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ON THE CONTINUITY AND DIFFERENTIABILITY OF THE
IMPLICIT FUNCTIONS FOR GENERALIZED EQUATIONS

DOMOKOS ANDRAS

Abstract. The aim of this paper is to show that the existence, continuity and
differentiabilty of the implicit functions can be proved at the same time, using
one sequence of succesive approximations of a mapping of two variables. The
proof from this paper unifies methods used in the study of local stability and
sensitivity of the solutions of integral equations [7], variational inequalities and
nonsmooth generalized equations [1, 2, 5, 6]. We will prove the continuous
differentiability of the solution mapping mapping in a neighborhood of a fixed
parameter Ao.

Throughout this paper X will be a Banach space, Y, Z, A will be normed spaces.
Let X and Ap be open neighborhoods of the fixed points 2o € X and \g € A respectively.
We will study the behaviour of the solutions of the following generalized equation:

0 € f(z,)) + G(z) ,

where f : Xo X Ap — Z is a single-valued mapping and G : Xo — Z is a set-valued
mapping.

This problem includes the variational inequalities from the papers [4, 5, 6]. As-
sumption (i3¢) of Theorem 2 appears in both nonsmooth [1] and smooth [2] cases and
generalize the strong-regularity condition for variational inequalities [4, 5]. Theorem 2
also generalize the classical version of the implicit function theorem [3].

Let M C X, N CY. We will denote by L(X,Y) the set of the linear and con-
tinuous mappings from X to Y, by C(M, N) the set of the continuous mappings from
M to N, by B(M, N) the set of the bounded mappings from M to N, by B(zo,r) the
closed ball with center at z¢ and radius r.

We will apply the following result:
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Theorem 1. {7] Let (S,d) and (U,p) be complete metric spaces and let
A:S xU — S xU be a mapping with the following properties."
(i) A is continuous;
(5) there exist the mappings P : S — S, Q : S x U — U such that A(s,u) =
(P(s),Q(s,u)) and

- P is a contraction,

- there exists | € [0,1) such that

P(Q(8,u1),Q(s,u2)) < Ip(u1,uz)

for alls€ S, uy,us € U.
Then for all (s,u) € S x U the succesive approzimations A™(3,u) converge to a unique

(3,@) € S x U, where 5 is the unique fized point for P.

Theorem 2. Let us suppose that A is finite dimensional and :

(1) 0 € f(zo,X0) + G(z0);

(1) f is continuous Fréchet differentiable on Xy X Ag:

(%) there exist an open neighborhood Zy of 0z and a mapping g : Zo — X which is
continuous differentiable on Zy, g(0) = 0 and for all z € Zy

9(2) € (f(T0,h0) + Vaf(@o, Y0)(- —20) + G()) 7 (2).

Then there exists an open neighborhood Agy of Ao and a mapping T: Ay = Xo.such that z
is continuous differentiable on Ag, z(Xo) = T and
0 € f(z(A), ) + G(z(N)), for all X € Ag.

Proof. We can suppose V f bounded on Xy x Ag, and the mean value inequality
for Fréchet differentiable mappings implies that f is Lipschitz continuous on Xg X Ao.
The same is true for g and let us denote by - the Lipschitz constant of g.

We can suppose zo = 0 and we denote by h(z) = £(0, ) + Vzf(0,X0)(z). The
continuity of Vo f at (0,Ao) implies that h strongly approximates f at (0, o) (6], i. e.
for all € > 0 there exists § = §(¢) > 0 such that

If (@1, A) = R(z1) = (f(22,4) = h(z))|| < ellzy — 22l

for all 21,22 € B(0,4d), A € B()o,9).
Let us choose the constants ¢, 4, 3,7 > 0 such that:
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-g-y< 1
- B(0,6) C Xo, B(X0,0) C Ag;
- h(z) — f(z,\) € Zy, for all z € B(0,8), A € B(X,6);
-8<4, r<é;
-9I£(0,A) = £(0, M)l < (1 =€), for all X € B(Ao, 8);
- IVg (h(z) — £(z, X)) © (V2 f(0,%0) = Vzf(z, ) || < a<1,forallz e B(0,r), A€
B(Xo, 8)-
Let us define the mapping F : B(0,r) x B()o,8) =+ X by

F(z,A) = g(h(z) - f(z, 7)) .
For all 7 € B(0,r), A € B()o, 5) we have
IF (@, = llg(h(z) — £z, Il = llg(h(z) — £(z, X)) — g(h(0) — (0, 2]} <
< () = £z, X) — h(0) + £(0, o))l <
< i) = £z, A) = B(0) + F(O, )] + 7II£(0,20) — F(0,M)]| <
< yer+(l—ve)r =r.
Hence F (B(0,r) x B(Xo,8)) C B(0,r).
We can define now the mapping
P : C(B(),3), B(0,r)) = C(B(Xo,3), B(O,))
by P(z)(A) = F(z(}A), ).

Let z1,z2 € C(B()o, s), B(0,r)). Then

[P(z1) = P(z)ll = sup ||P(z1)(A) — P(z2)(MI =
AEB(Roy8)

0,8

= sup )Ilg (h(z1 (V) = F@1(N), X)) = g (h(z2(N)) — flz2(A), | <

AEB(Ao,S

< ye sup |lzi(A) =z (V)| = vellz1 — 22l -
A€EB(X\o,8)

For z € B(0,r) and X € B()\g, 8) we have
IVeF(2, )]l = Vg (h(z) = f(z,2)) ° (V2 f(0, %) = Vof (@A) || < a.
We define now the mapping

Q : C(B(X,s), B(0,7)) x B(B(),s), L(A, X)) - B(B(),s), L(A, X))
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by
Q1)) = VaF @), ) 0y(Y) + VaF (), A) -
Let y1,y2 € B(B(Xo,3), L(A, X)). Then

Q1) - Ql=z, w2)ll = e oup 1Q(=z,¥1)(N) - Qlz,12)MI| =

B(Xo,8)

= sup [[VoF(z(\),\) o @\ - <
AEB(Xo,8)

< sup ||V F(z(A), Ml - llwr(A) = 2 < allyr — well -
XEB(/\o,a)

Using the continuity of Vf and the compactness of B(\g,s) we deduce that for z €
C(B(Xo,8), B(0,r)), the mappings V. F(z(-),-) and V5F(z(-),-) are uniformly contin-
uous on B(Jg, 8), which implies the continuity of Q(~,y).
We apply now Theorem 1, to the mapping A = (P, @) and hence

A(z,y) = (%,7)

for all z € C(B()\g,8), B(0,7)) and y € B (B()o,s), L(A, X)). Let us choose z = 0,
y =0. Then
z1(A) = PO)(\) = F(0,))
and
v1(A) = Q0,0)(A) = VaF(0,)) = Vzi(A).
If y, = Vz,, then
Znr1(A) = P(zn)(A) = F(zn(A), A)

and
Ynt1(X) = VeF(zn(N), A) 0 Vzn(A) + VaF(za(A), A) = VEnsa(A) .
Hence y, = Vz, for all n € N,
zp, =+ in B(B(),s), B(0,7))

and
Vz, =+ 7 in B(B(),s), L(A, X)) .

This means that Vz, converges uniformly to ¥ in B(Ag, 8), so T is differentiable on
intB()\o, s) and VT = 7. Being the limit of a uniformly convergent sequence of continu-

ous functions, 7 is also continuous.
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