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ON THE CONTINUITY AND DIFFERENTIABILITY OF THE 
IMPLICIT FUNCTIONS FOR GENERALIZED EQUATIONS

D O M O K O S  A N D R A S

A bstract. The aim of this paper is to show that the existence, continuity and 
differentiabilty of the implicit functions can be proved at the same time, using 
one sequence of succesive approximations of a mapping of two variables. The 
proof from this paper unifies methods used in the study of local stability and 
sensitivity of the solutions of integral equations [7], variational inequalities and 
nonsmooth generalized equations [1, 2, 5, 6]. We will prove the continuous 
differentiability of the solution mapping mapping in a neighborhood of a fixed 
parameter Ao.

Throughout this paper X  will be a Banach space, Y, Z, A will be normed spaces. 
Let X q and Ao be open neighborhoods of the fixed points £ X  and Ao 6 A respectively. 
We will study the behaviour of the solutions of the following generalized equation:

0 € /(# , A) 4- G(x) ,

where /  : X q x A0 -* Z  is a single-valued mapping and G  : X q -> Z  is a set-valued 
mapping.

This problem includes the variational inequalities from the papers [4, 5, 6]. As­
sumption (Hi) of Theorem 2 appears in both nonsmooth [1] and smooth [2] cases and 
generalize the strong-regularity condition for variational inequalities [4, 5]. Theorem 2 
also generalize the classical version of the implicit function theorem [3].

Let M  C X , N  C Y. We will denote by L(X, Y) the set of the linear and con­
tinuous mappings from X  to Y, by C(M,iV) the set of the continuous mappings from 
M to iV, by B (M ,N) the set of the bounded mappings from M  to iV, by B(xo,r) the 
closed ball with center at Xo and radius r.
We will apply the following result:
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Theorem 1. [7] Let (S,d) and (U,p) be complete metric spaces and let 

A : S x U - > S x U  be a mapping with the following properties:

(i) A is continuous;

(ii) there exist the mappings P  : S  S, Q : S  x U —► U such that A(s,u) = 

(P (s)iQ (syu)) and

- P  is a contraction,

- there exists l € [0,1) such that

p{Q{syu i)yQ{s,u2)) < lp{uu u2) 

for all s £ S, U\yU'2 € U. *
Then for all (s,u) € 5 x U the succesive approximations A n(s,u) converge to a unique 

(3, u) € S x U , where s is the unique fixed point for P .

Theorem 2. Let us suppose that A is finite dimensional and :

(i) 0 € f{ x o,Ao) -f G(xo);
(ii) f  is continuous Fréchet differentiable on Xq x A o :

(in) there exist an open neighborhood Z0 of 0z  and a mapping g : Z0 X  which is 

continuous differentiable on Z0, g(0) =  0 and for all z € Zo

d(z) € (/(#o,Ao) -f Vxf(xo,Ao)(-—xo) + G(*)) 1 (z) •

Then there exists an open neighborhood A*0 of Ao and a mapping x : A '0 -+ X 0 such that x 

is continuous differentiable on A q , x(\q) =  xq and

0 € /(*(A), A) + G{x(X)), for all A 6 A'0.

Proof. We can suppose V /  bounded on Xo x Ao, and the mean value inequality 
for Fréchet differentiable mappings implies that /  is Lipschitz continuous on Xo x Ao- 
The same is true for g and let us denote by 7 the Lipschitz constant of g.

We can suppose Xo =  0 and we denote by h(x) =  / ( 0, Ao) + Vx/(0, Ao)(x). The 
continuity of V xf  at (0, Ao) implies that h strongly approximates /  at (0, Ao) [6], i. e. 
for all e >  0 there exists S =  S(e) > 0  such that

ll/(zi»A) -  h{xi) -  (/(ar2,A) -  fc(*2))|| < e||»i - * 2 II

for all x\,x2 € £ (0 ,8), A € B(Xo,S).

