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INTEGRATION OF VECTOR FUNCTIONS WITH RESPECT TO
VECTOR MEASURES

ROBERT PALLU DE LA BARRIERE

Abstract. The algebraic theory of integration with respect to a semi-variation
is outlined. It is applied to the integration of vector-valued functions with re-
spect to a vector-valued measure. Different settings are considered (bilinear
integration, Dobrakov’s integral, tensor integration). Emphasis is put on con-

vergence theorems.

The purpose of this paper is to study the integration of a vector function f with
respect to a vector measure m. This problem may be settled in different settings. In his
pioneering work [1], Bartle supposes f has values in a Banach space F', m has values in a
Banach space E. Furthermore a bilinear map from F' ® E into a Banach space G is given
and the integral of f with respect to m has values in G. A another setting is that of
Dobrakov [DO] : m has values in the space L(X,Y’) of continuous linear operators from X
into Y, f is X-valued and the integral is Y-valued. From the set-theoretical point of view,
Dobrakov’setting may be considered as a particular case of Bartle’s setting. Conversely
it is possible to trz?.nsform a problem given in the Bartle’s setting into a problem in the
Dobrakov’s setting. But the additionnal assumptions concerning mainly the additivity of
m makes the set-theoretical manipulations dangerous. For example Dobrakov supposes
only the o-additivity of m(.)z for every x € X and not the o-additivity in the strong
sense.

Many other contributions appeared in the literature since the pioneering works
of Bartle and Dobrakov. For example, Guessous [GU] supposes that the integral has its
values in the completion of F ® E with respect to a tensor norm (e or «). This setting
will be called the tensor integration. It is studied more recently by Jefferies and Okada
[J.0] and [JE] Chapter 4.
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As many proofs are similar in different settings, the authors often fail to give
complete proofs, referring abruptly to pi'evious papers. This makes the contributions less
and less legible, especially if the reader wish to construct self-cc;nta,ined proofs. The first
motivation of this paper is to avoid this discomfort.

In all the previously quoted works, a generalisation of the ordinary semi-variation
of a vector measure is introduced. This semi-variation is defined as a sub-additive set-
function. In [PB] under the influence of [TH] we modify the definition so as the semi-
variation is defined as a semi-norm on the vector space of simple functions. Or course the
restriction of our semi-variation to sets (i.e. characteristic functions) is the customary
semi-variation. But as two different vector-semi-variations may be equal on sets, our
definition is more powerfull. In particular it is possible to define the integrability of a
scalar function with respect to a vector-semi-variation without taking into account the
objects and setting it comes from. This is very important for the integration of vector
functions with respect to vector measure because it is possible to define the integrability
of a scalar function with respect to the semi-variation inﬂroauced to this special context
(this semi-variation is called below ”contextual semi-variation”). This enable us to define
the Bochner-integrability in a convenient frame and to make easier the connection with
the classical Bochner-integrability with respect to a scalar measure (for the Dobrakov
integral see [DO2] and [PAN]).

Section 1 is designed to recall definitions and fundamental results. Section 2
is devoted to the algebraic theory of integrability of scalar functions with respect to a
semi-variation. This theory is inspired by the work of Wilhelm ([W1,W2]) and is exposed
in {[PB] with more details.

Section 3 is devoted to the particular case where the semi-variation is defined on
a space (7) of T-simple functions, 7 being a o-algebra.

Section 4 is devoted to the integrability of vector functions.

Section 5 is devoted to the definition of the ”contextual” semi-variation, that
means the semi-variation adapted to the spaces E, F, G where the measure, the function
to be integrated and the integral take respectively their values.

Section 6 is devoted to the customary semi-variation of a vector measure that

means the semi-variation adapted to the integration of scalar functions.
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Section 7 is devoted to the general setting. The bilinear form from F x E into
G is denoted by y,z — y ® £ with a view of compatibility with the tensor setting. To
cover simultanuously the setting of Bartle and the setting of Dobrakov, we suppose that
Ay ©m(A) is a G-valued measure for every y € F'.

Section 8 is devoted to the case G is the completion of F ® F with respect to the
tensor norm € or 7. Some special results are derived using the Orlicz-Pettis’s theorem.
The covering of the classical case of the integration of vector functions with respect to a

scalar measure is warranted both for Pettis and Bochner integrability.

1. Preliminaries

We first recall some definitions. A measurable space (T, 7) is a couple formed
by an arbitrary set T' and a o-algebra of subsets of T'. A function f on T with values
in a space F is said to be simple if it is of the form f =Y. 14,£ where {4;} is a finite
T-partition of T and & € F. The vector space of F-valued simple functions will be
denoted by g(7) (or by (T) if F = R).

We reserve the term ”measure” to additive set functions which satisfie some o-
additivity property. If E is a Banach space by a E-valued measure defined on (7, 7) we
mean a additive set function m on T such that m(T) = 3, m(Ty,) for every countable
T-partition {T,,} of T. The convergence of the series is supposed to be valid in the norm
topology. Sometimes to emphasize this property we will write ” (strong) measure” instead
of measure.

There are two ways to weaken the property of o-additivity. The first one is
to suppose o-additivity for a weaker topology that the norm topology. For exemple
if E is the space L(Y, X).of all continuous operators from a Banach space Y into a
Banach space X we may consider the strong operator topology (defined by the semi-
norms A + ||Ay|| for y running over Y') or the weak operator topology (defined by the
semi-norms A — |(z’, Ay)| for 2’ running over X’ and y running over Y). Following
the Dunford-Pettis theorem this two topologies are identical. This situation will be
encountered in section 4.

An another way to weaken the property of o-additivity is to consider two spaces
E and F in duality and a E-valued set function m defined on 7 satisfying the property
that (m(.),y) is a measure for every Y in F. Such a set function will be called a ”weak
measure” (for the-duality (E, F)). We may note that this o-additivity property may be
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considered as the g-additivity for the topology o(F, F'). In fact the two ways of weaken
the property of o-additivity differ from the expository point of view but are able to
handle the same concrete situations.

An important particular case of vector measure is obtained by taking T' = IV
and 7 = P(IN). With any set function m is associated the sequence {m(n)} such that
m(n) = m({n}). The discussion of various forms of the g-additivity property is indeed
the discussion of various notions of summability of a sequence. If F is a Banach space a
E-valued sequence {z;} is said to be summable if there exists S € E such that for every
€ > 0 there is a finite subset of IN such that for every finite J containing I we have
"S —Yics w;" < &. The sequence {z;} is summable iff it satisfies the so called Cauchy
criterion: for every £ > 0 there exists a finite subset I of IV such that ||}, zil| < e
provided J is a finite subset of IV \ I. The Cauchy criterion can be generalized to an
arbitrary locally convex vector space under the following form: for every continuous semi-
norm p on E and every € > 0 there exists a finite subset I of IV such that p (zie J z;) <e
provided J is a finite subset of IV \ I. This criterion may be adopted as the definition
of summability of the sequence {z;} but doesn’t imply that the series 3, z; converges
in E but only in the completion of E (more precisely in the quasi-completion of E). For
instance a sequence {z;} in a Banach space E is weakly summable (that ﬁleans summable
for the topology o(E, E')) iff the sequence {{z;,y)} is summable for every y € E'. Its
”sum” (generally called ”weak sum”) belongs to the o(E, E')-completion of E i.e. E”.

To end this section let us recall that a control measure of a vector measure m is
a measure p such that VA€ T p(A) =0 <= m(A) =0. Any vector measure has a
control measure ([PB] theorem V.46).

2. Integrability with respect to a semi-variation

In this section we outline the algebric construction of the space of integrable
functions with respect to a semi-variation as developped in [P.B.]. We refer to this

treatise for detailed proofs.

Definition 2.1. Let T an arbitrary set and £ a vector sub-lattice of R”. A semi-norm

v on L is said to be a Riesz-semi-norm iff the two following conditions are satisfied:
0<fi<f = v(fi) <v(fa)

v(f) =v(f])
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A Riesz-semi-norm is said to be a semi-variation if the following property is satisfied

(o-subadditivity):

ifa€Lyandf <D fo = o(f) <Y v(fn)
n=1 n=1
or equivalently:

oo [e o]
fifaeLandlflS Ml = w(H) <Y 0(f)
n=1 n=1
The condition f < 377, fa (pour f, f, € £;) means that for every ¢t € T, one
have f(t) < 3°.° , fa(t), this last inequality being satisfied in particular if Y oo | fn(t) =
+00. Qur aim is to extend a semi-variation v on £ to a space £! (v) such that the latter
space is complete and £ is dense in £1(v). The first step is to define the space L*(v) de
L of ”not to large functions”. Let us put:
. oo (e <]
L(v) = {f e R | € L:fIS) Ifnland D v(fa) < +oo}
n=1 n=1
It is easy to prove that £*(v) is a vector sublattice of IRT and contains £. On this space,

we define:

v*(f) = inf { Y olfa) | e LIAISY Ifnl}

n=1 n=1
A routine checking proves that v* is a semi-variation on £*(v) which extends v.

