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ON BIRECURRENT WEYL SPACES
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Abstract. In this paper, birecurrent Weyl spaces are defined and it is
proved that the birecurrence tensor of a birecurrent Weyl space is sym-
metric if and only if the space is Riemannian. Moreover, some results
concerning birecurrent hypersurfaces of a birecurrent Weyl space are ob-

tained.

1. Introduction.

An n-dimensional manifold W, is said to be a Weyl space if it has a conformal
metric tensor g;; and a symmetric connection V satisfying the compatibility condition
given by the equation

Vigij — 2Trgi; =0 (1.1)

where T} denotes a covariant vector field and V,g;; denotes the usual covariant de-

rivative.
Under a renormalization of the fundamental tensor of the form
§ij = Mgij (1.2)
the complementary vector T} is transformed by the law
Tk =Tk + Ok ln A (1.3)
where X is a function defined on W,,.

A quantity A is called a satellite with weight {p} of the tensor g;;, if it admits
a transformation of the form

A=A (1.4)
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under the renormalization (1.2) of the metric tensor g;; ({11, [2]).

The prolonged covariant derivative of a satellite A of the tensor g;; with
weight {p} is defined by ([1], [2])

Vid = Vid — pT} A. (1.5)

We note that the prolonged covariant derivative preserves the weight.

According to Norden [3], we have
‘”?z‘jk - 3:',‘]' = R?jkz‘,’, (1.6)
where R:'j & is the curvature tensor of the Weyl space defined by

8 8
Riji = 55 Tik = 5o 0iy + T — Ti Ly (L7),

The first and the second Bianchi identities for Weyl spaces are, by [4],
v"R;"kh + ka}hr + VhR;‘rk =0. (1.9)

2. Birecurrent Weyl Spaces

A Weyl space Wi(gij, Tk) is called recurrent,[4], if the curvature tensor

satisfies the following condition for some non-zero covariant vector field ¢, (# T}):

Vs Rl = ¢0Ra"‘jl' (2.1)

We call a non-flat Weyl space Wy, (gi;, Tk) birecurrent if the curvature tensor

satisfies the condition
V-V.Rli = ¢ Rl (22)
for some non-zero covariant tensor field ¢,,. Transvecting (2.2) by gn and remember-

ing that the prolonged covariant differentiation preserves the metric, we obtain the

equivalent form of (2.2) as

VeV, Riijk = borRiiji » Riijk = gnRly. (2.2
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It is easy to see that a recurrent Weyl space is birecurrent. In fact, by taking the

prolonged covariant derivative of (2.1) with respect to u”, we get
VrVeREy = ($ar + 62r) Rl (2.3)

with ¢sr = @5 r + ¢s¢r.

We examine Weyl spaces which satisfy (2.2), but not (2.1).

We remark that the definition of a birecurrent Weyl space agrees with that of a
birecurrent Riemannian space if we take the complementary vector field of W, (g:;, Tk)

as Zero.

Theorem 2.1. The birecurrency tensor of a birecurrent Weyl space with a non-

vanishing scalar curvature is sg'/mmetric if and only if the space is locally Riemannian.

Proof. Assume ¢,, is a symmetric tensor. Transvecting (2.2)' by g*/¢** and remem-
bering that the Ricci temsor R;; and the scalar curvature R of the Weyl space are

respectively defined by R;; = R,f',‘j, R = R;;g", we get
V,VsR = ¢, R. (2.4)

Changing the order of the indices r and s in (2.4) and subtracting the expression so

obtained from (2.4), we have
V[,-V,]R = P R.

where the bracket indicates antisymmetrization.

Since, by assumption, ¢, is a symmef.ric tensor, we get
VirVgR =0. (2.4)

Expanding V[,V,]R and remembering that R is a satellite of g;; with weight {—2},
we find that

VirVgR = V[V, )R + 2V Ty R = 0 with V; V4R = 0.

Since R # 0, we have
VisTrp=0
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which means that W, is locally Riemannian.
The sufficiency of the condition is a well-known fact from the Riemannian

Geometry [5]. O
Corollary 2.1. If V,V,R,-jk;. = 0, then the Weyl space is locally Riemannian.
Corollary 2.2. If V[,V,]R.-jkh =0, then the Weyl space is locally Riemannian.

