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Dedicated to Professor Pavel Enghiş at his 7(fh anniversary

A b strac t. In this paper, we first prove that, if a semi-decomposable Weyl 

, space Wn can be written as the product of two Weyl spaces Wq and W*_q 
, then Wn has homothetic metrics. Next, after having given the definitions 

of symmetric and pseudo-symmetric Weyl spaces, we have shown that the 

symmetric Weyl space Wn can be written as the product of the symmetric 

subspaces Wq and W *_q, if and only if the complementary vector field of 

Wq is the gradient of In y/<J. Finally, we prove two theorems concerning , 

semi-decomposable pseudo-symmetric Weyl spaces.

1. In troduction

An n-dimensional manifold Wn is said to be a Weyl space if it has a con

formal metric tensor and a symmetric connection V* satisfying the compatibility 

condition given by the equation

-  2Tkgij =  0 , (1.1)

where T* denotes a covariant vector field [1].

Under a renormalization of the fundamental tensor of the form

9ij — )?9ij (1-2)

the complementary vector field 7* is transformed by the law

Ti = T i +  di \n\ , (1.3)

where A is a scalar function defined on Wn.
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The coefficients Pkl of the Weyl connection V * are given by

n , = 9 m G/mfcT/ +  9fnlTk 9klTm) • (1.4)

A quantity A is called a satellite with weight {/>} of the tensor g ij, if it admits 

a transformation of the form

A — AM

under the renormalization (1.2) of the metric tensor gij[2].

The prolonged covariant derivative of a satellite A of the tensor gij with 

weight {p} is defined by [2]

VkA =  VkA - p T k A (1.5)

2. SEm i-decom posable Weyl spaces

As in the Riemannian case [3], we will say that an n-dimensional Weyl space 

Wn (n >  2) is a semi-decomposable space if its metric can be given in some coordinate 

system by

ds2 =  gij dx'dx* =  gab dxadxb +  cr g^p dxadx& (2.1)

( =  1,2, ...,n ; a ,6,c, . . .=  1,2,...,<7 ; a , £ ,7 ,... =  q +  1, q +  2,..., n )

where

9ab =  9ab (xc) , gap =  ag*ap (x7) (2.1);

and a  is a function of x 1,# 2, ...,x9 with weight {0}. The two parts of (2.1) are the 

metrics of the two Weyl spaces Wq and W*_q which are called the complementary 

spaces of Wn.

Throughout this paper, objects denoted by a bar or a star will respectively 

assumed to be formed by gab and g^p while V, V, V* indicate prolonged covariant 

differentiation in Wn , Wq and W*_q respectively. If, in particular cr =  1, then Wn 

reduces to a decomposable space.

Suppose that fb̂  Rabcd, Ta denote, respectively the connection coefficients, 

the curvature tensor and the complementary vector field of Wq and let , R^p^, T*
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refer to the subspace W*_q of a semi-decomposable Weyl space with non-constant 

function <r. We then have

9ab =  9ab > 9ap =  <̂9*ap , 9°6 =  9 ab » 9afi =  ^  , 9aa =  0 , ÿ°“ =  0. (2.2)

From the compatibility condition (1.1) we get

Ta = f a , T a =  TZ (2.3)

and consequently the connection coefficients are related by

pa _ pa pa _ p a
*i>c i A /?7 * P i (2.4)

r£7 =  -<T9abûb9h  , s$ , r 6aa =  s g  r * , r;- a6 -9 ab 9 'aPn (2.5)

where

_  <9<r _  _  1 ™
a ’a ~ d ^ , U a ~  2 Ï a ’a ~ Ta '

On the other hand, using the expression [4]

-Rijfcf =  9ih Rjki > Rjki ~  f a j  r i« “  faŢ r i *  +  r *< r }' “

for the covariant curvature tensor Rijki, we show that the curvature tensors of Wn , 

Wq and W*_q are related by

R a b cd  — R ab cd  H T a  T p  g  a ^  A a bcd<T

RctpyS =  <r R a/)ys +  O2 üaûb g ab Aa0lS

R a a b p  =  ~ ~ R a a p b  ~  ~ ~ R a a b p  — ~ a '9 a P  A a b  ~~ 9 ab R a p  j (2.6)

where we have put

Aabcd =  9ad 9be “  9ac9bd > ^afc =  VfcUa +  , B^p =  -Vp +  T^Tp . (2.7)

These relations are the Weyl versions of the relations obtained in [5] for a 

Riemannian semi-decomposable space. After some calculations and simplifications we
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find that

Rafiks —• O Va ( 9pi ~  9pÔ ^7 ) > Raa'yô — O ua ( 9aS ^7 “  9ai ^7)

R a p a ô  ~  O U a ( 9 a 6  ^ p  ~~ *^a) J R a p i a  =  O Ua { 9 p i  ^cry -^J?)

