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Dedicated to Professor loan Purdea at his 60th anniversary

A bstract. We introduce interior if-algebras graded by a finite group T
and generalized induction for these algebras. This situation occurs in the 
study of source algebras of blocks of normal subgroups and our construction 
unifies various constructions introduced by Lluis Puig.

1. Introduction

Induction for interior (7-algebras was introduced by L. Puig [PI], this being the 

fundamental construction linking an interior (7-algebra with its source algebra. Given a 

subgroup if  of G and an interior if-algebra i f  over a complete discrete valuation ring 

0, the induced interior (7-algebra is OG ®oh B  0 o // GG, with multiplication inspired 

by that of the endomorphism algebra Endog{OG ®oh M), where M  is an Off-module.

Later some generalizations were needed in order to deal with more involved prob
lems. Algebras interior for a twisted group algebra were considered in [P2]; dealing with 

blocks of normal subgroups in [KP] imposed the construction of of (7-algebra extensions; 

finally, noninjective induction was introduced in [P3] and [P4] in order to study bimodules 

inducing equivalences between interior algebras.

The aim of this note is to unify these constructions. We shall consider (9-algebras 

A graded by a group T, endowed with a grade preserving O-algebra map OaH  -» A, 

where OaH  is the twisted group algebra defined by the cocycle a  G Z2(if,(9*), and 

H has a a normal subgroup N  such that (7 =  H /N  is a subgroup of T. This degree 

of generality is needed; this situation occurs for instance when one considers the source 

algebra of a (7-invariant block of GaN . We have in mind later applications to Clifford 

theory, and recall that similar contexts have been considered in recent work of E. Dade.
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Most of our conventions and notations will follow those of [P2], [T] and [NV], 

except that we use the notation of [K] for twisted group algebras. The needed definitions 

will be given in each section, but some standard facts from these sources will be used 

without comments. In Section 2 we discuss graded algebras and their exomorphisms; T- 

graded interior OaH -algebras are introduced in Section 3. Injective induction for these 

algebras is defined and studied in Section 4, while in the last section we introduce the 

generalized induction.

2. Tw isted group algebras, in terior algebras and group extensions

2.1. We fix a p-modular system (/C,(9, fc), where O is a complete discrete valuation 

ring, 1C is the quotient field of O and k = 0 /J ( 0 )  is the residue field of O. The case 

k =? O =  1C is not excluded.

2.2. Let A  =  Ag be a G-graded O algebra, where G is a finite group and the

additive subgroups Ag, g £ G are (9-free of finite rank.

We shall be interested in some particular cases. Recall that A  is strongly graded 

if AgAh =  A gh for all g> h 6 G, and A is a crossed product if Agn U (j4) /  0. In this case, 

denoting

hU(A)= U(A5nt/(A)),
g€G

we have the group extension

e(A): l ^ U ( A 1)-> h U (A )d-¥ G -> l .

If e(A) splits, then A is a skew group algebra. We shall also discuss twisted group algebras 
later.

2.3. If B = ® 5€G Bg is another G-graded (9-algebra, then a homomorphism f :  A B  

of (9-algebras (not necessarily unital) is called G-graded (grade preserving) if f (A g Ç Bg 

for all g € G.

More generally, let <j>: G H  be a group homomorphism, B  =  (Ş)h£H Bh a H- 

graded (9-algebra, and denote by Res^i?) the G-graded algebra Res0(B) =  B ^ g).

Then a homomorphism f : A - > B  of (9-algebras is called graded if f(A g) Ç B ^ g) for all 

g € G, that is, /  induces a grade preserving map, still denoted / :  A -> Res0(J9).

If (j> is just the inclusion G Ç H y then we shall simply denote Bq =  ®£ec? 

Observe that construction of B h is functorial, that is, if / :  B  -* B f is a homomorphism 
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of H-graded algebras, then /  induces in an obvious way a homomorphism of G-graded 

algebras fo  : B q —► B'G. In this situation, the G-graded algebra A can be trivially 

regarded as an Zf-grâded algebra by defining Ah =  0 for h € H \  G.

