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REZUMAT. - Interpolare lacunari prin funcţii spline cubice. în această 
notă se studiază o problemă de interpolare prin funcţii spli ne cubice. Se dă o 
metodă de construire a soluţiei şi se evaluează eroarea aproximării.

As a generalization o f polynom ial B irkh o ff interpolation, l.J .Schoenberg 

[22] had initiated the studying o f lacunary interpolation by spline functions. 

Next, involving the values o f a given function and o f certain o f its derivatives 

it was studied different particular cases o f lacunary spline interpolation 

problems.

The goal o f this note is to study such a lacunary spline problem and to 

give a method to construct corresponding solution. Also the approximation error 

is evaluated.

Let SP(3 A J  be the set o f the cubic splines fo r the partition
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A „: a  "  X 0 < X l < - < X n "  b > n e î *> W > 1 » O )

i.e.:

^  G P 3’
/ = TŢn (2)

2) s E C 2[a,b]

For a spline s E  5p(3,A„) we can write

„ M . - M . . „__
5 " (jc) ■ A/,_, +----------- L (jc- jc, . ,) for all x E  [jc,_,, jc,], / -  l ,n  (3)

x i ~ x i-1
where Mk » s " (xk\  k » ü^ïï

For /  G C[a,A] one considers the conditions

4 * ,)  = /(* ,)
i = Ü7ÏÏ. (4)

4 ( jc,)  ■ »»,

As a solution of the differential problem (3)-(4), one obtains [24]

K*) -  M>' \  (x - jc,., )3 + (jc - jc,., )2 + m,_, (jc - jc,., ) + /(* ,.,) (5) ’
O (JC, JC,., J 2.

for jc E [jc, . , , jc,] , / -  T7ÏÏ.

In some supplementary conditions [24] the solution 5 of the above 

differential problem can be unique determined.

Now, one considers the following lacunary spline interpolation problem: 

find the cubic spline s E  5.(3 ,A„) that interpolates the data
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f i x X - J X )

f"  (*i )» • • • ) .  t, e (jc,., , x, ), i - T
/ " K )

(6 )



LACUNARY INTERPOLATION

W ithout lost o f generality, it can be considered the interval [0,1] and its 

uniform  partition A„ given by the nodes

i
n

w ith  the norm h -  l In.

The points t, can be w ritten as

tt -  jcm  + ah, w ith a  E  (0,1), / -  T7« (7)

THEOREM 1 .Let f. [0,1] -*■ R be a given Junction for which there existf" (0) 

and f "  (tf, tt E  (jcm ,x() for all i ■  \,n. Then, there exists a unique cubic spline 

s E  Sp(3,A„) such that

with X, some parameters.

Proof We look fo r the function s as a solution o f the- d ifferentia l problem
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, / =T7« . ( l l )

We have

s(x) \  \ - i  ( i~ 1Ÿ  \ - i  ( / - I  \ 2
6h

\ x ~ .
n

x - .
2 I n Cv

x E -Î— L,_LV / = T ji,  where the constants C, and C2 are obtained from  the 
"  n)

conditions (11). One obtains 

' / - 1 \
c i mf \ n

i \  A  i’- l
- /

n n
V 2 V .

6 h
i = i , / i

and (9) follow s.

To find  the parameters X(, / = ü ^ ïï, there are used the interpolation conditions

(8).

One obtains the fo llo w  ng system 

\ > - / " (  0)

V . + " ( W i )

Using the relation

\ i - T j i
(12)

\ n

t = J—L  + a — , a 6 ( 0 , l)  
n n

the system (12) becomes

a V ( 1 - « ) V ,  = /" ( ',)>  ' =T^ >  « € = (0 ,1 )

This system has a unique solution, so the theorem is completely proved

(13)
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THEOREM  2. I f f  E  C*[0,1] and f  E  L ip £[0 ,l], with L the Lipschitz 

constant, then for the corresponding cubic spline interpolation s, we have:

i) m -a *)I * *  JL [ l\ -v ,l - |\*2xj *3IV,I]
n 6 n z

ii) |s'( * ) - / '( * )  I J L [3 |V V . I  + I V 2V .I +6 |V .I] + (14)

+ <°. h r  + f , ( i~  1

iii)  \ s " ( x ) - f ( x ) \  *  I V V . I  + IV . I  + + f"  .

where co f— I is the modulo of continuity o f f ), j  = 1,2 on
\ n>

i - 1 / 

n ’ n
I ■  1 ,n.

Proof Taking into account that

X -  M
/ _ / - I i ' / - l  / '£ = x E

n n n n n ’ n
, i= T ji,

\ m - m \ * L \ x - y \ t

and (9), one obtains:

IVA-.I
n J 2 n 1 n

• • _ + £ ,  |xM - x | s  
6 n n

■A-Ki\ , IV.I , IV 2V,I . 2i
6n 2n‘‘ 6n:

ii) \s '(x) - / '  (■*) I *  4  I V  V . I ‘ - V  I V i I -  + L + - +
2 n n on

+ — I V i  I + L  +n
f ( x ) - f7 ( i - 1 f - )*  )
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1 + ' (i)+ IU P K~K'1 + |X'+2X'"1 + 6 |X"' '1+
f

n

and

iii)  k  " 0 )  ~f" (* ) I *  » K - V ,  I *  -
i- \

+ IV J / " « - / " I — In

f ■it ( M  \ i
^ i w . i + i v , i + <«2| ^ | + /

•// (i~  1

and the theorem is com pletely proved.