The second step is to define £!(v) as the closure of £ in £*(v) (equipped with
the semi-norm v*). The elements of £!(v) are called integrable with respect to v or
v-integrable.

From the construction, it results the following theorem:
Theorem 2.2. L1 (v) is a vector sub-lattice et v* is a semi-variation on L*(v).

The completeness of £!(v) is given by the following theorem whose proof is very

simple.

»

Theorem 2.3. Let f, be a sequence € L (v) such that Y oo | v*(fn) < co. Put:

1) = { ey fn(t), of this series is absolutely convergent
otherwise an arbitrary value

Then f € L1(v) and imy v*(f — Zle frn) = 0. In other words: Z::;l fn converges to

fin L1 (v).
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Proof. We have |f| < 3°>° | |fn| and therefore (by virtue of the o-subadditivity of v*):
oo
v*(f) <D v*(fa)
n=1

Moreover ‘ f- Zﬁ=l fn’ < Y onsn | fnl, and therefore:

v (f - Efn) < Z v*(fn)

n=1 n>N
As the limit of the latter expression is 0, the proof is completed. O

Let N be the set of all ¢ such that ) >, fn(t) is not absolutely convergent. Il
we modify f on N, then we get a function f’-such that v*(f — f') = 0. In particular
1y € £'(v) et v*(1x) = 0. This incite to introduce the following definitions:

Definition 2.4. Let v be a semi-variation on the vector lattice £ C IRT. A function f is
said to be v-negligible iff v*(f) = 0. A set A C T is said to be v-negligible iff v*(14) = 0.
A property toncerning elements of T' is said to be true almost everywhere with respect
to v (in short v-a.e.) if the set of ¢t € T' where it is false is v-negligible.

If P is a property concerning functions defined on a subset of T, then a function
f defined on T is said to have essentially the property P if there exists a negligible set
A such that the restriction of f to the complement of A has the property P.

The most usual properties of negligible functions and sets are given in the fol-

lowing theorem.

Theorem 2.5. (1) If f est v-negligible and if |g| < |f|, then g i3 v-negligible. In partic-
ular if A C T is v-negligible and if B C A, then B is v-negligible.

(2) Any countable union of negligible sets is negligible.

(3) A function f is v-negligible iff {t € T'| f(t) # 0} is v-negligible.

Theorem 2.3. appears now as a variant of the standard Lebesgue’s theorem on
series.

Let {fn} be a sequence in £!(v) converging to an element f. Then there exists
a subsequence { fs(x) } such that 3, v*(f4(x)) < 00. By Theorem 2.3., { f4(x)} converges
v-a.e. to f. Hence every converging sequence in £!(v) has a subsequence converging
v-a.e.. On the other hand remark that if {f,} is a convergent sequence in £!(v) which
converges pointwise to a function f, then {f,} converges to f in £!(v).
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Notation. The quotient of £ (v) with respect to v* is denoted by L' (v). It is a Banach

space.
We shall now define an important class of semi-variations.

Definition 2.6. A semi-variation v on a lattice £ is said to be exhaustive ! iff it satisfies
one of the equivalent following properties:
(1) every increasing and majorized sequence {fn} is a Cauchy sequence with
respect to v.
(2)
[o o]
f'n€£+ ’ f€L+ ’ anSf =>li'?lv(fn)=0

n=1
The equivalence between the two properties is easy to prove.
The natural norm on 1! or cg is exhaustive. On the other hand the natural norm
on 1% is not exhaustive.

A somewhat technical proof leads to the following result:
Theorem 2.7. If v is an ezhaustive semi-variation, then v* is ezhaustive on L1 (v).

The main result concerning exhaustive semi-variations is the theorem of domi-
nated convergence. First remark that if v is a exhaustive semi-variation on £ and {f,}
is a positive increasing majorized sequence in £(v), then putting f(t) = lim, f,(t), we
have f € £L!(v) and f is the limit of f, in £!(v). In fact {f,} is a Cauchy sequence by
virtue of the exhaustivity of v . As an easy consequence, if {f,} is a decreasing sequence

in £!(v) converging pointwise to 0, then this sequence converges to 0 in £ (v).

Theorem 2.8. [Theorem of dominated convergence] Letv be an exhaustive semi-variation
on L. Let f,,h € L (v) such that |f,| < h. If f, converges pointwise to a function f,

then f, converges to f in' L1 (v).

Proof. Put g, =sup{|fp — fol | p,q > n}.
We have: g, = limy, gn,m with: nm =sup{|fp — fol | n < p,g <m}

1The term "exhaustive” has been suggested to me by [KA]. [ am far from affirming it is the best one. Wilhelm
uses the term ”saturable”. Swartz uses the term "strongly bounded”. Bartle ([?]) speeks of the *-property. Lewis [LE]
uses a similar concept under the name ”variationnel semiregularity”. A Banach lattice is said to be "order bounded” if
condition (2) is satisfied. Of course all this terms refers to Sdifferent settings. One can only say that the are used to

define similar properties.
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On the other hand 0 < gmn < 2k , gn,m € L1(v) and the sequence m — gp, m is
increasing. Therefore (see the preliminary remarks), g, € £1(v) for all n. Furthermore
the sequence {g,} is decreasing and converge pointwise to 0. Now |f, — fx| < gn for all
k > n and therefore |f, — f| < gn. Hence f, — f € L*(v), f € L*(v) and v*(fr — f))

converges to 0. O

It is common in Convex Analysis to extend convex functions defined on a convex
subset into a function defined on the whole space and taking the value +o00 outside the
domain of definition of the original function. Adopting the notation used in Convex
Analysis, for every ] — 00, +00]-valued convex function f, we shall denote by dom(f) the
"effective domain” of f, i.e. {t| f(t) # +oo}.

Definition 2.9. Let T be an arbitrary set and £ a vector sub-lattice of RT. One call
extended semi-variation on £ any sub-linear symmetric function v defined on £ with
values in [0, +oo] such that:

0<fi<fo = v(fi)<v(fa)

v(f) =v(lf)

fifa€Liandf <Y fo = v(f) <D v(fa)
n=1

n=1

or equivalently

fHifn€Land|(1f) <D Ifal = o(f) <) v(fa)
n=1

n=1
It is easy to verify that dom(v) is a vector sub-lattice of £ and that the restriction
of v to dom(v) is a semi-variation as defined in Definitions 2.1. An extended semi-

variation is said to be exhaustive if its restriction to dom(f) is exhaustive.

Theorem 2.10. Any pointwise supremum v of o family {v;} of extended semi-variations

13 an extended semi-variation.

Proof. The two first properties in Definition 2.9 are plain. Now suppose:

[y fn € Lyandf < an

n=1
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For every i, we have v;(f) < Yoo, vi(fn). But for every f, we have v(f) = supv;(f).
Therefore v;(f) < ), v(fa). Taking the pointwise supremum in the left hand member

gives: v(f) < 32, v(fn)- O

It’s worthwhile to note that the pointwise supremum of a family of exhaustive extended
semi-variations may fail to be exhaustive. For instance let T' be a compact set. For every
t € T the function f + |f(t)| is an exhaustive semi-variation on the space C(T"), but the

semi-variation f — sup,c |f(¢)| is not exhaustive unless T is finite.

3. Semi-variations on measurable spaces

Let (T,7) be a measurable space. £(7) or £ denotes the space of T-simple
functions. We shall apply the results of Section 2 to the case £L =€&.

Theorem 3.1. Let (T',7) be a measurable space and v a semi-variation on €. For

every function f € L'(v), there ezists a function f' € L'(v), T-measurable such that
v(f-f)=0

Proof. Let us témporarily denote by £*7 and L7 respectively the subspaces of 7-
measurable elements of £*(v) and £!(v). Let us look at Theoreme 2.3. Suppose f, €
L7, The set N where the series Y>>, fn(t) doesn’t converge absolutely belongs to 7.
If we put f(t) = 0 for ¢ € N, then f € £L1'7. Consequently L7 is complete. Now
let f € L1(v). There exists a sequence f, € £ such that lim,v*(f — fn) = 0. As
{f.} is a Cauchy sequence in £17, it converges to a element f’ € £7 and we have

v (f-f)=0. O
Note that the quotient of £'7 by v* is L!(v).

Definition 3.2. A measurable space (T,7) is said to be complete with respect to a

semi-variation v on £(T) if
ABeT , BCA, v(14)=0 = BeT

Lemma 3.3. Let (T, T) be a measurable space and v a semi-variation on €. Let A be

v-negligible. Then there exists B € T such that A C B and v(15) =0

Proof. Suppose v*(14) =0. Let € > 0. According to the definition of v*, there exists a
sequence { f,,} of elements of £, (7) such that 14 <), v fnand ), v v(fn) < €. Put
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B={teT| ¥, cnfa(t) >1}. Then B€ T and 15 < Y, v fn - Therefore according
to the o-subadditivity of v: v(18) < 3, cw v(fn), and v(1B) <e&.