Another important situation which will occur in Section 5 is when <j>: G ->• H  

is surjective. Then the G-graded algebra A  can be made into a If-graded algebra by 

defining Ah = ® ï6* - ,(fc) Ag.
Returning to the case when both A  and B  are G-graded, remark further that 

/: A -> B  induces a group homomorphism f* : U(A) -> U(B) by f*(a) =  f(a  — 1) + 1. 

We also have that

•/(«•*) = /(a )»** ,

where a°* = (a*) 1oa*. Moreover, if /  is unital, and A  and B  are crossed products, then 

/  induces a homomorphism of group extensions

1 U{At ) ----- - hU {A )-------- - G

r r

1

1 ---------- U (B x)----- * h U (B )--------► H ----------- - 1

2.4. The group hU(A) acts on A\ as 0-algebra automorphisms, and on U(Ai) as group 

automorphisms. Moreover, hU{Az — deg~l (Z(G)) acts on A as grade-preserving 

automorphisms, and on hU(A) as automorphisms of group extensions.

2.5. Let A  and 15 be two G-graded 0-algebras. Then A® q B  is naturally G x G-graded, 

and if £(G) denotes the diagonal subgroup of G x G, then (A <8>o B)S(G) =

Bg) is again a G-graded algebra. We shall denote A(A ,B op) =  (A <2>o £)<*<?> this being 

coherent with the notation of [M]. The G-grading of B op is given by B°p =  Bg- \ , and by 

this convention, A(A, 13) = (A <g)q jB°p)$(g)* Moreover, if A  and B  are strongly graded 
(crossed products), then A B  and A (A, B) are strongly graded (crossed products).

2.6. Definition. Let A  and B  be G-graded algebras. A graded exomorphism f : A - * B  

is the set obtained by composing the grade-preserving homomorpfism f  : A -+ B  with 

the inner automorphisms of A  and B  given by conjugation with elements of of A\ and 
B\ respectively. Denote by Hom^r (A,I5) the set of graded exomorphisms f : A - + B .

To obtain /  it suffices to compose /  only with the above inner automorphisms 

of B . This implies that graded exomorphisms can be composed.
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The exomorphism /  is called an embedding if Ker/  =  0 and Im/  =

Clearly, /  is an embedding if and only if / i  : A\ -* B\ is an embedding of (9-algebras, 

where /i : A x -* B u  /i(a) =  /(a).
Let /  € Homj r (A, B), g G Hompr(B, C) and S = ÿo / .  It follows by this remark 

and [P2, Lemma 3.4] that: if g is an embedding then /  is uniquely determined by ft, and 
/  is an embedding if and only if h is an embedding.

2.7. We end this section with by discussing an important example. Let a: H x H O* 

a 2-cocycle (where O* =  U{0)), and consider the twisted group algebra OaH  =  {ax | 

x G H , a € (9} with multiplication xÿ =  a(a;,j/)xy for all G if. Clearly, OaH  is 

a particular case of an if-graded crossed product, and if /3 is another 2-cocycle, then 

OaH  ~  O^H  as if-graded algebras if and only if a /?-1 G B2(if, O*). If N  is a subgroup 

of if , we shall still denote OaN  =  Or€8NQN y where res^cc G Z 2(NO*).

We shall be interested in other gradings, too. If N  is a normal subgroup of if, 

and G = H /N , then Oai f  is naturally graded by G.

We recall from [K] some properties of twisted group algebras.

(1.7.1) OaH O*'i f ' -  (9aXQf/ (if x if ') via (S ® S') <-► ( M 7).

(1.7.2) (OaH)°P ~  O'*"1 JET via ft 4+

(1.7.3) If a,/3 6 Z2(H, O*) then O ^ H  ~  {OaH ® 0 O^H)i(H) via ft o  ft®0 ft. (Notice 

that we have taken here the diagonal with respect to the if-grading.)

3. G raded in terior algebras

We shall now describe our main object of study.

3.1. Definition. Let i f  and T be finite groups, /z: i f  T a group homomorphism, N  = 

Ker/u, and G =  Im/jt, We also denote by p, the induced injective homomorphism G -> I \ 

Let a  G Z2(ff, (9*) and A a T-graded (9-algebra endowed with a graded homomorphism 

ip: OaH  ->• A (that is, ip(h) G A ^ )  for all h G if). Then (A ,^,^) (or simply A is called 

a T-graded interior (9aH-algebra, and /x, -0 are the structural maps of A.