Remark 1. I f  a  = 1/2 t = x i-x+ x , from (13) it follows that

\  *  I f " (t) -  XM and the inequalities (14) becomes:

i)  k ( * ) “ X * ) I s  — h
n 6 n 2

+ 3 |V J ]

»i) \s '(,x )-f(x )\* L + - l -
6n-

I f " (2 i-Y
In

- 2 k’(-i 2 /

2f " ( 2i 1
In

- 2 k i - \

2 / "
/ 2 / - n

+ K i ♦ «  I V ,  ! +  0 ) , f \ \ + f  (  '  M
2 n  J f 1) l  «  )

(14’)

i ii)  \s"(x )-f"(x )\* 2/1 ^ ) - 2X-'-K'*“#
•// / / - 1

Remark 2. I f  kt *  XM *  0, i = l,n then

o  ♦  J L < v a . i )n 3 n 2

82



LACUNARY INTERPOLATION

(14M)

n n

R E F E R E N C E S

1. Suranyi,J. and Turan,P., N o tes  on  in terpo la tion  /, Acta Math. 6(1955), 67-79.

2. BalazsJ. and Turan,P., N o tes on in terpo la tion ; II, HI, I\^, Acta Math. Acad. Sci. 

Hungar, 8(1957), 201-215; 9(1958), 195-214; 9(1958), 243-252.

3. Meir,A. and Sharma,A., L acu n ary  in terpo la tion  b y  sp lin es , SIAM J. Numer. Anal., 

Vol. 10, 3(1973), 433-442.

4. Swartz,B.K. and Varga,R.S., A n ote on  lacu n ary  in terpo la tion  b y  sp lin e s , SIAM J. 

Numer. Anal., 10(1973), 443-447.

5. Stephen Demko, L acu n ary  p o ly n o m ia l sp lin e  in terpo la tion , SIAM J. Numer. Anal., 

Vol. 13, 3(1976), 369-381.

6. Coman,Gh., A n aliză  n um erică , Ed. Libris, Cluj-Napoca, 1995.

7. Varma,A.K., L acu nary in terpo la tion  b y  sp lin es I, //, Acta Math. Sci. Hungar, 

31(1978), 185-192, 193-203.

8. Prasad,J. and Varma,A.K., L acu nary in terpo la tion  b y  qu in tik  sp lin e s , SIAM J. Numer. 

Anal., 16(1979), 1075-1079.

9. Mishra,R.S. and Mathur,K.K., L acu n ary  in terpo la tion  b y  sp lin e s , (0;0,2,3) a n d  

(0;0.2,4) c a se s , Acta Math. Acad. Sci. Hungar, 36(1980), 251-260.

10. Sha,Zhen; Weng, Zhu Yin, O n seven th  deg ree  lacun ary in terpo la tion  sp lin e s , Zhejiang 

Daxue Xuebao, 1981, nr. 1, 56-61.

11. Wang, Jian Zhong, Q uartic  lacu n ary  p o lyn o m ia l sp lin e  in terp  d a tio n , Zhejiang Daxue 

Xuebao (1981), nr. 1, 122-127.

83



Gh. COM AN, C. IANCU

12. Guo,Z R., Note on lacunary interpolation, Math. Num. Sinica, 3(1981), 175-178.

13. Chen, Tian Ping, On some lacunary interpolation splines, J. Math. Res. Exposition, 

2(1982), 53-60.

14. Sha Zhen, An analytical method o f lacunary interpolation for high degree splines, 

Math. Numer. Sinica, 4(1982), nr. 3, 253-263.

15. Bhattacharyya,P. and Kala,V., On lacunary spline interpolation, J. Math. Phys. Sci., 

Vol. 16(1982), 275-282.

16. Shumilov,B.M., Lagrangian interpolation by cubic splines with additional nodes, 

. Vycisl. sistemy, N. 106(1984), 29-40, 80.

17. Wang Xiang, On quartic lacunary interpolation splines, Zhejiang Daxue Xuebao 

19(1985), nr. 2, 146-152.

18. Fawzy,Th., Notes on lacunary interpolation by splines I, (0,3) interpolation, Ann 

Univ. Scientiarum Budapestinensis, Tomus XXVIII (1985), 17-28.

19. Fawzy Th., (0,1,3) Lacunary interpolation by G-splines, Ann. Univ. Scientiaaim 

Budapestinensis Tomus XXIX (1986), 63-67.

20. Fawzy,Th. and Holail,F., Notes on lacunary interpolation with splines. (0,2) 

interpolation with splines o f degree 6, Journal of Appl. Theory, Vol. 49, Nr. 2( 1987 ) 

110-114.

21. Fawzy,Th., Notes on lacunary interpolation with splines III. (0,2) interpolation with 

quintic g-splines, Acta Math. Hung., 50(1987), 33-37.

22. Schoenberg,I.J., On the Ahlberg-Nilson extension on spline interpolation. Ihe g-splines 

and their optimal properties, J. Math. Anal. Appl., 21(1968), 207-231.

23. Ahlberg,H. and Nilson,E.N., The approximation o f linear functionals, SIAM J. Num 

Anal., 3(1966), 173-182.

24. Iancu,C., On the cubic spline o f interpolationf Seminar of functional analysis and 

numerical methods, Preprint Nr. 4(1981) 52-71.

84


