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Abstract. In this paper we extend the Willem deformation lemma for
continuous functionals and we traite also the equivariant case. With the
aid of this results we extend the min-max results of Ghoussoub [21]. As ap-
plication we give an another proof of some multiplicity results of Corvellec
[5] and we give some multiplicity results for continuous functionals which
contains a large class of multiplicity results for differentiable and locally
Lipschitz functionals.

1. Imntroduction.

In many papers is studied the critical point theory for continuous functionals,
see [3], [4], [5], [2], [?] and [8]. In this paper using some results from the paper of J.-N.
Corvellec, M. Degiovanni and M. Marzocchi [4] we prove the Willem deformation lem-
ma for continuous functionals. We traite also the equivariant case. With the aid of
this results we give a simplified proof and generalize some min-max results of Ghous-
soub [21], Fang (6], and Ribarska-Tsachev-Krastanov [9]. Using this result we give
some multiplicity results of Ghoussoub [21], which represent an another proof of some
multiplicity results of Corvellec [5]. As applications for different topological index we
give some minmax and multiplicity results for continuous functionals, which repre-
sent generalizations for well known results, see Fadell [19], Santos [33], Chang [16],
*Marzocchi [28], Goeleven-Motreanu-Panagiotoulos [23], Mironescu-Radulescu [32] and

another results.
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ALEXANDRU KRISTALY AND CSABA VARGA

First we recall some definitions and result from the paper of M. Degiovanni
and M. Marzocchi, see [3].

Definition 1.1. Let (X, d) be a complete metric space and let f : X — R be a
continuous function and u € X a fixed element. We denote by |df|(u) the supremum

of the o € [0, 00[ such that there exist § > 0 and a continuous map
H : B(u,8) x [0,6] > R

such that Vv € B(u,6) for all t € [0,68] we have

a) d(H(v,t),v) <t

b) f(H(v,1)) < f(v) — ot

The extended real number |df|(u) is called the weak slope of f at u.

Definition 1.2. Let f : X — RU{oo} be a lower semicontinuous function. We define

the function
Gy :epi(f) = R
putting
epi(f) = {(u,§) € X x R : f(u) <€} and Gy(u,§) =¢.

In the following epi(f) will be endowed with the metric
dep((,€), (v, 1)) = (d(u,0)? + (€ — w)*)3.

Of course epi(f) is closed in X xR and G is Lipschitz continuous of constant

1. Consequently |dG;|(u,€) < 1 for every (u,&) € epi(f).

Proposition 1.3. Let f : X — R be a continuous function and let (u,§) € epi(f).

Then
Grl(u, &) = ;; + J €and |df|(u) < o0

1 if f(u) < €or |dfi(u) = .
We recall a basic result from [4].
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Theorem 1.4. ( Theorem 2.11, [4]) Let (X,d) be a complete metric space and let
f: X — R be a continuous function, C a closed subset of X and 8,0 > 0 such that

d(u,C) < 8 = |df|(u) > 0.

Then there exists a continuous map 1: X x [0,6] = X such that
1. d(n(u,t),u)) <t,

2. f(n(u,1)) < f(u),
3. d(u,C) > 6 = n(u,t) = u,
4. v€ C=> f(n(u,)) < f(u) - ot.

In the following, for every ¢ € R we use the next notations:
Kc(f) = {z €X: |dfl(-’l7) =0 and f(a:) = c};
ff={zeX: f(z)<c}:
fe={zeX: f(z) >c}.

2. Willem deformation lemma

In this section we extend the Willem deformation lemma. for continuous func-

tionals.

