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ON THE SPLINE A PPR O XIM A TIN G  M ETHODS FOR SECOND 
O R D E R  SYSTEM S OF DIFFERENTIAL EQUATIONS

C O R IN A  SU C IU

A b stra ct. One proposes an approximation method for the solution of the 

systems of p second order differential equations by means of spline functions. 
There is studied the error estimation and the stability of the proposed method.

1. Introduction.

Consider the following system of nonlinear second order differential equations 

with the initial conditions:

{ y'i(x) =  ,yP)
Vi(xo) =  Vi,o, yfoo) =  y'i,o, i =  hP

where fi € C7r([0,1] x 1RP), i =  l^p and r,j? 6 IN.
The approximate solution of a system of 2 equations of second order was con­

structed by Th. Fawzy, Z. Ramadan and A.Ayad [1,2]. In this paper we propose a 

generalization of the method, for system of p equations. The system (1) can be trans­

formed in a system of n equations of the first order, but the order of the method presented 

is 0 (ha+r+2m). The order of the method presented by G.Micula and Maria Micula[5], 
for system of n equations of first order, is 0 (/ia+r+m).

2. Description o f  the approximating m ethod.

Let Li be the
Lipschitz constants satisfied by the functions , i =  T~p, q — ü^r:

a,-- - ,Vp,2)\ < ~ Wd W
j = i

V(z,yi,i,... ,yPli), ,yP(2) in the domain of definition of f it i = TŢp.
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CORINA SUCIU

Let A be a partition of the interval [0,1]:

A : 0 =  Xq < xi < .. .  < Xk < Xk+i < . . . < £ „  =  1, h := Xk+i -  x*, k =  0,n -  1

Assume that /* € Cr([0, 1] x 1RP) and that the modulus of continuity of the functions 

y\r is u(y\r+2\h), and v(h) =  maxo;(y|r+2\ h).
t=i,p

The functions depending of x, t /i,... ,yp are given from the following
algorithm:

Set =  fi and if are defined, then:

y^+2\x) =  f\q\z) =  +  f r - l\z)y[ + . . .  +  f\ l ;l\z)y'v (2)

where z =  (x ,y i ,. ..  ,yp).

We define the spline functions approximating y* by St,A> i — l,p , for x* < tm <

tm-1  < . . .  < ti < t < x <  Xk+u k =  0,n — 1 a partition of the interval [x*, £*+1], in the 
following way:

«*.a (*) ~  »S S (* ):= »iÿ _ i(* fc )+  * ;? ! ! ( * * ) ( * - * * )  +

+  f  f  w u J fr - 'H h ),. . .  ,8lx r i](h)]dtidţ
JXk Jxh

where s[™\(xo) := y»,0, Sj|™i(xo) =  2/̂ 0 and ^  is a positiv integer number.
In (4) we use the following m iterations:

» $ «  =  # - ■ ( » » ) + -  » » ) + é  ( i j +

»S (* )  :=  « S U  ( * * ) + S fï-i  (**)(* -  xk) +

■ + ■ / * / "  fi(trn-j+l )  ̂ )j • ■ • j spjfc (̂̂ m— j+l))dtm—j+l<tt
Jxh Jxk

It is clear by construction that s^a € Cfl[0,1], i =  Tj?.

(3)

(4)

(5 )

3. Error estimation and convergence.

The following notations will be used y£2 := V^\xk) for i =  l,p , j  =  0,r +1 
and A; =  l,ra — 1. The exact solution y* := yj77̂ , i =  l,p  of (1) can be written in the 

following form:
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SPLINE APPROXIMATING METHODS

By Taylor’s expansion, for holds:

r+1 Viyk

j=o  ̂ '

where &,* €]x*,xfc+i[, i =  l^p.
For 1 < j  < m the exact solution yj^ is given by:

\r+2 (6)

j4 , ] ( x )  : =  Vi,k +  y'i,k (x  ~  x k )  + (7)
rX pt '

+  /  /  f i i t m - j + U V i  « • • î î /p  ^ ( t m - j + l ) ) d t m - j + l d t
j  XU Jxh'Xk JXk

where i =  T7p, , j  =  l,m , fc =  0, n — 1

The error is defined by the usual way, for i =  l,p , k =  0,n — 1:

ei(x) := |2/*(x) -  ajfA(*)| , ej(s) := M(®) -  *J|A(*)I (8)

