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Abstract. In this paper are established some results concerning a class of
modules, denoted by M, consisting of all non-zero R-modules with the prop-
erty that every non-zero endomorphism of A is a monomorphism. If A € M,
then A is indecomposable,'Enda(A) is a domain and Anngra = AnngrA for
every 0 # a € A. If R is commutative and A € M, it is shown that AnngA is
a prime ideal of R, A is a torsion-free R/AnngA-module and if A is uniform

then A is isomorphic to a submodule of Anng(r/anna)(ANnRA).

1. Introduction

In this paper we denote by R an associative ring with non-zero identity and all
R-modules are left unital R-modules. The ring R will be considered as a left module
over itself. By an homomorphism we understand an R-homomorphism.

Let A be an R-module. Then we denote by E(A) an injective envelope of A
and by Endg(A) the ring of endomorphisms of A. f 0 # B C Aand 0 # 1 C R, we
denote AnngB = {r € R|rb=0,Vb€ B} and Annsl = {a € A|ra=0,Vr € I}.
If0#a € A, Anng{a} is denoted by Annga. An R-module A is said to be faithful if
AnngA =0.

‘ A submodule B of an R-module A is said to be essential in A if BN Ra #0
for every 0 # a € A ([2], Chapter 1, Definition 2.12.1). By B < A we shall denote that
B is a submodule of the R-module 4 and if A is an essential extension of B, this will
be denoted by B <l A. A non-zero R-module A is said to be uniform in case each of its

non-zero submodules is essential in A ([1], p.294).

1991 Mathematica Subject Classification. 16D80.
Key words and phrases. endomorphism ring, uniform module, annihilator, quasi-injective module.

23




(e —

SEPTIMIU CRIVEI

Let R be a domain and let A be an R-module. Then A is called divisible if
rA = A for every 0 # r € R and A is called torsion-free if ra # 0 for every 0 #7 € R
and 0 # a € A ([4], p.32 and p.34).

An R-module A is said to be quasi-injective if for every B < A each homo-

morphism f : B — A extends to an endomorphism of A ([3], p.333).

Throughout this paper we denote by M a class of non-zero R-modules which
has the following property: a non-zero R-module A belongs to M if and only if every
non-zero endomorphism f € Endg(A) is a monomorphism.

Remarks. a) For example, every simple R-module is contained in the class -
M.

b) If A and B are two R-modules such that A € M and B = A, then B € M.

2. Main results

Theorem 1. Let A € M. Then:
(i) A is indecomposable ;
(i) Endg(A) is a domain ;
(i) A is a left torsion-free Endg(A)-module.

Proof. (i) Suppose that A is not indecomposable. Then there exist non-zero
R-modules B and C such that A = B ® C. Define the homomorphisms f : A —+ B by
f(b,c) =band g: B — A by g(b) = (b,0) for every b € B and c € C. It follows that
0 # gf € Endr(A) and gf is not a monomorphism, hence A ¢ M, which represents a
contradiction.

(it). Let f,g € Endgr(A) non-zero endomorphisms. Then f and g are
monomorphisms. Suppose that fg = 0. Then f(g(a)) = O for every a € A. Since f
is a monomorphism, we have g(a) = 0 for every a € A, i.e. g = 0. This provides a
contradiction.

(i43). It is well-known that A is an Endgr(A)-module if we define fa = f(a)
for every a € A and f € Endgr(A). Let 0 # f € Endr(A) and 0 # a € A. Then
fa = f(a) # 0, because f is a monomorphism. Hence A is a left torsion-free Endg(A)-

module.

Lemma 2. Let A € M be a quasi-injective R-module and let 0 # B < A. Then B € M.
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Proof. Denote by i : B = A the inclusion monomorphism and let 0 # f €
Endg(B). Since A is quasi-injective, there exists h € Endg(A) such that hi = if. It
follows that h # 0 and thus h is a monomorphism. Therefore f is a monomorphism.

Hence B € M.

In the sequel, we shall suppose that the ring R is commutative.

Theorem 3. Let A € M. Then:
(i) Annga = AnngA for every non-zero elementa € A ;
(i) AnngA is a prime ideal of R ;
(4ii) A is a torsion-free R/ AnngA-module ;
(iv) If A is uniform, then A is isomorphic to a submodule of the module

Annp(Rr/Anng a)(AnngA).

Proof. (i) Let r € R such that r ¢ AnngA and let 0 # a € A. Then exists
b € A such that rb # 0. We define the endomorphism g : A —+ A by g(z) = rz for every
z € A. Since g(b) = rb # 0, it follows that g is a monomorphism. Therefore g(a) = ra #
0,ie. r ¢ AnngA. Hence Annpa C AnngA. Obviously we have AnngrA C Annpga.
Therefore AnnrA = Ann,a.

(i1). Let r,8 € R such that rs € AnnpA and let 0 # a € A. Then we have
AnnpA = Annga. Suppose that s ¢ AnngA. It follows that sa # 0. But rs € AnngA,
hence rsa = 0. Therefore r € Anng(sa) = AnnpA. Hence AnngA is a prime ideal of R.

(#%%). Since AnngA is a prime ideal of R, R/AnngA is an integral domain.
Denote 7 = r + AnngA for every r € R. Then A becomes an R/AnngA-module if we
define 7a = ra for every r € Randa € A. Let 0 # a € A and 0 # 7 € R/AnngA.
Suppose that fa = 0. Then ra = 0, hence r € Annga = Anngd, i.e. ¥ = 0. This
provides a contradiction. Therefore 7a # 0. Thus A is a torsion-free R/AnngA-module.

