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REMODELLING GIVEN BEZIER SPLINE CURVES AND SURFACES
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Dedicated to Professor loan Purdea at his 60th anniversary

Abstract. Rational Bézier splines offer many possibilities to control the shapes 
of curves and surfaces, but their relative complex equations lead at rather com
plicated formulas for derivatives and, consequently, smoothness conditions. In 
this paper we present a manner of partial or total remodelling given polyno
mial Bézier spline curve (part 2) and surface (part 4), preserving their class of 
continuity. The method consists in performing degree elevations that depend 
by real parameters. The curvatures of Bézier spline curve in the initial, final 
and joint points are also studied in part 3. The theory is illustred by some 
figures with initial (as witnesses) and remodeled spline curves and surfaces, 
respectively.

1. Introduction

1 .1 . Let g be a given Cr\uo,ui] polynomial Bézier spline curve of degree m, 

corresponding to the control points 6* £ =  0,mL, with the breakpoints 6m/ , /  =

1,L - 1  and the breakvalues of the parameter u,Ukyk =  l,L ,uo < u\ < . . .  < ul- 
This spline curve is represented over an interval [u/,wj+i], J =  0,L — 1 by the following

equation

a )

where £ m,jfe(t) =  (™)(1 — t)m ktk,k =  0,m, are the Bernstein polynomials.
The Cr conditions of g, on the jonction points u /,7  =  1,L — 1, are

i = 0, r, where AJ =  ti/+1 — U/, [2], p.92.
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1 .2. Consider a polynomial Bézier spline surface G of degrees m and n rel-f 
, l

ative to the parameters u and v respectively, over the two-dimensional interval D =

[ucbU/Jxlyo, v m ] ,  having the control points b{jyi =  0,mLyj  =  0,nM , with breakpoints
=  l , i  — 1, J =  1, M  — 1 and Uk and vi, k — 1, L — 1, I =  1,M  — 1 the

breakvalues of the parameters.

On D jj — [uj, ui+i]x[vj, vj+i] the surface G has the equation

G (« ,„ )  =  f ( - 0 Z * L . )  b „ i (
f c S è ;  v»;+ ) - u , J  ■ \vJ + t- v j J  ■TlJ +  l (3)

Two patches of G corresponding to the domains and D i }j axe r times!

continuously differentiable across their common curve G {m ,v)yv e  [vjyvj+1] if the fol
lowing conditions

(A/)’ 5Z ^ ( - 1 ) ’ kbm J -i+ k ,n J + l =  (* ) (~ l ) t kbm l+ k ,n J + h
k—0 k—0

(4)

are fulfiled [2], p.272, for any i =  0, r, and l =  0,n.

Analogous, two patches of G, corresponding to the domains and D^j

are 5 times continuously differentiable, across their common curve

G (u ,v j)yu e [uiyvi+i]

if are fulfiled conditions

( A j Y ' Ş Z  ^ rn l+ k tn J -j+ l  =  lbm I+ktnJ+h (5)

for any j  =  Ü, s and k =  0,m.

The Bézier spline surface G is Cr'8(D) if the conditions (4) and (5) are fulfiled 
for every I  =  0, L — 1 and J =  0, M — 1.

2. Remodelling a Given Gr Bezier Spline Curve

Consider the polynomial Bézier spline curve g defined in part 1. We will remodel 
this curve by making a degree elevation corresponding to the following variable points, 

determined by a set of real parameters aj^ € (0,1), k =  1, m, /  =  0, L — 1,
r

if k =  0,

(1 l “I- iï k — 1

if k =  m -f 1.

(6)
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One observes that if

{/) _  m + l - k  
k ~  m + 1  ’

then 6(m+1)/+fc, fc =  0 ,m + l ,  are the known Bézier points, which are used in the classical 
degree elevation, [2], p.52.

