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REZUMAT. - Subordonări diferenţiale pentru funcţii olomorfc de mai 
multe variabile complexe. în această lucrare autorii consideră clase speciale 
de subordonări diferenţiale precum şi inegalităţi cuprinzând derivate partiale 
de ordinul întâi pentru transformări olomorfe definite pe polidiscul unitate din
cr.

A bstract. In this paper the authors consider special classes o f 

subordinations and inequalities involving firs t partial derivatives o f holomorphic 

mappings in the unit polidisc o f C".

1. In tro d u c tio n . In several papers [6 ], [7 ], [8] S.$. M ille r and P.T. 

Mocanu considered the analytic functions defined on the unit disc 

U =  {zG  C: \z\ < 1}, which satisfy some differentia l inequalities or 

subordinations. Using the technique o f subordination were obtained severeal
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results including inclusion relations, inequalities and some sufficient conditions 

fo r univalence. K. Dobrowolska, P. Liczberski in  [3] and also, S. Gong, S.S. 

M ille r in [4] proved that i f  an analytic function o f several complex variables 

defined on a complete circular domain satisfy certain partial differential 

inequalities or subordinations, then the function itse lf must satisfies an 

associated inequality or subordination. P. Liczberski in  [5] obtained some results 

concerning partial d ifferentia l inequalities fo r holom orphic mappings on the open 

unit Euclidian ball.

In this paper we obtain a new generalization o f Jack-M iller-M ocanu 

Lemma and then, using this result we w ill obtain some properties o f 

holom orphic mappings defined on the unit polydisc o f C".

2. P re lim inaries. We let C  denote the space o f n complex variables

z i
z w ith  the norm ||z|| = max |z |. By U "  and H (U ") we shall

If*j*n
\ ” /

denote the open polydisc in C  i.e. the set {z G C : ||z|l < r}, and the fam ily oi 

a ll holom orphic mappings / :  U " -* C , respectively. I f  Q is a region in C ’ and 

/  is a holom orphic mapping in  Q, then we denote by D f  (z) the Freclid 

derivative o f / a t  z G Q. Also, i f  F  is a holomorphic function in Q, then by
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( dF(z) \

DF(z) we denote the complex vector

D 2F(z)
complex m atrix

dzdZj

fo r a ll z G Q and EfF(z) the

Let L (C ) the space o f a ll linear continuous

.1* i , j* n

operators from  C  into C  w ith the standard operator norm |H| and le t I  be the 

identity in  L(C), then the restriction D 2f(z)(z, •) o f the continuous symmetric 

bilinear operator Lffiz) to z x C ' belongs to L(C). I f  z E  C , then z ' w ill 

represent its transpose.

I f  Q is a region in C  and /  is holom orphic in  Q, then we say that /  is 

biholom orphic mapping in Q i f  the inverse mapping f A does exist, is 

holom orphic on an open set V Q C  and f~l(V) = Q.

The main results are based on the fo llow ing lemmas.

LE M M A  2.1 [6,7], Let g be a holomorphic function in the unit disc U 

with g(0) = 0 and suppose that at ţ#E. U with |ÇJ = r0, where 0 < r0 < 1, g 

satisfies the following condition

'  l*K o ) l = m a x (|g (C )l: I t l  *  I U !

then there exists a real number m i l  such that

Çog'fëo) =mS(Ko)
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and

D , Ï o8"<£o)Re 1 + ---------- —  :> m.
* '< W

LE M M A  2.2 [3,4], Let g\ U -*■  C be a function which is holomorphic

Let f  be a holomorphic function in U " with flO) = g(0). Suppose that 

f(U * ) ft g(U), then there exists £<, E  SU, r0 E  (0,1), z0 E  Ü " and a real 

number m *  1 such that f z 0) = gÇ^) and [Df(z0)]'(z0) = m^g'Q^).

3. M a in  results. Now we give the main result.

THEOREM  3.1. Let f E  H(U ,” ) with fO ) = 0 a w //z )  *  0. Let r be a 

real number from the open interval (0,1). I f  for z0 E  U ” we have

then there exist the real numbers m, s such that s ^ m ^ 1 and the following 

relations are satisfied

and univalent in U without at most one point t, E  dU, which is a simple pole.

||/(z 0)|| = max {II/(z )|| : z E  Ur"}, (3.1)

& m (m  -  1 ),
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where tk * 0 for each k and 4  = 1;
K M l - l/(M

( iii)  ||D /(z 0)(z 0)|| = s ||/(z 0)||.