Ci,* :=  lw,* “  * ,a (**)| , < *  “  ItfJ,* -  < a (**)I

Lemma 3.1. [1] Let a and P be nonnegative real numbers, P ^  1 and {Ai}*=0 £>e a 

sequence satisfying the conditions:

Aq > 0, Ai+1 < .a +  0Ai, i =  0 ,1 ,... , fc

then the following inequality holds:
/?*+i — 1

Afc+l < /?fc+1.Ao +  a Ţ -

Lemma 3.2. / ! /  Let a and P be positive real numbers , and {A i }^  be a sequence 
satisfying :

Ai > 0, A{ < a + PAi+i, i =  1 ,... , m -  1.

then m—2
A i < 0 m- 1Am + a J 2 0 t

i=0

Definition 3.1. For any w G [#*,£*+1], fc =  0,n — 1, j  =  l,m  we define the operator 

Tkj by:

Tkj(n) := £  l2/!m' i](«) -  I,

whose norm is defined by:
i= i

^  « c m
^  aui-NWOCfc x

ll-Tfcjll :=  max {3fcj(u)}

mi
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Lemma 3.3. For any u € [x*, x^+i], A; =  0,n -  1, j  =  l,m , the following estimations:

p p hT+2* 1 ^ ^ L r+ z

ll̂ femll < {1 + pL52 y + 2J, } E  ei-fe + £  eU + J» w W (r + 2)1 

with L =  max{Li, L2, .. .  , Lp}, and

||Th II <  a ^ ^  +  & E eU  +  c/l2m+rwW
i = l  i = l

fto/d, where a, 6, c are constants independent of h:

• -

•  -  g ( * ) '

• -

(9)

(10)

m~l

Proof. Using (5) and (7) we get:

-  »S (« ) i  <  it«.* -  •Sl. 1(** )i+ w,t -  -  * » i+

+ e - m S' i + - « S i  <«>

From (9) and (2), we can see that:

Iî& +2)- m $ i < M E \vi*- 4 5 - i ^  E ( 12)
i= i i= i

l^ r+2)tô,fc) - ^ 5 l  < '*ü\r+*\h) + Lt y£ e jj, (13)
i= i

where w(y\r+2\h) is the modulus of continuity of function y(r+2). Using (13) and (14) 

in (12), we obtain:
V r iA+2

max |y]0](u) -  »[?*(«) I < e<,fc +  he'i,k + ^ « E  eJ.* E  TTTôÏÏ +u€[i »,*m-i] ’ r^[ [i +  &y-

hr+2 ^ ^  ^  1 u(h)hr+*
+ F ? 2 ) ! a,(ft) -  Ca + 6<,fc +  U  6j,k§  (T+2)I I r T W

Adding in (15) for i =  \,p, we get:
r  i  P P u r + 2

\\Tkm\\ < {1 +  P ^ E  (J T 2 jI} +  E < *  + P (r T 2 )!a;(ft) (15)

(14)

102



SPLINE APPROXIMATING METHODS

For computing ||jTjy||, we use (6), (8) and (2):

-  « j r 'k t o i  < in.» -  * iS - i (* o i+ \y'i,k -  Æ ( * * ) i i *  -  **i+

Jxk i— 1

m ax
u€[xfc,x fc+i]

| ^ ( u ) - « ^ ( t i ) | < 6 , , * + f c e S , * +  ^ 1 1 ^ ) 1 1  f  f  dtj+idt
Jxh Jx*

and the result is:

I M  < £ > ,*  + £ < * + ^ y l l r»Ci+i)ll
i = l  i = l

Applying Lemma 3.2 we get from (17):

iiTkiii < ( Ç ) m V m- 2r * mi i + è ^ + ^ E  ( t ) '
'  '  t=l j=o '  '

and, using (16), it can be shown that:

r „ l ,  < { g ( f ) % 2 ( f ) ” g ^ ) | ; e 1, +

<  a 5 3  ei,k +  *>5 3 eU  +  ch2m+ru{h)

2 m-f-r

<=1

for

771 — 1

(16)

(17)

□
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Lemma 3.4. For e$, e\ defined in (9), there exist constants {d a }, {da},

