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REZUMAT. - Sisteme parabolice cu nonlinearitate discontinuă. Se studiază 
rezolvabilitatea problemei Cauchy-Dirichlet pentru sisteme parabolice cu 
neliniaritate discontinuă.

Let Q C R 1 be a bounded domain w ith  L ipshitz boundary dQ. We 

consider the Cauchy-Dirichlet problem

-Ş- -  Ltu in Dt = Q x (0,7), / = 1 0)
at

w/(^'0UaQ = °» mA ° )  = <P,(*) x e Q ,  i = 1 (2)

where L, are second order linear differential operators w ith  real coefficients o f

the form

N n

>1 *>1 OXk
a y duj 

d dx,
~ Y , ao Uj  /' = L-. JV (3)

and ft '.Q* (0,7) * Rv - *  R are given functions. 
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L \Q ,  K " ) =  {U =  (uv...,uN) I w< E  L 2( Q )  / =  1 ,...,7 V }  

w ith  the scalar product resp. norm

n n

(w>vWr> = [ Y . utvidx* i«É’wr> = fE \u,
ti

■ dx: (4 )

= { w e  L 2(Q ,
dw

— — i E L 2(Q),w.. = 0 i = 1,...,A7, A: =
dx,

w ith the scalar product resp. norm

N n du, dv, N n du

dx.
dx (5)(u>vWr) JE E "T"r “âTT JE E

D 1-1 km{ ”Xk ®Xk D 1-1 kml

and H 'l(Q, E f) the dual space o f H<ţ(Q, 1^).

Besides these we need some other spaces too.

Let X  a Banach or H ilbert space. We denote by C ([0,7], X) the linear 

space o f the continuous functions u : [0,7] -*X  w ith the noim

INI Clio 71X) sup IIKOII*
te[o,Tj

Analogously i f  X  is a H ilbert space let L 2(0,T;X) the set o f the measurable

I1
functions u : (0,7) ->X  fo r which j \\u(t)\\zxdl <+<x>. In L 2(0J\X ) we use the 

scalar product

0 ’VW  TJO = J  (M (0,v(0).v^ ({V)

I f  X ' is the dual space o f X  we can sim ilarly define the spaces

C H O //’] , * 7], l \ o;i \ x ').
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PARABOLIC SYSTEMS

We shall use the fo llow ing  notations:

V = L 2(0 ,r ;Z -2( Q , r ) ) = L 2(D pr ) ,  W = L 2(0yT ; / / 0‘ (QJR^))

IF ' - L 2(0,T ;H -l(Q Jt)), Z = C ([0 ,7 ), L 2(Q,R/V))

I f  the system Lu *  ( I ,  u,... JL̂ ju) is dliptic and weakly closed [2] for all t E  (0,T )

or is strongly e llip tic  [13], the coefficients a0° satisfy some "sign" conditions,

then fo r a ll f t E  L 2(DT) (here ft does not depend on u) and fo r allcp, E  L 2(Q)

there exists a unique weak solution u E  W f l  Z o f the problem (1) - (2) and an

estimate o f the form

M w S q \\f\\v + (8)

is true.

For Cauchy-D irichlet problem see [1, 6, 8, 14],

I f  the functions f t depend on u and satisfy Caratheodory type conditions, 

then many existence results were obtained using various methods fo r nonlinear 

operatos [6, 8, 10],

In the tehnical applications appear various problems fo r parabolic systems 

w ith  in itia l and boundary condition which contain discontinuous nonlinearities. 

In the study o f these problems usually the inclusions differentials are applied. 

