , Dy 1Z — Dixy\Z (18)

‘Theorem 2.3. The curvature tensor field R of a N-linear connection D in the in-

variant frame R is characterized by the following d-tensor fields on Osc*(M):

(00) (00) (00) (00) (00) (00)
SL* SL¥,
Rfse =i ~ 50 + L L = Lalns =
(0),,, (‘2,9) (1; (10) (2')p (20) (19)
—Wﬂa L'nb + Wﬂa C,f,ﬁ + Wpa C’:’WI’
(00) (00) (1) (00) (2)
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(10)
& CYy o o
P"‘Pﬁa _ (1) 6&: . (03) (onn) ;
W = T —5ms T C‘vﬁ LYo - L3, C,,p -
(1) (1)
(0)¢ (0 ul (10) @ (20
Wi L5 + W5, C5, + Wi, CY,
(01) (01) (1) (01) (2)
(20)
§ CY » o
P%., _ @ 552 ENCORICD
P —mort Cly Lia—Ll, Cry —
(2) (2)
(0)¢ (00) (13) (10) (2) (20)
@
_-L&ﬁﬁa l;7¢ + L‘Cﬁa (7$b + D‘C;; (Zsk
(02) (02) (1) (02) (2)
(10) (01)
] C,‘:ﬁ é C“fa (10) o) (10) 10
S _ @ (1) )
an o TTmwr G O - e O
(1) (1) 1) (1)
1) (10) (2) (20)
- P v _ P
Wﬂa C"NJ Wa Cﬁqu;
1y Q) iy (@)
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(20) (10)
5§ C¥ 5 C¥
. " "“ (20 (10) (10)  (20)
5.%a ) ) ) .
(21) = mws Tmew t G G - Gy G -
@ o @ (23)
® o @ 0
J— J—
Wea Cly Wia C5y
a @ (@
(20) (20)
s C¥ § C¥ .
. i @) @ @) (o)
5,950 @ @ \ "
=mwe —mHwrot O G, — O, G —
(22) (24)
@ @ @ @
@ (@
- W/;pa C'f'ﬁ
@ @

Theorem 2.4. The components given by Theorem 2.3 are the invariant components

of the d-tensor fields of curvature of the N-linear connection D

Theorem 2.5. In the frame R the essential components of the curvature tensor field

R are those given by Theorem 2.3.

3. Fundamental Identities, ‘Maxwell Equations

Begining from Jacoby identities we obtain

63



MARIUS PAUN

Theorem 3.1. The non-holonomy coefficients W given by satisfy the following fun-

damental identities called Vranceanu identities:

' @
W’l
2 nW o
(00)
cicl W ‘2,,7 W"ao + W > = 0 (25)
(a8 7) (00) (orn)
\ J
(1,J=0,1,2; summation also by I)
@ @ ]
n W Wor n W Wes
< Y " (0K) 1 o " 1 (00) L —0 (26
(a,8) 4 B w ao + Js(o)a + 5 af W oy + 5 JS(K)'Y - ( )
(0K) (or) (00) (IK)
\ 7
( 3
) )
WQYO' Wﬂﬂ'v
1)) ) & (C))]
=< . " (0K) 1 o 1 (KK)
By Wiha Wiy + st Why Whe Y5500 y =0 (27)
(0K) (or) (KK) (KI)
\ J

(1,J=0,1,2; K=1,2; -< meaning permutation of indexes and subtraction of results)

(1) (0) (2) (0) (0) (0)
(731 Wﬂaa + Wap-y W"ao + W({ya Wnap -
(12) (o1) (12) (02) (02) (o1)
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(0)

Wﬂﬁ'v
(0) (0)
(12)
- aaﬁ Wﬂa‘y +EW =0 (28)
(01) (02)

(1)
Wﬂﬂ'v
(n (1) (¢)) (1) (1) (1) (12)
Gy W + Wy Why — Wo W, +Z—ge— =0 (29)

(12) (or) (02) (1) (01) , (I12)

(2)

Wﬂﬂ'r
) (2) 0)] (2) 09} (2) (12)
”ﬁ,, wm, + W‘i,a W'f,p - W"aﬂ W",,, +EW =0 (30)
(12) (or) (02) (I11) (o1) 12)

(I=0,1,2; summation by I; ¥ meaning sumation on simultaneous cycle on pairs (0, a); (1, 8); (2,7)
Denoting by
1 M5

R I UL ROE (31)
®

then in the considerated invariant frame the Liouville vector fields are:

L (a,(1)ip2p_9
T = qWeeQ Y s
2 ) é
— (Va (2)a
= ¢"me + 297 5a6 (32)

Let us consider the generalized Lagrange space GL(?") = (M, g;;(z,yV), y?)) with
¢ij symmetric and nondegenerated, the canonical metrical linear N-connection LT'(N)
and the case when the three frames adapted to the three distributions are the same.

Then

O = oM = @ =} (33)
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and simillar for the duals.

In this frames the canonical metrical linear N-connection has the coefficients:

(00) 1 ©
i ki
o =2 W + fepes Li
B
(00)
(11) (1)
1 i« C%
Co = 3 W + fepey (1)-7
(1) (11)
(22) (2)
1 . C%
G =5 W +Iee (2’;” (34)
(2) (22)

We shall consider now the tensor fields
p#a _ e 4Bl _ (a)a ] 35
a = 9 g =4 (35)
(A,B=1,2)

Theorem 3.2.. The tensor fields defined above represent the invariant conponents of

the deflection tensor of the canonical metrical N-linear connection.

We define the invariant electromagnetic tensor field by:

sy _ 1[5 5
af T 9] 65008  §s(0)a

A
4B _ 1 ﬂ — ﬁ_ (36)
o = 3\ 5P 5Bl
(A,B=1,2)
Theorem 3.3.. The electromagnetic tensor fields have the expressions

@ _ Y@ @
F) = - (0% -0%)

(aB)y _ 1 (aB) yaB)
faﬂ - i(daﬂ —dpa) (37)
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and represent the invariant components of the electromagnetic tensor fields of the

cononical metrical N-linear connection.
Using Ricci identities with respect to CT(N) we prove

Theorem 3.4. The electromagnetic tensor fields F (:p) and f(:f ) of the generalized
Lagrange space GL(?™) satisfy the following Mazwell generalized equations:

EF(:/; =3 q(A)q Rnpa—y z d(AB) Rﬂa-y

(0B)

A AB
BF( ) I‘Y +Ef(aﬁlzr =X q(A)q( Prpay = Prpya )-
(B) (B)

(AB)
Zd Pﬂﬁa'v — Pypya )

B (B)

24D =5 { g4 s, —Zd““’)( R,

(4) (BC)

(D)
Ef(AB) | _z q(A)n Pp z:d(AB) ,’ _

(BC) (BC)
~dGB( cn. - cn,) B#C (38)

(B) (B)
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Theorem 3.5. If the canonical metrical N-linear connection is torsionless then F(:g

and f(:;) ) satisfy the folowing generalized Mazwell equations:

(4)  _
LF afly — 0

(B)
Y 1, +5f4 =0

(o]
%2 =0 (39)
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