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Abstract. Rational Bézier splines offer many possibilities to control the shapes
of curves and surfaces, but their relative complex equations lead at rather com-
plicated formulas for derivatives and, consequently, smoothness conditions. In
this paper we present a manner of partial or total remodelling given polyno-
mial Bézier spline curve (part 2) and surface (part 4), preserving their class of
continuity. The method consists in performing degree elevations that depend
by real parameters. The curvatures of Bézier spline curve in the initial, final
and joint points are also studied in part 3. The theory is illustred by some

figures with initial (as witnesses) and remodeled spline curves and surfaces,

respectively.

1. Introduction

1.1. Let g be a given C"[ug,ur] polynomial Bézier spline curve of degree m,

corresponding to the control points b; € R3,i = 0,mL, with the breakpoints b,r,I =

I,L —1 and the breakvalues of the parameter u,ug,k = 1,L,up < #3 < ... < uL.

This spline curve is represented over an interval [ur,ur41],I = 0,L — 1 by the following

equation

m

u-—ur

g(u) = E :Bm,k (—__) brnI+k, u € [ur, ur41),
k=0 Ur4+1 —ur

where B x(t) = () (1 — t)™*t*, k = 0,m, are the Bernstein polynomials.

The C™ conditions of g, on the jonction points uy,I = 1,L — 1, are

(AP Z (Z) (1) *bpnripk = (AY_,)’ Z (;) (=1 *bren

k=0 k=o0

i =0,r, where AY = uryy —uy, [2], p.92.
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1.2. Consider a polynomial Bézier spline surface G of degrees m and n rel-:’

ative to the parameters u and v respectively, over the two-dimensional interval D =

[uo,uL]x[vo, vMm], having the control points b;j,i = 0,mL,j = 0,nM, with breakpoints
buins,d = ,0=1,J = TM—-1andur and v, k = 1,L—-1, | = 1,M—1 the

breakvalues of the parameters.

On Dyj = [us, ur41)x[vy, vi41] the surface G has the equation &
u uy v—vy
G(u,v B (2=
o) = kz—;uX; mk(”l—!—l—uI) o (vJ+1—'vJ) mI+k,nd+1 |
';

Two patches of G corresponding to the domains D;_,,; and Dy, y are r times!
continuously differentiable across their common curve G(u;,v),v € [vy,vy41] if the fol-

lowing conditions

)Z( ) D bt = (A1) Z( )N F otk @

E=0 =0
are fulfiled [2], p.272, for any i = 0,7, and | = 0, n.
Analogous, two patches of G, corresponding to the domains Dy j_; and Dy 4

are s times continuously differentiable, across their common curve
G(u,vs),u € [ur,vry1)

if are fulfiled conditions
) Ny .
@3y Yy (SRR IND 3] () [C o ST
1=0 1=0
for any j = 0,5 and k =0, m.
The Bézier spline surface G is C™*(D) if the conditions (4) and (5) are fulfiled
forevery I=0,0— 1 and J =0,M — 1.

2. Remodelling a Given C™ Bézier Spline Curve

Consider the polynomial Bézier spline curve g defined in part 1. We will remodel

this curve by making a degree elevation corresponding to the following variable points,

determined by a set of real parameters ag) €(0,1),k=1,m, I=0,L -1,

bm]a lf k = 0,
Oomivrer =3 (1= abmrsn—s +aPbmrys, if k=T,m, (6)
bm(I-H)’ ifk=m+1.
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One observes that if

a([)_m-l-l—k
E m+1

?

then b‘('m 1) I+k? k =0,m + 1, are the known Bézier points, which are used in the classical
degree elevation, [2], p.52.
The Bézier spline curve g* corresponding to the points (6), over the interval

[u1,ur41], has the equation

m+1
u-—uy P —
* B ’ I=0,L-1. 7
g (u) ; m+1,k (ul+l — uI) b(m+1)I+k) u € ['ll«[, ul+1]v O’ ( )

The spline curve g* will be C"[ug, uy] if, similar to (2), are fulfiled the conditions

iy i,
i 4 i—kp#* i 2 i—k %
MDY () O minyrosnn = AL Y (1) O s ®
k=0 k=0 g
forany i =0,rand I =1,L — 1.
From here, taking into account by (6) and that the conditions (2) hold, results
that g* is C"[ug,ur], r < [m/2]if and only if,

o =1-pali D p=Tr,I=T,L—-1

9
o, =poD,p=Z7,1=0,L=2
The other parameters a(o), p=1m-r, ag“ 1), p=r+1m, Ol;(al), p =

r¥L,m—r,I = T,L—2 and o$f), I = 0,L =2, from the open interval (0,1), are

arbitrary. Therefore, the Bézier spline curve g* € C"[ug,u;] has the following control

points
[ b, ifk=0
(1 - b1 + Vb4, fk=T,m—-r
by = ¢ [1 —(m+1- k)a“”] by + ‘ (10)
(m+1—-k)aQb, fk=m—r+1Lm
| bm, ifk=m+1

