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HIGHER ORDER EINSTEIN-SCHRODINGER SPACES

ATANASIU GHEORGHE

Dedicated to Professor Pavel Enghis at his 70°* anniversary

Abstract. In 1945 A.Einstein [6] and E.Schrodinger [10] started form a
generalized Riemann space, thas is, a space M associated with a nonsym-
metric tensor G;;j(z) and desired to find the set of all linear connections
I, (z) compatible with such a metric : G;;/x = 0 (see also {1] and [2]).The
geometry of this space (M.G;;) is called the Einsten - Schrédinger’s
geometry [3}, [4]. ‘

The purpose of this paper is to discuss a nonsymmetric tensor field
Gij(z, vV, ..., q(")),where (z, ¥V, ..., y*)} is a point of the k-osculator bun-
dle (Osc* M, w, M) and to obtain the results for the Einstein - Schrédinger’s
geometry of the higher order in a natural case.

The fundamental notions and notations concerning the osculator
bundle of the higher order are given in the papers [8] [9] and in the recent
Miron’s book {7] and we suppose them to be known.

For a nonsymmetric tensor field Gy;(z, ¥, y(")) on Osc® M ,we have a
symmetric tensor field g;;(z, y, ..., y®)) and a skew-symmetric one a;i(z, ¥y, ..., y*)

from the spliting

(1) Gij = gij + aij,

where we suppose that

(2) det || gij (2, ¥, ., Y| - llaij(z, o™, ... y®) || £ 0
and dim M = n = 2n’.
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We denote

"g".i (1!, y(l)) (23} y(k))"—l = ”gij(z, y(l)v ceey y(k))”1

llasj(2, ¥, ..., g = Nl (2,60, . P

(a)
We have from Gijix =0, Gij | ,=0 (a=1,..,k)
the following equations :
a) a) _
(3) g,'j|k =0 y g,'j | k= 0 s a,-j|k =0 y a,-,- | = 0 (a: 1,...,k) s
which is equivalent to

(o) (o)

(4) gi{k =0, gij l k:O ) ai{k =0, a*l | k=0 (a= 1,,k)

We investigate the set of all N-linear connections DT(N) = (L* ko C"j k)

(o)
(e =1,...,k) for which we have (3) in the form

o
(]
L'y =L +A%, Cyu = C +Bj (a=1,..k),
(@) (@)

o
]
where D T (N)y = (L‘jk, C"jk }{a = 1,...,k) is a fixed N-linear connection on
(o)

Osc*M and A;k , B;'. . are arbitrary tensor fields of type (1,2).
(@)

We obtain for A and for B the equations
()

’

(5) Aixgri + A§kyir = g.’ji’k » Ajgarj + A;kair = aij"'k
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(@)

o
By v+ Bj ir=8ij &>
(6) ) (a) (a)
(g)

By, arj+ Bj, air=aij |, (@=1,...,k)

| @ ()

We do not know the general solution of the equation system (5) and (6)

We give a solution for these equations in the following special case.

Definition 1. An assymmetric metric (1) is called natural if we have

Y Akaly = agkAl
where
! 1
(8) A?jh = 5(,5!‘5?*'.%'1'!]“) ) ‘I’fjh = 5(5:‘6;‘ —a;;akh).

Theorem 1. An assymmetric metric Gyj{x, ¥y, ...,y¥)) on Osc* M is natural if and

only if there ezist a function u(z, y, ...,y(")) on Osc®* M such that
(9) 9irgjsa” = pgij.

Examples.
1. Let f;(z, ¥V, ...,y(*¥)) be a tensor field of type (1,1) which gives an almost

complex d-structure on Osc* M : f2 = —§. If we put:

(10) aij = fi 9,
then a;;(z,y1), ..., y*)) is alternating and G;; = gij + a;; is an asymmetric metric on
Osc* M. In this case y = —1.

2. Let q; (z,yD, ..., y¥)) be a tensor field of type (1,1) which gives an almost
product d-structure on Osc* M : ¢®> = +4. If we put:

(11) aij = q; 9rj

then a;;(z, ¥, ..., y(¥)) is alternate and Gij = gi; + a;j is an asymmetric metric on
Osc* M. In this case y = +1.
13



ATANASIU GHEORGHE
Theorem 2. If there exist a N-linear connection on Osc* M compatible with a natural

asymmetric metric Gij(z, y, ...,y(")), then the function p is constant.

Definition 2. A natural asymmetric metric (1) is called elliptic if p = —c® and

hyperbolic if u = ¢%, where ¢ is a positive constant.
The converse of Theorem 2 holds as follows:

Theorem 3. If a natural asymmetric metric (1) is elliptic or hyperbolic, then there

exist N-linear connections DT (N) = (L', C';, ) compatible with Gi;(z, ¥, ...,y
(@)

[}

(<]
Let D f’ (N) = (L} ik C‘j ) be a given N-linear connection, then in the elliptic case

(a) ’
we have
4
. ¢ . .
i = Iy, 1eqitg o L r
Ly L'y +3{g yrj,k—l-a arj|k+f’f:‘|’k}
(12)
° @ @ G
Cijk = Cijk +%{-‘1"9rj | & +a*"ar; | +fif; |k}
| (@ (a)

(e =1,...,k), and in the hyperbolic case we have

)
.. ° . . .
Dy = Lp+ild"s g, +a"a o —aid', )

13)  {

° @ (@) @
Cu = Oy +1l9795 |y +e7any [k —giai 14}
| (@) (a)
(a=1,..,k)
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Theorem 4. The set of all N-linear connections DT (N) = (Lj-k, Cix )} compati-

()
ble with a natural asymmetric metric (1) on Osc* M is given by
*
* 3 ~ . .
(1) Lu=Du+ NI, G, = &, +AL8 2,
() () (a)

where DI'(N) is the N-linear connection in Theorem 3 and Yj"k , ZJ‘: e (@=1,..k)
(@)

are arbitrary tensor fields on Osc* M.

4
<

If we put D T (N) =D r (N) = (Ej, Cii ) (@ = 1,..,k) for
(a)
gij(z, ¥, ..., y(*)), that is:
r F — 1. is Jgj: 395k _Jgjk
D= 29 sz + dzi bz )
c
(15) ﬁ ci — 143 Jgj: + Jyak _ Jgjk
ik — 29\ dy(ek T y(e)i T Fylas )
| @

the generalized Christoffel symbols we have:

Theorem 5. The canonical N-linear conneclion compatible with a natural asymmet-
ric metric Gij{z, ¥y, ..., y*)) is given in the éllipt.ic case by:

¢ c

Ly =Ly, +%{ai’arjfk + f;f:fk}

(16) \ c @ @

Ciu =Chu+ild ey | (45 |} a=1,..k)
L @
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and in the hyperbolic case by

4 c
¥, = 1%, +l{aira . —qig }
ik S A

m{ e e
C'jk = C'jk +%{azra,.j |k—q;q; Ie}, (a=1,.,k)

() (@)

\

Now, the Einstein equations, electromagnetic tensors, Maxwell equations for
the higher order Einstein-Schrodinger geometry can be studied using these canonical
N-linear connections.
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