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ON THE SPLINE APPROXIMATING METHODS FOR SECOND
ORDER SYSTEMS OF DIFFERENTIAL EQUATIONS

CORINA SUCIU

Abstract. One proposes an approximation method for the solution of the
systems of p second order differential equations by means of spline functions.
‘There is studied the error estimation and the stability of the proposed method.

1. Introduction.

Consider the following system of nonlinear second order differential equations
with the initial conditions:
{ vi@) = filz,y,...9p)
yi(To) = %0, ¥i(zo) =¥ig, i=1Lp
where f; € C7([0,1] x RP), i=1,pand r,p € IN.

The approximate solution of a system of 2 equations of second order was con-
structed by Th. Fawzy, Z. Ramadan and A.Ayad [1,2]. In this paper we propose a
generalization of the method, for system of p equations. The system (1) can be trans-
formed in a system of n equations of the first order, but the order of the method presented
is O(hot™+2m), The order of the method presented by G.Micula and Maria Micula[5],

for system of n equations of first order, is O(h*+™+™).

2. Description of the approximating method.

Let L; be the
Lipschitz constants satisfied by the functions f'-(q) ,i=1,p, q=0,r:
P
1520, 9p0) = I @y, p2) S LY lyin — wsl (1)
i=1

V(Z,y1,15- -« 1¥p,1)s (Z,¥1,25-- - ,¥p,2) in the domain of definition of fi, i =1, p.
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CORINA SUCIU

Let A be a partition of the interval [0, 1]:
A:0=20<2:1<...<Zp <Tp41<...<Tp=1, h:=x}4; — 25, k=0,n -1

Assume that f; € C7([0,1] x IR?) and that the modulus of continuity of the functions

1 is w(y{™*, h), and w(h) = maxw(y{", h).
=1

WP

The functions fiq— R depending of z, y1,...,yp are given from the following
algorithm:
Set f,-(o) = f; and if f,.(q—l) are defined, then:

¥(@) = £9) = 0@ + @)+ + £TD (2 @)

where 2z = (z,y1,--. ,¥p)-
We define the spline functions approximating y; by 8; a, = 1,p, for zx <ty <
tm-1<... <t £t <z < Zpy1, k=0,n—1 a partition of the interval [z, Tx41], in the

following way:

sia(z) = "’%c) =™ (@) + 5,7 (2h) (@ — 23) + (3)
+ / £t @), s ) dtrdt
Tr Ty

where s, _l(a:o) =1Yi0, 8 , i (a:o) = yio and m is a positiv integer number.

In (4) we use the following m iterations:

sg?,],(z) = ,k l(a:;,) + s”c 1(-"’1:)(1? - ) +J_Zo (x( :kz))t M'(:,k) @
m k@) = ik 1(""") + s:k 1(-"7k)(17 zx) + (5)

E I .
+ / fi(tm—j+l,3[1],k1](tm—j+l)a~ . p,k Nt 1)) dtm—jrrdt
zx J ke

M3 = [P (ar, s (@h), 8 (2h), G =T,m

It is clear by construction that s;a € C'[0,1], ¢ =I,p.

3. Error estimation and convergence.

The following notations will be used y(’) =y, D(gy) for i =T,p, j =07 F1
and k = 1,n — 1. The exact golution y; := E Li=Tpof (1) can be written in the
following form:
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SPLINE APPROXIMATING METHODS

¢ By Taylor’s expansion, for y[ 1 holds:

r+1,.(9) (D
[ ] y (6: k) r
Nz) = ,Zo i L —(;,T2),—(w—3k) +2 (6)

where &k €2k, Tepa1[, i =1,p.

e For 1 < j < m the exact solution y[’] is given by:
W@ = W¢+%*@—wﬂ+ )

