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INVARIANT SETS IN MENGER SPACES

J .K O L U M B À N  A N D  A .S O Ô S

A bstract. The purpose of the paper is to extend some results regarding the 
self-similar sets from the case of the ordinary metric spaces to the case of 
probabilistic metric spaces, introduced by K. Menger.

1. Introduction

In recent years the interest for sets having non-integer Hausdorff dimension is 

growing. There were named fractals by Mandelbrot. The most known fractals are invari­

ant sets with respect to a system of contraction maps, especially the so called self-similar 

sets. In a famous work, Hutchinson [4] first studied the invariant sets systematically in 

a general framework. He proved among others the following:Le£ X  be a complete metric 

space and / i , . . .  , f m : X  X  be contraction maps. Then there exists a unique compact 

set K  C X  such that K  =  (J2=i 0* ^  the m&ps /« are similitudes, this invariant set
K  is said to be self-similar.

Our aim in this work is to generalize the above result for probabilistic metric 

spaces introduced in 1942 by K. Menger [5] who generalized the theory of metric spaces, 

to the development of which he already brought a major contribution. He proposed to 

replace the distance d(x,y) by a distribution function FXfV whose value FXtV(t), for any 

real number t, is interpreted as the probability that the distance between x  and y is less 

than t. The theory of probabilistic metric spaces was developed by numerous authors, 

as it can be realized upon consulting the list of references in [2], as well as those in [8].

The study of contraction mappings for probability metric spaces was initiated by 

V.M.Sehgal [10],[11], H.Sherwood [13],[14], and A.T.Bharucha-Reid [1], [12]. For more 

recently papers dealing with generalizations and applications one can consult [2] and [6].

In section 2 we shall recall some fundamental notions from the theory of proba­

bilistic metric spaces and prove some new results on the probabilistic Hausdorff-Pompeiu 

metric (Propositions 2.4 and 2.5). In section 3 we prove our main result (Theorem 3.1).
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2. Preliminaries

Let R  denote the set of real numbers and R+ := {x G R  : x > 0}. A mapping 

F  :R-+ [0,1] is called a distribution function if it is non-decreasing, left continuous 
with inf F  = 0. By A we shall denote the set of all distribution functions F. We set 
A+ := {F  G A : .F(O) =  0}.

For a mapping T  : X x X -» A+ and x ,y  € X we shall denote F(x>y) by 

and the value of FXiV at t G R  by FXtV(t), respectively. The ordered pair {X ,F) is a 

probabilistic metric space if X  is a nonempty set and T  : X  x X  -+ A+ is a mapping 

satisfying the following conditions:

1) Fx,y(t) = FViX(t) for all x,y € X  and t € R;
2) FXfV(t) — 1, for every £ > 0, if and only if x = y;

3) if Fx,y(s) = 1 and FytZ(t) =  1 then FXtZ(s + 1) =  1.

A mapping T  : [0,1] x [0,1] -+ [0,1] is called a t-norm if the following conditions 
are satisfied:

4) T(a, 1) == a for every a € [0,1];

5) T(a,6) =  T(6,a) for every a, b € [0,1]

6) if a > c and b > d then T(o, b) > T(c,d);

7) T(a,T(b,c)) =  T(T(a, 6),c) for every a,6,c € [0,1].

We list here the simplest:

î i  (a, b) = max{a + 6 -1 ,0 } ,

T% (a, 6) =  a6,

T3(a,6) =  Min(a,6) =  mm{o,6},

A Menger space is a triplet (X, ^ ,T ) , where (X,.?7) is a probabilistic metric 

space, T  is a t-norm, and

8) +  £) > T(FXiZ(8)1FZty(t)) for all x^y^z G X and € R+.

The (t, e)-topology in a Menger space was introduced in 1960 by B. Schweizer 

and A. Sklar [7]. The base for the neighbourhoods of an element x € X  is given by

{£/*(*,€) Ç X : * >  0,e 6]0,1[},

where
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If t-norm T satisfies the condition

sup{T(t,t) : t € [0,1[} =  1,

then the (t,e) -topology is metrizable (see [9]).

In 1966, V.M. Sehgal [10] introduced the notion of a contraction mapping in 

probabilistic metric spaces. The mapping f  : X  -¥ X  is said to be a contraction if there 

exists a r  €]0,1[ such that

for every x, y G X  and t G R+.

For example, if (X,d) is a metric space and G G A+, G f=H, in [7] one defines

Fx’v(t) = G( ^ ^ )  *7 * A » .

and

i f  x  ~  y*

where the distribution function H  is defined by H(t) =  1 if t > 0, and H(t) =  0 if t < 0. 