Taking € = 1/n (n € IN), we get a sequence of elerﬁents B,, € T such that
A C By, and v(1p) < 1/n. Taking B = (), ¢y Bn, we get A C B and v(1p) =0. O

Theorem 3.4. Let (T, T) be a measurable space and v a semi-variation on £. Define
T' as follows:

A€eT <= 3B € T such that v*(Ay B) =0

Then T’ is a o-algebra and (T, T') is complete with respect to v.

Proof. Let A € T' and B € T such that v*(Avw B) = 0. We have Ayy B = A°vy B¢ and
therefore 4° € T".

Now let {A,} be a sequence of elements of 7’ and, for every n, B,, € T such that
v*(An v Br) = 0. We have |J,, An v U,, Bn C U,, An ¥V Bn. That implies {J,, A, € T".
Hence 7" is a o-algebra. Plainly this o-algebra is complete with respect to v. O

Proposition 3.5. Let (T,T) be a measurable space and v & semi-variation on E(T).
Then we have T' = {AC T |14 € L (v)}

Proof. If A € T' there exists B € T such that v*(14 — 1p) = 0. Therefore 14 € L} (v).

Conversely suppose 14 € L(v). Then there exist N € 7 and a 7-measurable
function g such that 14 = g on T'\ N. Supposing ¢ = 0 on N, we have g = 15 and
v*"(Ay B)=0ie AT a

Definition 3.6. Let (T, 7) be a measurable space and v be a semi-variation on (7). A
real function f is said to be v-measurable if it is the limit v-a.e. of a sequence of 7-simple

functions.

Theorem 3.7. Let (T, T) be a measurable space and v a semi-variation on E(T). Then
f i3 v-measurable iff f is measurable with respect to the o-algebras T’ (theorem 3.4.) and
Bor(R) (in short T'-measurable).

Proof. Plainly every 7’-simple function coincides v-a.e. with a 7-simple function. Sup-
pose f is 7'-measurable and therefore the limit v-a.e. of 7'-simple functions. Then f is
v-a.e. the limit of 7-simple functions.
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Conversely suppose f is v-a.e. the limit of 7-simple functions f,. Let N € T
such that v*(1y) = 0 and 17\ n f5 converges to 1p\n f on T'. As 1p\n f, is T-measurable,

17\n f is T-measurable. For every A € Bor(IV) we have
A vAnNf) A CN
Therefore f~1(A) € T'. Hence f is T'-measurable. O

Consequently any pointwise limit of v-measurable functions is v-measurable.

Proposition 3.8. Let (T,7) be a measurable space and v a semi-variation on E£)(T).
For every v-integrable function f and every bounded v-measurable function g the function

fg s v-integrable.
Proof. Let g be v-measurable and bounded. Define g,, as follows:
gn(t) =h27"if f(t) € {h27",(h+1)27"}

Then g, € (7') and |gn — gm| < 27" if m > n. On the other hand let {f,} be a sequence -
of elements of £(7") such that f,, converges v-a.e. and lim, v(f — f,) =0. Pickk, K € IR
such that Vn € IN  v(f,) < K and |gn| < k. Then we have:

Jngn — fm@m = (fn ~ fm)gn + fm(gn - gm)

and therefore:
|fngn — fmgm| = k|fn = fm| +1fm| 27"
and
V(fngn — fmgm) = kv(fn — frm) + K277
Hence lim, v(fnfr — fmgm) = 0. The sequence {fgn} is a Cauchy sequence in £'(v)

and converges v-p.p. to fg. We conclude that fg € L(v). O

Theorem 3.9. Let (T',7) be a measurable space and v a semi-variation on £(T). Sup-

pose f € L'(v) and g v-measurable. If |g| < |f| then g € L' (v) .

Proof. We have g = f(g/f) (with g(t)/f(t) = 1if f(t) = 0). By the preceding proposition
g is v-integrable. O
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Definition 3.10. Let (T, 7) be a measurable space and v be an exhaustive semi-variation
on (£,7). A sequence {f,} of v-measurable functions is said to converge v-almost uni-
formly to a function f iff for every € > 0, there exists a v-measurable set A, such that

v*(T \ Ac) < e and f,, converges uniformly to f on A..

Theorem 3.11. [Egorov] Let (T, T) be a measurable space and v be an ezhaustive semi-
variation on (£,7). A sequence {fn} of v-measurable functions converges v-a.e. to a

Junction f iff {fo} converges to f v-almost uniformly.
PB. Thorme I1.31. O

4. Integrability of vector functions

Definition 4.1. Let (T, 7) be a measurable space and v a semi-variation on (7). Let E
be a Banach space. An E-valued function f is said to be v-measurable if f equals v-a.e.

the limit of a sequence of 7-simple functions.
If f is E-valued v-measurable function then ||f(.)||g is v-measurable.

Definition 4.2. Let (T, 7) be a measurable space and v a semi-variation on (7). Let
E be a Banach space. Then £}(v) denotes the space of all v-measurable functions such
that || f()lig € £'(v).

Theorem 4.3. L1 (v) is a vector space.
Proof. Let us prove

flg€Lp(v) = f+g€Lipb)

We have ||(f + g) (O < IFOI+1lg()]l- Hence ||(f + g)(.)]| is v-measurable and majorized

by an integrable function and therefore is integrable. O

The space L};(v) is endowed with the semi-norm £ = || [[f()llg ll¢1()-
The quotient of £1,(v) by the v-a.e. equality will be denoted by L} (v).

Theorem 4.4. Let v be a semi-variation on (T). Then the space L}(v) is complete.

Proof. Let us prove that every sequence {f,} of members of L} (v) with:

z fall g o) < o0

nelN
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has a sum in L (v) . Put gn = ||fa()ll. By definition [|fallz () = llgnllz(,) and
therefore:

Z ”gnllcl(v) < o0

nelN
Lebesgue’s theorem on series yields:

Y lgmt)<oo  v—ae.
neN
Hence there exists a v-negligible set N such that for every t ¢ N, we have:
o fa®lle < 00
neiN
The space F being complete, for every ¢t ¢ N there exists f(t) € F with
f&)y=")_ falt)

neiN
For t ¢ N, put k,(t) = "ZpSn fp(t)"F and k(t) = ||f(#)|l - If a T-measurable positive
function is majorized by an element of £!(v) then this function belongs to £!(v). Hence
we have kn € £1(v) because kn(t) < 3, <, I fp(t)]l. On the other hand k(t) = limp kn(t)
forallt ¢ N.

For m < n, we have:

[kn(t) —km(t)] = Z Fp(t) E fp(t)
p<n F p<m
< IDoAHB- fp(t)
p<n p<m
= Z fp(t)
p=m-1
Hence:
"kn - km”c,(u) < Z fp(-) Z fP
p=m+1 Flig, ) p=m+1 L},(v)

That implies the sequence {k, |n € IN} is a Cauchy sequence in £1(v). As kn(t) con-
verges to k(t) for all ¢ ¢ N, we have k € £L!(v), which proves f € L}(v)). It remains to
prove that the sequence {f,} converges to f in £}.(v) . We have:

N
‘f oy T 1 S 1.0

n=1 n>N a>N

D on

n>N

LE(v) £1(v) £1(v) £1(v)
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As the limit of the last expression is null, the theorem is proven. O

Theorem 4.5. [Theorem of dominated convergence] Let v be an ezhaustive semi-variation.
Suppose {f,} is a sequence in L} (v) and h € L} (v) such that ||fo()|| < b v-ae. If

fn(t) converges v-a.e. to a function f, then f € L, (v) and f, converges to f in L1 (v).

Proof. Applying Theorem 2.8 to the function || f,(.)|| proves ||f(.)|| is integrable so f €
L} (v). Applying this theorem to the function ||f,(.) — F(.)|| proves that f,, converges to
fin L} (v). O

5. The contextual semi-variation

Let (T,T) be a measurable space. We are given three Banach spaces E, F and
G and a bilinear continuous application y,z = y ® z of F x E into G. The 4-uple
(E,F,G,®) will be called a bilinear context. Let us consider a mapping m of 7 into E
such that for every y € F, A — y © m(A) is a (strong) measure on 7 with values in G.
A particular case of such a mapping is an E-valued (strong) measure.

If f is a T-simple functions with values in F', then its integral with respect to m
is defined by

ff®m=Zye®m(A,~)

if {A;} is a finite partition of T and f = }_;14,y;. Define [, fOom = [(14f) ©m. Then
the application A = [, f ®m is a (strong) measure with values in G which is denoted
by f O m.