We use here a simple method proposed by S. Carl [4],

In this paper we study the solvability o f the Cauchy-Dirichlet problem (1)-
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(2) in  the case when ft does not depend exp lic itly  on x and t and f t has 

discontinuities in  ux,...,uN. We assume in the sequel that a*f, e  L m(DT) and 

we bu ild  the bilinear form s at : W *  W -*• R

at{u,vt) a,
ij dvt 
ü dxk dx,

+ an U Vj  i dxdt (9)

D E FIN IT IO N  1. We say that « €E IF is a weak solution o f (1) - (2) i f

» e z ,  O l e w ' ,  Æ ,v\ e  l \ o,T), f,(u) e  l \ d t ) and
at \ dt /

T N

| ( - ^ > v)<# + E  o,(utv,) -  (f(u),v)LHDrV) Vv E W (10)
m (jc,0) = <p(x) a.e. on Q (H )

Here stays f° r  the pairing o f the functional - ^ - ( 0  e  H~l(QJBF) w ith

v(%0 e  H iiO J ? )-

We introduce in  L 2 (DT, B^) a partially ordering relation. One says that u s v 

i f  and only i f  v -  u G L +2 (Dr J t )  = {w 6 I 2 (0,7’;H^) | w{ (x) i  0 a.e. on D T} . 

Let W+ = W (\C (D j-Jlt). I f  u, w E L 2(D r ,Rv) and « s ü , w e  denote

[ m, w ] = {w E  L 2(DT,tt') I u s u s u } .

D E FIN ITIO N  2. We call u E W  a weak upper solution o f (1) - (2) i f  in

defin ition 1 condition (10) is changed into
T N

I  J ,V) dt + ^  * ( / > W r,r> Vv e  (12)

Sim ilarly we define the weak lower solutions changing the sign "a "  in
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(12) in to  " s " .

We assume that

a l)  The system (L xu,...,LNu) is strongly e llip tic  or weakly closed 

a2) There exists a positive constant A/, such that fo r a ll the

Cauchy-D irichlet problem

—  -L u  +M u =g in Dt , u(x,t) 1 ^  = 0, u(x,0)=<p(x) (13)
dt

has a unique weak solution u fo r all g E L 2(DT,HF) and < p E L 2(£2,R^). For

im plies u(x,t) a 0 a.e. on D r \and from  u E  W, u(x,0 ) = 0  on Q, and from  

Am(i/,v) isO v E  W+ results that u(x,t)*0  a.e. on Dr .

Conditions a l and a2 are obviously fu lfille d  i f  Ltu contains only the 

function ut

the parabolic operator —  - L  +M J the weak maximum and m inim um  principle
dt

are true in the sense that: u E W , u (x ,0 )-0  on Q and

u^^xdt^O V v E lF +, (14)

/ = 1 (15)

and there exists p > 0 such that
« n

E ««(*.0S*S,*nE $  fo r a e - M E D Tt V I E R ' ,  i = 1,...,jV. (16)

For the maximum and minimum principles see [3, 5, 7, 12],

(11) There exists a positive constant M2 such that the functions
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F fx )  = f,(x) + A /x, x E R * '  i -  (17)

are monotone increasing fo r every M * M 2, e.g.

F, ( O  *  F, (**) i f  s  xj  7 = 1 v  JV

P2) There exist a fin ite  or countable number o f surfaces St C R v fo r which 

we have a representation

. S* = {t = e  I tjv “  '‘I’m ( A  t7 = (x ,, .. .^ . ,)  G Rv- ’ } , (18)

where G C 1 (R ^ 1) and

ix ' ) >  (x' ) Vx/ e  rV"‘, W

The functions ^  : RV-» R  are continuous on R^ \  U s*> f  has one-side lim its
*

on Sk e.g.

/- ( x )  = l im /d „ . ..,!=„) , f \ x )  = l im / d lv . . , y

>̂N<XN f̂ N

exist and are fin ite .

y) The Cauchy-D irichlet problem (1) - (2) has a lower solution u and an 

upper solution « such that « s u .

LE M M A  1. We assume that, the conditions p i) , P2) and y) are fulfilled 

and M  2s m ax(M , ,M2} is a constant. Then

1° For every u G [ « , « ]  the function F(u) = f(u) + M u  belongs to

l \ d t ,W ).

2° I f  « , v G [ « , « ]  and « s v then F(u) s  F (v ).
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3° The set {F(u) \ u G [ m , m]} is bounded in L 2 (Dr ,Ht).

For the proo f see [11].

Let M0 = m axIA /j ,M2) , M  ^  M0 a constant, <p G L 2( Q , Rv) a fixed 

element and w G [ u ,ü] an arbitrary function.