3.2. Exam ples, a) Clearly, if N  is a normal subgroup of i f  and G =  H /N , then (9aif  

is a G-graded interior (9a if-algebra.

b) If e G Z(<9aiV) is a G-invariant idempotent, then eOaH  is a G-graded interior 

(9aif-algebra with structural map ah i-* eaS, for all a G G, h G if.
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c) Let U be an 0 alV-module and M  =  OaH <8>o«n  U =  IndqZ^U  with the 
usual G-grading. The 0-algebra A =  Endo(M )op has a G-grading given by Ag =  { / £ 

A I f(M x) Ç Mgx for all x € G}. Now define ip : OaH  -4 A by ipfjh)(h! 0  u) =  h'h 0  u. 
One can easily verify that A becomes a G-graded interior 0 aif-algebra.

3.3. Let (A, fiyip) be a T-graded interior 0 ai/-algebra and Ay p! yip') a 7-graded interior 

G^H-algebra. We have the group extension N x N - t H x H - i G x G ,  and denote by 

Sq(H) = {(Xy y) € H x H  \ xN  = yN }  the “diagonal” of H x H  w.r.t. G. Then A®0 B 

is a T x T-graded interior Oaxf3(H x #)-algebra, and A (A, B op) is a J(r)-graded interior 
<5c(#)-algebra (and also a 5(H)-algebra by restriction).

3.4. Observe that Am(g) is a /i(G)-graded crossed product and fly ip induce the homo
morphism

1 ------- - U(OaN) —  hU{OaH) -------- G ------------- 1

V

1 ---------- t/(Ai) —  hU {A^G)) -----  ̂ p (G )--------- - 1

of group extensions. Although H  may not be a subgroup of hU(OaH)y it still acts on A\ 

by conjugation. Actually, Am(g) is determined by A i, the group extension N  H - ï  G, 

and the action of H on Ai. Indeed, the homomorphism OaH  -* A ^ q) of G-graded 

algebras (identifying G with //(G)) determines a structure of a G-graded 0 aif-bimodule 

on A^g and also a map

(OaH  0 o (OaH )op)Ar{0aH)At -+ (A0 o Aop) ®±{A) A t

of G-graded (OaHyOaH )-bimodules (where A (A) =  (A®o ̂ op)<$(G)> see [M, Section 2]). 

Since the 1-component of this map is just the identity map of A i, it follows that

(OaH (OaH )op)Ar 0̂aH)At -> A ( 5 0 j / ) 0 a 4  xay_1

is an isomorphism of G-graded 0 ai/-bimodules.

3.5. Definition. A homomorphism f :  A —t A! of T-graded interior 0 aiî-algebras is a 

graded 0-algebra map satisfying f x  • a • y) — x • f(a) • d for all Xy y £ H  and a € A. We 

still denote by Hompr(A, A') the set of these homomorphisms.

The exomorphism f  : A  -» A1 is the orbit of /  under the action of U (A^) x 

U{A[h ) on H onv(yM ').
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Since this orbit coincides with the orbit under the action of ,U(A[H), it follows ' 

that the exomorphisms of T-graded interior Oaif-algebras can be composed, and we 

denote by Horn[(/r(A, A') the set of exomorphisms / :  A  -» A! .

3.6. Let p be a homomorphism
1 ----------- - Nx ----------- Hx ----------- Gx ----------- - 1

1 ----------- - N -----------* H -----------► G ------------  ̂ 1 I
of group extensions such that G\ -> G is injective (otherwise we replace N x with the 

kernel of the composition Hx -¥ H G). Then Res^A is, by definition, the T-graded ; 

interior GaiH i-algebra (A ,/zop ,^op), where a x =  respa  G Z 2(HuO*).

Moreover, a homomorphism /  : A  ->■ B  of T-graded interior OaH  algebras 

induces obviously the homomorphism Res^(/) : Res^A -> Res^B of T-graded interior 

Gai Hx-algebras.