Let us first define a semi-variation of m which we shall call ”contextual” semi-

variation because it depends on the context (E, F, G, ®). For every h € put:
wt) =sw{| [ rom| | 7emtson<m}
G
and w(A) = w(14). Then
w(A) = sup { 3" y; o m(B;)|| | {B;} finite partition of A,y; € F, [ly;l| < 1}
i

For every partition {A4; | i € IN} of A, one have:

w(d) <) w(A)
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Indeed let {B;} be a finite partition of A and y; € B(F). We have:

Il

> llys om(B))ll D> yiom(B;n4)
J 7 i

= D2 yiomBin4y
i J

< Y ID_viom(B;in A)
i J
< D w(A)

)

This gives the announced inequality. More precisely the following result holds:
Theorem 5.1. w s an extended semi-variation.
Proof. (0) An easy checking gives:

0<fi<fo = v(fi) Lv(f2)

(1) Let us first prove that {A,} being an increasing sequence in 7 whose union is T,
then w(h) = lim, w(14_ h). We may suppose h > 0.

(1a) Suppose w(h) < . Let € > 0. There exists a function f = 3 ;; 18,¥i,
where {B;} is a finite partition of T', {y;} a family of members of F, such that |14, (.)y;|| <
het wh)—e < |I3;yi ©m(B;)|. For every n € IN, put fp, = 14, f, te. : fn =
i 1Bina.yi. We have [ foOm = Y,y ®©m(B; N A,). For every i € I, we have
lim, y; © m(B; N A,) = y; © m(B;), because y; © m(.) is a strong measure. Therefore
there exists IV such that

<eg

n>N — ”/f@m—/f,,@m’

Hencen > N =  w(h)—2¢ < [ fn®m with ||fo(.)|| < h. The assertion is proved.

(1b) Suppose w(h) = oo. Let M > 0. There exists a function f = Y ;c; 11,9,
where { B;} is a finite partition of T, {y;} a family of members of F', such that ||14,(.)y;]| <
h et ” If Om” > M. Defining f, = f14,, one sees that there exists NV such that

n>N = "/f@m-—/fn@m <e

Thereforen > N — J fa®m > M —e. The assertion is proved.
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(2) Let us prove that
hhn€r y D hn2h = Y wha) 2w(h)
n n

Let g, = :zo hpet A, = {t € T | gn(t) > (1 —€)h(t)}. The sequence {A,} is increasing

and its union is T. We have g, > (1 — €)14,h, and therefore w(g,) > (1 — e)w(1a, h).
Furthermore w(gn) < 3°7_ow(hy). Hence

3 wllhy) > (1~ eJu(ia, b)
p=0

Making n converge to +00, we get: -
D w(hy) > (1 - e)w(h)
P

As € is arbitrary:

ZM(hp) > w(h)
P

Proposition 5.2. Suppose m is a (strong) E-valued measure. If f €p, then

ﬂf fom| < [0l var(m)

Proof. Let f = ), &4, with & € F and {A;} a finite T-partition of 7. We have
JF®@m=73,;& ®m(4;), and therefore

| som

IA

Yl o m(4)

I

> llgl im (Al
< DNl var(m)(4:)

S50 vas(m)

O

Corollary 5.3. Supposem is a (strong) E-valued measure. The contextual semi-variation
w 18 majorized by var(m). In particular if var(m) is o-finite, then the same is true for
w.
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In the case w is exhaustive, we may introduce an important class of integrable

functions.

Definition 5.4. Let w be exhaustive. A function f from T into F is said to be Bochner-
integrable iff f € L} (w).

Note that we have restricted the notion of Bochner-integrability to the case w
is exhaustive. Without this restriction the definition of Bochner-integrability would lead
to pathological facts as we shall see further.

As we have

VAeT,fer (fOom)A<Lu(f())
and as r is dense in L},(w), the map A — (f ®m)(A) may be extended by continuity to
L} (w) and the map A — (f ® m)(A) is a vector measure. We may put:

(BOCHNER) / ) fom=(fom)4)

Theorem 4.5. may be translated into the following theorem.

Theorem 5.5. [Theorem of dominated convergence] Let w be exhaustive. Suppose {fn}
is a sequence of Bochner-integrable functions and h € L) (w) such that ||fo( )|l < h
w-a.e.. If fo(¢) converges w-a.e.to a function f, then f is Bochner-integrable and f,

converges to f in L (w).

6. The intrinsic semi-variation of a vector measure

Suppose m is an E-valued measure. Taking F = IR and G = E, the contextual
semi-variation w is called the intrinsic (or scalar) semi-variation of m and is denoted by

m*. In other words we put:

Vh e m®(h) =sup{"/f m“ I feplfl< |h|}

and m*(A) = m®(14).
When no context is present, the name ”semi-variation” will refer to the intrinsic
semi-variation.

The following theorem is fundamental in the theory of vector measures.

Theorem 6.1. The semi-variation m® of a measure m is ezhaustive.

Proof. [PB] Theorem VI.10. g
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Let v be a sen:;i-vaﬁation on (T, T) and j be the canonical mapping of (7', 7)
into L'(v). It is easy to prove that if j is a measure then its semi-variation is v and that if
v is exhaustive then j is a measure. As a consequence we have the next Proposition. Let
us first give a notation. If v be a semi-variation on (T, 7), Vv denotes the set of all real
measures (considered as linear forms on (T, 7)) majorized by v. By the Hahn-Banach

theorem the following formula holds:

Vie (T, T) v(f)=sup {/fu lue Vv}

Proposition 6.2. Let v be a semi-variation on (T,T). The following properties are
equivalent: )

(1 ) v 13 ezhaustive

(2) For every decreasing sequence {A,} of elements of T with empty intersection,
one has lim, v(4,) =0

(8) For every countable T -partition {T,} of T, one has lim, v(T},) = 0.

(4) Vv is relatively weakly compact. 2

Proof. (1) implies (2) by the theorem of dominated convergence.

Suppose (3) fails. Then we can find § > 0 and a countable family {B,} of disjoint
elements of 7 such that v(B,) > 8. By replacing By by By N (T \ U, B,) we obtain a
partition {By} such that v(B,) > §. Putting A, = Up>,B, we contradict (2). Hence
(2) implies (3).

Suppose (3) holds. Let {A,} be a sequence of elements of 7 with empty inter-
section. Putting T, = A, \ A,41, we obtain a partition {T,}. Hence lim, v(T,) = 0 and
a fortiori lim, v(A,) = 0. Hence (3) implies (2).

Suppose (2) holds. For every countable 7-partition {Ty,} of T, one has

limo(T\ |J Tn) =0
" n<N

That means the canonical mapping j of (T, 7) into L!(v) is a measure and v is its semi-

variation. Therefore v is exhaustive. Hence (2) implies (1). The equivalence between (3)

2 People working with set-defined semi-variations would be interested by the set Ov“of all scalar measures u
such that p(A) < v(A) for all A € 7. As Vv C 8v if 8v is relatively weakly compact then the same is true for Vv.
Conversely if Vv is relatively weakly compact then (2) shows that for every decreasing sequence {Ay } of elements of T
with empty intersection, one has litn, u(An) = 0 uniformly with respect to u if 4 runs over 8v and that means 8v is

relatively weakly compact.
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and (4) is a direct consequence of the Hahn-Banach theorem:

o(T'\ U Tn)-—‘suP{l‘(T\ U Ty) I [LGV'U}

n<N n<N
and the equivalence between uniform o-additivity and relative weak compactness in the

space of real measures. O

As a byproduct of the proof we have the following result:

Lemma 6.3. Let v be a semi-variation on (T,7). If v is not ezhaustive, then there

exists § > 0 and a countable partition {T,} of T such that v(T,) > 6

Let us remark that if {m,} is a sequence of vector measures defined on (T, T)
then m, (A) converges to 0 uniformly with respect to A iff m?,(T") converges to 0. The

following result plays an essential role in the next sections.

Theorem 6.4. [Vitali-Hahn-Saks] Let (T, T,p) be a measure space, E a Banach space
and {my,} a sequence of E-valued measures. It is assumed

(1) all the my, are absolutely continuous with respect to .

(2) for every A € T, the sequence {mn(A)} converges.

Then:

Ve > 0 3dn such that p(A)<n = [Imn(A)|| <€ foralln € IN
Eqgquivalently:
Ve > 0 3n such that p(A)<n = mp(4)<eforallne N

Proof. Cf [DS] II1.7.2. O

Corollary 6.5. With the hypothesis of Vitali-Hahn-Saks theorem, the sequence {m,} is

uniformly o-additive.

Corollary 6.6. With the hypothesis of Vitah’-Hahn-S"aks theorem, if one puts
VAeT m(A) = li;n my(A)

then m is an E-valued measure.

Proof. Cf [DS] 1V.10.6. O
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Remaark 6.7. The theorem of Vitali-Hahn-Saks and its corollaries may be easily deduced
from the case of scalar measures (e.g. [PB] Theorem XV.9). Suppose first E is separable.
Then there exists a sequence {£,} in B such that ||z|| = sup, (z, &) for every z € E.
The measures (my(.), &) satisfie the hypothesis of the Vitali-Hahn-Saks theorem for

scalar measures. Therefore
Ve dn  plA)<n = [(ma(A), &) <€
and consequently
Ve 3n  pA)<n = |ma(A)l<e

Consequently (E being supposed to be separable) the vector measures m,, are
uniformly o-additive.