Æafccd =  ( g bc ü d  -  <7&d « c )  , R a a c d  =  T *  ( g ad  ü e -  g ac ü d )

R a b a d  =  T a  ( g ad  ^ 6  ~  9 bd ^ a )  J R a b c a  =  l a  (  9bc  ÿ a c

R a b a t)  -  9 a b  [ q ^  Q get J  , R a p a b  -  a  9 a P \ d x b f a a  )  ' ( 2  8 )

If the Weyl space Wn is Riemannian, then all the quantities in (2.8) become 

zero which explain a well-known result for a semi-decomposable Riemannian space

[5],

We first prove the following theorem concerning semi-decomposable Weyl*

spaces.

Theorem  2.1. A semi-decomposable Weyl space which can be written as the product 

of two Weyl spaces has homotketic metrics.

Proof. For the conformal change of the metric tensors gab , 9ab and 9ap we have 

9ij — A 9ij , yab — A gab , gap — A gap

where

A =  A(s1,:r2,. . . ,z n) , Â =  X (x\ x2, ..., xq) , A* =  \ * ( x q+1 ,x q+2, ...,xn). (2.9)

Then, using (2.2) and (2.9) we obtain

A =  A =  A*

which states that A , A , A* are equal to the same constant c. But this means that 

Wn has a homothetic metric.

For a Weyl space with a homothetic metric tensor, the complementary vector 

field T* is invariant under the transformation (1.2). So, such a Weyl space will be 

Riemannian if and only if the complementary vector field T* is identically zero. □
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Remark 1. It can be easily seen that a Weyl space Wn can not be written as the 

product of a Weyl space and a Riemannian space, unless Wn is Riemannian.

3. P seudo-sym m etric Weyl spaces

The Weyl space Wn whose curvature tensor Rhijk satisfies the condition

ViRhijk =  2A/ Rhijk +  Ah Rujk +  A,* Rhijk +  Aj  Rhiik +  A* Rhiji (3.1)

will be called a pseudo-symmetric space and will be denote by PSW n, A, being a 

covariant vector field with weight {0} .

Since the weight of Rhijk is {2}, by (1.5) we get

ViRhijk =  Vi Rhijk — 27} Rhijk (3.2)

so that (3.1) becomes

V iRhijk =  2(7] +  A/) Rhijk +  A* Rujk +  A,- Rhijk +  Aj Rhiik +  A* Rhiji . (3.3)

If 7] — 0, Wn becomes a Riemannian space and (3.3) reduces to

V iRhijk =  2Ai Rhijk +  Ah Rujk +  A,- Rhijk +  Aj  R huh +  Ak Rhiji (3.4)

which is the definition of a pseudo-symmetric Riemannian space [6].

We will say that a Weyl space is symmetric if the condition

V i Rhijk =  0 (3.5)

is satisfied. This definition reduces to the definition of a symmetric Riemannian space 

if we take =  0 in (3.5).

It can be shown that a symmetric Weyl space with A ^  const. is Riemannian 

since, in this case, the complementary vector field becomes locally a gradient [7].

Theorem  3.1. A semi-decomposable, symmetric ellipti&Weyl space Wn (n >  2) with 

<T ^  const, can be written as the product of two symmetric Weyl spaces Wq and W*_q, 

if and only i f T a =  ( * & £ )  .

ON SEM I-D ECO M PO SA BLE PSEU D O -SYM M ETRIC W BYL SPA C ES
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Proof. Remembering that

V l P h ijk  —  dl R h ijk  T y j] R m ijk  T ™  Rhm jk ^ jl  Rhimk ^  kl R h ijm

and using (1.5) , (2.4) , (2.5) , (2.6) , (2.7) and (2.8), after some calculations and 

simplifications we obtain

Ve R a b cd  — ^ e R a b c d  9  ^  'Rp [ A ebcd A a e cd  ^b~\~Aa bed U c ^ A a &ce % A a bcd î/e ]

*  (3.6)

v„ % Raf)~tô+a29 ab üb [Anpl6 T *+A ariy} Tp+Aapn& T^+AapyvT£ +2Aap̂ s T̂\.