4. Injective induction for graded in terior algebras

4.1. Consider the group extension N  H G and the subgroups K  of H , N  fl K  of 

N  and K /K  fl N  ~  K N /N  of G, and let [H/K\ be a complete set of representatives for 

the left cosets of K  in H . Denote by p all these inclusion maps and, for a  € Z 2(HyO*), 

we also denote by a  the element Resjja G Z 2(K ,G *). Let finally p: G -» T an injective 

group homomorphism.

4.2. Let B  be a T-graded interior O^if-algebra with structural maps p' =  p o p :  

K N /N  -> T and xp' : GaK  -> B. Consider the (OaH, OaH)-bimodule A = GQH ®0 «k 

B <8>o<*k  GaH , and define the 0-bilinear multiplication

{x ® b ® y){x' ® b' ® y') — <
0,

x ® b ■ ÿx1 • b' 0  j/\

if yx' € K  

ifyx' 6 K

and the map

i)):OaH -* A ,  ®t-> ^  x ÿ 0 l  b ®9~1-
»6| H/K]

4.3. P roposition . A  is a Y-graded interior OaH-algebra with structural maps p  and

tp.
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Proof. It can be easily verified that the multiplication is well defined and associative, 

and that A is an (9-algebra with unit element 1a =  Y^v^[h/ k ) P ® 1b ® P1 • Also, ^  is a 
well defined (9-algebra map.

The grading of A is defined as follows. If g € T, x ,y  € H  and b G then 

x <g> 6 <g> ÿ is a homogeneous element of degree ^(xN)gfi(yN) G T. It follows that for 

g = xN  G G we have

Ag =  ^ 2  àÿ ®OaK B\ ®oaK îT 1-
VtlH/K]

In particular, Ai =  ^2ye[H/K] P ® ® V” 1 is a subalgebra of A. It also follows that the

structural map ^  is grade-preserving.

4.4. Definition. We shall say that the T-graded interior OaH -algebra A is induced 

from jB, and we denote A — IndP(B) =  Ind§«^(J3).
The construction is functorial, since if /  : B  -> B' is a homomorphism of T- 

graded interior (9aif-algebras, then Indp(/)  =  id®  f  ®id:  Ind^(5) Indp(J3') is a 

homomorphism of T-graded interior (9aJ/-algebras.

4.5. Since the subalgebra Aq is a G-graded crossed product, it can be constructed from 

B\ in an alternative way. Indeed, we have that

Aq — (OaH ®o (OaH )op) ®OaK<8>o(OaK)op B q

-  (0*H  ®0 (OaH )op) ®o-K®o(o°K)<»> ((OaK  ®a ( 0 ° K y p) ®Ar{o»K) B x)

*  (OaH  ®a (0 ocH )op) ®Ar{o~H) (Ar (OaH) ®Ar{0~K) B x) 

where we have also denoted A r(O aK) =  AK/KnN(OaK). Then, for g = xH  € G,

Ag ~  (â ®o 1) ®Ar (o«//) (Ar (OaH) ®Ar(oaK) ^i)> 

and A\ is the Ar ((9ajFf)-module Ap(OaH) ®Ar(o<*k ) B x.

4.6. P roposition . Let M  be an Oa(K  n N)-module and B  =  E ndo(Ind^^niV)M).

Proof. By construction, B  is a K N /N -graded crossed product, which can be trivially 

regarded as a T-graded interior G^if-algebra, since K N /N  < G < T. Denote A =
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Endo(Indg“^ -nvv)(M)). Since Indg“(^nw)(M)) ~  Indg!"(Indg°"xn;v)(M ))’ A  is a 
G-graded crossed product by Example 2.2.c).

First, we define an CMinear action of Ind^I k {B) on IndQa(^niV)(Af). Let /  € 

Bg, v € Indo a(jKnN)(M)) and x ,y ,z  € if, and define

\ x ® f { ÿ - lzv), if y~l z G K  
(x®  f  ®y)(z®v)  =  <

10, otherwise.

If /  is homogeneous of degree g G G and v is homogeneous of degree h € K N /N , then 
is homogeneous of degree xNgy~lzNh. By [T, (6.4)], this action induces an isomorphism 

of interior OaH -algebras, and by the above remarks, it is also grade-preserving.