In the case E is not supposed to be separable let {Ax} be a countable partition
of T and T’ the o-algebra generated by this partition. The restrictions of the mea-
sures {my,} to 7’ have their values in a separable space and therefore are uniformly
o-additive. But this implies the {my,} are also uniformly o-additive as well as the
{(mn(.),y) | n € IN,||ly|]| < 1}. Hence this family of measures is relatively weakly com-
pact. By the Dunford-Pettis theorem ([PB] theorem VIL.18) we have

Ve 3n  wuA)<n = VWnelN|y|<1l [ma(d),y)|<e
and therefore
Ve 3n wA)<n = VneN |mn(d|<e

Ezample 6.8. Let F and E two Banach spaces and suppose F' C E’ and that F is a
norming subspace for E. Fory € F, z € E put y©®z = (y,z). Suppose m is an E-valued
measure. Let us compute the contextual semi-variation w.

By Corollory 5.3., we know that w < var(m). Let us prove that the equality
holds.

Let h €4 with h = }_ . 1p;2; where {B;} is a T finite partition of T and z; € .
We have

w(h) = sup {Z (s> m(Au'))}
ij
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where the sup is taken over all finite partitions {A;;} of B; and ||¢;|| < 2;. For every
i,j we have
sup { (615, m(A45)) | 11s31) < 25} = 2 Im(Ag)]
and therefore

w(h) = sup {sz [lm(Ai ) I {Ai;} finite partition of Bj}

ij

= sup {Ezjz||m(A,~,~)|| | {A;;} finite partition of BJ-}
7 i

3 #yvar(m)(B;) = [ b vas(m)
j

Finally we obtain the announced equality: w = var(m). The integral of a function f
with respect to m may be denoted hy f (f , m).

Ezxample 6.9. Dinculeanu considers in his treatise [DIN] the following situation. Two
Banach spaces are given as well as a L(Y, X)-valued additive set function m. It is
supposed that for every y € Y, m(.)y is o-additive, i.e. is a X-valued measure. This
property is nothing but the o-additivity of m for the strong operator topology on L(Y, X)
(see section 1).

Given f € its integral with respect to m is given by

[rom=mu it 5=Y &

with {A;} being a finite 7-partition of T' and §; € F. This setting has been intensively
studied by Dobrakov([DO1] and [DO2]) so we will refer to it as the Dobrakov setting. We
suppose that the mapping m(.)y is o-additive for every y € Y so the Dobrakov setting
is a particular case of the bilinear one with E = L(Y, X),F =Y,G = X,y©Qu = uy.

Following the Orlicz-Pettis theorem the assumption on m is equivalent to the
following: for every y € Y and every 2’ € X' the mapping (m(.)y,z') is a measure. That
means m is a weak measure for the duality (L(Y, X),Y ® X').

Let Z be a subspace of X' norming for X. For every z € Z the mapping y,u —
{z,uy) is a bilinear form. We may consider the measure m, such that m,(A4) = zm(A)

for every A € T. For every simple function f we have:

/fmz=<z,/f®m>
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Let us compute the contextual semi-variation w of m. We have for h €,:

wwy = sw{|[ rom| | 100 <n}
= s {(= [ fom) [ 10N <1l <1}
= sup {| [ ma)| | h700 < et < 1]

sup { / h var(m;)

We will now show how a problem of integration in the bilinear setting may be

el <1}

transformed into an equivalent one in the Dobrakov setting. Let (E, F,G,®) a bilinear
context and m a E-valued set function such that y ® m(.) is a G-valued measure for
every y € F. For every A € T let p(A) € L(F,G) defined by p(A4)y = y ©® m(A) for every
y € F. For u € L(F,G) and y € f put yQu = @y Suppose f € with f = ) . &4,
where {A;} is a finite T-partition of T' and &; € F. We have:

[ 1er=3cena) = S pde = S eom(a) = [ fom

Let us compare the contextual semi-variations w and @ of m and p. We have for every

h €4

w(h) = sup{

Z"‘A"’f"“ | 3o Nesli 1, < h}

= sup{llﬁ.'@m(Ae)ll | le&'lllm Sh}

= w(h)

Hence @ = w.
If m is an E-valued (strong) measure, then p is a L(F, G)-valued (strong) mea-

sure. Indeed we have
lp(A)]l = sup {p(A)y | y € Br} =sup {y ©m(4) | y € Br} < ||o||{Im(A)ll
But we can only prove the inequality p* < ||®]| m®.

Ezample 6.10. The following example stems from [DO1] (example 7). Put 7' = IN and
T = P(IN). Use the Dobrakov setting with X =11, Y = cqg. Suppose we have a bounded
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sequence {£,} in co. For every A C IN define m(A) € L(I*,co) by m(A)z = Y, 4 zes-

For every z € 1', m(.)z is a cp-valued measure. Furthermore we have

D omb

teA

Im(A)|| = sup {

EQEE 1} = sup {ll&ll | t € A}

Hence if limy, ||£,|| = 0 then m is a L(1*, cp)-valued measure.
By choosing appropriately the sequence {¢;} we can manage to get the contextual
semi-variation w being finite but not exhaustive. For example choosing
61 = [1701():- --]
€2 = 63 = [0)1/270’0,~ . ]

=&=6 = [0,0,1/3,0,0,...]

Then one finds that for any h €, one has:

w(h) = sup{ Z(f(t))tftl | fen . 17O h} =D hd)&
teN teN
In particular:
w(4) = th
teA

We get w([k,k+ 1,k+2,...] =1 for every k € IN and therefore the following

condition fails: limw(Ax) = 0 whenever {A} is decreasing and has empty intersection.

7. Bilinear Integration

In this section we consider a bilinear context (E, F, G, ®). Given an E-valued set
function such that y @m(.) is a G-valued measure for all y € F' we define the integrability
and the integral of a F-valued function with respect to m. The contextual semi-variation

is denoted by w.

Lemma 7.1. Let {v,} be a sequence of (strong) vector measure on a measurable space
(T, T). There ezists a positive measure p on (T, T) such that u(A) =0 <= vy(A) =0

for every n.

Proof. Let py, be a control measure of v,,. It suffices to take p =3 27"u,/ |luall. O

.
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Lemma 7.2. Suppose w o-finite. Let {fn} be a sequence of simple functions converging
w-a.e. to 0. Suppose for every A € T, the sequence {(fn ® m)(A)} converges. Then it

converges to 0, uniformly with respect to A.

Proof. Let N € T such that w(N) = 0 and f, converges on T'\ N to f. Replacing f,
by 17\n fn, doesn’t modify f, © m and brings us to the case f, converges everywhere
to 0. Let p be the measure associated with the sequence {f, ®m} by the preceding
lemma. As the measures f,, © m are absolutely convergent with respect to u, following
the Vitali-Hahn-Saks theorem, there exists n such that

pA<n = lI(fnom)(4)ll<e/2

Now by the Egorov’s theorem, as f,, converges to 0 w-a.e. (and therefore u-a.e.), there
exists C,, such that u(T"\ C,) <7 and f, converges uniformly to 0 on Cy,.

As w is o-finite we may suppose w(Cp) < oco. Indeed let us consider a countable
partition {Ti} of T such that w(T%) < 0o. Put Sy = U<, Tn and Ry = U5, Th- We
first take Cj, such that u(7T'\ C;) < 7/2 and {f»} converge; uniformly to Cy. For k large
enough, one have u(C;, N Ry) < €/2. Taking Cy = C7 N Sk, we obtain u(T'\ Cy) < 77 and
{fn} converges uniformly to Cy,.

Now have:
(fn@m)*(T) < (fnOom)*(Cy) + (fnOm)* (T \ Cp)
But
(fa @m)*(Cy) <w(lc, £
There exists N such that
n>N = [fa®l <e/2w(Cy) forall teC,
That gives
n>N = (from)*(T)<e/2+e/2=¢

O

Definition 7.3. Suppose w is o-finite. A function f from T into F is said to be integrable
iff there exists a sequence {f,} of simple functions such that

(1) fn converges w-a.e. to f

(2) For every A € T, the sequence {(f, ©® m)(A)} converges.
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The preceding lemma ensures that if two sequences {f»} and {f},} fulfill the con-
ditions of the preceding definition, then for every A € T, the two sequences {(f, @ m)(A4)}
and {(f}, ®©m)(A)} have the same limit. If f is an integrable function, one may put:

[tom=tmtom@)  [fom=lm(t,omm)

A glance at Corollary 6.6. shows that the mapping A — [, f©@m is a G-valued measure.
This measure will be denoted by f ® m.
Any integrable function f is w-measurable (i.e. is w-a.e. a limit of simple func-

tions) as well as the function ¢ = || f(2)]]

Lemma 7.4. The conditions of the preceding definition are supposed to be satisfied.
Then (fn, ® m)(A) converges uniformly to (f ®m)(4) for A€ T.

