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Dedicated to Professor loan Purdea at his 60th anniversary

Abstract. We define the A-semi-fc-free integers as a common generalization 
of the fc-free integers (i.e. integers not divisible by the fc-th power of any 
prime) and of the semi-fc-free integers (i.e. integers not divisible unitarily by 
the fc-th power of any prime) in terms of Narkiewicz’s regular A-con volutions.
We establish asymptotic formulae for the number of A-semi-fc-free integers < x 
with and without assuming the Riemann hypothesis if A is a cross-convolution, 
investigated in our previous papers.

1. In troduction

W.Narkiewicz [Nar63] defined an A-convolution to be regular if

(a) the set of arithmetical functions is a commutative ring with unity with respect 

to ordinary addition and the A-convolution,

(/3) the A-convolution of multiplicative functions is multiplicative,

(7) the function / ,  defined by J(n) =  1 for all n G N, has an inverse ha with 

respect to the A-convolution and /m (p°) € { —1, 0}  for every prime power
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Let A be a mapping from the set N of positive integers to the set of subsets of 

N such that A(n) Ç D(n) for each n, D(n) denoting the set of all (positive) divisors of 

n. The A-convolution of arithmetical functions /  and g is given by

(i)
dçA(n)
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For example, the Dirichlet convolution D, where D(n) =  { d e  N : d|n}, and the 

unitary convolution [/, where U(n) =  {d £ N : d||n} =  {d e N : d|n, (d ,n /d ) =  1} , are 

regular.

It can be proved, see [Nar63], that an A-convolution is regular if and only if

(i) A(mn) ~  {de : d e A (m ),e  £ A(n)} for every m ,n e N, (m ,n) =  1,

(ii) for every prime power pa there exists a divisor t =  tA (pa ) of a, called the type 

of p° with respect to A, such that A(jplt) =  { l jp S p 2*, ...,pft} for every i e {0 ,1 , ...,a/£}.

The elements of the set A(n) are called the A-divisors of n. For other properties 

of regular convolutions see also P . J. M cCarthy [McC86] and V . Sita Ramaiah 

[Sit78].

We say that A  is a cross-convolution if for every prime p we have either Ia (p°) = 

1, i.e. A(p°) =  { l ,p ,p 2,...,p a}  =  D(pa) for every a € N or £>i(pa) =  a, i.e. A(pa) = 

{ l ,p ° }  =  U(p°) for every a e N. Let Pa —P  and Qa — Q be the sets of the primes of 

the first and second kind of above, respectively, where P  U Q =  IP is the set of all primes. 

For P  =  IP and Q =  0 we have the Dirichlet convolution D  and for P  =  0 and Q =  IP we 

obtain the unitary convolution U.

Furthermore, let (P ) and (Q) denote the multiplicative semigroups generated by 

{1 } U P  and {1 } U Q, respectively. Every n € N can be written uniquely in the form 

n =  npUQ, where np £ (P ),n g  £ (Q).

If A is a cross-convolution, then

(2) A(n) =  {d £ N : d|n, (d, n /d ) € (P )} 

and (1) can be written in the form

(3) ( /  *A  g)(n) =  5 3  f(d)g(n/d).
d\n
(d,n/d)e(P)

Asymptotic properties o f arithmetical functions defined by cross-convolutions 

were investigated by us in [T97-i], [T-ii], [T-iii], [T-vi].

In this paper we define the A-semi-fc-free integers as a common generalization 

of the fc-free integers and of the semi-fc-free integers (i.e. integers not divisible by the 

&-th power of any prime and not divisible unitarily by the A-th power of any prime, 

respectively) in terms of regular A-convolutions.
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In case of a cross-convolution A we establish an asymptotic formula for the 

number of A-semi-fe-free integers <  x (Theorem 4), in fact we deduce a slightly more 

general result concerning A-semi-fe-S-free integers (Theorem 3), defined with the aid of an 

arbitrary subset S of N, and we improve the order of the error term given by Theorem 4, 

using some known estimates regarding the Môbius function, with and without assuming 

the Riemann hypothesis.

Our results generalize and unify the corresponding known results concerning 

fe-free integers and semi-fe-free integers, see [W63], [SurSi73a], [SurSi73b].

2. A -sem i-k -free integers

Let A  be a regular convolution and let fe £ N, fe >  2. We say that n £ N is A- 

semi-fe-free if there exists no prime p such that pk £ A(n). The integer 1 is A-semi-fe-free 

for every A and for every fe.

