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REZUMAT. - Subordoniri diferentiale de ordinul intii si doi in mai multe
variabile complexe. In aceasti lucrare sunt prezentate rezultate privind teoria
subordonirilor diferentiale de ordinul intdi §i doi.pentru aplicatii olomorfe de
mai multe variabile complexe precum §i doud aplicatii referitoare la functii
mirginite §i respectiv functii convexe.

1. Introduction. In several papers S.S.Miller and P.T.Mocanu [2,3] have
considered analytic functions defined in the unit disc U which satisfy certain
differential conditions and they determined properties of the functions
themselves. Here, we consider similar relationships for mappings of several
complex variables. We shall show that if a holomorphic mapping of several
complex variables satisfies certain differential inequalities, then the function
itself must satisfy an associated subordination.

In Section 2 we obtain several results concerning first and second order
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differential subordinations for holomorphic mappings defined in the unit ball
Section 3 contains applications of these results to bounded functions and convex
functions.

We let C" denote the space of n-complex variables z = (z,,...,z,)’, with the
euclidian inner product <z,w>= 2”: zjﬁj and the norm |z|| = (<z,z>)"% The

Jj=1

ball {ze C:lzl < r} will bg denoted‘by B,". For short we write B” for B,".

Vector and matrices marked with the symbol * and * denote the transposed
and the transposed conjugate vector or matrix, respectively.

We denote by £(C') the space of continuous linear operators from C” into
C’, i.e. the n x n complex matrices 4 =(4,,), with the standard operator norm.

141 = sup {I 4z1: Izl s 1}, A€ L(C).

The class of holomorphic mappings f(z) = (f,(2),...,f(z)) from B" into C"’
is denoted by H(B ")

We denote by Df(z) and 1*A(z) the first and the second Fréchet derivatives
of fat z.

Wf_: say that f€ H(B ") is locally biholomorphic (locally unival:

if f'has a local holomorphic inverse at each point in 5", or equivalently.
2

J

derivative Df{(z) =( ) 1s nonsingular at each point - € B".
1</ ksn
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If ,g € H(B"), we say that fis subordinate to g (in B") if there exists a
Schwarz function v such that f(z) = g(v(z)), zE€ B ", and we shall write f < g to
indicate that fis subordinate to g. ’

Now we present a previous generalization of Jack’s, Miller’s and
Mocanu’s lemma [1] which will be the basic tool in obtaining our main results.

THEOREM 1. Let f be holomorphic in B" with f(Q) =0andf#0.

If 1/l = max | f(2)l, ZzEB" and if Df(2) is nonsingular then there

A=A
exists a real positive number m which satisfies m < It such that:
ILf&r
((Df2))'(2) =mf(2) (1)
and
Wi - Re (2 (DFE) DG (w,w) .

IDfE)wI?
Jor all we C\{0} which satisfy Re<w,z>=0.

2. First and second order differential inequalities.

LEMMA 1. Let q be a holomorphic and univalent mapping defined on
B". Let p be holomorphic in B", with p(0) = q(0). Suppose that there exists a
point ZEB", |Z| =r,<1 such that Dp(z) is nonsingular and

pE)Ed(B"), p(B,)Cq(B"). 3)

35



P. CURT

If ¢, = q'(p(2)) then there exists a real positive number which satisfiesm < |||’

such that:
(Dp())")(2) = m((Dg(©)")'(€) 4)
and
Iwl? ~Rez *(Dp(2))* D?p(@)(w.w) = m(Jul’ -Re T’ (Dg(£)) " D*q(E)uw)  (5)
for each weC\{0} with Re<w,z>=0, where u is defined by
u =(Dq(8)) "' Dp@Z)w.

Proof. Let f:q'op: E::—» B". The function f(z)=q '(p(z)) is
holomorphic in B and satisfies f(0) =g ~(p(0)) =0, IfD)I=lg (Pl -
= |I€l = 1. Since p(B,") Cq(B") we have:

1 = f(Z)I = max | f(2)].
Lsr,

Also, since p is locally univalent at z and g™ is univalent on ¢g(B ") we
have that Df(Z) is nonsingular. Thus f'satisfies the conditions of Theorem 1. By
Theorem 1 we obtain that there exists a real positive number m such that
m =< |Z|]* and

(DfE)) (@)= mf(2). (6)

Since p(z) =q( f(z)) we have:

Dp(z) = Dg(f(2)) DA(2) 7)
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and
((Dp())'(@) = (Dg(fEN))'(DfE)) (@), (8)
By using (6) and the fact that f(z) =& we get
(D)) = m((Dg(©)) ™ (©)
so part (i) of Lemma 1 is satisfied.
Differentiating (8) at z =7 we get

D?p(Z)(w,w) =D (D)) (DAZw, DAZw) + Dg(RD)D*fZ)(w,w)
for each w € C"

By multiplying the above equality to the left with

ADp(2))" =2(Df2) (Dg(f(2)))"!
we obtain:

2°(Dp@) ' DpE)(w,w) =2 (DAZ) (Dg(f2))) ' D?*q(A2)) (DRZ)w, DAZ)w) +
+ 2 (DAY D> fE)(ww).

