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REZUMAT. - Polinoame Bernstein pe simplexuri. în această lucrare autorii 
se ocupă de studiul unor proprietăţi ale polinoamelor Bernstein definite pe un 
simplex arbitrar din R \ Se pun în evidenţă anumite relaţii care au loc între 
funcţiile convexe în T şi şirurile polinoamelor Bernstein corespunzătoare.

Abstract. In this paper the authors are concerned with a study of the 

multivariate Bernstein polynomials over an arbitrary simplex in Ra. Some 

relations between convex functions in T and the sequences of the corresponding 

Bernstein polynomials are shown.**

Let T0, Tx, T be (s + 1) affinely independent points of RA, 5 i  1. The 

5-dimensional simplex T is defined by

T = span{r0>. . . , r } .

Each point P E T  can be uniquely expressed by

* Masaryk University, Department o f Applied Mathematics, Janààkovo nàm. 2 a, 662 95 
Brno, Czech Republic

** This work was accomplished under the financial support o f the Grant Agency o f the 
Czech Republic, reg. no. 201/93/2408.



I. HOROVÀ. J ZL-l.INKA

'* ■ F <r

such that U' a 0, i = 0, . . . ,  v, u: = ! ; the (.v 1 I) tuple u = (uf,, , »,) is
j-tf

called the barycentric coordinates of /' with respect to the simplex / .

Let us define the basic functions

b.li
( I >« „ V )  -

cx!

a  = (a0, . . . , a )  £  2®/ , |a | = , «! = a , , ! - 01, , |a | = n, uu = u,, ...

É  ® .V )  - 1.

/-o

/ - o

The points xa = — , a  £  Z®/1 are called nodes of the simplex 7, t means 
n i \

«0
) • 

n
• • >

n
that their barycentric coordinates are

For any function /(/>) continuous on 7 the multivariate Bernstein 

polynomials defined by

__ / rt \
(2)B J J - .P )  -  E

|a | - n  \ Wy
a e z r

converge to f ( P )  uniformly on T as n -*  <». Properties of the multivariate 

Bernstein polynomials have been also studied in [2], [3], [4], [10], [11], [12], 

[13], [14].

Now some properties of multivariate Bernstein polynomials are stated. 

For a given interior point P  E :T , P  = (w0, ..., us) and a number ô, ut > Ô
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> 0, i = 0 , s we define

TPfi = {Q  = ( V - . v ) ! ^  s  ut -  Ô, / = 0 , , 5}.

This is a closed simplex contained by the simplex T and containing P  as 

its focal point. Each edge of TPfi is parallel to the corresponding edge of T. 
U E M M A l.L e tP  = (m0, . . . ,us) , P  6  intT and 0 < Ô < ur  i * 0,. . . ,5.

Then
s  -  n &

E W ) * E (3)
|a |-w  / -0

w

Proof. By the definition of T »  it is clear that — £  TPb if there exists k 
a t

E {0,...,  5} such that —  < uk -  Ô. Then
n

E W ) * E W )
| a | - »  |a | -n

Let us define functions G,(x), i = 0,... ,  s, as follows

G fx )  = Ban( P ) e x{a'-u'n\ x  E R (4)
W-» s

It is easy to show (using the fact w, = 1 ) that
/ -0

G fx )  = (« ’'"'(l -  ut) + ul e x° ' u,))n.

Let us denote

<p,(x) - e ^ ( l  - « , )  +«i(e * , - ' ).

And now in the same way as in [9], [6] it can be shown that
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(p̂ jc) s  1 + ufx 2(l -  ut) £ e"''<l' “,) 

under the assumption |x| £ 3/2.

From it follows

G,(x) s  e nu'*2il- H').

Let / be an arbitrary positive real number. Then

G t(x) -  Ba\ P ) e x{a‘-u'n) * 52 ïa\ P ) e x{a‘ -nu') >
|a|-n v |a|»n

,G(X)

> E  B .’ (P)e -a,(x).
|a| - n

This gives the following estimate

(5)

E B j P ) < e «
| a | - n

e ‘<m- a“>> e ‘Glx)

(6)

Now, using (5) we obtain

E » : ( P ) < e « .
|a| mn

e*<°r""0>e

Let t ■= — — — , x  -  ------ ------then |jc| £ 3/2 and (7) gives
4 ( 1 - * , )  2(1 - Mj) n8,

52  Ba\ P )  < e
l«l-«

~<ur b
n

And this estimate concludes our proof
s  -  n6‘

E p«\n* Ee '^
| a | - n  i -0

(7)
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LEMMA 2. Let P  = (u0, . . . , u s) be an interior point o f  T,

0 < Ô < — , i = 0 , Then fo r  — E Tpt> the following inequality 
4^ n

Ba\ P )  * K - L  e

p.e>
3wôa A 1 

4 i-o w
n

holds, where K  is an positive constant independent only on s. 
Proof Let us remind Stirling’s formula

9

n\ -  J ï n n  n ne "H  , H  -  e 1* , 0 < 0 < 1* w' n *

i.e.