4.7. Proposition . Let L < K  < H  and C a Y-graded interior OaL-algebra. Then there 

is an isomorphism of Y-graded interior OaH-algebras

Indo«x(Indg«£C) ~  In d g ." (C).

Proof. Using [T, Proposition 16.3], one can check that the map

7 : Ind££^(IndqI^C )  -> In d ^ ^ (C ), X0 (ÿ0 c 0 y') <8>x' xÿ(g)c0 ÿ'x/

is an isomorphism of of interior Oai/-algebras. By Definition 2.1 it also follows that 7 is 

grade-preserving.

4.8. Proposition . Let K  < H , A a T-graded interior (9ai?-algebra and B  a T-graded 

interior C^AT-algebra, where a,/? € Z 2(H,0*). Then there is an isomorphism

5: Ar (A ®0 In d g ^ (B )) -* Indg^2(A r (Resg:£A ®0 B))

of T-graded interior 0 °^ if-algebras.

Proof. Define ô by

a 0  (£ 0  i> 0  ÿ) (x~! • a • ÿ~l 0  b) 0  yy

where a € Ag and 6 € Bg. Then S is an isomorphism of T-graded interior 0 a/?if-algebras, 

having inverse S~x defined by

î 0 (o0  6) 0 yi->‘X - a - ÿ 0 i 0 6 0 ÿ.
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4.9. Let B  be a T-graded interior C^/f-algebra, and consider the homomorphism of 
T-graded interior OaK-algebras

d g lg  : B -y Res^I^Indo*k B, b »->• 1 <8> b <g> 1.

This map determines the canonical embedding

B  —y Res§a^Ind§ot2 ^) & ^  1 <8) b <8> 1.

4.10. Proposition. Let g : 2? -* ResjpI^A 6e on embedding of T-graded interior OaK - 

algebras, and assume that 1 € Tr^(p(l)), (^(1) • ^(1)* =  0 for all x G H/ K,  and that 

g(l) centralizes A\.

Then there is a unique exomorphism f  : Ind^a^(B) A such that g = Res^(/)o 

& % {*)-  #

Proof. If /  exists, we may take f ( x  ®b<8> y) = x • g(b) • y for any x ,y  G H, b G B. 

Conversely, let /  : Indo*k {B) -> A  be defined by this formula; as in [T, Proposition 

16.6], we obtain that /  is an isomorphism of interior 0 aiî-algebras, and since g is grade

preserving, /  is grade-preserving too. Moreover, /  does not depend on the choice of g in 
g, since if 6 G then Tr%(g(b)) G (Af7)* and (x • g(b) • jj)1*" (*(*)) — x * g(b) • ^ for

all x,y  G i f  and b e B.

5. Generalized induction

We are now going to define the induction of graded interior algebras through an 

arbitrary group homomorphism <j>: H  -y H ’.

5.1. Consider the commutative diagram of groups
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where K  = Ker (</>: H  -> H') tm d A =  Ker(<£: T -> T*). Let G =  H /N  ~  /x(iï) < T and 

G1 =  H 1 /N ' ~  i*!(H1) < T'. Then K /K  n  N  ~  K N /N  is isomorphic to a subgroup of A, 

and H / K N  ~  ( H/ N) / ( KN/ N)  is isomorphic to a subgroup of r/A , so to a subgroup of
r#.

Let further et e  Z 2(H ',0*) and a  = re s^a )  <E Z 2{H,0*). It follows that 

res^a  =  1 and OaK  =  <9AT, and <f> induces a homomorphism <p : 0 aJ / -> Oa’ H ! of 

0 -algebras with image 0(0 atf)  -  0 a'(H /A ).

We can regard OaH  and Oa'H  as A/ATJV-graded algebras in the usual way, 

and also as T'-graded algebras (where the components of degree g' not belonging to the 

image of H  are trivial). Similarly, 0 “ H* can be regarded as a H ’/N '-graded algebra, and 

also as a T'-graded algebra. Then <p: OaH  -> Oa' H ' is a homomorphism of T'-graded 

algebras.