The Bézier spline curve g* corresponding to the points (6), over the interval 
[ti/,117+1], has the equation

m+1 ✓  _  \
8*{v) =  ( ~ ----) 6(m+l)/+fe> U É [u/,U/+i], J =  0,L -  1. (7)

Jfe=0 ' Ul+l UlJ

The spline curve g* will be Cr[uo, Ul] if, similar to (2), are fulfiled the conditions

<a ?>‘ È  =  w - i  ) * È  (8)
k=0 '  / k=0 '  '

for any i =  0~̂r and /  =  1, L — 1.

Prom here, taking into account by (6) and that the conditions (2) hold, results 

that g* is Cr[uo^ui], r < [m/2] if and only if,

=  1 -  pa™ 1\p =  l , r , I  - 1 , L - 1  

arn-p+l POmKp =  % T,I =  0, L - 2

(9)

The other parameters a£°\ p — l,m  — r, p =  r +  l,m , Op \ p —
r + l,m  — r, I  =  1,L — 2 and otm\ I  =  0, L — 2, from the open interval (0, 1), are 

arbitrary. Therefore, the Bézier spline curve g* € Ct[uq ûl\ has the following control 
points

&o,
(1 -  a ^ )b k- 1 +  a^bjc,

Ĵ l — (m +  1 — tfc-l +

(m + 1 -  h )a$bk,

if k =  0

if k =  l,m  — r

if k =  m — r +  l,m  

if k =  m + 1

(10)
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b ( m + l ) I + k  ~  *

brnli if * =  0

+  (1 -• fettrn i{ k — T r̂

(1 -  a[!) )bmi+k- i  +  <4 ;) bmI+k, if fc =  r +  l , m - r  

jl -  (m + 1 -  fc)a$j 6m/+fe_i+

+(m  +  1 -  k )a $ b mi+k, iffe =  m -  r +  l,m

k bm(i+i),

for any /  =  1, L — 2, and

3(L-l)(m+l)+fc

if k =  m +  1

if fc =  0

(11)

b(L—l)m>
katt~2\ L— 1 "b

=   ̂ +(1 -  k a £ -2))b{L_1)m+k, if A =T7F

(1 — d~k 1̂ (t-l)m +fc-l +
<̂k ~l)b{L-i)m^k, if k =  r +  l,m

bLm, if k =  m +  1

Example. Consider the quadratic spline Bézier curve of C1 [0,4] corresponding 
to the following points (m =  2,L =  5):

&o(10,16), 6i(7,21), 62(3, 9), 6»(0,0), 64(-4 ,0 ), 66(-8 ,0 ),
b e(-6,3), 6r(—4,0), 68(2,2), 60(8 ,-2 ), 6i0(10,3),

with the breakpoints 62/) I  =  Ï74 and breakvalues of the parameter u, deduced with 
the chord length parametrization method: Uo =  0,ui =  l ,t*2 =  7/4, U3 =  5/2, u\ — 

13/4, U5 =  4. The dotted curves are Bézier spline p, as witness curves.

The parameter values corresponding to these figures are:

Fig.l: a? =  2/3, a§ =  1/20, a\ =  1/3, a\ =  1/3, a% =  1/3, ag =  1/ 10;
Fig.2: a? =  1/10, ag =  1/10? =  1/3, a\ =  1/3, a\ =  1/100, a\ =  1/5.

We remark that if c4/-1 \ I  =  1,L — 1, decreases, then the Bézier spline curve 

one extends in the vicinity of joint point 6(m+i)f.

3. Curvature o f  Bezier Spline Curve g*

Let K{u ) and K*(u) be the curvatures of the curves g and g* respectively, with 

r > 2. Next we will deduce the dependence of K*(u) by K (u ) and the introduced
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Figure 1 Figure 2

parameters, on u =  m , I  =  0,L. One knows that the formulas of K (m ) and Jf*(«j) are

K{m) =  ■{

m -  1 ||A6m/+i A A 6m/|| 
m l|Abm/||3 ’

m -  1 ||Ai»mt_2 A Ai>mx,—1||
m ||A6m/,_1||3 ’

for /  =  0, L — 1,

for I  — L,

(13)

and
f

K*(uj) =  i

m  ll^ (̂m+l)/+X A ^^(m+l)jll
m +  l  l|A6̂ m+1)/||3 ’ for I  =  0, L — 1,

(14)
m l|A6/ m_! A Abj J|

[ m  +  l  IIAbJJI3 ’

where ” A” denotes the vector product.