Theorem 2.1. Let (X,d) be a complete metric space, f : X — R a continuous
function, C a closed subset of X and ¢ € R a real number. Let € and § > 0 two

number such that we have:
V ue fl([c—-26,c+2])NCas: we have |dff(u) > ¢. (2.1)

Then there exists two real numbers ¢’ € (0,¢) and X > 0 and a continuous map
n:X x[0,1] = X such that:
a) d(n(u,t),u) < AL,
b) F(n(w,0) < f(u),
c) ifud f~(c—2e,c+2])NCos : p(u,t) =u, V t€]0,1]
d) a(f* nC,1)c foe,
e) Vt€l0,1] andV u € f°NC we have f(n(t,u)) < c.
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Proof. First, we suppose that the function f : X — R is Lipschitz continuous with

constant 1. We consider the set:
C*={ueX|c—t1 < f(u) <c+11,d(u,C) <26 -1}, (2.2)

where 8, +t, < 2¢,8; < 28 and &,,1; > 0, for example §; := min{e,d} and t; = %
Obvious the set C* is a closed subset of X. We observe that from the relation
d(u,C*) < 8; we get:

u € f1([c — 26, ¢+ 2¢) N Cas. (2.3)
Indeed, because |f(v) — f(u)| < 1-d(u,v) for Vu,v € X we obtain
—d(u,v) < f(u) — f(v) < d(u,v), YveC".
Using this relation and the fact d(u, C*) < 6; we get
c—(t1+48 < flu) <c+(t +461).

Because d; +¢; < 2¢ we obtain u € f~!([c — 2¢,c + 2¢]). It is easy to verify that
d(u,C*) < é; implies u € Cys.

Because € > 715_:2- from the relation (2.3) we obtain |df|(u) > 7164-_62

Now we can apply Proposition 2.4, for C*,4; £

— and we get a continuous
function 7' : X x [0,d] — R which satisfied the conditions 1)-4) from Theorem 2.4.
Without loss of generality, we assume that A = 1, and define the function 7 : X x
[0,1] — R by n(u,t) = 7'(u, At). The properties a) and b) are obvious. Let u ¢
F~1([e — 2¢, ¢ + 2¢]) N Cas since f is a Lipschitz function with constant 1, we have
d(u,C*) > 6, and using Proposition 2.4, a) we get n(u,t) = u.

For the proof of d) let ¢’ = min{¢;, 71‘:_—6;} and we distinguish two cases:

2.4) fu € fo+' N C and f(u) > ¢ — ¢ it follows that u € C*, hence we have

<ct+e-—

f(’l(“»l))ﬁf(")‘—l\/%e—f \/%_52_

2.5) If u € f*¢' N C and f(u) < c— ¢, then from b) we get

f(n(w,1)) < fu) <c—¢'.
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The part €) of the theorem is proved in same way as d).

Now we consider the general case. For this let C** = {(u,§) € epi(f)| u € C}.
The set epi(f) is closed in X x R and it follow that epi(f) is a complete metric space.
In the next we prove that for every (u,§) € epi(f) with (u,€) € (}f'l([c— 2e,¢c+2e])N
C53, we have |dGy|(u, &) > —\/—1—{'—7
We distinguish two cases:
I) Let f(u) =£. In this case we have two subcases.
a) |df|(u) < oo. If (u, f(w)) € Q'f'l([c— 2¢, ¢+ 2¢]) N C33, then we get u € f~1([c -
2e, ¢+ 2¢]) and dgp((u, f(u)), C**) < 28. Because d(u,C) < dep((u, f(u)),C**) < 26
we get u € f~1([c — 2¢,¢ + 2€]) N Cas and using the hypothesis of theorem follow
|df|(u) > e.
Because |df|(u) < oo from Proposition 1.3 we have |G¢|(u, f(u)) = VIJ%%P(LU) and

using the fact that the function z — 71‘:_—3:2 is increasing we have |dG;|(u, f(u)) >

£

;1 +e2
b) If |df|(u) = co using Proposition 1.3 we get |dG,|(u, f(u)) =1 > —=5—.
) If |df|(u) g Prop get |dGy|(u, f(u)) VTé’s
IT) If f(u) < &, then from Proposition 1.3 we have |dGs|(u, f(u)) =1 > .
) If fu) <€ P ve [dGy|(u, f(u)) Jire

From these we get that for every (u,§) € g;l ([e—2¢, c+2€])NC3; implies |[dGy |(u, &) >
3

;71+5"

