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RATIONAL BÉZIER CURVES AND SURFACES W ITH INDEPENDENT
COORDINATE WEIGHTS

IO A N  G À N S C Â , G H E O R G H E  C O M A N , A N D  LEO N  Ţ Â M B U L E A

A bstract. A generalization of the rational Bézier curves and surfaces was 
made in [3]. In this paper we make another extending of the possibilities 
for the modelling curves and surfaces by attaching different weights to each 
coordinate of the control Bezier points. Derivatives of high orders in the 
initial and final points of the curves are also deduced. Some figures show the 
increased flexibility of these partial or toted rational Bezier curves and surfaces 
comparative with the polynomial and classical rational corresponding to the 
same control Bézier polygon. On observes that we do not always have the 
convex hull property (Fig.2) and the affine invariance (Fig.3).

1. Introduction

Rational Bézier curves and surfaces are represented by the equations (1) and (2) 

respectively

HO =  t ,  ‘  e p . i l  (1)
z=0

and
i=0

r(u v) =  Wijbmai{u)bn,j(v)
i o j  o ^ 2  Wijbmti(u)bnj  (t>)

»=0 j —0

-bij, (u,v) e  [o ,i]2, (2)

where =  (?)(1  — t)n~H\ i =  0, n, bi £ R3 and bij £ R3 are given points. The

positive real numbers Wi, i =  0, n from (1), called shape parameters, are used for the 

remodelling curve. So, as it is known, if one increases, say w*, then the curve is pulled 

towards the points 6* and if Wk decreases then the contribution of bk to the curve is 

diminished (see Figures 1 and 2; dotted curves and the dash curves are polynomial 

Bézier, corresponding to the same control polygon). We also mention the possibility to 

control the curvature and torsion at the points bo and bn respectively, [1] p.180. Thus
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the flexibility of the rational Bézier curves is its characteristic property comparative with 

the polynomial Bézier. Similar remark is true regarding to the rational Bézier surfaces.

2. Partial and Total C oordinates R ational Bézier Curves

In the equation (1) the parameter affects the all coordinates {xi^y^Zi) of 

points b{ in the same measure. Next we attach to each coordinate {x^y^Zi) of the 

point b{ different shape parameters (independent weights) denoted by wf, w\ and wz 
respectively.

The equation of a rational Bézier curve with coordinate shape parameters is of 

the following form

=  z(t)] ?

where

*(*) =  E " »
wfbnti{t)

t=0

» (* )=  E -
i=0E

i=0

*(»>= E  *}tnĂt) .

i=0

(3)

< € [0, 1],

Consider the folowing sets of positive real numbers

W  =  ,w „ } ,  U =  {1 ,1 , . . .  ,1 }

W* =  , « £ } ,  t € {x ,y,z}.

Definitions.

1. We name Wt the set of t-coordinate shape parameters.

2. If Wx =  W  and W y •= W z =  U then we name (3) a partial x-coord inate 

rational Bezier curve. Analogously one defines another partial variable Bézier curve.

3. A curve is called x,y-rational Bézier if Wt ^ U yt € {# ,y }  and W z =  U.
4. A curve which is x,y,z-rational will be called a total coordinates rational 

Bézier curve.

Rem arks:
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1. l îW t =  for any t G {x ,y ,z},  then equations (3) represent a polynomial 

Bézier curve.

2. If Wx =  Wv =  W z =  W, then (3) are parametric equations of a classical 

rational Bézier curve.

In the Figures 1 and 2 are illustrated the effects of the coordinates shape pa­

rameters on a partial rational Bézier curve (continous curve). As witness curves we have 

taken the classical rational Bézier - dotted curve and the polynomial Bézier - reare dotted 

curve. The points bi,i =  075 and the coordinate shape parameters are

bo =  ( - 6, 6),&i =  (2,0), b2 =  (12,7), 63 =  (-5 ,1 8 ), 64 =  (3,23), 65 =  (6,18);

for Figure 1 :W X = W =  { 1, 1,9 ,9 ,1, 1}, W* =  U\
and for Figure 2: W x = W  =  {1 ,1 ,2,4 ,1, 1}, W* =  {1 ,3 ,1 ,1 ,5 ,1 }.