Jinn < n\ < Jinn fü) e13”.

(8)

Then

n\
Jinn n ne ţj

Ba”(P)
a! 5

NO

/-o

1 1 / | ă |

nN O
i /— ,—  nT3̂  (v2n )* Ja0...as ,m°

\ “ -
a u.
a. NO (9)

Denote

As it was proved in [5]

j o j  
a.

' /

, e VM I, i - O , . . . .5.

/ •  ,■<X—L w
a ,

* /
provided that

(10)
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u,
a

-  u, < - i ,  / = o ,
4

( H )

a
It is easy to see that these assumptions are satisfied. From —  * ut - 6 it

n
(X ,

follows immediately s6 & 6 2  u -  — . On the other hand the equalities
n
a,a .

52 —- = 1 and 52 «, = 1 give s6 & —  -  ur Together with the assumptions 
i -o n  i -o n

u. a ,
o f lemma we have — > s6  a:

4
-  u,

a

Therefore if  inequalities (11) are satisfied th<
j * - 3i“Ui

Further

and

ui *-• u,
/-0 i -0

5 1 f  1n l2a. 12 a,  ̂ V4-1 ,•e ' « e ' < e* -  (
/-o

/ \
|a|

r i a /
1-0

iW

\a\

( 12)

(13)

(14)

for

M
(X ,

1
t + U,

i  =  0 , s
~t

where the constants C and M  are independent on a.

Summarizing (9), (10), (13) and (14) we obtain

Pj’CP) * K - L  e ~̂ r "° V
S

„ 7
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LEMMA 3. Let £2 C T be a simplex with edges parallel to those o f  the 
given simplex T. Let Na be a number o f  nodes belonging to £2. Then there exists 
a positive number n0 such that

Na > 1  n s (15)

i f  n ss n0, where y > 0 is a constant.

The proof is simple.

The following theorem can be proved

THEOREM 1. Let f  e  C(7) be convex on T. Then

B J J - . P ) * f { P \  Bn( f ; P ) * B n+l( f ; P )  
fo r all n i  1 and all P  S T .

See [3] for the proof.

It is well-known that for univariate Bernstein polynomials so-called 

converse theorems hold ([5], [7], [8], [15]):

(i) Bn( f  ;x)  * / ( * ) ,  x  G [0,1],  n ± 1 = * / i s  convex in [0,1].

(ii) Bn( f  ;x)  i  Bn+l( f  , x) ,  x  S  [0,1] ,  n * 1 = > / i s  convex in [0,1] 

But it is impossible to extend directly these converse theorems to the Bernstein 

polynomials over simplices.

As concerns Bernstein polynomials over triangles this problem was solved
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in [1]. In [6] there was given a different approach to this problem. Now we are 

going to prove the following theorem:

THEOREM 2. L e t f E  C(T) and Bn( f ;  P )  * f( P )  fo r  all P E T  and all 
natural numbers n. Then the Junction f  does not attain its strict local maximum 
inside T.

P roo f Let us suppose that/ attains a strict k  al maximum at the interior 

point Q  = (u0> . . . ,u s). Without lost of generality it is possible to put f Q )  = 0. 

Then there exists a subsimplex TQ a , 0 < Ô, < ut, i = 0 , ..., 5 contai, mg Q  as 

an interior point suchX^) s  0 for all P  E  TQ t and let t = min{w0,

Let us choose 02 in such a way that

Then TQb D  TQ b. Further let Q C TQ 6 be a subsimplex with edges parallel 

to the corresponding edges o f TQ 6 and J(P ) < 0 for all P  E  Q. Let ( -h) be a 

maximum o f/ over the subsimplex £2 and let M  = m axf g r  |/(/>)|.
Now let us evaluate Bn( f  ; Q). It is

0 < 02 < min

6 0
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Using lemma 1 we obtain for the first sum

E
nb]

M  E  Ba(Q) (17)
- £ T 0

Further as far as the second sum is concerned one can state it is nonpositive.

And now the sum will be estimated: Q C 7L . and due to this reason it is0 . 6,
3/iôj

E b;(q) xky,
ü eqn

Now the use of lemma 3 gives
i ea l a p

E ««”(6) * -*i— «'
3wôj

Then
_ E Qn n

«ÔÎ
B J t f i Q )  SÏ M {s + 1) -  /jL -^1  e

3nôî

3nôJ /  nb] 3wô? 5

“ T"' liW(s + l)e ^ ^ e -  h L n 1= e

Under given assumptions from here it follows that Bn( f  ; Q ) < 0 and this 

contradiction concludes our proof. ■

2.

The following theorem can be proved as the consequence of the theorem

THEOREM 3. / / / E  C(7) and the inequality

Bn{ f - , p )  * p , M , n
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holds fo r  all natural numbers n and all points on T, then the function f  does not 
attain a strict local maximum inside T.
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