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SUFFICIENT CONDITIONS FOR STARLIKENESS II

PETRU  T, MOCANU AND GHEORGHE OROS

A b strac t. In this paper we study a differential subordination of the form:

azp(z) +  ap2(z) 4- (P -  a)p(z) -< h(z),

where
h(z) =  anzq(z) 4- aq2(z) 4- (P — <2)9(2),

with a > 0, a 4- P > 0, and the function q is convex with q(0) =  1, and
a — pReq(z) > 2a

Our results are obtained by using the method of differential subordinations 
developed in [1], [2] and [3]. For ft =  1, q{z) =  1 4- Az and n =  1 this problem 
was studied in [4].

1. Introduction and preliminaries

Let A n denote the class of functions /  of the form:

f(z )  =Z + On+1Zn+1 +  On+ 2 Zn+2 + . . .  , Z&U , 

which are analytic in the unit disc U.

Let A — Ai and let S* =  j /  e A, R e^ ^ J y - > 0 , 2 e f/ j  be the class of starlike 

functions in U.

We will use the following notions and lemmas to prove our results.

If /  and g are analytic functions in t/,then we say that /  is subordinate to g 

written f  < g, of f(z )  -< g(z), if there is a function w analytic in [/, with w(0) =  0, 

|w(2)| < 1 for z G t/, such that f{z) — g(w{z)), for 2 € U. If g is univalent then /  X <7, 

if and only if /(0) =  <7(0) and f(U ) C g{U).

Lemma A. ([1], [2], [3]) Let q be univalent in U with q,(C) 0, |Ç| =  1, g(0) =  a and

let p(z) — a 4* anzn 4- . . .  be analytic in U, with p(z) =£ a, and n > 1.
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If p(z) fi q(z) then there exist points zq € Z7 and Co € dU and there is m  > n 
such that:

(*) p(zo) =  q(Co)
(ii) zop'(zo) = mCo9'(Co)-

The function L (zyt), z  € f7, t  € I  =  [0, oo) is called a Loewner chain or a 

subordination chain if L (z , £) =  ai (t)z + ©2 (£)>s2 4- 03 (£)z3 4- . . .  for z E t/ is analytic and 

univalent in U for any t e l  and if L(zyt{) -< L (zyt2) when 0 < £1 < £2.

Lem m a B. ([7]) The function L (zyt) — ai(t)z  + ai(t)z2 4- . . .  with ai(£) fi 0 for t > 

0 and lim^co |ai(£)| =  00 is a subordination chain if and only if there are the constants 

r e  [0,1] and M  > 0 such that:

(i) L (zyt) is analytic in \z\ < r for any t >0, locally absolute continuous in t  >0 

for each \z\ < r and satisfies \L(zyt)\ < M\ai(t)\ for \z\ < r and t > 0.

(ii) There is a function p(z , t) analytic in U for any t > 0 measurable in [0,00) 

for any z e U , with Re p(zy t) > 0 for z e U y £ > 0 such that

dL(z,t) dL(zyt)
dt

2. M ain results

=  z- dz -P(z>t), for \z\ < r and for almost any £ > 0.

Theorem  1 - Let q be a convex function in U w ith  q(0) =  1,

Re q(z) > °L<~  , a > 0, a 4 - / ? > 0  (1)lot

and let

h(z) — anzq,(z) 4- otq2(z) -h (>9 — a)q(z) (2)

If the function p(z) — 1 4  pnz n 4 . . .  satisfies the condition:

otzp'(z) 4  ap2(z) 4  (/? -  oc)p(z) -< h(z) (3)

where h is given by (2) thenp(z) < q(z) and q is the best dominant

Proof Let

L (zyt) =  a(n  4- t)zq,(z) 4- otq2(z) 4  (0 -  <*)q(z) =  i>(q(z), (n 4- t)z(jf(z)) (4)

If t =  0 we have L(zy 0) — anzq'(z) 4* otq2(z) 4* (/? — ot)q(z) =  h(z). We will show that 

condition (3) implies p(z) -< q(z) and q(z) is the best dominant.
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Prom (4) we easily deduce:

(n + t) 1 +
zq"(zY
q'(z) .

+ 2 q(z) +
/? — a  

a

and by using the convexity of q and condition (1) we obtain:

Re
_dL(z,t) 
2 Wz ~ > 0

. Hence by Lemma B we deduce that L (z ,t) is a subordination chain. In particular, the 

function h(z) — L(z, 0) is univalent and h(z) -< L(z,t), for t > 0. If we suppose that 

p(z) is not subordinate to q(z), then, from Lemma A, there exist zq € U, and Co G &U 

such that p(zq) =  q((o) with |Co| =  1, and zop'(zo) =  (n 4- t)ţoq'(ţo), with t > 0. Hence

ipo = iP(p(zq),zqp'(zq)) = ip(q{Co), (n + t)Co«'(Co)) = £«o,*), * > 0,

Since h(zo) = L(zq,Q), we deduce that V*o £  h(U), which contradicts condition (3). 

Therefore, we have p(z) -< q(z) and q(z) is the best dominant. □

If we let p(z) =  where /  € A, then Theorem 1 can be written in the

following equivalent form:

Theorem  1’. Let q be a convex function with q{0) =  1, and

ex — B
Re q(z) > — — , a  > 0, a  + fi > 0. 

2a

If f  € An, with ^  0, z  € U, satisfies the condition:

otz2f" (z)  Rzf'{z)

then

zf ' j z)
m

<q(z)

an q is the best dominant.
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3. Particular cases

1) If we let a  =  1, 0 > 1, and q(z) =  j ~ |>  then

2

***>=  (î ? Î f  +  ( i ^ f )  + 7 r ^  with 7 = ' ’ - 1 ï °-a - * ) !

If z — et$, 0 < 6 < 27r, then

—n
*(«*) =

,0 0

2 sin2 à
cot2 -  -f 7  i co t- =  u + iv

and the domain D=h(U) is the exterior of the parabola u =  — Ş If 7  = 0,

then Z) is the complex plane slit along the halWine v — 0 and u < — Ş.

Using Theorema 1’ we deduce the following criterion for starlikeness:

If /  6 An and + 0 Z- T Q  e D then /  € S*.
m m

2) If we let a = 1, 0 = 0, and q(z) =  ■» £  , then, Ji(z) = z(n +1) and ft(iT) is

the complex plane slit along the half-line v=0 and u < —n . Using Theorema 1’ we 

deduce the following criterion for starlikeness of order 5 : If /  € An with ^  0 

satisfy the condition:

z2f"{z) (n + l)z  ^  D z f \ z )  1
— * A —  -< Tj----- (0 then

/(*) (1 “ ^)2 /(*) 2

In particular:

Example 1.

Re z2f" (z)
/(*) J

> n + 1
^ > 5/(*) 2

(5)

If /(z )  =  is inAz then f  € A2, and =  -A 2,
A /(* )

and by using (5) we deduce that /* € S* for 1̂ 1 <
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