The set A := G;*([c — 2¢,c+ 2¢]) N C33 Nepi(f) # B, because if u € C, then
(u, f(u)) € A. We apply the previous step for X := epi(f), f := Gy and C := C**.
Then there exists two positive numbers ¢/, A > 0 and a continuous mapping 7 :=
(71, 72) : epi(f) x [0, 1] — epi(f) such that the following holds:
2.6) dep((M(u,8),1), (v,€)) <AL, Y (u,€) € epi(f),V t€[0,1];
2.7) G5(0(w,€),8) =M((w,€),8) <& =Gy (u,§), for all(u,§) € epi(f), and
vV tel0,1];
2.8) 7((u,£),t) = (u, &) for every (u,§) € epi(f) with(u,§) ¢ G}'l([c—2e, e+2e])NCs5;
2.9) WG NG, 1) C G
2.10) f(@((v,€),t) < c for every t €]0,1] and V (u,£) € G; NC**.
We define the function 7 : X x [0,1] — X by
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2'11) ﬂ(“»t) = ﬁl((“’ f(u)), t)‘

Because 7 takes its values in epi(f), we have

2.12) f(T((u, f(w)),t) < Fal(w, £(:5),1)
From 2.6) we have:

d(n(u,t),u) = d((7; (u, f(u),1),u) <
< [((T (u, £(u)), ), u) + (TFa((u, F(w)), 1) — F(u))?]5 =

= dep(((u, F(w)), 1), (u, () < .

From the relations 2.7) and 2.12) we get

F(n(u,8)) = F(1(u, £(u),8) < Ta((w, £(v)), ) < F(w).

If ué f~1([c — 2¢,c+ 2€]) N Cas then
2.13) (u, f(u)) & (}j‘l([c —2¢,c+2])NC5;5.
Now we assume that (u, f(u)) € G;'([c — 2¢, ¢ + 2¢]) N C3;. From this follow that
2.14) f(u) € [c — 2¢, ¢+ 2¢]
and (u, f(u)) € C3;, which is equivalent with d.p((u, f(u)), C**) < 25. But we have
d(u, C) = inf{d(u, Vv € C} < inf{dep(u, £()), (1,8)) | (5,€) € C**} = dup((u, F(w)), C)
From this and from 2.14) we get u € f~([c — 2¢, ¢ + 2¢]) N Cas which is a contra-
diction with assumption. If u & f~1([c — 2¢,c + 2¢]) N Cys, then from 2.8) we get
7(u,2) = 7y (6, £ (), ) = .

If f(u) < c+ ¢’ then from 2.9) and 2.12) we get

fn(w, 1)) = f(m(u, f(w), 1) <T((w, f(u)),1) <c— €.

From 2.10) and 2.12) we get the relation e).

In the following we use the next form of Willem deformation theorem.

40




A NOTE ON MINIMAX RESULTS FOR CONTINUOUS FUNCTIONALS

Corollary 2.2. Let (X,d) be a complet metric space, f : X = R a continuous func-
tion, C a closed subset of X and ¢ € R a real number. Let € > 0 be a number such:
V z€ f(c—2,c+2])NCo : we have |df|(z) > e.

Then there exists two real numbers ¢’ € (0,€) and A > 0 and a continuous map
n:X x[0,1] = X such that:

a’) d(n(u,t),u) < At, for everyt € [0,1].

b’) f(n(u,t)) < f(u), for everyt€[0,1] and z € X.

c’)ifr g f(le—2¢,c+2))NCoe : (z,t) =2, V t€0,1)].

d’) p(fetre' nC,1) C fo withe’ = —£

2V/1+e?
e’) Yt €]0,1] and V z € f¢NC we have f(n(t,z)) <c.

Proof. In the proof of Willem deformation lemma we take § := ¢, ¢, = % and
€

/
T ite

3. A minmax result

Definition 3.1. Let B a closed subset of M. We shall say that the class F of subsets _

of M is homotopy stable with boundary B if:

(a) Every set in F contains B;

(b) For any set A € F and any continuous function 5 € C([0,1] x M, M) verifying
n(t,z) = z for all (t,z) € ({0} x M) U ([0,1] x B) we have (1, A) € F.

Definition 3.2. We say that a set F is dual F if F verifies the following conditions:
1°) dist(F, B) > 0;
2°) FNA#0 forallAcF.