Substituting (6) into the above equality, using the fact that f(7) =€ and

noting u = Df(Z)w we get
Wi - 2*(Dp(2)) ' D ?p(E)(w,w) = Iwl?-2 *(Df(2) ' D *f(Z)(w.w) -
- mE (Dg(©)) "D *q(€)u.u).
Next, we shall use that part (ii) of Theorem 1. If we take the real parts in

©

(9) we have

Iwl?=2 *(Dp(2)) " D *p(z)(w,w) = m(lul*-ReC (Dg(T)) 'D2q(€)(u,u))
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for each w € C"\ {0} which satisfy Re<w, 2> =0.
Also, we note that the condition Re<w,7>=0 impliesRe<u,>=0
where by u we denoted u = Df(Z)w.
Indeed:
Re < Df(&)w, € > =Re <(Dg(8)) ' Dp(Zw,E> =

=Re < Dp(@w, (Dg(©) ™) (&) > =
=Re < Dp(Zw, m((Dp(2))")'(2) > =
=mRe<w,Z>=0.

LEMMA 2. Let q be a holomorphic and univalent mapping defined B".
Let p be holomorphic in B", locally univalent on B", with p(0) = q(0).
Ifp + q then there exists 2EB", C € B" with IEl =1 and a real positive
number m < 1 such that
@ p@) =4(®) (10)
(ii) (Dp(2))")™(2) = m((Dg(€))")(©) (1)

and

Iwl? -Re 2 (Dp(2))" Dp(Z)(w,w) =
zm(lul’ -Re € (Dq(©) "D (@) (u,w),
Jor each w € C'\ {0} with Re<w,Z> =0, where for each w,u is defined by

(iii)

u = (Dg(8))™ Dp(Z)w.
Proof. Since p(0) = q(0) and p(B") L q(B ") there exists 0 < r, < 1 sucl
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that p(B,") Cq(B") and p(B,") N q(8B ") = @.

Hence there exists zOE}E?ro and T, E8B" such that p(z)=¢(€) and
KB,)Cq(B").

The functions p,q satisfy the conditions of Lemma 1 and hence Lemma
2 is proved.

Before obtaining the main result of this section we need to specify the
class of functions for which the differential inequalities will hold.

DEFINITION. Let D be a set in C* and let ¢ be holomorphic and
univalent on B".

We define Y[D,q] to be the class of mappings : C'xC'xB”— C for
which (r,s,z) € D when r = g(T), s =m((Dg(€))")(¥), zEB", 0 sm =1 and
Igh = 1.

We now present the main differential subordination result:

THEOREM 2. Let D C C’, q be a holomorphic and univalent mapping
defined on B" and let Y €EY[Dygq]. If p € HB?") is locally univalent on B”
with p(0) = ¢(0) and if p satisfies

W(p(2), ((Dp(2))') (2),2) €D (13)
when z € B", then p < q.
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Proof. If p(B")¢Z q(B") there exists points 2EB"” and {EbB" that
satisfy (i) and (ii)) of Lemma 2. Using these conditions withr=p(2),
s =((Dp(2))")'(2) in Definition we obtain

W(p@),(Dp(2)))'(2).2) & D.

Since this contradicts (13) we must have p(B”)Cq(B") and p < gq.

The definition of w[.D,q] requires that the function g behave very nicely
on dB". If this is not the case, or the behavior of g on 8B” is unknown, it may
still be poséible to prove p < g by the following result:

THEOREM 3. Let 0 < p < 1, let q be holomorphic and univalent in B"
and suppose that:

Y(r,s;2) € w[D,qp] where qp(z) =q(pz). (14)

If p € H(B") is locally univalent on B" with p(0) = q(0) and if p satisfies
(13), when z € B" then p < q.

Proof. Since g, is holomorphic and univalent on B the class Y[D.gq, ] is
well defined from (14) and Theorem 2 we obtain p(B ") C g (B "), which implics

p(B")CqgB").
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3. Bounded and convex functions on B". If we take q(z) = Mz (where
M > 0) in Definition and Theorem 2 we obtain the following result:
COROLLARY 1. Let D be a set in C" and let be ¢: C'xC'xB"”— C' be
such that
WML, 2 L,2) € D (15)
M
where TEC with T =1, mER withm <1 and z € B".
If p € H(B ") with p(0) = 0 and if p satisfies
W(p(z),(Dp(2))) (2),2) ED (16)
where z € B", then |p(z)] < M.
We show the applicability of this result by an example.
Example. For D = B,;, W(r,s,z) =r + As where A € C with Re A = 0 and
p € HB" with p(0) =0
I12(2) + M(Dp(2))") ' (2)I < M implies Ip(z)ll < M.
Our final result is an application concerning subordination to convex
mappings.
COROLLARY 2. Let h € H(B") be a convex mapping with h(0) =0 and
let . € CwithRe Az 0.
Let p € H(B ") locally univalent on B" with p(0) = 0.
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If
P+ M(Dp(2))")'(2) ER(B ™) (17
for every z € B" then p < h.
Proof. Suppose that p ¢ hA.
By using Lemma 2 we obtain that there exists 2€EB", CE B" with
Il =1 such that:
p(2) =h(€)
and
((Dp(2)))7(2) = m((Dh(2))")'(Z)
where mER , m=< 1.
If we note
Y, = h(€) + M(Dp(E)")(2)
we obtain:
Py = h(E) + mA(Dh(2)))(2).
Straightforward calcultion gives us:
<, = HQ), (DA))") () > = mMI(DAE) ) EI
Since m > 0 and Re A =0 we have

Re <, = h(€), (Dh(2))")'(2)= 0
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and taking account that A(B”) is a convex set we obtain vy, & h(B") which
contradicts (17).

Hence our supposition was false, which means that p < A.
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