Proof Let us denote b = / ( z 0), then according the condition (3.1) we can

assume that b * 0. Because (C , |* |) is normed space, Hahn Banach Theorem

guarantees that there exists A  a continuous linear function from  C  into C such

that A (b) = \\b\\ and |A(w)| s  ||«||, fo r a ll « 6 C . But, it  is w e ll known that A

can be w ritten under the form  A(z) = rAi ^ i z t , fo r all z E  C ,  where 
( z,\ (b ,\  IM -w  bk

.where 4 ^ 0  fo r each k and 4  = 1.
IU-IAI

Now, i f  we consider the complex function g, defined in the un it disc U 

by the form ula

VIIN

z

II-C>

b
n) " /

« ( t)  = A  o / ^ z j z j - 1) , c e l / ,

then g satisfy g (0) = 0 and |g ( ^ ) |  = max {g (£ ) l : |Ç| s  | ^ | }, where = 

l|z0||. So, from  Lemma 2.1 we conclude that there exists a real number m, w ith 

m i l ,  such that the condition (i) and ( ii)  are satisfied. On the other hand, the 

firs t equality can be rewritten as follow s

A (D/(z0)(z0)) = w |/(z0)|,

and using the inequality | A(w)| s  ||u||, fo r each u E  C ’, then we deduce that 

there exists a real number s, w ith j i / n i l  and such that the last equality is
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satisfied.

Let us consider M  be a positive number and let D  be a domain in  C2” such

/  0 \

V0 /

that (0,0)E D , where 0 =

Let Mn= U M ;(M ),w h e re  M„s(M) = {(u, v)G C 2": M I= M J v ||= s M } and
5 f c l

suppose that Mn Q D. A lso let Gn(D ,M ) = {h: D -* C : h continuous in D, 

||/i(0,0)|| <  M, | |/ i (w ,v ) | | ^  M ,  fo r a ll (u,v) E  M „ } .

Using these classes and from  the result o f Theorem 3.1, we obtain the 

fo llow ing  result:

THEOREM  3.2. Let D C  C*" be a domain, let f  E  withfiQ) = 0

andj{z) *  0, z E  U " . Suppose that there exists a mapping h E  Gn(D ,M ) such

that

E  D

and

\\h(f(z),Df(z)(z))\\ < M ,  

for all z E  U". Then ||/(z )|| < M, z E  U".

Proof. I f  we suppose that there exists z0 E  U*t r  E  (0 ,1 ) w ith 

||/(z 0)|| = M  -  max {||/(z )||: z E  0 " ),  then using Theorem 3.1 we conclude 

that there exists a real number s, w ith s ^  1 and such that
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|D /(z 0)(z 0) | = s ||/(z 0)||. Hence, i f  we denote by u=f(z0) a n d v= D /(z0)(z0), 

then (u,v)E M f(M ) and because h E G n(D,M), we deduce tha t||/i(w , v)||^M , 

but this is a contradiction w ith  the hypothesis. So, ||/(z )|| < M, fo r all z G U".

Remark 3.1. It is interesting that this result can be used to show that some 

firs t order partial d ifferentia l equations in  C  have bounded solution.

CO RO LLARY 3.1. Let F  G H {U ") with F(0) = 0 and ||F(z)|| < M, for 

all z G U". Let h G Gn(D ,M ) such that the differential equation 

K f  (z ), D f  (z) (z)) = F (z ) ,/(0 )  = 0, 

has a holomorphic solution f  Then ||/(z )|| < M, for all z G U

D E FIN ITIO N  3.1. Let /  and g be holomorphic mappings on the unit 

polydisc I/,” . We say th a t/is  subordinate to g (w ritten f  < g or /(z )  -< g(z)) i f  

there exists w EH (U ,” ) w ith w(0)=0, ||w(z)|| < 1, fo r all z E U "  and f ^ g O w .

Remark 3.2. I f / is  subordinate to g, th e n /0 ) = g(0) and/ ( { / , ” ) Ç g(U")- 

But, i f  g  is biholom orphic in  U ", then easily we show that /  < g i f  and only i f  

fit)) = g(0) and / ( ! / , ” ) Ç g(U n.

Now applying the result o f Theorem 3.1, we obtain the fo llow ing result.