Proof. Let p the measure associated with the sequence {f, ®m} by lemma 7.1.. Let
€ > 0. There is 7 such that

pA)<n = (from)*(4) <ecand (fOm))(4)<e

There exists C, such that u(T \ C,) < n and f, converges uniformly to f on C;,. As w

is o-finite, we may suppose w(C,) < co. Then we have
(fn = H)@m)*(T) < (fn — £) @m)*(Cy) + (fn @©M)*(T'\ Cy) + (f ©m)*(T'\ Cy)
There exists N such that
n>NteC, = |f)-fu®)l<e

Then we have:
((fa = f)om)*(T) < ew(Cy) + 2

and therefore lim, ((f, — f)@m)*(T) =0. O d
Lemma 7.5. Let f be integrable and C € T. Then 1¢f is integrable and
VAeT (lcf om)(A) = (fOmM)(ANC)

Proof. Let {f,} be a sequence as considered in Definition 7.3.. One easily checks that
(1cfrn @ m)(A) = (frn © m)(AN C). Therefore lim,(1c f, ©® m)(A) exists for all A € 7.
Therefore 1¢ f is integrable and passing to the limit gives the announced equality. O [

79



ROBERT PALLU DE LA BARRIERE

Theorem 7.6. Let w be o-finite and ezhaustive. Then every Bochner-integrable function

is tntegrable.

Proof. (1) Suppose first w is finite. Then by [PB),Théoréme VIIL.13., f is dense in L, (w).
Let f € L% (w). There exists f, € which converges to f in Ll.(w). By extracting a
sub-sequence, we may suppose that f, converges to f w-p.p.. But for all A € T, we

have:

I(fa ©m)(4) = (fp @ M)Al < wlllfa() = HoOI) = I1fn = foll c1 (w)

Hence the sequence {(f, ®m)(A4)} is a Cauchy sequence in F. That proves f is inte-
grable. )

(2) Suppose now w is o-finite. Let {S,} a increasing sequence of members of T
such that for every n, w(S,) < 00 et UpS, = T. Let f € L} (w). For every n, there is
fn €F, null outside Sy, such that ||f — fullc1 () < 1/n. The proof is achieved as in (1)
by using the sequence {f,}. O

Theorem 5.5. takes the following form:

Theorem 7.7. [Theorem of dominated convergence] Let w be o-finite and ezhaustive.
Suppose {fn} is a sequence of Bochner-integrable F-valued functions and h € L1 (w) such
that || fn()l| < b w-a.e.. If fo(t) converges w-a.e. to a function f, then f is Bochner-
integrable and f,, converges to f in L},(w). Moreover [ f, ©m converges to [ f©m and
((fn — f) ©m)*(T') converges to 0.

Ezample 7.8. TakeT = IN,T = P(IV). Then f is integrable iff the sequence { f(k) © m(k)}

is summable.

Proof. (1) Suppose {f(k) ® m(k)} is summable. For n € IN, define f,(k) = f(k) ift <n,
= 0 otherwise. Then f, €r and f,(k) converges to f(k) for all k. As f, = 1j0,n)f, We

have by lemma 7.5.:

(fnom)(A)= D f(k)om(k)

k<n,kcA
Hence f is integrable and

(f © m)(4) = lim(f ©m)(4)

In particular
(f ©m)(k) = lim(f, @ m)(k) = f(k) ©m(k)
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(2) Suppose f integrable. Then f ®m is a summable sequence. By lemma, 7.5. we have
(f @ m)(k) = (L1{x} f) @ m)(IN), i.e. (f ©m)(k) = f(k) ® m(k). Hence the sequence
{f(k) ®m(k)} is summable. o

Lemma 7.9. w is supposed to be o-finite. Let {f,} be a sequence of integrable functions
converging w-a.e. to 0. Suppose the sequence {(fn, ® m)(A)} converges for every A€ T.

Then this sequence converges to 0, uniformly with respect to A.
Proof. As for lemma 7.2.. 0O

Theorem 7.10. [First theorem of convergence] The semi-variation w s supposed to be
o-finite. Let {f,} be a sequence of integrable functions such that:

(1) fn converges w-a.e. to a function f

(2) For every A€ T, (fn ©m)(A) converges in F

Then f is integrable and (f, © m)(A) converges to (f © m)(A) uniformly with
respect to A. In other words lim,((f, — f) ©m)*(T) =0.

Proof. Let {h,} a sequence of simple functions converging w-a.e. to f. Let y as defined
by lemma, 7.1. using the measures {f, ®m |n € N} J{h, ©m |n € IN}. Then f, —h,
converges to 0 w-a.e. and therefore y-a.e..Let { Dy} be an increasing sequence of members
of T such that f, — h, converges uniformly to 0 on Dy and limg u(T\ Dg) = 0. Asw
is o-finite, we may suppose w(Dy) < co. Put D =J, Dy and N =T\ D. For every k,
choose ny, such that sup {||fn, (2) — hn, (B)|| | t € Dx} < 1/kw(Dy). Put gx = 1p,unhn,-
Then {gx} is a sequence of simple functions which converges w-a.e. to f .

For A C N and every n € IN we have (f, ©m)(A) = 0 and (h, ©m)(4) =0

and therefore:
((gx — frn) @m)*(T) = ((gk — fnr) ©m)*(D)
< (9% = fru) ©m)°(Di) + ((gk — fr) ©m)*(D \ Dx)
= (g% = fnr) @ m)*(Dg) + (fn, @©m)*(D \ D)
< 1/k+ (fo ©m)*(D \ Dy)
Let us appl& the Vitali-Hahn-Saks theorem (Theorem 6.4.) to the sequence of measures
{fn. ©m | k € IN}. For every € > 0, there is 7 such that u(C) <n => (fa, ©m)*(C) <
e. But there exists K such that k > K = u(D \ Di) < 7. Then we have k > K =

(fax @ m)*(D \ Dg) < e. That proves limg(f,., @ m)*(D \ D) = 0.
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It follows that limk((g — fn,) ©@ m)*(T) = 0. Then for every A € T, we have
lim((gx © m)(A4) = (fn, ©m)(4)) =0
The sequence {(gr ® m)(A)} converges and
lim(gx © m)(4) = im(fn, ©m)(4) = lUim(f» ©m)(4)

This proves that f is integrable.

For every integrable function f, put p(f) = (f ® m)*(T). One has p(f — fn,) <
o(f — gr) +p(gk — frn,) and therefore limg p(f — fr,) = 0. But applying lemma 7.9. to the
double sequence {f, — fa'}, one gets limy, n p(fn — fnr) = 0. Therefore lim, p(f — fr) =
0. = o

Lemma 7.11. w is supposed to be o-finite. Let f be a measurable function with values
in F and {f,} be a sequence of simple functions such that:

(1) fn converges w-a.e. to f

(2) for every A € T, the sequence {(fn ® m)(A4)} converges.

Let given a sequence of simple real functions {\,} such that A\ (t) < 1 and
lim, An(t) = 1 for everyt € T. Then for every A € T, one has lim,(fr, ® m)(4) =
limp ((An fn) © m)(A4)

Proof. Let p as defined by lemma 7.1. using the measures {f, ©® m} Let € > 0. Thereisg
such that u(A) <7 => ||f» © m)(4)|| < &. Then there exists C,, such that u(Cy) < nand
on Cy, A, (%) converges uniformly to 1 and f,, () converges uniformly to f(t). Furthermore

we may suppose w(Cy) < co. Then we have
(fn @m)(A) = ((Anfa) @ m)(4) = (1 = Anfn) © m)(A4)

= (1=} fn @m)(AN Cp) = (Anfu @ M)(AN(T\ Cp)) + (fn @m)(AN (T \ Cy))
The following inequalities hold:

”((1 - /\n).fn O] m)(A N Cfl)“ < Q(Cn) glelg()\n(t) - 1) *

IAnfr @ m)ANT\C)II < (fnOm)*(T\Cy) <€

l(from)(ANT\CHI < (fa@m)*(T\Cp) <e
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There exists N such that n > N = sup,ep(An(t) — 1) < e/w(Cy). Forn > N,
we get:
[(fn @m)(4) = (Anfn) @ m)(A)|| < 3¢

This allows to conclude. | O

Lemma 7.12. w is supposed to be o-finite. For every integrable function f, there is a
sequence {frn} of simple functions such that

(1) fn converges w-a.e. to f

(2) for all A € T, the sequence {(frn ®m)(A)} converges.