{d o }, {d o }, {d o } , {ca}* { c « } ,  i =  T7p independent ofh such that the following inequal­
ities hold:

e«(x) <  (1 +  djih)eitk +  hdn ejtk 4- hdj<ie'i k +

+  hdi3 e'jtk + cn h2m+r+2u(h)
3 = 1
fri

e'iix) <
P

hduei'k +  ftdi4 ^2 &jtk +  (14* hdi )̂efi h 4-

+ hdfc 2>2 ej,k +  Ci2h2m+r+lcj(h)

(18)

(19)

Proof. Using (8), (6) and (11) we estimate:

ei{x)

+

<

<

<  lw .*  -  +  K *  -  -  X k )  +

Li r  f  { £  -  slZ r 1](h)\}dhdt <
Jxh JXk j = 1

£itk 4* he'i h 4- Li\\Tki\\ j  f  dt\dt <
Jxh Jxh

(1 4- -ş-)heitk 4- -T f-h^ej'k  4- (1 4- ~~-)heli k 4*
3= 1

+  ^ £ < *  +  ^ 2m+r+M ft)
)%

So, for du - 
prove for e\.

Lia
” 2”

, , di2 — 1 4" dis, dis — —— , cn — LiC
~2~

we obtain (19). Similarly we

□

Using the matrix notation:

E(x) := (ei (®),.. .  , ep{x)y e[ (x) , . . .  , ep(x))T

E k  • —  (e i , k i — 3 e p , k >  * • • > e p , k )

C : =  ( c i i , C 2 1 , . . .  , C p i , C i 2 , C 2 2 , - - -  3Cp2)T
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SPUNE APPROXIMATING METHODS

from the Lemma 3.4 we can write:

E(x) < (.I+ h A )E k +  C/i2m+r+1o;(/i) ( 20)

where I is the unit matrix of order 2p x 2p and

/

A =

du

d2i

di4

di4

d u  di2 di3 

d2l d22 d23

di4 dig dig 

d24 d25 d25

\

J
If for the matrix M =  (mij) we defined the norma by:

\\M\\ :=m ax^|m y|
3

then on the basis of (21) we can write:

||£(x)|| < (1 +  h\\A\\)\\Ek\\ + \\C\\h*m+r+M h )

The inequality holds for any x € [0,1]. Setting x =  Xk+\ it follows:

I I ^ + d II < (1 +  h\\A\\)\\Ek\\ + \\C\\h2m+r+iu(h).

Using Lemma 3.1 and noting that ||£̂ || =  0, we get:

P (* )ll  <  (i +  h\\A\\)k+1 H^ii +  i i q i / ^ + M f t ) (1 +  I '  ~ 1 <

< 7r?!r(el|j411 - 1)h2m+ru>(h)
~  \ \ M

Now it follows strighforward:

e ^ (x ) < B0u(h)h2m+r,îor i =  0 ^ , j  =  0,1

where B0 := jj^jj — 1) is a constant independent of h.
\\A\\

We estimate the difference \y^2\x) — Sf9+2̂ (aOI> Q =  0,r, % =  l,p

i » ‘ *+ 2 ,w  -  =

< LiHTnll < f j { o f e w  +  b ^ e ' j<k 4- ch2m+rw(h)} < Bn h2m+Tw{h) (22)
j =  1 3 = l

(21)
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for Bii =  Li\p(a +  b)B0 +  c] a constant independent of h.
Thus, we proved the following result:

Theorem  3.1. Let (y\, . . .  , yp) be the exact solution of the problem (1) and ( s i ,a  . •. , sPia ) 

be the approximate solution for the problem (1). If f  6 Cfr([0,1] x IRP), then the following 
estimations hold for x € [0,1]:

Iî4?)(z) -  4 1  (x)I < Bi2w(h)h2m+r =  0(h2m+r+a) 

where q =  0 ,r +  2 and B&, i — T̂ p are constants independent of h.

4. Stability o f  the m ethod

. For new initial conditions, *

yi(xo) =  y*0, yb{xo) =  y'i*0 , we defined the approximate solution by:

^ ,A (x ) := t«|J_1(xfc) +  « ;;f2 1(a;fc) ( x - x fc) +

+  f  f  M i,^ [ T 1 ] ) > & ^dt'dt (23)
Jxk JXk

where w j" ! (x0) :=  y*iQ and u ^ -j (x0) =  y\*0, i =  T p̂, k =  0,n -  1.
In (24) we use m iterations, for Xk < tm < . . .  < t\ < t < x <  like in (5)

and (6).