Denote by F* a family of subsets which are dual to F and we say that F* is
dual family to F. We have the following relation

= sup inf f(z) < mf sup f(z) =:c
FeF v€F

Examples:
3.1) Let K be a compact metric space, Ko C K a closed set, X a Banach space,
X € C(K,X). Then the set F = { A = g(K)|g € C(K, X) with g(Ko) = x(Ko)} is a
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homotopy stable family wits boundary B = x(Ko).
3.2) For each n € N the families

Fn={A|AC Xwithcatx(A) >n}

is a homotopy stable family, where catx (A) denote the Ljusternik-Schnirelmann cat-

egory.
3.3) For each n € N the families

Fn={A|Y C Aandcat(x,y)(4) > n}

is a homotopy stable family with boundary Y, where cat(x y)(A) denote the relative
category, see [25].

3.4) We recall the definition of the P-ideal valued cohomological index. Let E be a
paracompact space and (X, A) € £g whwre &g is the category of paracompact pair
(X, A) ion E for a fixed closed subset A of E. Let H*(,) be the Alexander-Spanier
cohomology theory with a field coefficient K, see [34]. The cup product defines a
multiplication on H*(X, A) as fllows:

H*(X,A)® H*(E) ' H*(X,A)® H*(X) — H*(X, A),

where 1 is the identity on H*(X, A) and i is the inclusion map X S E. Therefore ,
H*(X,A) is an H*(E) module. In particular, H*(A) is also an H*(FE)-module. We
introduce the following notation: A = A*(E). For an H*(E)-submodule P of H*(A)
the P-ideal value cohomological index of (X, A) over K is an ideal denoted by

P —Indezp(X,A)={ €A|u-A=0,Yue M*(X,A)},

where M9(X,A) = §9(P) for ¢ > -1, M°(X,A) = £(K), 6* is the coboundary
operator for the pair (X, A) and £ is the augmentation. In the next we consider A
and B two disjoint closed subsets of X. We say that A is P-ideal linking to B if and
only if

P — Indexg(E \ B,A) D P — Indezg(E, A).
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Let E be a connected paracompact space. We suppose that the following conditions
holds:

1’) There are two disjoint sets A and B such that A is P-ideal linking to B, P C
H*(4);

2’) There exists a closed set X O A in E such that X \ A is precompact and

P — Indexg(X,A) = P — Indezg(E, A).

We denote by @ = P — Indezg(E, A) and B = P — Indezg(F \ B, A). Since A is
P-Ideal linking to B, we have § D a and 8 # a. We define the set

Za = {(X,A) egE :P-—Inde:cE(X,A) = a},

where £ is the class of all paracompact pair (X, A) inE. Note that £, # 0 s-
ince ()?,'A) € Xg. ~We prove that X, is homotopy stable with boundary A. Let
(X, A) € X, be a paracompact pair and 5 € C([0, 1] x E, E) a deformation such that
n(t,z) = z for all (¢,2) € ({0} x E) U ([0,1] x A). From the invariance property of
the P-ideal valued index we get 7(1, X) € X,. Since A is P-Ideal linking to B, then
for every X € L, we have X N B # 0.

In the next we prove the main result of this section which generalize the main

results from [21], [6] and [9].

Theorem 3.3. Let (X,d) be a complete metric space and let f : X — R be a contin-
uous function. Consider a homotopy stable family F of subsets of X with boundary
B and a dual family F* of F. Let F € F* be a fized, element which verifies the

following condition
inf f(z) 2 ¢, (3.1)

where ¢ := sup f(z).

“:gfj‘erA
Let € € (0, Mfll) and § > 0 be arbitrarly fired numbers. Then for any A € F
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which verifies the relation

sup f(z)<c+ i

TEANFy 21 +52’

then there exists z. € X such that the following holds:

(3.2)

(i) c—2< f(ze) < e+ 2
(i) |dfl(ze) <e;
(i) dist(z., F) < 2¢;
(iv) dist(z,, A) < 2e.

