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REZUMAT. - Subordonări diferenţiale de ordinul întâi şi doi în mai multe 
variabile complexe. în această lucrare sunt prezentate rezultate privind teoria 
subordonărilor diferenţiale de ordinul întâi şi doi pentru aplicaţii olomorfe de 
mai multe variabile complexe precum şi două aplicaţii referitoare la funcţii 
mărginite şi respectiv funcţii convexe.

1. Introduction. In several papers S.S.Miller and P.T.Mocanu [2,3] have 

considered analytic functions defined in the unit disc U which satisfy certain 

differential conditions and they determined properties of the functions 

themselves. Here, we consider similar relationships for mappings of several 

complex variables. We shall show that if a holomorphic mapping of several 

complex variables satisfies certain differential inequalities, then the function 

itself must satisfy an associated subordination.

In S ection  2 w e  obtain several resu lts con cern in g  first and secon d  order
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differential subordinations for holomorphic mappings defined in the unit ball 

Section 3 contains applications of these results to bounded functions and convex 

functions.

We let C  denote the space of «-complex variables z -  (z,,...,zM )', with the
n

euclidian inner product < z , w >  = 'Y h z.w . and the norm ||z|| = (<z,~>)12. The 

ball { z 6 C :  ||zl|</•} will be denoted by B". For short we write B" for B".

Vector and matrices marked with the symbol ’ and * denote the transposed 

and the transposed conjugate vector or matrix, respectively.

We denote by SÉ(C') the space of continuous linear operators from C' into 

C , i.e. the n * n complex matrices A = {Ajk), with the standard operator norm 

M |« s u p { M z |: |z U l} ,  A e  S£(C‘).

The class of holomorphic mappings /(z) = (/|(z), . . . ,/n(z)y from B" into C  

is denoted by ‘H B  ”)

We denote by OJ(z) and /^ /z )  the first and the second Fréchet derivative 

of /  at z.

We say th a t /e  *}HJB ") is locally biholomorpluc (locally univale.

if /h a s  a local holomorphic inverse at each point in B", or equivalent!)

derivative Df(z) =
dz. 

J
is nonsingular at each point z €z B".

1
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If f g  E  ÎH(Æ "), we say that f i s  subordinate to g (in B") if there exists a 

Schwarz function v such that f(z) - g(v(z)), z E B n, and we shall write f  < g to 

indicate that /  is subordinate to g.

Now we present a previous generalization of Jack’s, Miller’s and 

Mocanu’s lemma [1] which will be the basic tool in obtaining our main results. 

THEOREM 1. Let f  be holomorphic in B" with fiO) = 0 and f  * 0.

I f  11/(2)11 = max H/(z)||, z E B "  and i f  D f(z)  is nonsingular then there
M*|zTI

exists a real positive number m which satisfies m s  —Ë!!—  such that:11/(2) II2
( (D /( i ) )T '( i )= w /( i)  (1)

and

M P - R e ( z '( D f( z ) y 'D 2f(z)(w ,w ))
\ D f{z )w f

fo r  all w E  C’\{0} which satisfy Re < w,z > = 0.

2. First and second order differential inequalities.

LEMMA 1. Let q be a holomorphic and univalent mapping defined on 
B Let p  be holomorphic in I f ,  with p{ 0) = q{ 0). Suppose that there exists a 
point z E B n, ||z|| = r0 < 1 such that Dp(z) is nonsingular and

fK z)E  àq(B "), p(Br") C q(B "). (3)
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I ftç  = q ~l(p(z)) then there exists a real positive number which satisfies m < ||r||2 

such that:

((DpC O rr'fi) -  (4)

and

M l2 -R ez *(Dp(z)ylD 2p(z)(w,w) *m(\\u\\2 -  Re i ’ (Dq(t)) ~lD 2q(i)(u,u)) (5)

fo r  each w E C \{0} with R e< w ,z>  =0, where u is defined by 
u -(D q (t)T 'D p (z)w .