(iv). We have A < E(A). Denote p = AnngA = Annga for every a € A.
Then Ra = R/p for every a € A. Since A is uniform, it follows that E(A) = E(Ra) =
=~ E(R/p) ([4], Chapter 2, Proposition 2.28). Hence A is isomorphic to a submodule of

Annp(r/anng a)(AnnpA).

Corollary 4. Let A € M be a faithful R-module. Then:
(i) R is an integral domain ;
(i) A is a torsion-free R-module ;
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(#4i) If A is uniform, then A is isomorphic to a submodule of E(R).

Proof. By Theorem 3, AnnrA = 0 is a prime ideal of R, hence R is an

integral domain.

Theorem 5. Let A be a non-zero R-module. Then the following statements are equive-
lent:

(i) A is uniform and Ae M ;

(i) A= B, where 0 # B J Anng(r/p)p for a prime ideal p of R.

Proof. (i)=> (1). Assume (i). Let p = AnngA, which is a prime ideal of R.
Now the result follows by Theorem 3.

(#%) = (4). Assume (ii). For every 0 # a € E(R/p) we have Annga C p!
([4], Lemma 2.31). Hence Annga = p for every 0 # a € Anngry,p- Therefore we
havé AnngB = Annga = p for every 0 # a € B. Since E(R/p) is an indecomposablei
injective R-module, it follows that B is uniform ([4], Chapter 2, Proposition 2.28). Let{f
0 # f € Endgr(B). Then there exists 0 # a € B such that f(a) # 0. Suppose;
that f is not a monomorphism. Then there exists 0 # b € B such that f(b) = 0. ;
Since B is uniform, there exist r,s € R such that 0 # ra = sb € Ran Rb. Hence |
rf(a) = f(ra) = f(sb) = sf(b) =0, i.e. 7 € Anngf(a) = p. Therefore ra = 0, which is
a contradiction. Thus f is a monomorphism. It follows that B € M, which means that .
A is uniform and 4 € M. ‘

Corollary 8. For every prime ideal p of R, R/p € M. !
Corollary 7. Let A€ M. Then Ra € M for every 0 # a € A.

Theorem 8. Let A € M be a faithful R-module which is not injective. Then there exists
0 # f € Endgr(A) which is not an isomorphism.

Proof. Suppose that every non-zero f € Endg(A) is an isomorphism. By
Corollary 4, R is an integral domain and A is a torsion-free R-module. It follows that
R is isomorphic to a subring of the ring Endgr(A), hence rA = A for every non-zero
element r € R, i.e. A is divisible. Then A is injective ([4], Chapter 2, Proposition 2.7).
This provides a contradiction. Thus there exists 0 # f € Endgr(A) which is not an
isomorphism.
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Example 9. Let R be an integral domain. Then R {s uniform and the ideal
Anng(E(R)) = 0 is a prime ideal of R. If A is a non-zero submodule of E(R), then
Ae M. Hence E(R) € M. Since E(R) is an indecomposable injective R-module, every
non-zero endomorphism f € Endg(E(R)) is an isomorphism ([4], Chapter 3, Lemma
3.10). If A is a non-zero proper submodule of E(R), then A is not injective because
E(R) is indecomposable. By Theorem 8, there exists 0 # f € Endr(A) which is not an

isomorphism.

Theorem 10. Let A € M be an injective R-module and denote p = AnngA. Then
A= E(R/p) and Endgr(A) is a division ring.

Proof. Let 0 #a € A. By Theorem 3, p = AnngA = Annpga is a prime ideal
of R. But aR = R/Annga = R/p, hence E(R/p) = E(aR) < A. By Theorem 1, A is
indecomposable, hence A ¢ E(R/p). Let 0 # f € Endgr(A). Then f is a monomorphism.
Since A is an indecomposable injective R-module, it follows that f is an isomorphism

(4], Chapter 3, Lemma 3.10). Therefore Endg(A) is a division ring.

Example 11. Let R = Z be the ring of integers and Q the additive group of rational
numbers. Then Q € M, Q = E(Z) and Endz(Q) =2 Q i3 a field.

Theorem 12. Let A € M be a quasi-injective R-module and denote p = AnngA. If
A<BX< AnnE(A)p, then B € M.

Proof. We have Annga = p for every 0 # a € Anngq)p. Let 0 # f €
Endp(B). Then there exists 0 # b € B such that f(b) # 0. Since A J B, there exists
7 € R such that 0 # rb € AN Rb. Therefore r ¢ p and f(rb) =7f(b) #0, ie. fla #0.
But f extends to a ¢ € Endgr(F(A)). Since A is quasi-injective, we have g(A4) C A,
hence f(A4) C A ([2], p-252). Let h € Endr(A) be defined by h(a) = f(a) for every
a € A. Since h(b) = f(b) # 0, it follows that k is a monomorphism. Suppose now that
f is not a monomorphism. Then there exists 0 # ¢ € B such that f(c) = 0. Also there
exists s € R such that 0 # sc € AN Re. We have h(sc) = f(sc) = sf(c) =0, which is a

contradiction. Therefore f i3 a monomorphism.
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