31



IOAN GANSOA AND GHEORGHE COMAN, LEON TAMBULEA

(

b, ifk=0
kas,{_l)bm1+k_1+
+(1 = ka$s ™ NVbomrrk, if k=T,7
Biminyee = (1= bmrsnor +0Pbmrrr, Ek=rFLm—r (11)
[1- (m+1- 0l barre-s+
+(m+1-k)aDbmrrs, fk=m-r+Lm
[ Om(r+1), fk=m+1

forany I =1,L -2, and

(

b(L—l)m) ifk=0
kaly —2)b(L—l)m+k—1+
b syen = | +((2:;)ka£,f“2))b(L—l)m+k, ifk=Tr (12)
(1 =ay " )bL-1ymtr—1+
" Vb, _1ymaks fk=r+1,m
L errt; ifk=m+1

Example. Consider the quadratic spline Bézier curve of C'[0,4] corresponding

to the following points (m = 2, L = 5):

bO(lo) lﬁ)v bl (7) 21)a b2(3, 9), b3(0, 0)7 b4("47 0)7 b5(—8) 0)’
bG(-G’ 3), b7(_4> 6)) bs (2a 2)y b9(87 —2)’ blO(lo) 3))

with the breakpoints ba;,I = 1,4 and breakvalues of the parameter u, deduced with
the chord length parametrization method: up = 0,u; = 1,uy = 7/4,us = 5/2,u4 =
13/4,us = 4. The dotted curves are Bézier spline g, as witness curves.

The parameter values corresponding to these figures are:
Fig.1: o =2/3, 09 =1/20, o} =1/3, a2 = 1/3, a3 = 1/3, ad = 1/10;
Fig.2: o =1/10, of = 1/10; o} = 1/3, a? = 1/3, a3 = 1/100, o4 = 1/5.

We remark that if o' ™), I = T,L =1, decreases, then the Bézier spline curve

one extends in the vicinity of joint point b(m+1)r-

3. Curvature of Bézier Spline Curve g*

Let K (u) and K*(u) be the curvatures of the curves g and g* respectively, with
r > 2. Next we will deduce the dependence of K*(u) by K(u) and the introduced
32
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FIGURE 1 FIGURE 2

parameters, on 4 = uy, I =0, L. One knows that the formulas of K (u;) and K*(us) are

m-1 "Abm1+1 A Abm]n

oy Al , for I=0,L—1,
K(ur) = (13)
m-—1 "Abml,_g A Ame_;[”
, forI=L,
m ”Ame—llls

and

m_ A1y A Byl

for I=0,L -1,

mrl Ao
K*(ur) = (14)
m (OB, A DBl
=L
m+i |AGLE for I'=L,

where ”A” denotes the vector product.
By direct calculus, taking into account by (10), (11), (12), and (13), the formula

(14) becomes

2 (0)

K*(uo) = ;T—_—l(ai:m-)qx(uo),
m? 1 _ 20V —

K*(uy) = ] (1 ~ a;,{—l) K (ur),I =1,L -1, (15)
m?2 1- a(L_I?

K*(uy) = ml _—K(ug).

m?2—1 (l _ ag,—l))

In figure 3, the variation of K*(uj), with respect to e M0 < o <« 1/2,
I=1,L =1, is shown.

Remarks: a) From (15) results that we have the possibility to control the
curvature on any breakpoint uy, I =0, L.
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FIGURE 3

b) For any positive integer m,4 < m < 0o, and 0 < oz(lr 2 <1/2,I =1,L -1,

we have
1= 92o4-D I-1)
2220 gy < K < S 1220 p(,), 1 =T LT
1 2
(1 (1 1)) 5 ( a(!—l))
m

1
) o<ali™< 7 then K*(u) > K(ur),

. 1 - 1
if < as,{l D< 5» then K*(ur) < K(un),
if alf ™V = =T results K*(ur) = K(uy),
forany I =1,L — 1, and any posmve integer m,4 < m < oo.
d) If o = —% o = ——1-, then K*(uo) = K (uo),
-y _ _ 2 all-1) = 1 (o) —
and for o, T o results K*(ur) = K(uy,).