Proof. From the definition of the number ¢, there exists a subset A C X such that

€
sup f(z) < ¢+ ———=
zEA 21 +¢2

relation:

. From this we get that for every § > 0 we have the following

sup f(z) <ec+ S —
zEANF; 2v1+¢e?

Using the fact that dist(z,A) = dist(z,A), the assertions i)-iv) from theorem is

equivalent with:
exists an =, € 7 ([c — 2¢,¢ + 2€]) N F2. N Aze such that |df|(z.) <e.
We suppose the contrary, i.e.
V z€ f Y e—26¢c+2))NFa NAz. we have |df|(z) > e. (3.3)

We consider the set C := ANF then we have C3c = (FNA)3 C (_F_OZ)ze C

Foe ﬂjge. Frc;m the relation (3.3) we have the following implication;
if £€ f'([c—2¢,c+2))NCe then |df|(z) >e.

From Corollary 2.2 we have a continuous function 7 : X x [0,1] = X and A > 0 which
satisfies the assertions a’)-e’) with A < min{e, d}, see the proof of Theorem 2.1. Let
A; = n(A,1). If ¢ € CxCy, where CxCy. denote the complementary of the set Ca,
in X, then from the propertie c’) we have )(z,t) = z for every t € [0, 1]. Using the fact
that dist(F, B) > 2¢, we get B C CxC2., thus we have B = (B, 1). Because F is
a homotopy stable family with boundary B, result that B = (B, 1) C 5(4,1) = A,
thus A; € F. We have the following relation 9(4,1) N F C (AN Fy, 1).
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Indeed, if z € n(A, 1) N F, then there exists an y € A such that z = n(y,1) € F.
But d(y,n(y,1)) < A, thus y € F5. From the relation y € AN F) it follows that
z =1(y,1) € n(AN Fy,1). From (3.2) we have

€

2\/1+52‘

Indeed, since A < &, we have ANF, C ANF;s. But sup f(z) < c+ ¢ we get

ANF, C f°+°l, with ¢ =

, € ANFs
ANF, C f°t* . From the properties d’) we have
AN Fy, 1) Cn(f7 5 1) € fT A (3:5)

From the relations (3.4) and (3.5) we get Ay N F C f VAT | which is equivalent to
r)<c— £ for every z € A; N F. From this relation we get
flz) < ire y 1 g

[

Inf f2) < iof flz)<e— ire

€
————— which is a contradic-
2v1+¢e?

In the following we give a simplified proof for Theorem 1.5 from [6] without using the

From the relation (3.1) we have ¢ < 12}'" f(z) <c—
z

tion.

Ekeland’s variational principle.

Corollary 3.4. (Theorem 1.10,[6]) Let f : X — R be a continuous functional on a
complete metric space (X, d). We consider a homotopy stable family F of compact
subsets of X with closed boundary B and a dual family F* of F. Assume that

S, L@ = ol merf(e) =
and suppose that the number c is finite.
Let € > 0 and F a subset of X dual to the family F and satisfying the relation

. €
> —.
a}lelg'f(z) 2¢€ 3V1+e2
Suppose that 0 < e < dist(B, F , the for any set A € F satisfying
€
sup f(z) < c+ ———,
zegf( )< 2vV1+¢€?
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then there exists an x. € X such that:
i) c— 2 < f(z:) <c+2e

i) |df|(zc) <e;

wi) dist(ze, F) < 2¢;

iv) dist(ze, A) < 2e.

Proof. From the assumption of theorem we see that

Peb. 0= M e =

and exists A € F and F € F* such that:

€
sup f(z) < ¢+ ——,
z€A (=) 21+ €2
inf f(z) >c— —c
zeF - 3 /1 + g2 ’
The proof is same to proof of Theorem 3.1, if we choose C' := AN F. We have that C
is closed, because A is compact set and A; = (A4, 1) is compact, because the function

z —> 7(z, 1) is continuous. Therefore we have A; € F.

Remark 8.5 If we choose different homotopy stable family we give different min-max
results. For example if we choose the homotopy stable family F = { A = g(K)|g €
C(K, X) with g(Ko) = x(Ko) }, where K is a compact metric space and Ko C K we

obtain a generalization for continuous functionals of the Theorem 4.3, see [26].