Let the canonical prime power factorization of n £ N, n >  1 be

(4) n =

The integer n >  1 is jD-semi-fc-free if it is fe-free, i.e. a* <  fe for every i £ 
{ 1, 2, r} .  Furthermore, n >  1 is t/~semi-fe-free if it is semi-fe-free, i.e. a* ^  fc for every 

i £  {1 ,2 , ...,r}, this concept was introduced by D. Suryanarayana [Sur71],

From (i) and (ii) it follows that n >  1 is A-semi-fe-free if U /  fe, 2t{ ^  fe,..., SiU =  

ai /  k for every i £ { 1, 2, . . . ,r } , where U =  ^ ( p *1 )-

Let qAtk>QDtk =  Qk and quyk =  0% denote the characteristic functions of the sets 

of A-semi-fe-free integers, fe-free integers and semi-fe-free integers, respectively.

Remark 1. If A is a cross-convolution, then qAtk(p) =  Qk(np)Qk(nQ) f°r every n £ N. 

Hence if A  is a cross-convolution, then n is A-semi-fe-free if and only if np is fe-free and 

nq is semi-fe-free.

Theorem  1. If A is a cross-convolution and fe £ N,fe >  2, then

(5) 9A,h{n) =  ^ 2  (i(d) =  X ) V W
d*€A(n) d fce = n

(<M)€(P)

holds for every n € N, where y  is the Môbius function.
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Proof. Taking into account the multiplicativity it is sufficient to prove (5) for n — pa, a 

prime power. Let F(n) =  Y,d’-eA{n) /*(<*)• If P € P, then

f i( l)  =  1, if a < k
F(n) =  £  M<*> =  {

dk|pa fi( 1) + fi(p) =  0,if a > k
=  Qk(pa) =  qA,k(jpa)-

If p G Q, then

p(l) =  1, if a ^  fc
i r( » ) =  E  =  r

dk||p“ p(l) + p(p) =  0, if a = fc
=  9*(P°) =  <M,fc(P°)-

Hence F (n) =  ^ ,* (n )  for every n G N. Observe that, using (2), dk G A(n) if and only if 

dk e — n and (d, e) € (P ), which completes the proof. □

If 5  is an arbitrary subset of N, we say that n € N is semi-k-S-free if n =  1 or 

n >  1 and no exponent in (4) is of the form kb, where 6 € 5.

Furthermore, in case of a cross-convolution A we say that n G N is A-semi-h -  S- 

free if up is k-free and uq is semi-k — 5-free.

Let qAtk,s denote the characteristic function of the A-semi-fc-S-free integers and 

define the multiplicative function ii(A,s) by

tHA,$)(pa) =  <
- 1,
0,

if p G P ,a  =  1 or p G Q,a G 5, 

otherwise,

for every prime power pa.

The proof of the following formula is similar to the proof of Theorem 1.

T h eorem  2. If A is a cross-convolution, k G N, k > 2 and S C  N, then 

(6) 9A,k,s(n)= E  P(A,s)(d)= E  V(A,s)(d)
d*€A(n) dhe= n

(d,e)e(P)

holds for every n G N.

Observe that for S — { 1} we reobtain the vl-semi-k-free integers and ^ A t{i}) =  V 
for every A. For S =  {1 ,2,..., r } we obtain a direct generalization of the k-skew integers 

of rank r, cf. E. Cohen [Co61]. In case 5  =  N we have the A — k-free integers, i.e. 

integers with no k-th power ^4-divisors > 1, introduced by us in [T-vi] and =  AU*
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3. A sym ptotic  form ulae

In what follows all the constants implied by the O-symbols are independent of 

x and u.

For a cross-convolution A  let
o° .. -,

c-«s E >>>■
First we prove the following formula.