(3.7)

First, suppose that Wq and W*_q are symmetric. By the definition we get 

V  e R a b c d  — 0  > ^  R ap 'y S  =

On the other hand, since is symmetric we have

V e Rabcd — 6 , Vrç RaPyS — 0*

Under these symmetry conditions, (3.6) and (3.7) reduce, respectively to

g+ap rp* Ţ+ J Aebcd ïJa -J_ Aaecd Ub +  Aabed Üc +  Aabce Ûd +  2Aabcd % ] =  0 (3.8)

g ab ua ûb [Anpy$ T* -f Aavls Tp +  A^p^ T* +  Aapyrj T/ +  2Aap10 T *] =  0 . (3.9)

Since the space Wn is assumed to be elliptic, i.e. the metric is positive definite 

and W*_q is not Riemannian the factor (fa(3 T* Tp in (3.8) can not be zero. On the 

other hand, if in (3.9) g abüa û& =  0, it follows that ua =  0, i.e. T a =  ( dlQx^ )  anc  ̂

consequently (3.8) and (3.9) are automatically satisfied.

Suppose now that

g * ° P T * T ; ï  0 ,  r bûa û b ï  0 .

In this case (3.8) and (3.9) are reduced to

\Aebcd ua “h Aaecd ^6 Aabed Uc “f" Aabce Ud H- 2Aabed Uç ] — 0 (3.8)

\Aqp̂  ̂Ta + Aanis Tp + AapvS T* +  Aapyr) T ; + 2AaplS T^] — 0 .

30

(3.9)'



ON SEM I-D ECO M PO SA BLE PSEU D O -SYM M ETRIC W EYL SPA CES

Now, transvecting (3.8)' by gad and gbc and (3.9)' by and <faS, we get 

respectively

(q -  1) ue {q +  2) =  0 . (3.10)

( n - g  +  2) ( n - g - l ) i ; = 0 (3.11)

from which it follows that, since n >  2 and ^  0, the latter case can not happen. 

This proves the necessity of the condition.

Conversely, suppose that T e =  , i.e. ue =  0 . From (3.6) and (3.7)
dxe

we conclude that

V e R a b cd  — 0 , ® *

showing that the two subspaces Wq and W*_q are symmetric . 

Theorem  3.2. For a semi-decomposable PSW n {n >  2) , we have

\ a — ua , xa — r a

□

unless T a and T* are gradients.

Proof. For a PSW n we have from (3.1) that

V aRapyô d" V aRfiaiS — 2A0 (Rafi^S H" R^a'yô) (3.12)

R ab cd  d“ R b acd  — 2Aq; ( R ab cd  d" R b a c d ) • (3.13)

By using the relations (1.5), (2.5), (2.6) , (2.8), the left hand sides of (3.12) 

and (3.13) may be put into the form
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Va/iof^^ 4” V aRpa'yS — 2<T Ua {Rap*y$ 4" Rpct^s) (3.14)

V aRabcd +  V aRbacd =  2T* (Rabcd 4“ Rbacd) • (3.15)

If the relation [7]

Rijki 4* Rjiki =  %9ij ( Tkti — Titk ) (3.16)

is taken into account, from (3.12),(3.13),(3.14),(3.15), we finally get

9*ap(T;}S- T ; n )(u a +  \ a) = 0  (3.17)

lab ile ,d  —TdiC )(T* — Aa ) =  0. (3.18)

Since the complementary vector fields T a and T* are not gradients, from 

(3.17) and (3.18) it follows that

ïïa 4-Afl= 0  , Ï 2 - A a = 0  (3.19)

which completes the proof. □

Theorem  3.3. For a semi-decomposable PSW n the subspaces Wq and W*_q are also 

pseudo-symmetric unless T a and are gradients.

Proof. Using (2.6) , (3.1) , (3.6) , (3.7) and (3.19), after some calculations we obtain

^ e  R ab cd  — 2 t i e R ab cd  R ebcd  ^ 6  R a e c d  R ab e d  R ab ce

— 2 T *  R a /}^ i  + 1 %  R vp ^  +  T p  R a r n S  +  R a p vs  +  T f  R a p ir}

stating that Wq and W*_q are pseudo-symmetric.

(3.20)

(3.21) 

□

C orollary 3.4. For a semi-dccomposable PSWn with a  ^  const., the condition 

T a =  — -  (In y/a) implies that Wq is symmetric and that W*_q is pseudo-symmetric 

provided that T * is not a gradient.

Proof. The truth of this assertion is clear from (2.6) , (3.7) , (3.17) and (3.20) if we 

take üa =  0. □
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