Proof Let f : q ~ lo p : B " - * B " .  The function /(z ) = q ~'(p(z)) is 

holomorphic in B" and satisfies /(0 ) = q ~'(p(0)) = 0, ||/(z)|| = \\q ''(/>(z))|| =
r o

= ||til = 1. Since p(Brn)C .q (B  ") we have:

l= ||/( i) ||= m a x ||/(z ) ||.

Also, since p  is locally univalent at z and q~l is univalent on q(B ") we 

have that D f(z) is nonsingular. Thus/ satisfies the conditions of Theorem 1 By 

Theorem 1 we obtain that there exists a real positive number m such tlnu 

m s  ||z||2 and

( (D /( i) )* )- '(z )= m /( i) . (6)

Since p(z) -  q(f(z)) we have:

Dp{z) = Dq(f(z)) Df(z) t 7 )
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and

((D p (z))r\z)  = ((D9(/(i)))*)-((D/(i))*)-'(i). (8)

By using (6) and the fact that /(z )  = t  we get

((£>rti))T'(i) = m((ft?(4))y (4)

so part (i) of Lemma 1 is satisfied.

Differentiating (8) at z = z we get 

D 2p(z)(w,w) = D  2q(J{z)) (Dj(z)w, D/(z)w) + Dq(j{z))D2j{z){w,\v) 
for each w E  C".

By multiplying the above equality to the left with

z(Dp(z)r'

we obtain:

z '(D p(z)y'D 2p(z)(w,w) = Z X D J(z)yl(Dq(J(z))y'D2q(J(z)) (DJ[z)w, Df(z)w) +
+ z X D f(z)y 'D 2f(z)(w,w).

Substituting (6) into the above equality, using the fact that / ( z )  = t  and  

noting u = Df(z)w we get

IMI2- z *(Dp(z)ylD 2p(z)(w,w) = |M|2- z ’ (D f(z )y 'D 2f(z)(ww) -
-  m im(D q (i)y 'D 2q(i)(u,u).

Next, we shall use that part (ii) of Theorem 1. If we take the real parts in 

(9) we have

||w||2-z '(Dp(z)ylD 2p(z)(w,w) a m(\\u\\2-Rdt'U)q(t)) 'D 2q(t)(u,u))
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for each w G C* \ {0} which satisfy Re < w , i  > = 0.

Also, we note that the condition R e < w , z >  =0 implies Re < u , t >  = 0 

where by u we denoted u -  Df(z)w.

Indeed:

Re < D /(i)w ,t  > -  Re < (D q fy y 'D p (£ )w X > -

-R  e<D p(z)».,((D ?(4))-|)-(t)>  =

= Re < Dp(z)w, m((Dp(z)y y'(z) > =

= m R e < w ,z >  =0.

LEMMA 2. Let q be a holomorphic and univalent mapping defined B 
Let p be holomorphic in B", locally univalent on B", with p(0) = q(0).

I f  p  + q then there exists z E .B n, t , S B n with |ltll = 1 and a real positive 
number m s  1 such that

(0 [Ai) -<7(t) (10)

(ü) ((Dp(i)Y)'Xz) - (ID

and

('iii'i M l2 - R n z \ D p ( z ) y xD 2p(z)(w ,w )*
s  tw(||m||2 -  Re i \ D q ( i ) y 'D 2q(i)(u,u)),

fo r  each w E C  \ {0} with Re < w ,z>  =0, where for each w,u is defined by 
u = (Dq(t)y' Dp(z)w.

Proof Since p(0) = q(0) and p(B ") <£ q(B ") there exists 0 < r0 <- 1 sucii
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that p(Br") C q(B ") and p ( B ”) n  q(àBn) * 0 .

Hence there exists z0 E Br and t^ E à B "  such that p(z) = q(Ç) and 

P(Br") c  q(B ”)•

The functions p,q satisfy the conditions of Lemma 1 and hence Lemma 

2 is proved.

Before obtaining the main result of this section we need to specify the 

class of functions for which the differential inequalities will hold.