5 .2. Let (A, jx, ip) be a T-graded interior OaH -algebra, and as above, regard A as a T/A- 

graded algebra, and also as a T'-graded algebra. Then the structural map ip : OaH  A 

is a homomorphism of T'-graded algebras.

By [P4, 3.2], (O ®ok  A)k  is an 0-algebra with multiplication (1 0  a)(l 0  b) = 

1 0  ab. Also, ip factorizes through Oa’ (H/K),  so (O ®ok  A)k  becomes an interior 

Oa' (iî/AT)-algebra.

If g € T, define the grade of a ®ok  a e O <8>ok A)k  to be <p(g) € V . This is 

clearly well-defined, and (G ®ok  A )k  is a T'-graded interior 0 a/(ff/A)-algebra.

5.3. Now, by definition, let

Ind^A ) = Ind%H)((0  ®OJf A)k ) =  Oa'H ‘ ®0a-{H/K) (O ®ok  A)k  ®0 . ' {h/k) Oa'H ' .

By the preceding section, Ind^(A) is a T'-graded interior O^iT'-algebra with multipli

cation
*

(x1 ® (1 ® a) ® s')(ÿ' ® (1 ® b) ® F) =  <
a; ® (1 ® a- z -b)® r,

01

if s'y' =  <f>(z) 

otherwise,

where z  is a suitable element of H . The structural maps are fi' : H* -)> V  and ip' : 

Oa' H* Ind^(A) (preserving T'-gradings) defined by

ip’(x’) = x' • Tr%H)(1 ® (1 ® 1) ® 1) =  TVÿff)(l ® (1 ® 1) ® q) ■ x'. 
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5.4. For a € Aut(FQ, denote, as in [P4, 2.3], N%(K) =  {o G A  | a ■ x =  a(x) ■ a}, and let

NA( K) =  J 2  Na (K).
<rÇAut(K)

Then, recalling that OaK  = O K  and <f>{K) =  1, it follows immediately that Na {K) 

inherits from A  a structure of a T'-graded interior 0 aJî-algebra. Moreover, the map

d^{A) : N a {K) -¥ Res^Ind^A )), a t - * l ® ( a ® a ) ® l

is a homomorphism of T'-graded interior if-algebra, and by [P4, 3.4.4], if O ®ok A is

a projective OK-module, it induces an embedding N a (K)/Ker(d<f>(A)) -» Res0(Ind0(j4)) 

of r'-graded interior Oa H -algebras.

Further, if /  : A B  is a homomorphism of T-graded interior OaH -algebras, 

then / induces a grade-preserving map /: Na (K) -¥ Nb {K) and Ind^(/) : Ind<j>(A)

Ind^(B) such that we have the following commutative diagram.

Ind t(A)

d*(A)

NA(K)

dm

---- —  Nb (K)

It is not hard to see that Propositions 4.6, 4.7 and 4.8 can be generalized to this 

situation. In essence, one has to check that the maps defined in [P4, 3.7, 3.13 and 3.17] 

are grade-preserving. We shall only give here a common generalization of Proposition 

4.6 and [P4, Proposition 3.7]

5.5. Let M  be a G /N -graded OaH-algebra, that is, there is an OaH -module M\ such 

that M = OaH  ®oaN Mi.We can regard M  as a H / K N - graded OaH-module, and also 

as a r-graded (9«tf-module. Then Ind*(M) =  O* H' ®o~h M  is a r'-graded O* H'- 

module, where for h' € ÆT', gf € |gamma1 and m  € Mg the element h1 ® m  has, by 

definition, degree

5.6. P roposition. I f M  is O-free, then there is an isomorphism of T1-graded interior 

0 a' H'-algebras

ind^M ' Ind0(Endo(Af)) Endo(Ind^(M)).
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Proof. By [P4, 3.7], for x ', s' € H' and 1 <g> /  € (|CO ® o k  Endo(M))K, ind<j>tM(x ® (1® 
/ )  ® s') is, by definition, the (9-linear endomorphism of Ind^(M) mapping yf <g> m  to zero 

or to x ' <8> f ( z  • m), whenever there is z € if  such that s'y1 =  0(2?). It is straightforward 
to check that i n d is grade-preserving.
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