4. Equivariant version of min-max result

In this section we give a generalization of some min-max and multiplicity
results of Ghoussoub [21] for continuous functionals which represent an another proof
of some min-max and multiplicity results of some results of Corvellec [5]. First we
recall some definition and results from [3] and [5].

In this section (X, d) will denote a metric space and G a group of isometries of X, i.e.

G={g9: X — X| d(g9(z),9(y)) =d(z,y), forall z,ye X and g € G}.
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As usual, we say that
A C X is G-invariant if g(A) = A for allg € G;

h:X — R is G-invariant if hog=~h for all g € Gj

h:X — X is G-equivariant if hog=goh for allg € G.

Definition 4.1. Let (X, d) be a complete G- metric space and let f :— R be a
continuous, G-ivariant function and u € X a fixed element. We denote by |df|g(u)

the supremum of the o € [0, 0of such that there exist § > 0 and a continuous map
# : B(Gu,8) x [0,6] = R

such that Vv € B(Guy,d) fo7; all t €[0,4] we have
a) 7(.,t) is G-invariant for each ¢ € [0, 4]

b) d(#H(v,t),v) <t

Q) FH(0,) < f(v) — ot

The extended real number |df|z(u) is called the G-weak slope of f at u.
The epigraph function G; is Lipschitz continuous of constant 1 and is G-

invariant, because the function f is G-invariant.

Proposition 4.2. Let f : X — R be a continuous function, G-inariant and let
(u, &) € epi(f). Then

Grle(we) =4 VI e 7 1) =€and Idfle(w) < oo,
g\, ¢) =

1 if f(u) < €or Idflc(u) = 00.

We recall a result from Corvellec [5].

Proposition 4.3. Let (X,d) be a complete G- metric space and let f : X — R be
a continuous G-invariant function, C a closed G-invariant subset of X and §,0 > 0

such that
d(u,C) < 6§ = |df|g(u) > 0.
Then there ezists a continuous G-equivariant map n: X x [0,8] & X such that
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1) d(n(u,t),u)) < t,

2) f(n(u,1)) < f(u),

3) d(u,C) > § => n(u,t) = u,

4) v € C = f(n(u,t)) < f(u) — at.

We have the following equivariant version of Willem deformation lemma.

Theorem 4.4. Let (X,d) be a complet G-metric space, f : X = R a continuous

G-invariant function, C a closed G-invariant subset of X and c € R a real number.
Let € > 0 number such:
V z€ f([c—2ec,c+ 2]) N Ca : we have [df|g(z) > €.

Then there ezists two real numbers ' € (0,€) and A > 0 and a continuous G-

equivariant map 1 : X x [0,1] = X such that:

a’) d(n(u,t),u) < At, for every t € [0,1].
b)) f(n(u,t)) < f(u), for everyt€[0,1] and z € X.
) ifeg [T([c—2e,c+2))NCos:n(z,t) =2, V t€]0,1].

&) n(f+r' nC,1) C f with e = — .
) u(f )cf ws m
e’) Vt€l0,1] and V z € f°NC we have f(n(t,z)) <c.

Definition 4.5. Let X be a paracompact space on wich act a compact Lie G. We de-

note by Pg(X) = { A C X | A closed invariant subset of X }. A topological index

Indg associated to a compact Lie group G is a function Indg : Pe(X) — N U {oo}

verifying the following properties:

(I1) Indg(A) = 0if and only if A = 0;

(I2) If f : A; — A, is a G-equivariant continuous map the Indg(A;) < Indg(A2);

(I3) If K is a compact invariant, then there exists a closed invariant neighborhood U
of K, such that Indg(U) = Indg(K).

(14) Indg(A1 U Az) < Indg(Ay) + Indg(A2)

(15) If K is compact invariant set with K N I(G) = @, then K contains at least n
orbits provided indg(K) > n, where I(G) = {z € X |3g € G\ {e} withgz = z}.
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(I6) If K is a compact invariant set with K N I(G) =0 , then Indg(K) < +oo.