THEOREM  l. I f  the hypotheses a l ,  a2, p i,  P2 and y are satisfied, then 

the Cauchy-Dirichlet problem

has a unique weak solution « £ [ « , « ] .  I f  (pG /Z o^Q ,!^) then u G

IF f lL 2(0 ,2 ’, / / 2(Q,]Sv) )  and —  G V.
dt

Proof By Lemma 1 F (w ) = f(w ) + Mw  G L 2(DT,W ). In this case the 

unique solvability o f (19) results from a l)  and «2). Let u the weak solution o f 

(19). The function « is a weak upper solution o f (1) - (2) w ith  the same 

<p G L 2( Q , E ^), thus we have

—  -  L u  + M u  = f(w) + Mw on D.
dt (19)

“ (l O U q = 0 ,  u (x ,0) = cp(jc)

N

i-1T
N

u(x,o ) = w(jc, 0) = cp(jc) a.e. on Q 

For the function « - « w e  obtain then
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AM(ü - u , v) a J* [F t(u) -  Ffw) ] vj dx dt aO Vv E  Wt 

and («  -  u )(x ,0 )  = O .

Applying the maximum principles the last two formulae give

i - « i  0 a.e. on D T. S im illa rly  we obtain «-«s 0 , and then u s  u s w.

I f  tp E  / / „ ' ( Q , ^ )  then w E  L 2( 0 , T ,H 2(& ,1 ^ ))  and —  E V  (see
dt

[!])• '

Let M3 > M 0. We consider the fam ily o f the cauchy-D irichlet problem 

(19).when w describes the interval [« ,  w ], M  E  [M 0,M 3] and cp is the same 

function fo r a ll problems. We denote by uwM the weak solution o f (19). 

THEOREM  2. There exist positive constants C2 and C3 such that

IK J Ifr  *  C 2 Vw E  [ u , u ] , V M  E  [M 0 ,M J

da hAL

dr
s  C3 V w E  [w , u] , V M  E  [M 0>M 3]

w'

(20)

(21)

Proof. F(w) = /(w ) + M w  E  V so from  conditions a l)  and a2) results 

that there exists a constant C > 0 such that fo r the solutions uvM o f the 

problem (19) we have

l“„X s  C( |F(w)l, * l<pliW,r)) Vw e  [<£,«] (22)

According to Lemma 1 { ||F(h,)|||/ | w E  [u ,u ] } is bounded, cp is the same loi 

a ll M , therefore there exists C2 > 0 such that (20) is true. The estimate (21) is
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a consequence o f (20) and

N

|(" ir ,v)<*+è  a /(“ wA/»vi) . vV -Je  v, V v e ^

L E M M A  2. Le/ w ‘ , u2,... , u k, ... a bounded monotone sequence

duk
(increasing or decreasing) in W for which { | ----- | | k -  1,2,...} is also

dt

bounded. Then (u k)M is weakly convergent in W, strongly convergent in 

T du T
L 2(D t , BY) and J  (— i , vj dt J  ,J jd t  Vv E 'W  (u -  lim  u *).

Proof The m onotonicity o f (w *)fel means here the m onotonicity o f the

components o f u * -  ( « , * , ..., m̂ ) .  Then Lemma 2 results from  [4],

THEOREM  3. Let u, ü  E  W be one lower resp. upper solution of the

Cauchy-Dirichlet problem (1) - (2). Assume that the conditions a l) ,  a2), p i) ,

P2) and y) are fulfilled and f*(x) = /(x )  (or f~(x) -fix )  ) for every f E (J S t .
*

Then there exists at least one weak solution a 6 [ « , ü ]  o/problem  (1) - (2).