T heorem  3. If A is a cross-convolution, k € N, k >  2 and S C  N, then

E  9A,k,s(n) =  <*A,k,SX +  0 {x X/k),
n<x

where

=  0 ^ ) 1 1
peQ P ttsP

Proof. Adopting the method of [Co64], using (6) and the estimate

(7) 53  i = ^ («s)*+ 0 (af, a. 0 < e < 1,
n<x
(n,u)e(P)

where (f> is Euler’s function and a*(u) denotes the sum of r-th powers of the unitary 

divisors of u, cf. [T97~i], Lemma 7, we have

E îms(«)= E ti(A,s)(d)= E E 1
d< tyxn<x dke=n<x

(d.e)e(P)
e< x /d k
(M)€(P)

d< tyx

= * E
P(A,s)(d)4>(dQ) e ° ‘- £(d)

=*E
d< tyx

P(A,S)(n)<f>(nQ) 
nknQ

dkdQ + o  e
d< V »

dke

+ E Jr) + OK E
d> tyx \ ' d<tyx

dke
n =l v  d>ty2  \ d<tyS

Here the series o f the main term is absolutely convergent, its general term is multiplicative

in n and applying Euler’s product formula its sum is given by

n(1+Ên^)Ën(1+Ê^)n(.+|^^^)
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n (» - £) n (» - a - î> s £) - «*> n (i - O  s £) •pep v y '  p€Q \ * a€Sy  J peQ \. y a esy /
The first and the second 0-terms are both 0 (x x̂ k), using the estimates

X  n~r -  0 (x1_r), r >  1 and X  =  0 (x l/k~e), 0 <  e <  1/k.k
">* n< ţ/x 11

□

T h eorem  4. If A is a cross-convolution and k € N, ft > 2, then

(8)

where

(9)

X )  &4,*(n) =  «A.fcX + 0(ar1/ft),
n<*

004,*
1

Cp (*) n o -
peQ

—  1  A

Proof. Apply Theorem 3 for S =  { 1}. □

Corollary. / /  A  m a cross-convolution, k € N, fc >  2 and 5  Ç N, then the asymptotic 

densities of the A-semi-h-S-free integers and of the A-semi-k-free integers are aAtkts an& 

otA,k, respectively.

Remark 2. From this result we reobtain, among others, the asymptotic densities of the 

fc-skew integers of rank r, see [Co61] and of the A  — fc-free integers, see [T-vi].

Now we improve the order of the error term of formula (8) using the method of 

[SurSi73b] based on the following estimates regarding the Môbius function.

Lem m a 1. ([SurSiv73], Lemma 3.5 and Lemma 5.2) Let x  >  S,u € N and e >  0. Then

(1) Mu(x )=  X  /*(») =  O (a l1+e(«)astf(*)),0
n<x
(n,u)=l

where

(1) S(x) =  ex p (-A (logx )3/ 5(logloga:)-1 5̂), 1

A being a positive constant.

If the Riemann hypothesis (R.H.)  is true, then

(1) Mu(x )=  X  f*(n) =  0 (a l l/2+e{u)x^2u(x)),2
n<x
(n,w)=l
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where

(1) u(x) =  exp ( A(log x) (log log x )_1 ), 3

A being a positive constant

Lemma 2 . If A is a cross-convolution and x  >  3, then

in «„(*>  =
n<x

If the R.H. is £rne, then

riQ
0(xS(x))A

(i)

Proo/. We have

iY4(x) = M(rc) ——  = 0 (*1/2w(a;)).5 
^  nQn<*

0 (rcq) _
71q -E<i|n

<*€(<?)

f*M)

cf. [T-iii], Lemma 4. Therefore

A W *) =  £ r t » ) * £ a U  £  „ ( * )
ng ^ r

/*M)
n<x de=n<x

de(Q)

= E M (̂e)^= E ^  E rt«)= EM2(d) M2(d)

de<x
(d,e)=l
d6(Q)

d ^  dd<x e<x/d
de(Q) (e,d)=1

Mi(x/d).
d<x
<*€(Q)

Now using (10) with e <  1 we get

«•(*> = E
d<x
dÇ(Q)

= °(* E ̂ <5» = o<*"" E -FT <§>*« 3».
d<* d<x

where r(m ) stands for the number o f divisors of m.

Since x£S(x) is monotonie increasing,

(3 ) ^ ( 5 ) < ^ ( * } ,

and using that r(m ) =  0(rae),6: >  0 we obtain Na (x) =  0(xS(x)).

If the R.H. is true, then using the estimate (12) instead of (10),

JW*>= E ^OK1/J+,(<0(ï),/,"(5)) = 0(*1'jE^"<5»-
d<x
d€(Q)

d<x

d
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Since u(x) is monotonie increasing, we obtain that Na {x) =  0 (x l/2co(x)). □

Lem m a 3. If A is a cross-convolution, x >  3 and $ >  1, then

< »  e ? ^ o !s2 =  0 ( M ).6
' n*riQ X® 1n>x v

/ /  i/ie jR.iT. 2*s true, then

n\ « ( * )   ̂ -7V n»nQ V-»/»'*'
n > x  ^

Pfioo/. Using (14) and (15), these results follow by partial summation, cf. [SurSi73b], 

proof of Lemma 2.5. □

We also need the following result, cf. [SurSi73b], eq. (2.3).