Definition 4.6. Let X be a G-paracompact space. We introduce the following no-

tation:
Pe(X) = {(A,B)| BC A C X and A, Bare closed and invariant}.

A relative index is a function Indg(,) ;P NU {400} such that we have:

(R1) Indg(,0) verifies the properties (I1)-(I6) of the index and will be denoted
Indg().

(R2) If f : (A1, B) — (A2, B) is equivariant and fip is a homeomrphism, then
Indg(Ai, B) < Indg(A2, B).

(R3) Indg(A1 U Az) < Indg(A1, B) + Indg(A2).

Examples:
4.1) If we consider the catg-category introduced by [19], [14], [27] or.A- category or
relative .A-category or the A-genus, see [14], [15],[12] we get another class of G-index
and relative index.
4.2) The relative cohomological index introduced by Fadell and Husseini see [20], the
eqivariant cup-length see [13] and the ideal valued index see [33], is another relative

index.

Definition 4.7. Let B a closed subset of M. We shall say that the class F of subsets

of M is G-homotopy stable with boundary B if:

(a) Every set in F is G-invariant;

(b) Every set in F contains B;

(c) For any set A € F and any G-equivariant € C([0,1]x M, M) verifying n(t,z) = z
for all (t,z) € ({0} x M) U ([0,1] x B) we have 5(1, A) € F.

Examples:
4.3) If we consider the Catg-category or A- category or relative A-category

or the A-genus, see [14], [15],[12] we get another class of G-homotpy stable family.
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4.4) In general, if we consider an index or a relative index we get different G-homotopy
stable families.
In the next we generalize the result of Ghoussoub in the equivariant case see

[21], for continuous and G-ivariant functionals.

Theorem 4.8. Let (X,d) be a complete G-metric space and let f : X — R be a
continuous G-invariant function. Consider a G-homotopy stable family F of subsets
of X with boundary B and a dual family F* of F. Let F € F* be a fized which

element which verifies the following condition
Inf f(z) 2 ¢, (4.1)

where ¢ := inf su ).
AE-‘F::GE f( )

Let € € (0, Mzﬁ'fl) and § > 0 be arbitrarly fired numbers. Then for any A € F

which verifies the relation

sup f(z) <e+

€
TEANF; 29/1+¢e2

then there exists z. € X such that the following holds:

(4.2)

(i) c—2¢ < f(ze) < c+2¢
(i) 1dfla(es) <é;
(iii) dist(z., F) < 2;
(iv) dist(z,, A) < 2e.

With the aid of Theorem 4.8 it is easy to prove a result which is very useful

in state differant multiplicity results. For this we need the following definition.

Definition 4.9. We say that the continuous and G-invariant function f : M - R
verifies the G- Palais-Smale condition at the level ¢ and around the set F' (shortly
G — (PS)F,c) along the sequence (An), C F if any sequence (zn), C M verifying
f(zn) = ¢, ||df|c(zs) — 0, dist(zn, F) — 0 and dist(z,, An) — 0 has a convergent
subsequence.
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We shall denote by A = {z € M| nli’ngo dist(z, A,) = 0}. Under the hy-
pothesis of Theorem 4.8 and assuming that f : M — R verifies (PS)p. along a
minimaxing sequence (Ap )y, the set F'N K. N Ay is non empty.

We have the following two general multiplicity results of Ghoussoub [21] for

continuous G-invariant functions. Because the proof it is same way we omit.

Theorem 4.10. (Ghoussoub-Corvellec) Let G ,M and c¢ as in Theorem 4.8 and
f : M — R a G-invariant continuous function veryfying the condition G-(PS).
Let (f'j)f':’l be an decreasing sequence of G-homotopy stable family with boundaries
(Bj)f’=1 and verifying the following excision property with respect to an indez Indg:
(E) For every1 < j < j+p < N any A € Fj4p and any U open and invariant
such that U N B; =@ and Indg(U) > p we have A\ U € F;.
Let F be a closed invariant set such that for each 1 < j < N, F verifies (F1) and
sup f(B) < inf f(F) with respect to F;. Set c; = }g}j ::g f(z), d= i.nf F(F) and let
M = sup{k : cx =d} V0.Then we have:

(a) Indg(K.), NF N Ax) > M for every minimazing sequence (Ap)n in Far.