THEOREM  3.3. Let f  E  H(U"), g be a biholomorphic in U ’\ for some

p > 1, withflO) = g(0). Suppose that f  is not subordinate to g, then there exist

^cuLrf f
CI.ÜJ-NÀPÛGA /  h

' «ATEM
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an r0 E (0,1), the points zQ E U", ||z0|| s  r#, ^  €  à U ” and m, s he real 

numbers such that s ^ m * 1 and at z -  z0 the following relations are satisfied

(O f(,z0) = g ( ^ ) , f ( û ; t ) Q g ( û lny,

(«)
[Dgk(w0))'D f(z0)(z0)

lUl-i
= m.

where w0= g (^ ), g~\w^

E '* - 1;

/ * l(Wo) '

g „ K )

' S '
>^0=

x « /

and tk s  0 for each k,

tàl-i
( iii)  •s||[£>g(Ç0) ] '1r l s  |D /(z 0)(z 0) | s  s ||D g (^ )||.

Proof S in c e /is  not subordinate to g a n d /0 )= g (0 ) th e n /(f/,")s tg ((/,"), 

hence we can get r0 E  (0,1) and the points z0E  f/,” , z0E  U", t ^ E w i t h

/ ( z 0)= g (Ç 0) and f(U " )Q g (U " ).  On the other hand, i f  we consider the 

mapping /t(z )= (g '‘o /) ( z ) ,  z E f/r”, then h E H (îf ) ,  h(0)=0 and l= ||/» (z )|| =o »o K'

max {||/j(z)|| : zE  Ü " }. Using the result o f Theorem 3.1 and the properties o f the 

norm o f a linear operator from  C , a straightforward calculation shows our result 

Now, we are able to define the concept o f "admissible class" in the case 

o f several variables. This concept is given in the fo llow ing definition

D EFIN ITIO N  3.2. Let D and Q be domains from  C ‘ and C2", respectively.

52



PARTIAL DIFFERENTIAL SUBORDINATIONS

Let g be a biholom orphie in Up" fo r some p > 1, Çq E  dU" and m, tk positive

numbers, fo r each k, w ith m a l ,  and tk = 1.
itii-i

Let us Hnm(g ) = /  \  a  tr*ln t*r \  V *  t  ^
( w ,  v )  E  C 2": w = g ( Ç 0) ,  X )  ' * -------------- ------------= m

where w0= g (^ ), g ‘ '(w 0) =
©

__
__

:_"
and ^  =

f  \

l £ „ K )  J
&

£

. A lso, let

Hn(g) = [J  and suppose that Hn(g) Q Q and (g(0), 0) E  Q,
m it 1

respectively. The admissible class tJ)”(£ > ,Q ,g ) consist o f those continuous 

mappings Tjin: Q  * U ” -* C  which satisfy

^ „ ( g ( 0 ) , 0 ; 0 )  G  D 

and

\pn(u,v,z) £  D,

fo r a ll (« , v) E  Hn(g) and z E  U".

Using this definition and from  Theorem 3.3 we obtain the fo llow ing

result.

THEOREM  3.4. Let f  E  //( ( /," ) , g be a biholomorphic in U “ for some 

p > 1 and /O )  = g(0). Suppose that there exists E  Q , g) such that

(f(z),D f(z)(z)) E  Q

53



G. KOHR, M. KOHR-ILE

and

^ n{f{z),Df(z){z)-,z) E  D,

for ail z E  U". Then f  is subordinate to g.

Proof. I f  we suppose that /  is not subordinate to g, then from  Theorem

3.3, we can get points z0 E  U", t^ E  dU ", and the real numbers tk a 0, fo r

each k, / ,  = 1, w  a  1 such that at z = z0 the conditions (i) and ( ii)  are
ItJl-i

satisfied. Let us u = f(z 0) and v = Df(z0)(z0), then it  is clear that 

(« , v) E  Hnm(g) C  Hn(g), hence using the D efin ition  3.2 we conclude that 

v ; z 0) £  D, but this is a contradiction w ith  the hypothesis. So, /  is 

subordinate to g.

Furthermore we suppose that D is a special domain in  C", such that there 

exists h a biholom orphic mapping in U ", w ith h(U") = D. But, it  is clear that 

this assertion is not true fo r all domains in  C .

