
STUDIA UNIV. “ BABEŞ-BOLYAI” , M ATHEMATIC A, Volume XLIII, Number 3, September 1998

ON BIRECURRENT WEYL SPACES

ELÎF Ô Z K A R A  C A N F E S  A N D  A B D Ü L K A D ÎR  Ô ZD E Ô E R  

Dedicated to Professor Pavel Enghiş at his 7(fh anniversary

A b stra ct. In this paper, birecurrent Weyl spaces are defined and it is 

proved that the birecurrence tensor of a birecurrent Weyl space is sym­
metric if and only if the space is Riemannian. Moreover, some results 
concerning birecurrent hypersurfaces of a birecurrent Weyl space are ob­
tained.

1. Introduction.

An n-dimensional manifold Wn is said to be a Weyl space if it has a conformal 

metric tensor gij and a symmetric connection V  satisfying the compatibility condition 

given by the equation

^ k d ij — ‘ITkQij ~  0  ( 1 *1 )

where Tk denotes a covariant vector field and VkQij denotes the usual covariant de­

rivative.

Under a renormalization of the fundamental tensor of the form

3ij =  9ij (1*2)

the complementary vector Tk is transformed by the law

f k = T k +  dkln\ (1.3)

where A is a function defined on Wn.

A quantity A is called a satellite with weight {p}  of the tensor if it admits 

a transformation of the form

Ă =  \PA (1.4)
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under the renormalization (1.2) of the metric tensor gij ([1], [2]).

The prolonged covariant derivative of a satellite A  o f the tensor gij with 

weight {/>} is defined by ([1], [2])

V kA =  V kA -tO 'kA. (1.5)

We note that the prolonged covariant derivative preserves the weight. 

According to Norden [3], we have

X,ijk Xtikj =  Rijkxh (1*®)

where R^k is the curvature tensor of the Weyl space defined by

+ r &r l* -  I » IV  a n

The first and the second Bianchi identities for Weyl spaces are, by [4],

R^k +  Rhkij +  R^ki =  0 (1.8)

VrRjkh +  V kRjhr +  V hRjrk =  l1*9)

2. B irecurrent W eyl Spaces

A Weyl space Wn(gij>Tk) is called recurrent,[4], if the curvature tensor 

satisfies the following condition for some non-zero covariant vector field <j>s (^  Ts)\

i7 ,R ^  =  <t>,R^. (2.1)

We call a non-flat Weyl space Wn (gij,Tk) birecurrent if the curvature tensor 

satisfies the condition

VrVsÜ^-fc =  <t>srRijk (2-2)

for some non-zero covariant tensor field <j>sr. Transvecting (2.2) by g î and remember­

ing that the prolonged covariant differentiation preserves the metric, we obtain the 

equivalent form of (2.2) as

V rV sRlijk — ^srRlijk > Rlijk — Qlh^ijk •
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It is easy to see that a recurrent Weyl space is birecurrent. In fact, by taking the 

prolonged covariant derivative of (2.1) with respect to ur, we get

V rV sRijk =  (0s,r “h 0*0r)-ftij£- (2-3)

With (j>sr =  05,r +  05 0r-
We examine Weyl spaces which satisfy (2.2), but not (2.1).

We remark that the definition of a birecurrent Weyl space agrees with that of a 

birecurrent Riemannian space if we take the complementary vector field of Wn(g%j^Tk) 

as zero.

T heorem  2.1. The birecurrency tensor of a birecurrent Weyl space with a non­

vanishing scalar curvature is symmetric if and only if the space is locally Riemannian.

Proof Assume <j>sr is a symmetric tensor. Transvecting (2.2)' by gĥ g%k and remem­

bering that the Ricci tensor Rij and the scalar curvature R  of the Weyl space are 

respectively defined by Rij — Rkh-, R — Rijg**, we get

V rV ,i î  =  0 ,rÆ. (2.4)

Changing the order o f the indices r and s in (2.4) and subtracting the expression so 

obtained from (2.4), we have

V[rV 5]Æ = 0[#r]JÎ.

where the bracket indicates antisymmetrization.

Since, by assumption, <j)sr is a symmetric tensor, we get

V [rV ,]iî =  0. (2.4)r

Expanding V[rV 5]ü  and remembering that R is a satellite of gij with weight { —2}, 

we find that

V[ r =  V[rV ,]ü  +  2V[rT5]fî =  0 with V[rV s]R =  0. 

Since R  ^  0, we have

V [,T rj =  0
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which means that Wn is locally Riemannian.

The sufficiency of the condition is a well-known fact from the Riemannian 

Geometry [5]. □

C orollary  2.1. I f V rV sRijkh =  0, then the Weyl space is locally Riemannian.

C orollary  2.2. If V  [rV  s]Rijkh =  0, then the Weyl space is locally Riemannian.