If /  : X  -> X  is a contraction with ratio r, then it is a contraction in Sehgal sence with 

the same ratio. Indeed, we have

f /M i/ m W = 0l-m X m ) ) - a { ^ h ) ) i f  m  a n i x * -

F/(.)./(,)(rt) =  -  »(») i f  * &  <"d m  =  /(#),

~~ i f  % — y*

A sequence (xn)„çN in A' is said to be fundamental if

lim Fx,
n,m—Kx> ,Xn M  ^

for all t > 0. The element x G X  is called limit of the sequence, and we write lim ^oo = 

x or xn -> x, if lim ^oo =  1 for all t > 0. A probabilistic metric (Menger) space

is said to be complete if every fundamental sequence in that space is convergent. If 

(X,d) is a metric space, then the metric d induces a mapping T  : X  x X  A+, where

T{x^y) = FXtV is defined by

■̂ x,y W — H{t — d(x, y)), t G R.
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Moreover {X, T , Min) is a Menger space. It is complete if the metric d is complete (see

[12]). The space (X ,T ,M in )  thus obtained is called the induced Menger space.

P roposition  2.1. (V.M. Sehgal [10], see also [2] ) Every contraction mapping f  : X  

X  on a complete Menger space (X ,F ,M in ) has a unique fixed point xo• Moreover, 

f n(x) xo for each x  € X .

Let T) be a Menger space with T  continuous and let A  be a nonempty

subset of X . The function Da : R  -* [0,1] defined by

DA( t ) ~  sup irtf FXiy(s)
8<t

is called the probabilistic diameter of A. It is a distribution function from A+. The set 

A  Ç X  is probabilistic bounded if supt>0 DA(t) =  1. If B  and C are two subsets of X  

with then

Dbuc(s + 1) > T(DB{s),Dc{t))] s , t e  R  (1)

(see [3, Theorem 10]). 

Set

V + = { F e  A+ : supF(*) =  1}.

In the following we suppose that (X , T , T) is a Menger space with T  : X  x X  X>+and 

T is continuous. In this case every set with two elements is probabilistic bounded.

P roposition  2.2. If A is a probabilistic bounded set in (X, T ,T )  and b 6 X , then the 

set Ai =  A  U {b} is also bounded.

Proof. Let a € A. Then A\ = A  U {a, 6},hence by (1)

DAl{2t) > T (D A(t),Faib(t)).

Since supt€iî DA (t) = 1 and supt£R Faii,{t) =  1, we have supteR DAl (21) =  1. □

Corollary 2.1. Every finit set in (X, T ,T )  is probabilistic bounded.

Corollary 2.2. I f A and B are probabilistic bounded sets in (X, F ,T ), then AU B is 

also probabilistic bounded.
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An example for probabilistic unbounded set is the following. Let T  : R x R  

be defined by FXjV(t) =  H (t — |x — y\) . Let N be the set of all natural numbers. Then 

Dw(t) =  0 for every t, hence N is probabilistic unbounded.

In a probabilistic metric space the set A  is said to be precompact if for

every t > 0 and e €]0,1[ there exists a finite cover {C*}te/ of A  such that D c{ {t) > l —e 

for all i € I. A precompact set A  is totally bounded, i.e. for every t > 0 and e €]0,1[ 

there exists a finite subset B  Ç A  such that, for each x € A, there is an y e B  with 

FXiV(t) > 1 — e (see [2, Proposition 1.2.3.]). In a Menger space with a t-norm T  such that

suPa<i a) =  1 the converse assertion also holds: a set A  is precompact if and only

if it is totally bounded (see [2, Theorem 1.2.1.]).

Let A  and B  nonempty subsets of X. The probabilistic Hausdorff-Pompeiu dis­

tance between A  and B  is the function Fa ,b • R  -> [0,1] defined by

Fa M*) := sup T( inf sup FXyV(s), inf sup FXtV(s)).
8<t yÇ.B v£BxeA

Proposition 2.3. If C is a nonempty collection of nonempty closed bounded sets in 

(X ,P ,T ) , then (C,Fc,T) is also a Menger space, where Tc is defined by Tc{AyB) := 

Fa ,b for all A ,B  eC  .

Proof. We have, for all A yB eC  ,

Fa ,b (x) > supT(inf inf inf inf Fp>q(t)) >t<x P&A q£B q£B pÇA

> T{DAuB(t),DAUB(t))-

Since by Corollary 2.2, the set AUB is probabilistic bounded, it follows su p ^ R Fa .b ^ )  =

1. Therefore, by [3, Theorem 18] (C,Tc^T) is a Menger space. □

In the following we suppose that T  =  M in .

Proposition 2.4. If {X ,F ,M iri) is a complete Menger space andC is the collection of 

all nonempty closed bounded subsets of X  in (£,e)— topology, then (CyFc^Min) is also a 

complete Menger space.