(3) for alln, || fu O < NFOI -

Proof. Let {fn(t)} a sequence which fulfills the 2 first conditions. Let us consider a
sequence {ky} of simple functions such that 0 < k,(t) 5. I fn(®)]] et limy, kn(t) = || f (@)l
m-a.e. and define A\, (t) = inf {1,k,(2)/ || fa(®)||}. By replacing fn(t) with A, (£) fn(2), we
get a sequence which by the preceding lemma fulfills the 3 conditions. O

Proposition 7.13. w s supposed to be o-finite. Let f be an integrable function with
values in F and h € such that ||f(.)|| < h. Then

| |72+

Proof. Let {fn} a sequence as defined by lemma 7.12.. One has: ||f,(.)|| < h, and
therefore || [ fa® m|| < w(h) The announced inequality is obtained by passing to the
limit. a

<w(h)

Corollary 7.14. For every h €, we have :

/f@m

Recall that in a Banach space E, a sequence {z,} is said to be weakly summable

w(h) = sup { ]

| 1 integraie, 11Ol < 1}

iff the sequence {(zn,y)} is summable for every y € E’. This definition is equivalent
to the following property: the linear mapping ¢ + 3, tn,z, from coo (the space of
eventually null sequences) into E is continuous. Consequently there is a bijection from
the space of weakly summable sequence onto the space L(copg, E). A sequence {z,} and
a linear mapping 9 corresponds to each other by this isomorphism iff ¢(t) = ), tnZn
for every t € co.
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Proposition 7.15. Suppose w is finite. Then for every countable T -partition {T,} of
T and every sequence {yn} in Br, the sequence {y, © m(Tys)} is weakly summable.

Proof. For every finite subset A of IV and every t € cgp vanishing outside A, we have:

Z ta(yn © m(Tn)) = Z(tnyn) © m(Tn) <w(4) < Q(T) <o
neEA neA

O

Lemma 7.16. Suppose w i3 finite but not exhaustive. Then there exists a T -partition
{Tn} of T and a sequence {yn} in Br such that {y, © m(Ty)} is weakly summable but

not summable.

Proof. Following Lemma 6.3. there exists § > 0 and a T-partition of T such that
w(T,) > 8. Following the definition of w there exists for every n € IN a finite family
{Ynx | kK € K} of elements of By and a finite T-partition {T,,x | k € K} of T}, such
that

> Ynk Om(Tnp)| > 6

kEK,

The sequence {ynx @ m(Ty )} is weakly summable but not summable.. O

Recall that if w is finite and exhaustive then every bounded w-measurable func-
tion is Bochner integrable hence integrable. The following corollary proves that this

property characterizes exhaustivity.

Corollary 7.17. Suppose w is finite but not ezhaustive. Then there ezists a bounded

measurable non integrable function.

Proof. Put f(t) = y, for t € T,. Suppose f is integrable. Then we have y, © m(T}) =
(f ©m)(Ty) and the sequence {y, ©® m(Ty,)} is summable. We get a contradiction. O

Recall that a Banach space is said to have the Bessaga-Pelszyrisky property iff every
weakly summable sequence is summable. The classical theorem of Bessaga-Pelszynsky
states that a Banach space has the Bessaga-Pelszyinisky property if and only if it contains

no copy of cg.

Corollary 7.18. If G has the Bessaga-Pelszyrisky property and if w is finite, then w s
ezhaustive.
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We give more characterisations of the Bessaga-Pelszyrisky property in the fol-

lowing theorem.

Theorem 7.19. For a Banach space G the following properties are equivalent:

(0) G has the Bessaga-Pelszyrisky property

(1) G contains no copy of co

(2) For any linear contest (E,F,G,®) such that the conteztual semi-variation
w i finite, w 13 exhaustive

(3) For any linear contezt (E,F,G,®) such that the contertual semi-variation

w s finite, every w-measurable bounded function is integrable.

Proof. (0) <= (1) is the Bessaga-Pelszynisky theorem.
(1) = (2) : if (2) fails the (3) fails by virtue of corollary 7.17.
(2) => (3) : indeed every bounded w-measurable function is Bochner integrable
(3) = (2) by corollary 7.17.
(2) = (1) : Example 6.10. shows that if G = cg, then there exists a bilinear
context for which w is not exhaustive. This remains true if G contains a copy of cp.

Hence if (1) fails then (2) fails too. (W

Swartz ([SW2] Theorem 1) proved the following result: Let X be a arbitrary
infinite dimentional space. The there exists a sequence {m,} in L(X,co) such that
{mnz} is a summable sequence in cq for every £ € X and a bounded sequence {£,} in
X such that the sequence {m,&,} is not summable. This result may be translated easily
into a sharpening of the part (2) = (1) in the preceding theorem.

We now go on to a convergence theorem of Vitali type. The following theorem

([DU] proposition 1.1.17 and corollary 1.5.4) is usefull.

Theorem 7.20. Let {v;} be an arbitrary family of G-valued measures. Suppose that for
all i, v; is absolutely continuous with respect to a positive measure . Then the following
properties are equivalent:

(1) {vi} is uniformly o-additive

(2) For every decreasing sequence {Ax} in T whose intersection is empty, the
sequence {v;(Ax)} converges to 0 uniformly with respect to ‘

(8) For every e > 0 there ezists n such that

p(A) <n=>vj(A) <e
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Proposition 7.21. Suppose w is o-finite. Let {f,} be a sequence of F-valued integrable
Junctions such that f, converges w-a.e. to a function f. If the sequence {f, ©m} is
uniformly o-additive, then the sequence {(f, ® m)(A)} converges for every A€ T.

Proof. Let p the measure associated with the sequence {f, ® m} by lemma 7.1. Let
€ > 0. There exists 7 such that u(A4) <7 = [|(fn © m)(4)|| < . Then there exists C,
such that u(T'\ C,) < n and that f,, converges uniformly to f on C,. As w is o-additive,

it may be assumed that w(Cy,) < co. We have:

(fa @ m)(A) = (fp @ m)(A) = ((f — fp) ©m)(ANCy)
+(fa @m)(AN(T\Cp)) + (fr @m)(AN (T\ (Cy))

and the following majorations:

{(fn = fo) ©m)(ANCY)ll w(Cy) sup ||falt) = f(Il
teANC,

I(Ffn @m)(AN(T\ Cy)ll £ (fa ©m)*(T'\ Cy)
I(fp @m)(AN(T\CHll < (fpom)*(T'\ Cy)
There exists N such that n > N = sup,canc, |fa(t) — fp($)l| < €. Then

n>N = |[(fn0om)(A4) - (f @m)(A)l < w(Cp)e + 2

Hence the sequence {(f, ® m)(A)} is a Cauchy sequence for every A € T. O

Corollary 7.22. Suppose w is o-finite. Then a F-valued function f is integrable iff
there exists a sequence {fn} of simple functions such that:
(1) fn converges w-a.e. to f

(2) the measures f,, © m are uniformly o-additive.

Proof. If f is integrable, then there exists a sequence {f,} of simple functions such that
(fn ©® m)(A) converges for every A € T. The Vitali-Hahn-Saks theorem asserts that (2)
holds.

Conversely if (1) and (2) hold then proposition 7.17. asserts that (f, © m)(A)

converges for every A € 7. Hence f is integrable. O

Theorem 7.23. [Convergence theorem of Vitali type | Suppose w is o-finite. Le {f.}
be a sequence of integrable functions such that:
(1) fp converges w.a.e. to a function f
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(2) the measures f, ® m are uniformly addstive
Then f is integrable and (f, ©® m)(A) converges uniformly to (f © m)(A). In
other words lim,,((f, — f) © m)*(T) =0.

Proof. Proposition 7.21. asserts that the hypothesis of theorem 7.10. are satisfied. O
To end this section we state a result that permits integration by pieces.

Proposition 7.24. Let {Tx} be a countable T -partition of T. Suppose a function f
is such that 11, f is integrable for every k € IN. Then f is integrable iff the sequence
{f14.f ©m} is summable whenever Ay € T and Ay C Tj.

Proof. Tt is easy to prove that the condition is necessary. Suppose it is satisfied. Put

fmy = EkSn 17, f. Then f(,,) converges everywhere to f. For A € 7 we have:

(o @m)(A) = 3 / (Larm, f) ©'m

k<n
Hypothetically the right hand member converges for n — oo. Following Theorem 7.10.

[ is integrable. d
gr

8. Tensor integration

In this section we shall first be concerned with the special case where m is a
vector measure and G is the vector space F &, E (the completed space of F ® E with
respect of the norm £). The symbol ® has to be replaced by ®. After which we will
replace the e-norm with the w-norm. We put L}(m) = L}.(m*®).

A essential tool will be the following notion that enables us to state generaliza-
tions of the Orlicz-Pettis’s theorem. Let E be a Banach space and H be a subset of E'.
Then H is said to have the Orlicz-Pettis’s property iff every E-valued sequence z such
that the sequence {(zn,y)} is summable for every y € H is summable in E. The classical
Orlicz-Pettis’s theorem asserts that E’ has the Orlicz-Pettis’s property. This notion is
discussed in [TH], Appendice II. The following proposition is an easy consequence of the

definitions.

Proposition 8.1. Let (T,T) be a measurable space, E a Banach space and H a subset
of E'. Let m be a map from T into E such that the map A — (m(A),y) is a measure for
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ally € H. If H has the Orlicz-Pettis’s property with respect to E, then m is a ”"strong

measure”, i.e. for all countable T -partition {T,,} of T, one has.
m(T) =Y _ m(Ty)
for the (norm) convergence in E.
Let f ep. If f =3 &14,, ({A:i} being a finite partition of T and §; € F), then:
[1om=% aom4)
Lemma 8.2. Let f €r. Then:
|/ sem| <fleym
Proof. One has:
If®@mll. = sup {Z (&,') (m(4s),7') | 2’ € B(E"),y € Qf(F')}

= sup {/ (F(),¥"Ymy | &' € B(E"),y € %(F’)}

IA

sup { [ 1709 a1 2 € B € B}

IA

sup { [1sOlimat 12 € ve(E')}
= m O

]

Proposition 8.3. For F ® E endowed with the e-norm, the contextual semi-norm w s

me®.