DEFINITION. Let D  be a set in C  and let q be holomorphic and 

univalent on B ”

We define ty[D,q\ to be the class of mappings C* x C' x B " -*■ C  for

which ^(r,s,z) ÇÉ D  when r = q(Q , s - m  ((DqCç))my'(Ç), z ElB " , O s m s l  and 

liai = L

We now present the main differential subordination result:

THEOREM 2. Let D  £  C', q be a holomorphic and univalent mapping 
defined on B "  and let E W[D,q], I f  p  E ") is locally univalent on B"

with p{0) = q(0) and i f  p satisfies

( i 3)

when z E E>‘, then p < q.
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Proof. If p(B ")<ftq(B n) there exists points z E B  ” and t ,E :b B n that 

satisfy (i) and (ii) o f Lemma 2. Using these conditions with r = p(i), 

s = ((Dp(z))m)'1(z) in Definition we obtain

^ p ( z ) ,( ( D p ( z ) ) r ^ ) ,z ) ^ D .

Since this contradicts (13) we must have p(B  ") C q(B ") and p < q.

The definition of q>[D,<7] requires that the function q behave very nicely 

on ÔB". If this is not the case, or the behavior o f q on ÔB" is unknown, it may 

still be possible to prove p  < q by the following result:

THEOREM 3. Let 0 < p < 1, let q be holomorphic and univalent in B" 
and suppose that:

q>(r,s;z) e  ^[A<7(1] where qp(z) = q{pz). (14)

I fp  E  ") is locally univalent on B" with p(0) = q(0) and i f  p satisfies 
(13), when z E BT then p  < q.

Proof. Since qp is holomorphic and univalent on ff\ the class ty[D,qv\ is 

well defined from (14) and Theorem 2 we obtain p(B ") C q f B  "), which implies 

p(B ") C q(B ”)•
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3. Bounded and convex functions on B". If we take q(z) = Mz (where 

M  >  0) in Definition and Theorem 2 we obtain the following result:

COROLLARY 1. Let D be a set in C" and let be i | ) : C x C x 5 ’’- » C  be 
such that

y ( M ç ™ t , z ) £ D  (15)
M

where ţ, E  C' with ||Ç|| = 1, with m £ 1 and z E  B".

If p E  Tt(5 ") w'/r/j p(0) = 0 and if p satisfies

^(p(z),((Dpiz)mz),z)eD  (16)

where z E  B", then ||/?(z)|| <  M.

We show the applicability of this result by an example.

Example. For D = B^, 'i|i(r,$,z) = r + Xs where E E C  with Re X. a 0 and 

p E ‘W .B ”) with p(0) = 0

M z)  + M(Dp(z)yyl(z)\\ < M  implies ||p(z)|| <  M.

Our final result is an application concerning subordination to convex 

mappings.

COROLLARY 2. Let h E  !H(/? ") be a convex mapping with h(0) = 0 and 
let X E  C  with Re X a: 0.

Let p E  Tt(5 ") locally univalent on B" with p(0) = 0.
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If

Piz) + M (D p(z)yyl(z) £  h(B ”) (17)

fo r  every z G B" then p  < h.

Proof. Suppose that p  + h.

By using Lemma 2 we obtain that there exists z E B n, t , E B " with 

lltll = 1 such that:

m - H i )

and

( ( D p ( z ) y y \ z )  = m ( ( D h ( z ) y y lW

where /»G R „ w s l .

If we note

we obtain:

% = h & ) + m X ( ( D h ( z ) y y \ z ) .

Straightforward calcultion gives us:

< %  -  h(i\ ((Dh(z)yyl(z) >=mxii((/^(i))*)-‘(i)|p .

Since m > 0 and Re X.  ̂0 we have

R e < X - K t U D h ( z ) y y \ z ) * 0

42



and taking account that h(B") is a convex set we obtain %  £  h(B") which 

contradicts (17).

Hence our supposition was false, which means that p < h.
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