Proof Let (An)nen be a fundamental sequence in C and let

A  =  {x £ X  : Vn € N ,3xn € An,Vt > 0, lim FXniX(t) =  1}. (2)

43



J.K O LU M BÀ N  AND A.SOÔS

Let A  denote the closure of A. By [3, Theorem 15] we have Fa^.a = FAn so we must 

show that (i) lim ^oo FAn\A{t) =  1, for all t > 0, and (ii) ~Ă £ C.

(i) Let e > 0 and £ > 0 be given. Then there exists n€(t) 6 N  so that n, m > n€(t) 

implies > 1 — c. Let n  > n€(t). We claim that F aw>aOO > 1 — c-
If a; € A  then there is a sequence {xk) k ^  with x k € A k and lim*-**, FXk%x{\) =

1. So, for large enough k > n€(t), we have —e. Thus, since a* (f) > 1 -c,
for n > nc(£), there exist y € An and z £ A k such that

Min{FXh,y{t- ) ,F z,y{t- ) ) >  1 - e ,

hence FXfc,y( |)  > 1 — e. By 8) we have FXiV(t) > 1 — e, hence

sup inf sup Faj.yCs) > 1 — e. (3)
8<t  x e A y £ An

Now suppose y £ A n. Choose integers fci < * 2  < ••• < h  < ... so that k \ —n and

FAh'Aki  (jï+r) ^  ̂”  2*-”17

for all A; > A;,*. Hence we can choose s < t such that infzçAfc. sup^^* Fx%z( ^ r )  > 1— 
Then define a sequence (yk) with yk € A k as follows: For k < n, choose yk € 

arbitrarily. Choose yn ~  y . If y*. has been chosen, and ki < k < k{+1 , .choose yk € 4̂* 

with Fyfc41yfc(3n r )  > 1 -  Then, for ki < k  < k{ + 1 < ... <k j  <1 < we have

,î/fc (2i^r) — ( 2 *4-1■)» * “  ’

. y f c j ^  1 — 2*-i *

Let r > 0, T) > 0, and choose i so that r > and < r]. We have

Fyh tyi (** ) > -̂ yfc ,yi ( ̂ i-X ) ^   ̂“  2*-l ^   ̂~

Hence (t/*) is a fundamental sequence, so it converges. Let x be its limit. Then x £ A 
and we have

Fx,y(t) >T( FX, F yh,„(*-)).

We choose k such that FXtVk(%) > 1 — e. Since Fy)î,fc(£) > 1 —e, it follows Fx%y(t) > 1 -6 . 

Therefore we have

(4)
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By (3) this shows that

*Uw,a(*) =  supT( inf sup FXtV(s), inf sup FXty(s)) > 1 -  e.
s < t  x E A y £ A n V € An x ç a

So linin-^oo FAnjA(t) =  1? for all t > 0.

(ii) Taking e — 1 in the last argument, we have proved that A is nonempty.

We have to show that A  is bounded. Since lim ^oo FAn%A (t) = 1, for all e > 0 and 

to > 0 we have inîxeA supw6i4n Fx,w{t0) > 1 -  e and m fyeAn sup*^  jFXjy(t0) > 1 -  e. An 

being probabilistic bounded, for all e > 0 there is t€ > to such that infW|t,ei4n FUtV(t€) > 

1 — c.

For x, y € A  there exist u, v € A n such that

FXfU(to) > 1 ~ e, FytV(to) > 1  — 6.

We have

FXjy{Ste) > T(FXiU(t€),FUiy(2t€)) > T(FXiU(to)yT(FUjV(t€))FVjy(to))) > 1

So DA(3t€) > 1  — 6, consequently snpten D A(t) =  1. By [3] it follows that DA =  D-%. 

Since A  is bounded, A is also bounded and closed, so A £ C. □

P roposition  2.5. Let K be the collection of all nonempty compact sets in the complete 

Menger space (X, F,  Min) and let C be the collection of all nonempty closed bounded 

subsets of X  in (t,€)— topology. Then (IC,Fjc, Min) is a closed subspace of (C,FcjMin).

Proof. First we show that fC Ç C. For this we have to show that any nonempty compact 

set A is probabilistic bounded. Let e £]0,1[. For every t > 0, there exists a finite cover 

{<?»}«€/ of A  such that D c{ (t) > 1 — e for all i £ / .  Let I  =  {1,..., m} and set C =
For every i £ {1, • • • , m] choose an element c\ € C* and set B  — {ci, * • • , cm}. 

Then, for C\ — Ci U B, we have C — U ^ C j .  Let s > 0 such that Z>o(s) > 1 — e. By

(1) we have

DA(m(t + s)) > Dc{m(t + s) )>

> T(Dc*{t +  s),T(D c*(t + s),...,T (D c^_1{t + s),D c^{t + s))...)