Lem m a 4. If e >  0 and 0 < s <  1, then

(1) £ ï y n ) = 0 ( * - ) . 8n8n<x

T h eorem  5. If A is a cross-convolution, k € N, A; >  2 and x >  3, then

(1) E )  qA,k(n) =  a a ikx  +
n<x

where aAtk and 5(x) are given by (9) and (11), respectively.

If the R.H. is true, then

(2) E  4A,k(n) =  aA,kX +  0(® 1/fcw(®)), 0
n<x

where w(x) is defined by (13).

Proof. Prom (5) we have

X)«U,*(n)= E
n<x dke<x

(d,ej€(P)
Let z =  x xfk and 0 <  p =  p(x) < 1, where p(x) will be chosen suitably later. If dke <  x, 

then both d >  pz and e >  p~h cannot simultaneously hold good, therefore

E «*.*(") = E m<q + E E m=si+s2-s3,
n<x dhe<x dke<x d<pz

d<pz e<p~k *<P
(d,e)e(P) (ţe)€(P> W«)€(P)

say. We consider each of these sums separately.
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By (7) we have

&  =  £ / * W )  £  i = £ # * ( d ) (
ft̂ rk* _ / jlr 'd<pz e<z/dk d<pz

(e,d)e(P)

dkdq

= i E i _ + 0 ( I > w ,

+ 0(r(d))

Kd)<H4q)
d<pz 7  d<pz

-±  ̂ +0 (■£ +°<"»
= CU.fcS + 0(atf(pz)(pz)1-*) + 0(/?z log(pz))

=  ax.fea? +  0 (/»1_fcZ(J(pz)) +  0(pz log z)),

by (16) and by the well-known estimate £ )n<x r (n) =  0(x\ogx). From (10) we obtain

&  =  £  £  /*(<*)= £  £  mW =  £
e<P~l d< \f7 ft  e<P~k d< \f7fe e<P~k

(<*.e)€(P) ( d ,e o ) = l
€ < p ~ k

e< p ~ k

Since 5(x) is monotonie decreasing and pz <  (| )*/*, we have ^((ţ ) 1̂ )  <  5(/pz). There

fore,

from (18).

S,=oL )̂ £
\ «</»-»

0 (p x kzS(pz)),

s » =  £  £  M<*) =  £  £  *»(<*)= £  Meo(Pz)' e< p ~ k d<pz eK.p~k d<pz e< p ~ k(<J,e)€(P) (d,eQ) = 1

=  £  C>(f7l i +e(eo)pz(5(pz)) =  0(pz6(pz) £  a* 1+£(e)) =  0 (p1- *z<S(pz)),
e< p ~ k e< p ~ k

using (10) and (18). Therefore

£  QA,k(n ) =  a A,kX +  0 (p1~kz6(pz)) +  O(pzlogz).
n < x

Choosing

p =  p(x) =  (6(xlK 2fc) )1/ fc,
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and following the proof o f [SurSi73b], Theorem 3.1, see also [SurSiv73], we get formula

(19).

If the R.H. is true, then applying (12) and (17) instead of (10) and (16), writing 

x1̂ 2co(x) =  x(x~1̂ 2u (x ))y where x ~1/2uj(x) is monotonie decreasing, and using the above 

arguments with S(x) replaced by rr_ 1/ 2a;(ar) we obtain

5 3  9A,k(n) =  OCA.kX +  0 {p l~k z(pz)~l/2u{pz)) +  0(pz\ogz).
n < x

Choosing p =  ^“ 1/(2fc+1) <  1 we have plI2~hz x!2 =  pz =  s 2/^2**1). Since u(x) is 

monotonie increasing, we get a){pz) < u(z) < u>(x). We also have logz =  0(cu(x)), and 

obtain the estimate (20). □

For A =  jD, i.e. for fc-free integers and for A — U, i.e. for semi-fc-free integers 

the result o f Theorem 5 is due to A.W alfisz [W63], Satz 1, p. 192 and to D. Surya- 

narayana and R. Sita Rama Chandra Rao [SurSi73a], Corollary 3.2.1 (n =  1), 

[SurSi73b], Theorems 3.1 and 3.2.
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