We denote the class Q ,g ) by ty"n(h,Q ,g) and fo llow ing  the result 

o f Theorem 3.4 we obtain:

CO RO LLARY 3.3. Let Q be a domain in C2", let g,h biholomorphic 

mappings in U " for some p > 1 and let f  E  H(U,” ) with fO ) = g(0). Suppose  

that there exists a holomorphic mapping ^  E  Q ,g )  such (hot
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^ „ (g (0 ),0 ;0 )  = h( 0).

I f

( /(z ) ,D /(z )(z ))  G Q

and

^ „ ( /(z ) ,D /(z ) (z ) ;z )  -< h{z), z E  (3.2)

//jen / ( z )  -< g(z), z E  U".

Remark 3.3. The biholom orphic mapping g is said to be a dominant o f the 

d ifferentia l subordination (3.2) i f  f{z) < g(z) fo r all f z )  satisfying (3.2). I f  g is 

a dominant o f (3.2) and g(z) < g(z) fo r all dominants g o f (3.2), then g is said 

to be the best dominant o f (3.2).

The fo llow ing  result gives a sufficient condition that g to be the best 

dominant o f the subordination (3.2).

THEOREM  3.5. Let Q be a domain in C2”, let g, h biholomorphic 

mappings in Upn, for some p > 1 and let f  E  H (U ") such that J{0) -  g(0). 

Suppose that there exists a holomorphic mapping ij)n E  Tp"(/ï, Q , g) such that 

^ ( g (0 ) ,0 ;0 )  = /i(0 ) and g is a solution of differential equation

y„(g(z),Dg(z) (z); z) = h(z), z E  Uxn. (3.3)
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If

^ nif ^ ), D j\z )  (z );z ) -< h(z), 

then fiz) < g(z), z G U " and g is the best dominant.

Proof. Using Corollary 3.3, we conclude that /  is subordinate to g and 

because g is a solution o f differentia l equation (3.3), then from  Remark 3.3 

easily we deduce that g is the best dominant o f (3.2).

4. Examples. F inally we obtain some applications which point out the 

usefulness o f the above results.

I f  M  is a positive number, let g: U "  -*■ C , given by g(z) = Mz, fo r all

z G U", then g is biholom orphic in U "  and is easy to show that in  this case

the class Hnm(g) consist o f those (u,v) G C2", w ith  u = M ^ ,  uk = M e ,0’ , for

| ^ |  = 1, X ) fkvke ,9‘ = where ^  G d U t k *  0, 0* G B, fo r all k, 
ld l-i

52 tk = 1 and mi s i.  Let Hn( 0) = |J  H f(g), w ith  g(z) = Mz, z G Lei 
id i-i . K̂ esu,"
D and Q be domains in  C  and Cr", respectively and suppose that //„ (0) Ç Q. I ,el 

us q>”(0) the class o f those continuous mappings t|)n: Q * U " -* C  such that 

q>M(0 ,0 ; 0) G D and q»n(u ,v ;z )  £  D, fo r all (w,v) G H„(0) and z G U " .

An immediate application o f Theorem 3.4 is given in the next result:
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THEOREM  4.1. Let/ E  ( ( / , ” ) with fiO) = 0 and suppose that there exists 

a mapping E  such that

( /(z ) ,D /(z ) (z ) )  E  Q

and

t|> „ (/(z ),D /(z )(z );z ) E  D, Z E  U - 

Then ||/(z )|| < M, z E  U".

The fo llow ing  theorem consists a direct application o f Theorem 4.1. 

THEOREM  4.2. Let M, N be positive real numbers, let a and b functions 

defined in U " which satisfy

Ia{z) + mb(z)\ *  1L,
M

for all m ;s 1 and z E  U " . Let f  E  H{ U ") such that fiO) = 0 and

II a{z)f(z) + b(z)Df(z)(z)\\ < N, z E  Uf, 

then H/(z)|| < M, z E  Uf.

CO RO LLARY 4.1. Let a be a function defined in U f, which satisfies

R e f-J
a(z) J 2

II f  if) + a (z )D /(z )(z )|| < 1, z E  Uf,

--L , z .E  U f . Let f  E  H (U f) with fiO) = 0 and suppose that

then ||/(z )|| < 1, z E  Uf.

