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SUFFICIENT CONDITIONS FOR STARLIKENESS II

PETRU T. MOCANU AND GHEORGHE OROS

Abstract. In this paper we study a differential subordination of the form:

azp'(2) + ap®(2) + (B — a)p(2) < h(2),
where

h(z) = anzq'(z) + ag’(2) + (B ~ @)q(2),
with @ > 0, @+ 8 > 0, and the function ¢ is convex with ¢(0) =1, and

a-p

Our results are obtained by using the method of differential subordinations
developed in [1], [2] and [3]. For 8 =1, ¢(2) = 1+ Az and n = 1 this problem
was studied in [4].

1. Introduction and preliminaries

Let A,, denote the class of functions f of the form:

flz)=2 +@nt12" fap22™2 ., 2 €T,

which are analytic in the unit disc U.

Let A= A; and let §* = {f € 4, Re%%z >0, 7€ U} be the class of starlike
functions in U.

We will use the following notions and lemmas to prove our results.

If f and g are analytic functions in Ujthen we say that f is subordinate to g
written f < g, of f(z) < g(2), if there is a function w analytic in U, with w(0) = 0,
|w(z)] < 1 for z € U, such that f(z) = g(w(z)), for z € U. If g is univalent then f < g,
if and only if f(0) = g(0) and f(U) C g(U).

Lemma A. ([1], [2], [3]) Let q be univalent in U with ¢'(¢) £ 0, |¢] =1, ¢(0) = a and
let p(z) = a + an2™ + ... be analytic in U, with p(z) # a, and n > 1.
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If p(z) # q(z) then there ezist points 2o € U and (o € OU and there ism > n
such that:

() p(20) = q(Co)

(i8) 209’ (20) = mCoq’ (So)-

The function L(z,t), z € U, t € I = [0, o0) is called a Loewner chain or a
subordination chain if L(z,%) = a;(t)z + a2(t)2? + a3(t)2® +... for z € U is analytic and
univalent in U for any ¢ € I and if L(2,t;) < L(z,t2) when 0 < ¢; < t5.

Lemma B. ([7]) The function L(z,t) = a1(t)z + az(t)2* + ... with ai(t) #0 fort >
0 and limy_, |a1 ()] = 0o is a subordination chain if and only if there are the constants
r €[0,1] and M > O such that:

(8) L(z,t) is analytic in |z| < r for any t > 0, locally absolute continuous int >0
for each |z| < r and satisfies |L(z,t)| < Mla;(t)| for |z| < r and t > 0.

(i) There is a function p(z,t) analytic in U for any t > 0 measurable in [0, c0)
Jor any z € U, with Re p(z,t) > 0 for z € U, t > 0 such that

0L(z,t) _ zaL(z,t)
ot 0z

p(z,t), for |z| <r and for almost any t > 0.

2. Main results

Theorem 1. Let g be a convez function in U, with ¢(0) =1,

a-—.

70 a>0, a+8>0 1)

Req(z) >
and let

h(z) = anzq'(z) + ag’(2) + (B - a)q(2) )
If the function p(z) = 1+ pp2™ + ... satisfies the condition:

azp/(2) + ap’(2) + (B — @)p(z) < h(2) 3)
where h is given by (2) then p(z) < q(2) and ¢ is the best dominant.
Proof. Let

L(z,t) = a(n + t)2q' (z) + ag*(2) + (B — &)q(z) = ¥(g(2), (n + t)2d'(2)) (4

If t = 0 we have L(z,0) = anzq'(z) + ag?(z) + (B8 — a)g(z) = h(z). We will show that
condition (3) implies p(2) < g(z) and ¢(z) is the best dominant.
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From (4) we easily deduce:

OL(z,t
Ty ?:,t)
t

and by using the convexity of ¢ and condition (1) we obtain:

B—-a

4

2q"(z)

W + 2(1(2) +

=(n+t)[1+

. Hence by Lemma B we deduce that L(z,t) is a subordination chain. In particular, the
function h(z) = L(z,0) is univalent and h(z) < L(z,t), for ¢ > 0. If we suppose that
p(2) is not subordinate to g(z), then, from Lemma A, there exist zp € U, and (o € U
such that p(20) = ¢(Co) with |(o| =1, and zop'(20) = (n + t)¢oq’ (o), With ¢ > 0. Hence

Yo = P(p(20), zop' (20)) = ¥(q(lo), (n + t)¢oq' (Go)) = L(¢o,t), t >0,

Since h(zp) = L(z0,0), we deduce that 9o & h(U), which contradicts condition (3).
Therefore, we have p(z) ~< ¢(z) and ¢(z) is the best dominant. O

!
If we let p(2) = %%Z, where f € A, then Theorem 1 can be written in the

following equivalent form:

Theorem 1°. Let q be a convex function with q(0) =1, and

a-f

Req(z) > % ,a>0, a+8>0.

If f € A, with ﬂzﬁ #0, z € U, satisfies the condition:

01" (@) L g2E) (hy, sev

f(2) f(2)
then
zf'(2) . \\TGAFib
f(2) < 4(z) ‘ CLUJ-NAPOCA 7

an q 18 the best dominant. MA TEIAT\ >
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3. Particular cases

1)Ifweleta=1,52>1,and q(z) = -}—"_‘—;, then

2nz 1+2\° 1+2 _
h(z)—(1~z)2+(l—z) +71—z with y=08-1>0.

If z=¢€%,0< 6 < 2r, then

h(e) = _:' 7~ cotzg +'yicotg =u+iv

H 2
2 sin’ 3
and the domain D=h(U) is the exterior of the parabola u = —§ — "T';ggv". Ify=0,
then D is the complex plane slit along the half-line v =0 and u < - 3.

Using Theorema 1’ we deduce the following criterion for starlikeness:

2 rn !
K fed aa 2010, 2@ .
feA, and @) +4 %) €D then feS

2)Iweleta=1, =0, and ¢(2) = 1—-1— then, h(z)=

ﬁ"*)lz) and h(U)is

the complex plane slit along the half-line v=0 and u < —-+ Using Theorema 1’ we
deduce the following criterion for starlikeness of order 2 :If fe A, with —g—)- #0
satisfy the condition:

2@ Dz a1

) - z)? fz) = 2
In particular:
2 f"(2) n+1 2f'(z)
R[>t - R ®)
Ezample 1.

') _
If f(z)= —sm/\z then fe€ Az, and ) A2,

and by using (5) we deduce that f) € S* (%) for A < 3@
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