(b) For every M < i < j+p < N such that c; = cj4p we have Indg(K:;NAx > p+1
for every minimazing sequence (An)n in Fjip. In particular if (G) C (M \ F)N
(f < d) then:

(c) f has at least N distinct critical orbits.

(d) If N - oo then f has an unbounded crz"tical value.

If in the Theorem 4.8 we take Indg = catg and F = M we get the following
multiplicity result.

Corollary 4.11. Let f : M — R a G-invariant continuous function, which satisfied
the G-(PS) condition and is bounded below, then f has at least catg(M) distinct

critical orbit.

This corollary is a generalization for continuous G-invariant function of the

Fadell multiplicity result for catg, see [19].

/;‘:7('5‘; N
< CLUJ-NAPOUA
™~ 08 patensk\®

51



ALEXANDRU KRISTALY AND CSABA VARGA

As a consequence of Corollary 4.11 is the main result from [32] and the main result

from section 1 of [23] and Theorem 4.12 see [26].

Corollary 4.12. Let G be a discrete subgroup of the Banach space X and f : X - R
a G-invariant continuous function wich satisfied the G-(PS) condition and is bounded
below. If the dimension n of the space generated by G 1is finit, then f has at least n+1

distinct critical orbit.

Proof. Using Corollary 4.11 we get. f has at least catg(X) distinct critical orbit. But
catg(X) > cat(X/G) = caty»(T™) = n + 1, where T™ is the n-dimensional torus.
Now we consider the group Lie G = (S')¥orG = (Z,)*, k > 1 and let X
be an infinite dimensional ortogonal reprsentation of the group G. Using Corollary 3
from [12] we get catg(SX) = oo if X = 0 and catg(SX) = 2 if X¢ # 0, where SX-
denote the unit sphere in X and X€ the fixed point set of the group action G on X.

Corollary 4.13. Let G, X be as above, and f : X — R a G-invariant continuous
function. We suppose that the function f is bounded from belov on SX and f satisfies
the G-(PS) condition on SX. If X¢ = 0 then f has an infinitely many distinct

critical orbits on SX.

The Corollary 4.13 is a generalization of the main result from section 3 of

[23], where the authors are considered Z/p-action.

Corollary 4.14. (Li-Santos) Let E be a complete metric space and f : X > R a
continuous functional. We suppose that the following conditions holds:

[ satisfied the (PS) conditions;

There are teo disjoint sets A and B such that A is P-ideal linking to B;
sup f(z) < inf f(z);

T o~

There exists a closed subset X O A in E such that X \ A is precompact

and
P — Indezg(X,A) = P — Indezg(E, A).

Then f possesses at least one critical value ¢ > infz¢p f(z).
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Proof. We denote by @ = P — Indezg(E, A) and 8 = P — Indezg(E \ B, A). Since
A is P-ideal linking to B, we have 8 D a and @ # a. We define the set

La={(X,A) €€ : P—Indezp(X,A)=a },

where g is the class of all paracompact pair (X, A) in E. Note that £, # 0 s
ince (X, A) € £, and is homotopy stable with boundary A. Thus the conditions of
Theorem 4.10 are satisfied and the conclusion of this corollary is true.

If we consider the relative index we have the following result of Ghoussoub

for G-invariant continuous functions.

Theorem 4.15. (Ghoussoub) Let G and M as in Theorem 4.8 and let f : M — R
be a continuous G-invariant function satifying the G-(PS) condition. Let B and F be

two disjoint closed and invariant subset of M such that:

(1) k = Indg(M \ F) < Indg(X, B) = n.

(2) sup £(B) < inf £(F)

(3) I(G) C B.

Then f has at least n — k distinct critical orbits. Moreover, if Indg(X, B) = oo, then

f has an unbounded sequence of critical values.

Remark 4.16 If in the Theorem 4.15 we take for relative index the relativ cohomolog-
ical index we get a generalization of Theorem 5.6 see [19]. If we take different relative

index we obtain different multiplicity results for continuous G-invariant function.
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