Fig.l Fig.2.

Remarks:

1. If one increases say wf then the curve is pulled towards the straight line (in 

R3 to the plane) x =  because the contribution of X{, to the function x(t) increases.

2. If Wx =  W  then the partial x-coordinate rational and classical rational Bézier 

curves have the same function x(t). From geometrical point of view these curves have 

comon tangent, perpendicular on the Ox axis, as can be seen from the above figures. 

Similar remarks are valueable if W y — W  or W z =  W.
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Fig.3.

3. In the case of total coordinates rational Bézier curve we have independent 

control of the scalar functions x(t),y(t) and z(t).

4. If we make a rotation of the coordinate system then, as it is known, the 

polynomial and classical rational Bézier curves are invariant [1], p.232, but a coordinate 

rational curve one modifies as we can see in fig.3. Fig.3 results from fig.2 if one does a 

rotation of the control polygon with angle a =

5. Total rational coodonates Bézier curves do not always have conex hull prop­

erty (see figure 2). Denoting

min Xj =  o i , 2cm maxxj =  bi,
r=0,n t=0,n

min yi =  « 2, maxyi =
i—5,n *=0,n

min Zj =  o3, maxzj =  63,
t=0,n i=0,n

and taking in view that x(t),y(t) and z(t) in (3) are weighted means, one can say that 

this type of curve lies in the interior of parallelepiped

D ~ {{x,y,z)\ai < x < 61, o2 <  y < b2,a3 < z < 63}.

Concerning to the derivatives of R(t) we have

RW(t) =  [*W (*),vw (*),*w w ] T ,< e  [0, 1].
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First we will give the expression of the xW (£), proceeding as in [1], p.236. From

(3), denoting *
n n

P(0 =  311(1 w00 =  X I b" ' i ' ( 4)
t= 0  1=0

results p{t) =  x(t)w(t). Further, using the Leibniz’s formula for the computation of 

[x(t)iv(t)](fc) on obtains

p(fe)(t) =  ^  (t)w^ (£) =  x^(t)w(t) + ^2 Ç ĵx^k~^(t)w^(t).

From here results the following recursive formula

x(k)(t) — Pik){t)

Taking in view (5) and formula 4.19 from [1] p.44, we have

n! n—k

and

» w (‘ ) =  (J T J ji  E  >

where the forward difference of order m has the expression

A mï , = ê ( - i r - , ( " ‘W
5 = 0  '  q  '

Taking into account (6),(7) and (8), the formula (5) has the following final form

=  W )  [ ( ^ b j i  E ‘ " - ‘ .‘ W E i - 1)* '"

n - j

For the particular cases t =  0 and t =  1 this formula becomes

n\

’ « A  w

WqXq-

i—Q l J \

(5)

(6)

(7)

(8)

(9)

(10)
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and

*<*>(!) = k + q X n - k + q

- ± X ^ h - v - ' § < -i+«

( i i )

Similar formulas we have for yW{t), 2/(fe)(0), y ^ ( l ) ,  ẑ k\t)  ̂ zW (0) and 2^ ( 1). 

Special interest present the derivatives R(t) and Îî(£) for t =  0 and t =  1, 

respectively.

From (10) and (11) results

and

where

R{ 0) =  n 

jR(l) =  n

Wl A Wl A W1 A
L̂ AX0’ ^ A y° ’ ^ A *°
w:

WZ U>n
n —1 W,&Xn—l) y Aj/n — ly
U>S wl

K -1 Azn_i

*(0) =  

*(1 ) =

Ë (0) =  [x(0),i/(0) ,z (0) ]T , f l ( l ) =  [ x ( l ) ,ÿ ( l )^ ( l ) ] T

^  |(n -  1) [A2 (tuga?0) -  x0A2w%} -  2n ^ A x 0A w ^

^  ( («  -  1) [A2 « _ 2*n—2) -  *nA2< _ ,]  -  2 n ^ j l A < _ 1|

(12)

(13)

Analogous formulas we have for ÿ(0),ÿ (l),£ (Q ) and z( 1).

