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ON SEMI-DECOMPOSABLE PSEUDO-SYMMETRIC WEYL SPACES

GULGIN CIVI, HAKAN DEMIRBUKER, AND ABDULKADIR OZDEGER
Dedicated to Professor Pavel Enghig at his 70'™ anniversary
Abstract. In this paper, we first prove that, if a semi-decomposable Weyl
, space W, can be written as the product of two Weyl spaces W, and W,_,
, then W, has homothetic metrics. Next, after having given the definitions
of symmetric and pseudo-symmetric Weyl spaces, we have shown that the
symmetric Wey!l space W,, can be written as the product of the symmetric
subspaces W, and W,:_;, if and only if the complementary vector field of
W, is the gradient of In/a. Finally, we prove two theorems concerning

semi-decomposable pseudo-symmetric Weyl spaces.

1. Introduction

An n-dimensional manifold W, is said to be a Wey!l space if it has a con-
formal metric tensor g;; and a symmetric connection V satisfying the compatibility

condition given by the equation
Vigij — 2Tkgi; =0, (1.1)
where T denotes a covariant vector field [1].
Under a renormalization of the fundamental tensor of the form
% = Ngi; (12)
the complementary vector field T is transformed by the law

T =T;+8In\, (1.3)

where ) is a scalar function defined on W,,.
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The coefficients I}, of the Weyl connection V are given by
; i )
L= w [ 9" (9mk Tt + gmi Tk — giTin) - (1.4)

A quantity A is called a satellite with weight {p} of the tensor g;;, if it admits

a transformation of the form
A=W4
under the renormalization (1.2) of the metric tensor g;;[2].

The prolonged covariant derivative of a satellite A of the tensor g;; with

weight {p} is defined by [2]
ViA=ViA-pTi A . (1.5)

2. SEmi-decomposable Weyl spaces

As in the Riemannian case [3], we will say that an n-dimensional Wey! space
Wy (n>2) is a semi-decomposable space if its metric can be given in some coordinate
system by
ds? = g;j dz*dz? = Gop dz°dz® + 0 g5 dz®dz® (2.1)
(%44,k...=1,2,...n; a,be,...=1,2,...,q; a,8,7,...=¢+ 1,9+ 2,..,n)
where
9ab =Jab (2°) , Jap = 0Gop (27) (2.1

and o is a function of z!,z?,...,z7 with weight {0}. The two parts of (2.1) are the
metrics of the two Weyl spaces W, and W

n—g Which are called the complementary

spaces of W,.

Throughout this paper, objects denoted by a bar or a star will respectively
assumed to be formed by ga» and g3 5 while v, .7, V' indicate prolonged covariant
differentiation in W, , W, and W, _, tespectively. If, in particular o = 1, then W,
reduces to a decomposable space.

Suppose that f,‘,‘é,l_{abcd, T, denote, respectively the connection coefficients,
the curvature tensor and the complementary vector field of Wq and let T' ;,‘,"7, R; gv6r La
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ON SEMI-DECOMPOSABLE PSEUDO-SYMMETRIC WEYL SPACES
refer to the subspace W,_, of a semi-decomposable Weyl space with non-constant
function o. We then have
- — 1
Jab = Gap » galg = g‘g;p , gab :._ga.b , gaﬁ — ; ga-aﬂ , Jaa = 0 , gaa =0. (2.2)
From the compatibility condition (1.1) we get
To=T,, Tua=Tas (2.3)
and consequently the connection coefficients are related by

Li=IL2, g, =T2 (2.4)

_ — I,
T3, = —0§® U, , I =08, Tha=—8 T3, T8 = — 0 g™ T; (25)

where

o _ 1 —
U’aza?, UG=%U’G—T¢. .