For a(z) ■  0 in Theorem 4.2, we deduce:
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C O RO LLARY 4.2. Let M, N be positive real numbers, let b: U " —> Cbe

a function which satisfies in U " the following condition \b(z)\ a — , z G
M

Let f  G H (U ") such that jlfy) = 0 and

\\b(z)Df(z)(z)\\ < N ,z (E  Ux\  

then 1 /0 0 1 < M, z G U".

The fina l result is as follow s:

THEOREM  4.3. Let f  G H{U ,") and let g be a biholomorphic convex in U" 

with /(0 )  =g(0) =0 and Dg{0) -  I. Let B, C be holomorphic functions in l! 

and E  G H{U"), E(0) = 0, which satisfy

Re B{z) s  \C(z)-\ I -  Re [ C ( z ) - 1 ]  + a | | E ( z ) | | ,  z G ( / , ” , 

where a is a positive real number, with a  > 4. Suppose that

B(z)Dfz)(z) + C(zY(z) + E(z) -c g(z), z<EUxn, (4 .1 )

then f  ■< g.

The proo f is based on the fo llow ing  T.J. Suffridge’s result [ 1 0 ] .  

LE M M A  4.1. Suppose that h: U" -*■  C  is a convex biholomorphn 

mapping, with h(0) = 0 ,  then there exists a nonsingular mapping T G /,(C " )  amt 

analytic convex univalent functions f  , j  G {1, ..., n) of one variable ■ auh

that h(z) = T
/ 0 O

, for all z -
!z '

Z
\ n)

G U Ï .
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\

s (z )  = , Z =

Proof o f Theorem 4.3. Using Lemma 4.1 by easily computation we 

deduce that there exists analytic and convex functions g , , y E { l,  ..., n) o f one 

variable such that g j{0) = 1, yE {1, ..., n} and

u r

(1 +r0)2
Since a  > 4, there exists r0 E  (0,1) such that a  = ----------- and

r°
a > > 4, fo r r0 < r < 1.

r

I f  we set f r(z) = /( r z )  and g r(z) •■= g(rz),. fo r r0< r <  1, then from  (4.1) 

we obtain that

B r(z)D fr(z)(z) + C r(z )fr(z) + E r(z) < g r(z), z E  U" (4.2) 

and r0 < r <  1.

I f  we suppose that f r is not subordinate to gr fo r some r E  (r0, l) ,  then 

there exists an integer £ E {1 ,..., n) such that Jk{Uxn)ţ g k(U). Using Lemma 2.2, 

we can get points z0 E  U " , ^  E  dU, and a real number mk ^  1 such that 

/ /( ? o) -  & '(W  ^ d  [D //(z 0) ] ' (z0) = mkţ kgkr\ ţ k).

I f  we denote by M>/z)=5 '( z ) [D //(z ) ] '( z )+C \z )fk\z )* E kr(z), z E f / ,n

8k(Kk)
m i , thaï Re X, = m. Re 5  r(z0 ) + Re [C%z0) - \ ]
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+ Re
Ekr(z0)

mkRcB %z0) + Re [C \z 0) -  1] -  |C \z 0) -  1 1 -  4 |£ /(z 0)| * 0,
t e r ( 0

using the inequality from  the hypothesis and also, from  very known relations for

convex univalent functions in  the unit disc U : 

zg'k 0 )
Re > —  and | g / ( z ) |  > -------1-------, z

2  l6* w l  ( l  + | z | ) 2
U.

Sk(z)

Now, using the fact that t,kg£(t,k) is the outward normal to the boundary 

o f the convex domain gk(U), we obtain that ^>*(z0) £  gk(U), but this is a 

contradiction w ith  (4.2). So, we must h a v e /'' subordinate to gr, fo r all r0 < r < 

1, hence letting r - *  1 , we deduce /  subordinate to g.

I f  n = 1 in  Theorem 4.3, then this result was obtained by S.S. M ille r and

P.T. Mocanu [8],

I f  C(z) = 1 in Theorem 4.3, we obtain

CO RO LLARY 4.3. Let f  E  H(U ,” ) and let g be a biholomorphic convex 

in U " withfiQ) = g(0) = 0 and Dg(0) = I. Let B be holomorphic function in 11" 

and E  E  H( U ") with E(0) = 0 and suppose that

Re B(z) *  a ||£ (z )||, z E  U f  

where a  is a positive number, with a  > 4.
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If

Biz) D f (Z )  (z) + f(z) + E(z) < g(z), z E  Ux\

then f  < g.
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