Proof. By lemma 8.2., for every f €, we have || [ f @ m||_ < m*(||f(.)|l) and therefore
w(h) < m®(h) for every h €R.

For the converse inequality, let us pick y € F' such that ||y|| = 1 and consider the
measure (F ® E)-valued measure y ® m such that (y® m)(A) =y®@m(A) forall A€ 7.
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A easy checking gives: (y ® m)® = m®. On the other hand:

womr® = sw{|[svem] |in<n}

Feae] )
<)
| 1|;z,-1,,;(.>y

= sup {}_jz,-(wm)(A,-) |

= sup{
= sup{

w(h)

3 (aiw) @ m(43)

/(Z zilay) ® ml

)

This proves m® < w. O

IA

Consequently the following definition agrees with Definition 5.4..

Definition 8.4. A F-valued function f is said to be Bochner-integrable with respect to
.the E-valued measure m iff f € LL.(m).

Definition 8.5. A F-valued function is said to be scalarly integrable with respect to
the E-valued measure m iff (f(.),y') € L!(my ) for all 2’ € E' and all ' € F'.

In this case for all z’ € E', all y’ € F’' and all A € T, wf, f ® m denotes the
element of (E’' ® F')* such that

<“/A f®m,m'®y’>= [ Oyme

A F-valued m-measurable function f is said to be e-Pettis-intégrable iff:
(1) f is m-scalarly integrable
(2)wf,fO®meF @ Eforall A€ T.

Ezample 8.6. Every Bochner-integrable function is e-Pettis-integrable.

Plainly if f is e-Pettis-integrable, then the map A — wf 4 f®m is a weak measure

for the duality (F &, E, F' ® E'). But we have more:

Theorem 8.7. If f is e-Pettis-integrable, then A wf, f ® m is a strong measure with
values in F ®, E. This measure will be denoted by (f ® m)..

Proof. Indeed following [TH] (Appendice II, Corollaire IL.7), F' ® E' has the Orlicz-
Pettis-property for F & E. O
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Theorem 8.8. Any F-valued e-Pettis-integrable function is integrable in the sense of

Definition 7.3. and conversely.

Proof. (1) Suppose f is e-Pettis-integrable. If is Bochner-integrable, consider a sequence
{gn} in p such that f =lim, g, in £}, (m). By extracting a subsequence we may suppose
gn converges to f m-a.e.. Then f is integrable in the sense of definition 7.3.. Consider now
the general case. For every e-Pettis-integrable function f let us put p(f) = (f ® m)2(T)
Let us take a countable 7-partition {T%x} such that que 17, f € L}(m) for all k. For
every k, there exists a sequence {g,x | n € IN} in p(m) such that g, x vanishes outside
Tk, gn,x converges m-a.e. to flp, and p(fly, — gni) < %2"’. Let us put Sk = Up<xTh
and Ry =T\ Sk.

For all n, let K (n) be such that p(f1Ry,,) < £ Put gn = X4 se(n) In,k- Then

gn converges m-a.e. to f and we have:

P(f=9n) < P(flRyn, — 9n) +P(flRy ()

< Y p(fin — gng) +P(flrg(wy)
k<K (n)
< 2/n

As the sequence {g,} converges m-a.e. and lim,p(f —g,) = 0, f is integrable in the
sense of Definition 7.3..

(2) Suppose now f is integrable in the sense of Definition 7.3.. Pick =’ € E'
and y' € F'. One have lim,, (f,(t),y') = (f(t),y') m-p.p.. On the other hand for every
A €T, the sequence n ++ [, (fn(.),y') mar converges. Hence by [PB] (théoréme 15.10),

(fn(')’yl) €L (mz') and
lifxzn/A (fn(-)s y,) Mg = /A (£()s yl) Mg

So f is scalarly integrable.
For A € T, put P(A) = lim, f, fn ® m. One have P(4) € F ®e E. By the
Vitali-Hahn-Saks theorem, P is a strong measure. Moreover for all ' € E’ and all

v eF,
(P2 @) =lim [ (1209 mar = [ (FO.¥)me

Therefore f est e-Pettis-integrable. O

90



INTEGRATION OF VECTOR FUNCTIONS WITH RESPECT TO VECTOR MEASURES

Ezample 8.9. If E = R, i.e. if m is a scalar measure, then Bochner integrability of a
F-valued function in the sense of definition 8.4. coincides with Bochner integrability
of a F-valued function in the usual sense for m-measurable functions. The e-Pettis-
integrability is nothing but the usual Pettis-integrability. A glance at theorem 8.8 shows
that a F-valued function f is Pettis integrable if there exists a sequence {f,} of simple

functions converging m-a.e. to f such that [, f,m converges for every A € T.

Ezample 8.10. Taking F = IR we obtain the following definition. If m is a E-valued
measure a scalar m-measurable function f is Pettis-integrable iff

(1) f € LY(my) for every ¢’ € E'

(2) defining wf, fm € E'* by

V' e E',AeT <w/ fm,:z:’>=/fm,r
A A

we have wf, fme Eforall A€ T.

By theorem 8.8. this definition is equivalent to the following: there exists a
sequence {f,} of T-simple functions such that f, converges m-a.e. to f and [ 4 fam
converges for every A € 7. The standard theory of integrability of scalar functions
with respect to a vector measure shows the above definition is in fact equivalent to the

Bochner-integrability i.e. to the property f € £1(m).

We go on to the case F ® E is equipped with the n-norm. We suppose that F
has the the approximation property, so as F &, F is a subspace of F &, E.

Definition 8.11. A F-valued m-measurable function will be said to be w-Pettis-integrable

if it is e-Pettis-integrable and if furthermore f®m is a (F &, E)-valued (strong) measure.

For f to be e-Pettis-intégrable, it is not sufficient f ® m to have its values in
F &, E. It is necessary f ® m to be strongly ¢ addditive. The following theorem gives
a very general condition for this condition to be fulfilled.

Theorem 8.12. If F' ® E' has the Orlicz-Pettis’s property with respect to F & E, then
every e-Pettis-integrable function f such that f @ m has values in F &, E is w-Pettis-
integrable.

In particular if F et E are separable and if F has the metric approzimation
property, then every e-Pettis-integrable function f such that f ® m is (F & E)-valued
i3 7-Pettis-integrable.
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Proof. The first asssertion follows from Proposition 8.1..
For the second assertion call to [PB] (théoréme X1.37): the metric approximation

implies:
VX€F&E |X|,=suwp{(X,B)|BeE ®F,|B| <1}

By [TH] (théoréme I1.3 de 'appendice II), this implies that F’ ® E' has the Orlicz-Pettis’s

property for F &, E. The conclusion is now immediate. O

Proposition 8.13. If f €p, then

|/ rom

Proof. It is a particular case of Proposition 5.2.. ad

< / £l var(m)

Corollary 8.14. The contextual semi-variation w attached to the integration with values
in F &, E is majorized by var(m). In particular if var(m) is o-finite then the same is

true for w.

Theorem 8.15. Suppose w o-finite. Any F-valued 7-Pettis-integrable function is inte-

grable in the sense of Definition 7.3. and conversely.

Proof. (1) Suppose f is n-Pettis-integrable. If is Bochner-integrable, consider a sequence
{gn} in F such that f = lim,, g,, in £} (w). By extracting a subséquence we may suppose
gn converges to f ma.e.. Then f is integrable in the sense of definition 7.3.. Consider now
the general case. For every n-Pettis-integrable function f let us put p(f) = (f ® m)5(T)
Let us take a countable 7-partition {T%} such that que 14, f € Lk (w) for all k. For
every k, there exists a sequence {gnx | n € IN} in p(m) such that g, ; vanishes outside
Tk, gn,x converges m-a.e. to flz, and p(flz, — gnx) < 227F. Let us put Sp = Up<xTh
and Ry =T\ Sk.

For all n, let K (n) be such that p(f1r,(,) < 7+ Put gn = 3 4<x(n) In,k- Then

gn converges m-a.e. to f and we have:

p(f—gn) < p(fl'RK(n) ~gn) + p(fIRx(..))

< Z p(flTl. - gn,k) +p(f1RK(n))
E<K(n)

2/n

IA
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As the sequence {g,} converges m-a.e. and lim, p(f — g,) = 0, f is integrable in the
sense of Definition 7.3..

(2) Suppose now f is integrable in the sense of Definition 7.3.. Then it is &-
Pettis-integrable by Theorem 8.8.. Furthermore f ® m is a strong measure with values

in F ®, E. Hence f is n-Pettis-integrable. O
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