We use the following notations, for i =  l,p , fc =  0, n — 1:

e?(x) := M * ) -« i(x)|,e^(*):=K(*)-«J(*)l 

< *  :=  ~ si(xk)\, e'i*k ■= Wiixk) ~ «'*(**)!

~  fi3)(**>“ i S - i -••• - (*»)),  3 =  ïïtn

and we define the operator:

n M )  := E  -  4 r jl(u)l-u e  * =  0 ^ 1 ,  j  =  Ï7m
i=l

with the norm:

i r a i = max ( T ; ( u)}
uGlxfc^fc+ij
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Lemma 4.1. For any u € [x*,,xifc+i], k =  0,n — 1, the estimations

I K J I  < +
j —0 U '* »=1 »=1

i m  <  « £ < * + & £ « $ ; *
t=i *=i

hold, where

* -  g ® 1

The proof is similarly with the proof of Lemma 3.3.

Lemma 4.2. For ej, e f ,  i =  T p̂ atove defined, the following inequalities hold:
v P

ei (®) <  (1 +  diih)e^k 4- hdn e j k 4- hdfte^k 4- hdis e '|A.
i=i i=i

e-' (x) < hdue*ik + hdiA ^ e * fc +  (1 +  hdi5)e*'k +  M i5 e£*
i=l i=i

where the constants are defined in Lemma 3.4.

The proof is similarly with the proof of Lemma 3.4.

Using the matrix notation

E*(x) :=  ( e î , e*(x) , ef  (x ),. . .  , < (x))T

: =  ( c i,fe> • • • i e p ,fc»e i,fc> • • ■ > e p,fe)

then, the estimations (27 — 28) can be write in the following form:

E*(x) < ( /  4- hA)Ek

where I and A are defined matrix. Applying Lemma 3.1, we get:

\\e *(x)\\ <  ( l + f t p i o r a ^  ( i + ! ! ^ ) V 0i <

< e i w i p 5 n < j n r a

where B* =  is a constant independent of h.
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Hence:

e*(x) <  B*\\ES\\ (28)

e f(x )  < B*||-EÔII

for i =  I~p.

For |ti;̂ +2 (̂a:) — -s^+2 (̂a:)|, q =  0,r we obtain, like in (23):

h i 9+2)( * ) - ^ ,+2)(*)l < B A P 0*||

where BA =  pL{(a 4- b)B* is a constant independent of h.
Thus we proved the following result: *

Theorem  4.1. Let (s i , . . .  ,sp) be the approximate solution of the problem (1) with 
the initial conditions yi(xo) =  y\yo, î/;(£o) =  |/{|0» i =  1 ,P and let (wi, . .  • ,wp) be the 
approximate spline solution for the same system, but with the initial conditions: yi(xo) = 

2 / Vi(xo) =  2/*j0, * =  T7p - Then the inequalities:

K (,)( * ) - « i 9)(*)|< Ba ||£5||

hold for all x e  [0,1], q =  0,r +  2, wftene JB<2> =  V p> are constants independent of h

and IIJS5II =  maxi{|yi,0 -  ÿ*,0|. K o  -  y^ol}*

5. Numerical example

. Consider the following system of differential equations, for p =  2.

f  y" =  y + z - e ~ x, y(0) =  l, y'(0) =  0 
\ z" =  y + z - e x, z(0) =  1, z'(0) =  0

The method is tested using this example in the interval [0,1] with step 0.1 , where 

r =  0, m =  1. The result are tabulated at x =  1.

The analytical solution is:

y =  ex -  x 

z — e~x +  x

To test the stability of the method, we solve the above example with the new initial 
conditions:

2/(0) =  1.000001, y'{0) =  0.000001

z(0) =  1.000001, z'(0) =  0.000001
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The results are:

The convergence The stability

ei 1.48222E -  05 ei 3.281311? -  06
!

el 1.15977E-04 4.483731? -  06

el 2.41293B -  03 e f 6.531311? -  06

€2 1.48222Æ -  05 2̂ 3.281331? -  06
/ 1.15977E-04 e2 4.483701? -  06
»

e2 2.41293£ -  03 P*ne2 6.53132E -  06
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