On the other hand, using the expression [4]

F) 9 . .
Rijri=gin Rl , Ry = 3oF rh - 22 Th +Tp T — TR TS,

for the covariant curvature tensor R;jxi, we show that the curvature tensors of W, ,
W, and W, _, are related by
D 1 * e xaf 7
Rapeda = Rabed + ‘o_‘ Ta Tﬁ g Agbed
Ropys =0 Rops + 02 WU T Agps

Raabp = —Raaps = —Raabp = —0 gap Aab — ab Bap » (2.6)

where we have put

Xabcd =96d9bc — Jac Jbd > ‘Zlab = vbﬂa + UaTs B;ﬂ = —vﬁ‘T; + Y:TE : (27)
These relations are the Weyl versions of the relations obtained in [5] for a

Riemannian semi-decomposable space. After some calculations and simplifications we
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find that

Rapys = 080 (95, T — 955 T3) » Raays = 08a(9os Ty — ary T7)
Ropas = 0Us (954 TE - 91;6 T3) s Rapya =07 (957 T - 9;‘1 E)
Rabed = Tg (Gbe Bd — Toa Be) » Raaca = Tg (FaaBe — Tac Ua)
Rabad = Tg (Gaa U6 — JpaTa)  Ravea = Tg (Toc Ba — ac Ub)

aTz 0Ty T, a:f",,)

Rabaﬁ = .iab (5-::—ﬂ - Y ) , Raﬁab = a'g:ﬂ (5-2—‘; - 5-3_" (28)

If the Weyl space W, is Riemannian, then all the quantities in (2.8) become
zero which explain a well-known result for a semi-decomposable Riemannian space
[5]-

We first prove the following theorem concerning semi-decomposable Weyl

spaces.

Theorem 2.1. A semi-decomposable Weyl space which can be written as the product

of two Weyl spaces has homothetic metrics.
Proof. For the conformal change of the metric tensors g5, , §,, and gap we have
T =20, Tuw=X Tu ;Zp =2 g%y
where
A=Azl 2%, .,2%) , A= X(2h, 22,...,29) , AT = At (20t 2912 2). (2.9)
Then, using (2.2) and (2.9) we obtain
A==\

which states that A , X, A* are equal to the same constant c. But this means that
W, has a homothetic metric.

For a Weyl space with a homothetic metric tensor, the complementary vector
field T; is invariant under the transformation (1.2). So, such a Weyl space will be

Riemannian if and only if the complementary vector field Tj is identically zero. [
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Remark 1. It can be easily seen that a Weyl space W,, can not be written as the

product of a Weyl space and a Riemannian space, unless W,, is Riemannian.

3. Pseudo-symmetric Weyl spaces
The Weyl space W,, whose curvature tensor Ry;;x satisfies the condition
ViRaijk = 2\ Rhuijk + A Riijk + i Rutjk + Aj Ruitk + M Rniji (3.1)
will be called a pseudo-symmetric space and will be denote by PSW,,, A; being a
covariant vector field with weight {0} .
Since the weight of Ry;jx is {2}, by (1.5) we get
le.hijk = Vi Rpijk — 2T} Rhijk (3.2)
so that (3.1) becomes
ViRpijk = 2(Ti + M) Raijk + A Riijk + Ai Rujke + Aj Rpite + Mk Rniji . (3.3)
If Tt = 0, W, becomes a Riemannian space and (3.3) reduces to

ViRhijk = 2\ Ruijk + An Riijk + Ai Ruje + Aj Ruie + A Raiji (3.4)

which is the definition of a pseudo-symmetric Riemannian space [6].

We will say that a Weyl space is symmetric if the condition
ViRhijk =0 (3.5)

is satisfied. This definition reduces to the definition of a symmetric Riemannian space
if we take Tj = 0 in (3.5).
It can be shown that a symmetric Weyl space with A # const. is Riemannian

since, in this case, the complementary vector field becomes locally a gradient [7].

Theorem 3.1. A semi-decomposable, symmetric elliptic Weyl space W, (n > 2) with
o # const. can be written as the product of two symmetric Weyl spaces W, and Wa_g
if and only if T, = (M) .

dxa
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Proof. Remembering that
ViRpijk = O Rpijk — Ui Rmijk — T Ramjk — T3l Ruimk — Tkl Rhijm

and using (1.5) , (2.4) , (2.5) , (2.6) , (2.7) and (2.8), after some calculations and

simplifications we obtain

. — — 1 R — — _ — _
Ve Rabea = Ve Rabcd"“; .q*ap T; Tp [Aebcd Ua+Agecd Up+Aabed Ut Agbce Ud+2Asbed Ue ]

(3.6)
Vi Rapys = 0V Ropys+02 T Ta T [Ar 55 Tat-Angys To+Anpns To+Aupyy To +2A55,5 T
3.7)