T heorem  2.2. The birecurency tensor <j>is of a birecurrent Weyl space is the solution 

o f the equation

where R' h =  R)khgjk , R\h =  Rkh9ik and R =  Rjkgjk ■

Proof By taking the prolonged covariant derivative of (1.9) with respect to u5, we 

get

-f V ,V kR )hr +  V sV hR)rk =  0 (2.5)

from which, by (2.2), it follows that

^rsRjkh +  ^ksRjhr +  ^hsRjrk =  0- (2.6)

Contracting (2.6) with respect to i and r and remembering that

— Rihj an(l Riih — ~ Rihl

we get

fa’ Rjkh “  4>k*Rjh +  <t>hsRjk =  0. (2.7)

or,

<j>is(Rjkh ”  âţRjh +S*hRjk) =  0. (2,8)

Transvection of (2.8) by g*k yields

where R% h =  R )khgjk , H?h =  Rkh9ik and R =  Rjk9jk • □

C orollary  2.3. If detAlh ^  0, then Wn is Riemannian, where A\ =  Rl h — R\ +S%hR.
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3. H ypersurfaces o f  B irecurrent W eyl Spaces.

Let Wn(gij>Tk) be a hypersurface, with coordinates u%(i =  1,2, • • • , n) of a 

Weyl space Wn+i(gab,Tc) with coordinates x a(a =  1,2, • • • , n +  1). The metrics of 

Wn and Wn+ 1 are connected by the relations

9ij = g abXiXj (i , j  =  1,2, -- ,n  ; o , 6 =  1,2,- - ,n +  l)  (3.1)

where x f  denotes the covariant derivative of xa with respect to ul .

It is easy to see that the prolonged covariant derivative of a satellite A , relative 

to Wn, and Wn+i, are related by

VkA =  x%VcA (k =  1,2, • • • , n ; c =  1,2, • • • , n +  1) (3.2)

Let na be the contravariant components of the vector field of Wn+i normal 

to Wn which is normalized by the condition

. gabnanb =  1. (3.3)

The moving frame {x'^ria} in Wn, reciprocal to the moving frame { x f , n a} 

is defined by the relations [3]

nax f =  0 nax\ =  0 x fx {  =  (3.4)

Remembering that the weight of æ® is {0},  the prolonged covariant derivative 

of x f  with respect to uk is found as

V kxf =  V kx f  =  u)ikna (3.5)

where u;,* is the second fundamental form. It can be shown that u;,* is a satellite of 

Qij with weight {1}.

The generalized Gauss and Mainardi-Codazzi equations are obtained in [4], 

respectively as

Rpijk — Qpijk "t" fidbceXpX^XjX/f (3.6)

'VkUij — VjUik +  RdbceXiXjXeknd =  0, (3.7)
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where Rdbce is the covariant curvature tensor of Wn+\ and Qpijk is the Sylvesterian 

of Uij defined by Qpijk =  wpjWik ~  Upk^ij-

In the following we will use the notation

B $;;:tf =  x ai xbr . -x tx f  (3.8)

the same as in [6].

T heorem  3.1. For a hypersurface o f a birecurrent Weyl space Wn + 1  with birecurence 

tensor <j>ej  we have the identity

V r 'V s R ijk l <t>r$Rijkl — V r ^ s ^ i j k l  ^ rs^ ijk l^ ~  Sijkl(sr)~t~ ^ i jk l^ s r  "I" RabcdS? s B^jki

(3.9)

where

S ijk l s r  —  V e R a b c d ^ lV r B ^ l  > ^ i j k l  —  B f j £ f  n e V  e R abcd a n (i  $ rs —  ^ e f B ţ ţ

and the paranthesis (  )  denotes symmetrization.

Proof By taking the prolonged covariant derivative of Gauss equation with respect 

to u* and ur successively, we have

V rV ,fliifei =  V rV aa ijk, +  { ^ f ^ eR abcd )B ^t}  +  (V eĂ a6cd)(V rB ? ^ t )

+ (VjRabed)xfrVrVtB $ f  + RabedV.Bgff.

If Wn+i is birecurrent Weyl, then by the definition V /V ci?a6cd =  <t>ef Rabcd 

so that we have

VrVsRijkl = Vr<7,nijkl + <f>eJRabcdB ^f;rf + (<7eRabcd)(VrB $f8e)

+  {V fR abcd)xl<JrV sB “% t  +  RabcdV,B$f.

By using the Gauss equation (3.6), the above equation can be brought into the form

V r V ai ? t j / s/ =  fisrR ijk l  4" V 5V r fi ,j fc f  ~~ ^ sr ^ ijk l  4" V eR a b cd ^ rB fjk ts  

+ x ( V f  R abcdV s B i jk ?  4" RabcdV r V * B f j £ f .

where <j>rs =  <j>efBţ{. Hence, by (3.5), the result follows. □
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Theorem  3,2. If a hypersurface of a Birecurrent Weyl space is birecurrrent then 

V rVgQijkl — <t>rŝ ijkl +  Sijkl(sr) +  W9rDijkl +  RabcdF? r V =  0. (3.10)

or, equivalently,

V[rV s]î2ţj/p{ — <l>[rsfôijkl "1“ Rabcd^[r^s]Rijkl =  0. (3.11)

Proof It is clear from (2.2) and Theorem 3.1. □

A hypersurface of a Weyl space is called totally geodesic if u>ij =  0.

T heorem  3.3. Every totally geodesic hypersurface of a birecurrent Weyl space is 

birecurrent.

Proof Since the hypersurface is totally geodesic, by putting u>ij =  0 in (3.9) we get 

the result. □
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