+ / fa(tm—1+1»y1 (tm—.1+l)’ . ,yL" “(tm—j41))dtm_jr1dt
T

kY Th

wherei=1,p, ,j=T,m, k=0,n—1
The error is defined by the usual way, for i =1,p, k=0,n — 1:
ei(z) = |yi(z) — si,a(@)] , ei(x) = |yi(z) — 5i,a(2)] (8)
eik = Yk — sia(@e)| 5 ey = Wix — 5ialzs)l

Lemma 3.1. [1] Let a and B be nonnegative real numbers, § # 1 ‘and {A;}r, bea

sequence satisfying the conditions:
Ao >0, Ai+l S-a+ﬁAi7 1=0,1,...,k

then the following inequality holds:

ﬂk+1 -1
Apy1 < BF Ap + o=
-1
Lemma 3.2. [1] Let a and B be positive real numbers , and {A;}, be a sequence
satisfying :
A >0, 4; <a+BAi,i=1,... ,m-1.
then

m—2
AP Ap+a ) p

=0

Definition 3.1. For any u € [Tk, Zk4+1), K = 0,n— 1, j = I,m we define the operator
Ty; by:
P
Thj(w) =Y ™ () - W%n

i=1
whose norm is defined by:

IT;ll := max {Tx;(u)}
UE[Zk,\Tr41]
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Lemma 3.3. For any u € [Tk, Tk+1], k =0,n — 1, j = 1,m, the following estimations:

r+2

mll <A{1 L i h 9
1 Zemll < {1+ Z( +2)|}§e,k+;eak+1’w( )( 5 (9)
with L = ma.x{Ll,Lg,... , p}, and
) 4 b4
IToall <@ eir+bY ehs+ch>™  w(h) (10)
=1 i=1

hold, where a, b, ¢ are constants independent of h:

¢ = E(I’TL) ”(sz) .o(jiz)!

j=0 N j=

- E

j=0

Proof. Using (5) and (7) we get:

I () — s )] < fyis — oIy (o)l + I — 51 o)l — e +

lz zi) 2 RO @y 1= o™ (rr2) (r)
Z ( T 2)' k - Mi,k l + _"'(r_f___z)-!'—"yi ({‘yk) - Mi,k I (11)

From (9) and (2), we can see that:

p
L.'{Z yik — ,,k 1(""5)'} <L Zey, (12)

j=1 j=1

+2 j
W™ - M3

IA

14
{2 (&) - M| < w(y{™?, ) + L D ek 13)

Jj=1
where w(y§r+2),h) is the modulus of continuity of function y("+2). Using (13) and (14)

in (12), we obtain:

P T pi+2
9w) — SO )] < exn +help + LS esn S A 4
uE(zy.,zk.H]I (u) Bi,k(u)l — e’rk + e‘hk + ij_-zle.'hk '=ZO (l + 2)!
h""" w(h)hr+?
14
Adding in (15) for i = 1, p, we get:
> i) ek Yo el s
ITemll S {1+pL ) 551 ) ik + ) €ix+Pr—oyw(h) (15)
= G+ & pt (r+2)!
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SPLINE APPROXIMATING METHODS

For computing ||T%;||, we use (6), (8) and (2):

™) — sl )] < lyis — sUR (@6)] + Ik — silp0s (20l — zel+

+L; / f {Zlyzm—"—l](tﬁ-l)"s[m—] U(tj11) Yt dt
T YT

=]
lyi™ () — [mnﬂ(uﬂ < eix + hejy + Lil[Trja)l dtj+1dt
ue[zk zk+1] zp JZn
and the result is:
P P h2
Tl <) e+ ) €in+ PL-2*”TI=(J'+1)|| (16)
i=1 i=1

Applying Lemma, 3.2 we get from (17):

il < (B)" Wi +Z(e, chn > (Z)

Jj=0

and, using (16), it can be shown that:

ITull - < {g(%)jw(‘—’zf)mg(j—jﬁ}gei,w

7=0 i=1

P
<a Z e+ bZeg’k + ch*™*"w(h)
for

i=0

103



CORINA SUCIU

Lemma 3.4. For e;, €] defined in (9), there exist constants {di}, {di2},
{dis}, {dis}, {dis}, {ci1}, {ci2}, i = 1, p independent of h such that the following inequal-
ities hold:

. p
e(x) < (L+daheir +hdi Y e+ hdinely +

E
P

+ hd;s Z € + ca K220 (h) (18)
7

14
ei(x) < hdieir +hdia Y ejn + (1+ hdis)el, +

i=1
J#i
P
+ hdis Y €} + cinh®™ Hw(h) (19)
7
Proof. Using (8), (6) and (11) we estimate:
@) = <lyik- s£t7,1 L@R)] + bk — 8k (@)l — z) +
+ L / / {Z ™M) - sl (k) Yty dt <
Tk Y Th j=1
< ek + hej g + Lil|Tha| dtldt <
T YZx
L; L; L;b
< 1+ e + %hZej.k + (14 el +
=
Lib, & LiC, omiri2
+ Thz;e;’k + —2—h ™2u(h)
=
i
So, for d;; = _I_;_c_z’ ,dio = 1+d3, diz = L2b’ cih = _I%c_ we obtain (19). Similarly we
prove for e}. O
Using the matrix notation:
E(@@) = (e(a)s--- ep(2),€1(2),--- sep(2)T
Ek = (el'k, e ,ep,k,e'l’k,. . ,e;,,k)T
Cc = (611,021,--- »Cp1,C12,C225- -+ ,sz)T
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from the Lemma 3.4 we can write:
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E(z) < (I + hA)Ey + Ch2™r+14(h)

where I is the unit matrix of order 2p x 2p and

If for the mafrix M =

{ dn

dn

din dia
dyy  dao

dyg dis
dyg  das

dis ... )
dag

dis
das

/

(m;;) we defined the norma by:

1M} = max 3 jmss|
J

then on the basis of (21) we can write:

IE@N < 1+ RIADIER] + ICIR* ™+ w(h)

The inequality holds for any z € [0,1]. Setting z = x4 it follows:

Using Lemma 3.1 and noting that || Eg|| = 0, we get:
1
IE@)I < (1+hlAD* Bl +IIC ||h2"'+'+lw(h)(
Iic ||( Al _

Now it follows strighforward:

where By

We estimate the difference |y§q+2) (z) -

IA

IEg+nll < @ +RIADIER] + [CIR*™ ™+ w(h).

IA

llAll

DAZ™ 0 (h)

+HIAPA -1

1+ hljAll -1

egj) (z) € Bow(h)R?>™* for i =0,p, j =0,1

_ el ian _
=

|y (z) —

19 (1,00 )s s g 0(00)) = = 10 (1,80 V1), s ()] <

LToall € Lelay e+ 3 e + k™)) < B k™)

J—

{0 = |2

dxat+2

j=1

y,"‘]( )=

1) is a constant independent of h.

o™
d q+2 ‘lk

st (w)l ¢=07,i=Tp

(@) =

(20)

(21)

(22)
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for Bi1 = L;[p(a + b)By + c] a constant independent of h

Thus, we proved the following result:

Theorem 3.1. Let (y1,... ,yp) be the exact solution of the problem (1) and (s1,a - -. ,8p,a)
be the approzimate solution for the problem (1). If f € C7([0,1] x IRP), then the following
estimations hold for z € [0,1]:

W (2) — A @)] < Buw(R)R™T = O(R2™+7+e)
where ¢ = 0,7 + 2 and B;3, i = 1,p are constants independent of h.

4. Stability of the method

For new initial conditions,

¥i(zo) = Yi0» Yo(o0) = y;fo , we defined the approximate solution by:

wia(z) = f'"ll(zk)+w,k L (@e) (@ = z3) +
+ / : fi[tl,wg";-ll(tl),...,wl'" (e, )]dtrdt (23)

where w (a:o) :=yjo and wi (:vo) y,o, i=1,p, k=0,n—1
In (24) we use m iterations, for o <ty < ... <t <t <z < T4, like in (5)
and (6).