First, suppose that Wq and W, _, are symmetric. By the definition we get
nv—e}'—zabcd =0, V,; R;p.yd =0.
Qn the other hand, since W,, is symmetric we have
Ve Rabea =0, Vy Rapys =0.
Under these symmetry conditions, (3.6) and (3.7) reduce, respectively to
g Ty Tj [Acbed Ba + AaccaTo + Aabed e + Aabee Ba + 2AabeaTe ] =0 (3.8)

T Ty [Appys T + Anyys To + Avpns Tt + Aoy To + 2405, Tn 1 =0 (3.9)

Since the space W, is assumed to be elliptic, i.e. the metric is positive definite
and W, _, is not Riemannian the factor g T T3 in (3.8) can not be zero. On the
other hand, if in (3.9) §% T Ty = 0, it follows that T, = 0, ie. Tq = (25¥% ) and

oz

consequently (3.8) and (3.9) are automatically satisfied.

Suppose now that
FPTLT; #0, 3%0 T #£0.
In this case (3.8) and (3.9) are reduced to
[AcocaBa + Aaccd T + Aabed Ue + Aabee Ud + 2AabcaBe] = 0 (3.8)

[Appys Tt + Aenys Tp + Apns Tt + Avpyn Ts + 240575 T2 1= 0. (3.9)
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Now, transvecting (3.8)' by §°¢ and g* and (3.9)' by ¢"*7 and g"*%, we get

respectively

(-1 (g+2)=0. (3.10)

(n—g+2)(n—g-1)T; =0 (3.11)

from which it follows that, since n > 2 and T}y # 0, the latter case can not happen.
This proves the necessity of the condition. 4
Conversely, suppose that T, = ﬂ%l;\e/i_) , 1.e. 4 = 0 . From (3.6) and (3.7)

we conclude that
ve':ﬁabcd =0, Vq.R;p'y& =0.
showing that the two subspaces Wy and W;;_, are symmetric . O

Theorem 3.2. For a semi-decomposable PSW, (n > 2) , we have
Aa = —TUg , Ao =T,
unless Ty and T are gradients.

Proof. For a PSW,, we have from (3.1) that

VaRaﬂ'yJ + VaRﬂa‘yé = 2/\a (Raﬁ‘76 + Rﬂa‘75) (312)

voxRabcct + voszacd = 2’\01 (Rabcd + Rbacd) . (3~13)

By using the relations (1.5), (2.5), (2.6) , (2.8), the left hand sides of (3.12)
and (3.13) may be put into the form '
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VaBapys + VaRgays = —20Ta (Rapys + Rpors) (3.14)
VaRabed + VaRoaca = 2T (Raved + Roaca) - (3-15)
If the relation [7]
Rijri + Rjixt = 29i (Tiey ~ Ti k) (3.16)
is taken into account, from (3.12),(3.13),(3.14),(3.15), we finally get
029 (T = Ty (Bat D) = 0 (3.17)

Jab (Tc,d - Td.c )(T; —Aa ) =0. (3-18)

Since the complementary vector fields T, and T are not gradients, from
(3.17) and (3.18) it follows that

ﬁa+Aa=O,T¢:-Aa=O (3.19)
which completes the proof. 0

Theorem 3.3. For a semi-decomposable PSW,, the subspaces V_Vq and W,:_q are also

pseudo-symmetric unless T, and T are gradients.

Proof. Using (2.6) , (3.1) , (3.6) , (3.7) and (3.19), after some calculations we obtain

veﬁabcd = -2u, Rﬂde —Ug Rebcd - Up Raecd — U }_Iabed — Uy Rake (3-20)

.

V:I R;ﬂ'ré =2T; R;ﬁ'vé + T R;lﬁ‘75 +T5 R;rfr’ﬂs + 13 R;ﬁw +T5 Rapoy (3.21)

stating that W, and W,_, are pseudo-symmetric. |

Corollary 3.4. For a semi-decomposable PSW, with o # const., the condition
= a . - . ) .
T.= oy (In /o) implies that W, is symmetric and that W, _, is pseudo-symmetric
provided that T} is not a gradient.

Proof. The truth of this assertion is clear from (2.6) , (3.7) , (3.17) and (3.20) if we
take 1, = 0. |
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