> T(D Cl(t),T(D c2( t ) r -  > 1 -* ,

hence A is probabilistic bounded.
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Let (An)n€N be a sequence in K converging to A € C. We shall show that A is 

totally bounded. Let e > 0, t > 0, and choose n so that FAntA(f ) > 1 — €. The set An 

being precompact in the (£,e) -topology, there exist a?i, ...xm € An such that

m t
K  ç  j j  UXi(-,e). 

i=1
For each x< there is y* 6 A  with FXitVi( | )  > 1 — e. For y € A  there exists x € An with 

Fx,y( |)  > 1 — e. Let i € {1, such that x € UXi(t,c). Then

Fy,Vi{t) > r ( F , t, ( | ) , r ( F , ia4( | ) ,F .<lW( |) )  > l  -  e,

hence
m

A C [ } u yi{t,e).
t = l

Therefore A is totally bounded. The (i, e)-topology being metrizable and A being closed, 

it is compact. □

Corollary 2.3. If (X, T , Min) is a complete Menger space and 1C is the collection of all 

nonempty compact subsets of X  in (£,e)- topology, then is also a complete

Menger space.

3. Invariant sets

In this section we will generalize Hutchinson’s theorem on invariant sets.

P roposition  3.1. Let (X ,T ,M in ) be a Menger space and C be the collection of all 

nonempty closed bounded sets in X . Let / i , . . . , /m : X  -4 X  be contractions with ratios 

n , ...rm €]0,1[ and let<f>:C - ï  C be defined by

<KE):=UUfi(E)-

Then <f> is a contraction.

Proof. Let r  =  max{ru 1 < i < m} and A, B  £ C. We shall show that

^0(yt),0(B)(rt) > FA,B{t), (5)

for all t > 0.

For all A, B  £ C and s < £, we have

inf sup Fu v(rs)y inf sup FUtV(rs)).
1=lM ; u r J f i ( B )  ^ u r ^ f i { B ) y eu 7 Ll f i { A) 9
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Let to and jo be such that 

inf sup FUtV(rs)

inf sup Fu Jrs)
«ÊUfe! f i  (B)  U6UŢ1, fi (A)

Hence

inf sup FUiV(rs) > inf sup FUtV(rs),
«€Ao(^) t>€U£,/<(B) «€A0(A) »e/i0(B)

K m  8UP F« A rs)W 6 /,0 (B )  u e U Ţ L J i i A )
> inf sup FUyV(rs).

v£fio (B) i*e/i0(A)

^ f i (B ) ir t )> T (  inf sup FUiV(rs), inf sup Fu>v(rs)) 
v € /i0 (A) v e f i 0 (B) v e fj0 (B) uef jg  (A)

F( inf sup Fu>v(rs), 
«efi0(A)vef,0

inf sup
» e /i0 (B) u€f i0 (A)

Fn.vira)) =

= T F / , o (ra)’ ^  l f A F*o(*)>/'o<*)(ra)) ^

> T( inf sup FXiV(s), inf sup Fx,y(s)), 
x£AyeB y^B xeA

where l0 =  io if inf„6/<0(A) sup„e/io(B) FUtV(ra) < in{v€fjo{B) supu€/.o(j4) F„,„(rs), and 
lo = jo else. Therefore we have (5). □

Theorem  3.1. Let (X ,T ,M in ) be a complete Menger space and let ’• X  X

be contractions with ratios r i , .. .rm €]0,1[, respectively. Then there exists a nonempty 

compact subset K  of X  such that

f i (K)  U ... U =  K.

Moreover, the set K  with this property is unique in the space of all nonempty closed 

bounded sets in X .

Proof By Proposition 3.1 the function <j> :C -» C defined by

is a contraction, and by Proposition 2.4 {C^Tc^Min) is a complete Menger space. Then, 

by Proposition 2.1. there is a unique set K  in C such that <!>{K) =  K . Moreover, we have 

limn_>+00 <f>n(Ko) =  K  for any K q £ /C. Thus, by Proposition 2.5 the set K  must be in 

£. □

Corollary 3.1. (Hutchinson [4]) Let (X,d) be a complete metric space and / i , . . .  , / m : 
X X  be contraction maps with ratios - - <,r™, respectively. Then there exists a

unique nonempty compact set K  Ç X  such that K  =  (j£Li fi(K)-
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Proof. Let {XyT yMin)  be the induced Menger space by the metric d. Since, for each 

t > 0 and i £ {1,..., m},

Ffi(*),/<(»)fo*) =  H(rit-d(fi(x),fi(y))) > H(rit-rid(x,y))  =  H(t-d(x,y))  -  FXtV{t),

the conclusion follows from Theorem 3.1. □
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