Let us choose the constants e yS, s ,r  > 0 such that:
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- £ • 7 < 1;

- B(0,S) C X0, B(X0,S) C \0\
- h(x) — /(x , A) € Zo, for all x  € B(0,5), À G JB(Ao, <5);
- s < 5, r <
- 7ll/(0, A) -  f(0, Ao)|| < (1 -  7£)r, for all A € B(A0, s);
- \\Vg(h(x) - f ( x ,X ) )  o (V*/(0, Ao) — Vx/(x , A)) || < o < 1, for all a; € B{0,r), A 
B(X0,s).

Let us define the mapping F  : B (0,r) x B (Ao,s) -4 X  by

F(x, A) =  g( h(x) -  / ( x , A) ) .

For all x  € B (0,r), A € B (Ao, s) we have

l|F(:r,A)|| =  ||5(h(x)-/(x,A))|| =  ||<7(M^)-/(x,A)) -  <?(M0) - / ( 0,Ao))|| <

< 7| | h (x )-/(x ,A )-/i(0) + / ( 0,Ao))|| <

< 7 llM * ) - / (* ,A ) -M 0 )  + /(0,A)|| + 7ll/(0,Ao)-/(0,A)|| <

< 7er + (1 — 7e)r = r .

Hence F  (B(0, r) x B(Ao, s)) C B (0, r).

We can define now the mapping

P : C  (B(X o,s), B (0,r)) -4 C(J9(A„,s), P(0,r))

byP(x)(A) = F(x(A),A).
Let x i,x2 € C(F(Ao,s), B (0,r)). Then

||P(xi)-P(x2)|| -  sup ||P(x1)(A)-P(x2)(A)|| =
A(=B(Ao,®)

=  sup I|(/(h(xi(A)) -  / (x x(A),A)) -  p(h(x2(A)) -  / (x 2(A),A)) || < 
AeJS(A0,s)

< sup |(xi(A) — x2(A)|| = 7£||x i- x2||.
A€B(A0,»)

For x € B (0,r ) and À € 23(Ao,s) we have

||V.F(*,A)|| = ||Vg ( h (x ) - f { x ,  A)) o (Vx/(0, A0) -  V*/(x, A)) || < o.

We define now the mapping

Q : C (B (A o,s),B (0 ,r)) x B (B(A0,s ) , L (A ,X))  -4 B  (B(A0,s ) , L (A ,X ))
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by
Q(s,y)(A) = Vx.F(x(A), A) o y(A) + VAF(x(A), A) .

Let yi,y2 € B (B (\ 0, s ) , L(A,X)). Then

\\Q(x,Vi) --Q(»,y2)|| =  sup ||Q(x,yi)(A)-Q(x,y2)(A)|| =
AÇB(Ao,»)

= sup ||VxF(x(A),A)o(y1(A )-y 2(A))|| <
AeB(Aoi®)

< sup ||VxF(x(A),A)||-||yi(A)-y2(A)|| < o||yi-y2||.
A€B(Ao,«)

Using the continuity of V /  and the compactness of J3(Ao,s) we deduce that for x € 
C(B(Xq, s) , jB(0,r)), the mappings V xF (x(')y •) and VAP(x(-),-) are uniformly contin­
uous on B (Ao,s), which implies the continuity of Q(*>2/)«
We apply now Theorem 1, to the mapping A  =  (P, Q) and hence

A n{x,y) {x,y)

for all x e  C (P(A0, s) , B(0,r)) and y e  B  (P(A0,s ) , L(A, AT)). Let us choose x  = 0, 
y = 0. Then

*i(A) -  P(0)(A) -  P(0,A)

and
2/i(A) =  Q(0, 0)(A) = VaP(0,A) = Va*(A) .

If 2/n = then

xn+i(A) = P(*„)(A) =  F(®n(A), A)

and

î/n-f-i(A) =  VxP(xn(A), A) o Varn(A) + V xF (x n(A), A) -  Varn+1(A) .

Hence yn — V x n for all n e N,

in B (£(A 0,s), B(0,r))

and
V#n in B  (£(A0, s) , L(A, X )) .

This means that V x n converges uniformly to y in B(Ao,s), so x is differentiable on 
intB(Xoys) and V3f =  y. Being the limit of a uniformly convergent sequence of continu­
ous functions, ÿ is also continuous.
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