By direct calculus, taking into account by 
(14) becomes

for I  =  L,

(10), (11), (12), and (13), the formula

K * ( u  o) =

K*{m) =

m a.(0)

m2 — 1

m2 1
K > )

rK(uo),

2aSI-'>
m2 — 1

m
( l  -  aS i-'))

1 a m- 1
m2 — 1 ( l - a ^ )

^ K (u i),I  =  l , L - l ,  

T K {ul)•

(15)

In figure 3, the variation of K*(uj), with respect to 0 < aü  ^ < 1/ 2,

/  = 1,L — 1, is shown.
Remarks: a) Prom (15) results that we have the possibility to control the 

curvature on any breakpoint w/,7 =  0yL.
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Figure 3

b) For any positive integer to, 4 < m < oo, and 0 < a ii! '1* <  1/2,1 = 1 ,L -

we have

K{uf ) < K * ( Ul) < 16 1 — 2am-1)1 -  2 a ^ ~ 1)

( l - a g - ^ y

c) If 0 < am’ 1* < — 1—, then K*(uj) > K{ui),

if toT T  -  a™_1) -  5 ’ then K *(Ulî -  * («/)>

K (ui),I =  1,2, — 1.

if am "1* =
1

m + 1
results K*(ui) =

for any /  =  1, L -  1, and any positive integer m, 4 < m < oo.
Tr (o) m  (o) m  - 1d) If a; ' = ------ - ,  œ  *

' 1 m + 1
and for ^

m -f 1 ’ a2 m + 1 
a ( ^ - i )  =» ura

, then üf*(u0) =  K (uq),

m  +  1 m  +
ţ  results K*(ul) =  /("(ti/,).

4. Remodelling a Given Cr’® Bézier Spline Surface

4.1. First we consider the particular Bézier spline surface which results from §1, 

part 1.2, for M  =  1. Over any domain I?/,! =  [uj, îij+i]x[vo, vi], I =  0,L — 1, the Bézier 
spline surface denoted G\, has the equation

< ? .(« ,.)  =  f  — — 0 —1 B„,, ( 2 ^ * )  h .I+w . (16)
w t i  - » / /

Assuming that Gi(u,v) is with respect to variable u {Gi is evidently

indefinite differentiable with respect to variable v) then the conditions (4), in the partic

ular case I  =  0, are fulfilled, for any l =  0,n.
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We will remodel the above surface, preserving its class of smoothness, performing 
a degree elevation relative to the variable u, with the aid of following control points

bmi,h if k =  0

6(m+ 1)/+M “  < { }  ~  °4[|) +  <*k}bml+k,h if k =  1,771 (17)
if k — 771 +  1,

where the parameters £ (0,1), /  =  0,L  — 1, / =  0,n. We again remark that if

ai,i = -— , Z =  0,n, I  =  0, i  — 1, then (17) are the prints of the degree elevation 
m + 1

with respect to variable u.

Bézier spline surface corresponding to these points over domain D j%\, I  =  0, L — 1, 

has the equation

771+1 71

k = 0  1=0 V w /+ i~ u /y  * \vi -  v0/ (̂77l+l)/+fe,/* (18)

This surface will be Cr across the curve G i(u /,v), v £ [ ô> î] tfi similar to (4) 
for 7 = 0, the following conditions are fulfiled

( - 1 ) ‘  fc6(m+ l ) I + k , h

for any i =  0, r and l =  0, n.