We use the following notations, for i =1,p, k=0,n— 1:

lwi(z) — 8:(2)], &;* (z) = |w}(z) — s}(=)|

lwi(ze) — s:(zx)], €% = |wi(ze) — 5i(za)|

e; ()

I

*
€k

M = (D@l @), i =T

and we define the operator:

Tigj(w) —le ") - s N(w)|,u € [, ex41), k=0n =1, 5 =T,m

i=1

with the norm:

1T;11 = TR}
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Lemma 4.1. For any u € [Tk, Tk+1), k=0,n — 1, the estimations

ITzall < {1+pLZ G +2),}Ze,,k+2e,,, (24)
j=0 i=1
P ) 4 ,
ITHll < @) el +b) eln (25)
=1 i=1

hold, where

7=0
m—1 3
_ pL
s = 2 (%)
Jj=0

The proof is similarly with the proof of Lemma 3.3.

Lemma 4.2. For e}, e, i =1,p above defined, the following inequalities hold:

|4 p
ef(z) < (L+duh)ei, +hdi Y €} s+ hdinely + hdig €} (26)
= p
’ 4 , ) 4 ,
e: (SL‘) < hd.-4e;',k + hdis E e;’,, +(1+ hdis)e:,k + hd;s Ee;:k (27)
= =7

where the constants are defined in Lemma 3.4.

The proof is similarly with the proof of Lemma 3.4.

Using the matrix notation
E'@) = (@) ep@) el @) ep @)
Ef = (&g r€ppr€ipse--rhp)”
then, the estimations (27 — 28) can be write in the following form:
E*(z) < (I +hA)E}
where I and A are defined matrix. Applying Lemma 3.1, we get:

I1E* (@)

IA

A n
-+ il < (1+ L0 g <

A

el Bl < B*IIES |

where B* = ell4ll ig a constant independent of h.
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Hence:

e; (z)

e (z)

IA

B Egl| (28)

A

< BY|E||

fori=1,p.

For |w{**? (z) — s{"*?(z)|, ¢ = 0, we obtain, like in (23):

|w§q+2)(m)—s$q+2)(w)l < BillEsl|

where Bj; = pLi(a + b)B* is a constant independent of h.

Thus we proved the following result:

Theorem 4.1. Let (s1,...,8p) be the approzimate solution of the problem (1) with
the initial conditions yi(zo) = ¥io0, ¥i(T0) = ¥}, © = L,p and let (wy,...,wp,) be the
approzimate spline solution for the same system, but with the initial conditions: y;(z¢) =
Yio» Yi(®o) = y;,'o, i =1,p. Then the inequalities:

lw® (z) - 89 (2)| < Baal B3l

hold for all = € [0,1], ¢ =0, + 2, where Bjs, i = 1,p, are constants independent of h
and || B3|l = maxi{|ys,0 — ¥iol, [¥h0 — vi0l}-
5. Numerical example

. Consider the following system of differential equations, for p = 2.
y'=y+z-e* y0)=1, ¥'(0)=0
z" =y;i-z—e", z(0)=1, 2'(0)=0
The method is tested using this example in the interval [0,1] with step 0.1 , where
r =0, m = 1. The result are tabulated at z = 1.

The analytical solution is:
y = e -z
z = e *+z

To test the stability of the method, we solve the above example with the new initial
conditions:

y(0) = 1.000001, 3'(0) = 0.000001

z(0) = 1.000001, =2’(0) = 0.000001
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The results are:
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The convergence The stability
e1| 1.48222E-05|e} | 3.28131E - 06
e; | 1.15977E —04 | e’ | 4.48373E — 06
ey | 2.41293E-03 | e} | 6.53131E — 06
e2 | 1.48222E—05 | e} | 3.28133E — 06
eo | 1.15977E —04 | e | 4.48370E — 06
ey | 2.41293E-03 | e}’ | 6.53132E — 06
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