Proof We use a constructive iterative method proposed by S. Carl [4] 

solving an in fin ite  sequence o f problems. Let q p E L 2( Q , K w) be the given 

function in  (2). We chose an M E  [M 0 ,M 3] and start w ith the problem

—  -  L U l + M U 1 - f ( U ° )  + M U °  i n f i x  ( O J )  
dt (23)

( / '( * ,0 1 *edû 0 , U l(x ,0) = <p(x)

where U°m u.
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(23) has a unique weak solution U 1. Thus we have

N  N

°)vtdxdt + M f£t/,
i r i.i

N  N

dxdt + U tv,dxdt

The last tw o form ulae give

Vv e  

Vv E  W

AM(U ° ' U 1 ,v()* 0  Vv G Wt 

In  the same way we get

AM( u - U l , v ) 4 i  V v G IF + 

Using the maximum resp. m inim um  princip le we obtain

In  the same manner the sequence U l , U 2,... , U k,... is b u ilt solving the 

Cauchy-D irichlet problems

dUk+l
dt

-  L U k*1

Uk"(x,t) uQ
+ M ( / w  = f ( U k) + M U k 

0 , U k+l(x, 0) = <p(jc) ï G Û
(24)

It is obvious that

U  *  I / * + l S  ( / *  S  S  ( / #  ţ  Ï  .

By Theorem 2 the sequence (u *)tel 

from  Lemma 2 results that ( « * ) fal

is bounded in  W, and d U 1
at

* C3. Then

is strongly convergent in  V and weakly
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convergent in  W. U k is the weak solution o f (24), thus

(25)
dt + £  at(U k*1 , v ) + M ^  Uî "  vidxdt

-  [ Y ,  f t ( u k ) vt dxdt+M [ Y , u >k vi dxd t  
6t 6r

But according to Lemma 2 Uk converges strongly to an U G L \ D T,Hf),
T T

U  *-» U  weakly in W, ~  G W ' and J* {̂ ~~~ > dt

Consequently after passing to lim it the le ft side o f (25) is

,v )d t  + £  a,(U,\,)  + Ui vidxdt (26)

We shall show that the lim it o f the right side o f (25) exists and is equal

to

N N

dxdt +

U k(x,t) converges decreasing to U(x,t) a.e. on Dr , f t is continuous on 

/ ( x) = /TCO on Sj, thus f t{ U \ x tt ) ) ^ f t{U {x tt)) a.e. on D T and
j

from  Theorem 2 results that

E ^ V *

j f l( U k(x ,t))-v l(x,t)dxdt\ s U , ( U % XDt)- |v ,|LWf) s  C

where C  is a conveniently chosen constant. Thus we can pass to lim it in the 

righ t side o f (25), too, and we obtain

73



P. SZILÀGYI

T

li~wyV)dt + = JTË-WK*1* Vv e w
which means that U  is a weak solution o f problem (1) - (2).

I f  fj(x) - fj(x) on Sk then starting w ith  «° * u (low er solution o f (1) - 

(2)) we can bu ild  a convergent sequence u 1, u 2, . . . ,  u * , . . . ,  uk is the solution 

o f

du *+l 

. dt
-  L u k"  + M u k" f(u  *) + M u  * in  Dt

uk" ( x »0 L a o  * °» uk*'(x »°) = <P(Jc) 

For the solution u -  lim  u kA we have then

(27)

U ’& U ’&U

R EM AR K 1. For both cases fix) = f \x ) and f(x) - f (̂x) we may 

start the iteration method w ith  any U° ,u° G [ u , « ] . The sequences bu ilt by the 

method (24) resp. (27) may converge to an element different from  U resp. u 

obtained in  Theorem 3. We have the fo llow ing

THEOREM  4. a) If  in Theorem 3 f(x )  » f \ x )  x G (J Sk, then the
k

solution U of the Cauchy-Dirichlet problem (1) - (2) obtained in the proof of 

Theorem 3 is maximal in the sense that for all solutions w G [u, ü ] ofproblem 

(1) - (2) we have w a U.
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b) / / / M  ■  /,<*) t  G M i', ,  then the solution u obtained by algorithm
k

(27) is minimal that is u * w for any solution w G [ « , « ] .

For the proof see [11].

R EM AR K 2. using differentia l inclusions we may weaken the assumptions 

about the operator L and functions f. [9 ], but in  this case we can not apply the 

simple constructive method offered by the monotone iterative technique.
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