Theorem 2.2. The birecurency tensor ¢;; of a birecurrent Weyl space is the solution

of the equation
¢is(R — Ry +6,R) =0
where R, = Riyug'% | Ry = Reng™ and R = Rjig’* .
Proof. By taking the prolonged covariant derivative of (1.9) with respect to u®, we
get
VoV Ripn+ VoViRi, + Vo, ViR =0 (2.5)
from which, by (2.2), it follows that
Grs Rikh + Sk Rinr + dho Ry = 0. (2.6)

Contracting (2.6) with respect to i and » and remembering that

Rij = R},; and RY, = R},
we get
is Risp — Sks Rjn + éns Rj = 0. (2.7)
or,
is(Rikn — 8k Rjn + 6, Rjx) = 0. (2.8)

Transvection of (2.8) by ¢/* yields

¢is(R.p ~ R+ 6,R) =0
where R’ |, = tnd’* B, = Ring™ and R = Rjug’® . O
Corollary 2.3. IfdetA} # 0, then W,, is Riemannian, where A, = R' , — R', + 63 R.
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3. Hypersurfaces of Birecurrent Weyl Spaces.

Let Wy (gij, Tx) be a hypersurface, with coordinates u'(i = 1,2,---,n) of a
Weyl space Wy41(9gab, Tc) with coordinates z%(a = 1,2,---,n+ 1). The metrics of

Wa and Wy, 41 are connected by the relations
9ij = gap2fz} (4,7 =1,2,---,n;6,b=1,2,--- ,n+1) (3.1)
where z$ denotes the covariant derivative of z® with respect to u'.

It is easy to see that the prolonged covariant derivative of a satellite A, relative

to W,,, and Wy, are related by
VkA=z{V A (k=1,2,---,n; ¢c=1,2,--- ,n+1) (3.2)

Let n® be the contravariant components of the vector field of W1 normal

to W, which is normalized by the condition
gaon®n® = 1. (3.3)

The moving frame {z%,n,} in Wj,, reciprocal to the moving frame {z¢,n®}

is defined by the relations [3)
nzf = 0 nzh =020zl = 4. (3.4)

Remembering that the weight of z¢ is {0}, the prolonged covariant derivative

of z¢ with respect to u* is found as
Vizd = Viz? = wyn® (3.5)

where wj, 1s the second fundamental form. It can be shown that w;; is a satellite of
gi; with weight {1}.
The generalized Gauss and Mainardi-Codazzi equations are obtained in [4],
respectively as
Rp,'j.k = Qp,'jk + _Rdbcex:zf.’c;zi (3.6)
ka;j - vjwik + Rdbcezfzsznd =0, (3.7)
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where Rgpce is the covariant curvature tensor of W,4; and Qpijk is the Sylvesterian
of w;; defined by Qpjr = wpjwik — Wpkwij.

In the following we will use the notation
Bab Cd -'B g .'l:k1:¢ (3.8)
the same as in [6].

Theorem 3.1. For a hypersurface of a birecurrent Weyl space Wy, 41 with birecurence

tensor .5 we have the identity

VeV Rijki—brs Rijit = VeVt — $reQijit+ Siji(sry + Dijkiwer + Rabea Ve Vs BEE!
(3.9)

where
Sljkl.ﬂ' = V RabcderrBukx ’ tjkl B:‘,blf;ineveﬁabcd and ¢, = ¢eJB:§f

and the paranthesis () denotes symmetrization.

Proof. By taking the prolonged covariant derivative of Ganss equation with respect

to u® and u” successively, we have

vrvs Rijkl = Vr'v.sQijkl + (vaeﬁabcd)sz]:ﬁerl + (VcRabcd)(Vr &b:ﬂe
+ (vj}_zabcd)zz V,-V,B?jb,ff + -R-abchaB&Pl:[d-
If Woy1 is birecurrent Weyl, then by the definition V;VeRabed = @es Rabea

so that we have

ViViRiu = VeViQijut + bes Rabea Byt + (VeRaved) (Vr Bifety
+ (V4 Rabed) 2LV, V, BEEE + RaveaVs B
By using the Gauss equation (3.6), the above equation can be brought into the form
VoVoRijki = GorRijhi + VoVeQijat — bsrQijit + VeRaveaVr B
::foRabch,Bf]",f;‘ + RabchrV,B‘;l;fld

where ¢,; = ¢y BEJ. Hence, by (3.5), the result follows. O
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Theorem 3.2. If a hypersurface of a Birecurrent Weyl space is birecurrrent then
Ve VeQiikt — brsQijht + Sijki(sr) + Wor Dijir + ﬁabcdvrvaB?jbkcld =0. (3.10)
or, equivalently,
Vir Va)Sjit — $rsjijrt + Ravea Vir Vi BEFE = 0. (3.11)
Proof. 1t is clear from (2.2) and Theorem 3.1. O

A hypersurface of a Weyl space is called totally geodesic if w;; = 0.

Theorem 3.3. Every totally geodesic hypersurface of a birecurrent Weyl space is

birecurrent.

Proof. Since the hypersurface is totally geodesic, by putting w;; = 0 in (3.9) we get
the result. O
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