Rem arks.

1. Denoting by m(t) and m r(f) the slopes of the polynomial (or classical ra­

tional) and total coordinates rational Bézier curves, respectively, in virtue of (12), we 

have
■rxwyU r  w AW J ,

mT(0) =  0 | m (0) and mT(l)  =  " n~^m (l),wfwg v ' w  ' '
(14)

so we can control the slopes in bo and bn by means of the coordinate shape parameters. 

As a consequence, a total coordinates rational Bézier curve do not always have convex 

hull property (see Figure 2).

2. Similar remark is valueable relative to the direction cosines of a total coordi­

nates rational Bézier curve in 60 and 6n, respectively.
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3. Partial and Total Coordinates Rational Bézier Surfaces

As for curves, we generalize the rational Bézier surfaces by introduceing inde­

pendent coordinate shape parameters. The vectorial equation of this generalized surfaces 

is

R(u,v) =  [x{u,v), y(u,v), z(u,v)]T ,

where

*<«.«)= Ê Ê  -  ■ »»,
i_0 j=0 (v)

y(u,v) =  Y  Y ^ r ^ r --------------------------Viv
<=o i=0 V)?j bm<i (u)bnJ (v)

*<«,«)= Ê Ê — ^

(15)

i-° j-0 ̂  ̂  w£6m>i(tt)&„,,(u)
t—0 j —0

(u,v) e  [0, l]x[0, l].

We denote the matrices of the shape parameters and the coordinate shape pa­

rameters, respectively as follows

W -  [tUÿ], U - [1], W* =  [u»^], t e  {x ,y ,z},  i =  0, m, j  — 0,n.

We observe that if W x = W v =  W z =  U then equations (15) represent a 

polynomial Bézier surface and for W x = Wv =  W z =  W  results a classical rational 

Bézier surface. The definition 1-4, from curves, one extends to coordinates rational 

Bézier surfaces.

In Figure 4 is represented the polynomial Bézier surface corresponding to the 

following control points:

j= o j= l j= 2 j= 3 j= 4 j= 5
i=0 (-4,-2,5) (-3,-1,6) (-2,1,5) (-1,3,5) (-1,5,6) (0,6,7)

i= l (-2,-2,10) (-2,-1,8) (-1,1,7) (-2,3,8) (-3,5,4) (-2,7,3)

i=2 (2,-2,9) (3,-1,7) (2,1,6) (-1,2,7) (-6,3,9) (-5,4,10)

i=3 (6,-2,2) (5,-1,6) (4,1,8) (3,3,9) (2,5,11) (3,6,9)

i=4 (12,-2,4) (10,-1,4) (8,2,3) (7,4,3) (6,5,1) (6,6,1)

i=5 (8,-3,5) (9,0,7) (10,2,6) (8,4,5) (10,5,6) (11,6,7)
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Fig.4.

The coordinate rational surfaces from Fig.5 and Fig.6 have the same control net 

as the surface presented in Figure 4 and the coordinate shape parameters (wfj, w?j, wfj) 
are specified for each figure.

Fig.5.
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w x =  W y =  t/andW'

1 1 1 1 1 1

0.1 1 1 1 1 1

1 1 1 1 1 1

1 1 1 1 1 0.1

1 1 1 1 1 1

1 1 20 1 1 1

Fig.6.

1 1 1 1 1 1

0.1 1 1 1 1 1

1 1 1 10 1 1

1 1 1 1 1 0.1

1 1 1 1 1 1

1 1 10 1 1 1

IV' =  C/andW* =  Wy =

/
It evidently is that we have more possibilities to control the shape of a coordinate 

rational Bézier surface.
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