From here, taking into account by (17) and (4), with I  =  0, one obtains, similar 
to (9) that

ap} =  P =  T 7 r ,/=  1 ,^ - 1 ,

am-p+i,i =  P<Xm,i; v =  2, r, /  =  0, L -  2.—  . _  O /r T —  I

(19)

The parameters p =  l,m  -  r; p =  r +  l,m ; a ^ ,  p =  r +  1, ra -  r, I

1,L -  2, and /  =  0,1/ — 2 take arbitrary values from the interval (0, 1), for any

l = 0,n.

4.2. Now we consider the remodelling, in this manner, of a Bézier spline surface 

G(u,v), given in part 1.2, preserving its class of Cr,8(D). As in previous case, we make a 

degree elevation using the following control points, depending by two sets of parameters
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[>(m+l)/+i,(n+l)J+J

^m ( / +  )  *n ( / +  n T i )  ’

if (k,l) € {0, m +  l}x {0 , n + 1},

M y ’ . - i y ’ ] ^ M r . t f / ’ f .

k =  1 ,m, / =  1, n,
7 =  0 ,7 -1 ,  7 =  0,M -  1,

(20)

where A is the matrix

1 b m l+ k —1 tnJ+l

A =

&m/+fc,nJ-W—1 bmI+k,nJ-\-l

The Bézier spline surface G* corresponding to these control points has, on the 

domain D u , the equation „

G*(t*,t;) =

E S  E S  W  ( Æ S ? )  * W u  ( ^ f e r )  W t W 4 <

By direct calculus one deduces that G* is Cr*9(D), in hypothesis 
Cr'8(D )y if and only if

(21) !  

that G is

<*¥£-/> =  a[rf \ l  =  0 ,7 -  1, 7 = 1,M -  2,fc =  D~ ,̂ j = T^,
= 0 § J), I  =  MTT2,  7 =  0, M — 1, / = 0^,  i =  Ï7F

and, similar to (19),

= m l i f  =  =  27r, 7 =  0 ^ 2 ,  7 =  0 , M - 1

a? / *  =  1 - =  ÎTr, 7 =  1 ,7 ,- 1, 7 =  0,M -  1

=  0(n 'J), « =  27?, I =  Ô ^ T , 7 = 0,M — 2 
Æ J) =  1 ~ 9/3fcJ_1) =  / # ’J),<7 =  M , 7 = MT=T, 7 =  l . M - l .

(22)

The other parameters, from the interval (0,1),

°̂ p,iJ\p =  1 , m - r ;  a^(’J),p =  r + l . m - r ;

am'J\ l  =  0 ,7 - 2 ,7 .  =  0, M — 1; a ^ ~ l'J) ,p  =  m - r ,m
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and
Pk,qJ) » 9 =  s +  l ,n  -  s;

=  O .L -1 , J =  0, M  — 2; =  n ~ s ,n ,

are arbitrary.

Example. We consider the following Bézier control points:

1=0 1=1 1=2 1=3

k==0 (0,0,3) (0,1,2) (0,3,1) (0,4,3)

&20+k,l k==1 (1,0,1) (1,1,4) (1,3,2) (1,4,4)
k==2 (2,0,2.5) (2,1,3) (2,3,1) (2,4,3)

k==0 (2,0,2.5) (2,1,3) (2,3,1) (2,4,3)

&21+W k==1 (3,0,4) (3,1,2) (3,3,0) (3,4,2)

k==2 (4,0,2.5) (4,1,3) (4,3,1) (4,4,2.5)

k==0 (4,0,2.5) (4,1,3) (4,3,1) (4,4,2.5)

&22+k,J k==1 (5,0,1) (5,1,4) (5,3,2) (5,4,3)

k==2 (6,0,3) (6,1,0) (6,3,1) (6,4,2)

For /  =  07% fc =  072, J =  073 one obtains the Bézier spline surface
from Figure 4, corresponding to the usual degree elevation. The parameter values are: 

u e [0,3] and v E [0,1]; in Figure 5 the parameter values are: =  1/2, ofyj =  1/500,

a2,i = 1/1000, #2,1 ^  4/5; l =  0,3.

Figure 4. Surface 1
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Figure 5. Surface 2
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