4. Remodelling a Given C™? Bézier Spline Surface

4.1. First we consider the particular Bézier spline surface which results from §1,
part 1.2, for M = 1. Over any domain Dy = [ur, ur41]x[ve, v}, I =0,L — 1, the Bézier
spline surface denoted Gy, has the equation

m n
u—uy v~ vp
G1(u,v) =YY Bmx (m) B (vl — vo) btk (16)

k=0 I=0

Assuming that G (u,v) is C"[ug,ur] with respect to variable u (G is evidently
indefinite differentiable with respect to variable v) then the conditions (4), in the partic-
ular case I = 0, are fulfiled, for any I = 0, n.
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We will remodel the above surface, preserving its class of smoothness, performing

a degree elevation relative to the variable u, with the aid of following control points

bt 1, ifk=0
bm 1)1kt = (1 - aﬁf,’ ) bmttk-1,0 + af,f,’ brirs, Hk=1m (17)
brn(1+1),05 fk=m+1,

where the parameters afs,) €01, I=0L-1,1= 0 n. We again remark that if
g,) ﬁ-}-—l&’ 1=0,n, I =0,L —1, then (17) are the prints of the degree elevation

with respect to variable u.
Bézier spline surface corrésponding to these points over domain Dy, 1 =0,L — 1,

has the equation

m+l n
. uU—u v — .
Hu,v) = §)§:Bm+u( . )B,.,, (—-—vl_;)%ﬂmk,z- (18)

k=0 1=0 Wr1 — W

This surface will be C™ across the curve G;(ur,v), v € [vo, v1] if, similar to (4)

for I = 0, the following conditions are fulfiled

Ay Z( )( U 0 iy kg = (Az-l)'z (;;)("'l)i-kb(m+l)l+k,h

k=0

forany i = 0,7 and | =0, n.
From here, taking into account by (17) and (4), with J = 0, one obtains, similar

to (9) that

a;{l)zl (l 1)1 p=ﬁ:1: 7E—11

m
(19)
1 —
Sn)—p+1,¢ pain’u p=2,r,1=0,L-
The parameters a,(,?,) ,p=Tm-raly ), p=r+Lmal), p=r+L,m—r,I=

1,L - 2, and af,{?,, I = 0,L - 2 take arbitrary values from the interval (0,1), for any
4.2. Now we consider the remodelling, in this manner, of a Bézier spline surface
G(u,v), given in part 1.2, preserving its class of C™*(D). As in previous case, we make a
degree elevation using the following control points, depending by two sets of parameters
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bm(l+-;,-':'n),n(1+ =)’

if (k,!) € {0,m + 1}x{0,n + 1},

(MA1)T+k,(n+1) T+ ) (dJ 1,J) a,J
[1 ag, ) ascl )] [1 'Bl(cl ) ﬁ( )] ’ :
i k=T1,m,l=1,n,
i
L I=0,L—1,J=0,M"1) E

where A is the matrix
bnltk—-1,nJ+-1  OmItk—1,nJ41
A=
binI+knt+i-1  DmItkni+t
The Bézier spline surface G* corresponding to these control points has, on the

domain Dy, the equation

G*(u,v) =

m+1 n+1 u—uy v—vy *
k=0 £J1=0 By, (u1+1 —ul) Bniig (vJ+1 —v.r) b(m+1)l+’€.("+1)-]+l

(21):

By direct calculus one deduces that G* is C™*(D), in hypothesis that G is
C™*(D), if and only if

I1,J-1 1,J _ s
all ) =a 1=0L=1,J =T M -2,k=0,m,j=T5,

BU) =B I =TT =2,0 =0 M —1Li=0mi=Tr

and, similar to (19),

ol =pall)) =l p=27, I=0,L=2, J=0,M -1
:’{l‘,):l— g,ll,J)’p:r;y I=1’L"1, J=0,M—1

(22)

'BIE:{;lJ—)q :qﬂl(c{;;’) zﬂi(ll‘J)vq:z—s—’ I=07L—1’ J=01M_2

ﬂi(a{;,) =1- q:BIE,IT’lJ_l) = ﬁﬁlI,J)vq =-1,_§1 I= OvL— 17 J= I,M_ L

The other parameters, from the interval (0, 1),

o p=Tm=—r;e{" p=7F,m—r;

N S e Gal, " p=m=r,m
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and

B0 q=Tn=580",¢q=5FL,n—s;

AN I=0L=1,0 =0, =281V, g =757,
are arbitrary.

Example. We consider the following Bézier control points:

=0 I=1 =2 I=3
k=0| (0,0,3) (0,1,2) (0,31) (0,4,3)
brosks k=1] (1,0,1) (1,14) (1,3,2) (14,4
k=2 | (2,0,25) (2,1,3) (231) (24,3)
k=0 | (20,25) (21,3) (231) (243)
baarks k=1| (304) (312) (330) (342)
k=2 | (4,0,25) (4,1,3) (4,3,1) (4,4,2.5)
k=0 | (4,0,25) (4,1,3) (4,3,1) (4,4,2.5)
brosks k=1] (50,1) (5,14) (53.2) (54,3)
k=2 (6,0,3) (6,100 (6,3,1) (64,2)

For ag,) = £, 1=10.2 k=0,2, 1 =0,3 one obtains the Bézier spline surface
from Figure 4, corresponding to the usual degree elevation. The parameter values are:
v € [0,3] and v € [0,1]; in Figure 5 the parameter values are: af ; = 1/2, of ; = 1/500,
o, = 1/1000, o2, = 4/5; 1 = ;3. |

FIGURE 4. Surface 1
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FIGURE 5. Surface 2
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