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REZUMAT. - Subordoniri diferentiale de ordinul al doilea in semiplan.
fn lucrare, folosind subordondrile diferentiale, se obtin proprietii ale functiilor
olomorfe in semiplanul complex care satisfac conditia de normalizare f{z)-z—0
pentru z—>,

Let A denote the upper half - plane
A = {z€ C/Imz > 0}
and let A(A) denote the class of functions f which are holomorphic in A and

have the normalization

Alim (/@) -2] =0
In this paper, using differential subordinations in the half - plane [2], we
obtain some properties concerning functions of the class A(A). -
DEFINITION 1 [2]. Let fg : A — C be holomorphic functions in A. The

function f is subordinate to the function g in A(f < g) if there is an

holomorphic function @: A — A such that lim [p(z) -z] = 0 and

Adz—+
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(@ = g(e(2)), for all z € A.

THEOREM 1. Let f € A(A), g € A(A) and g is univalent in A. Then the
Junction f is subordinate to the function g in A if and only if f(A) C g(A).

Proof. If f < g then using Definition 1 and Schwarz’s Lemma for the
upper half-plane [3], [4], it results f(A) C g(A).

If f(A) C g(A) then, using the univalence . . the function g, we obfain
that g ': g(A) .— A is an holomorphic function in A and we can define the
function @: A — A, ¢(2) = g "(f(2), z € A. We have

lo@) - z| = |g7(f@) -zl s [g7(f@) -f@| + |f(2) ~z|,z€ A
and since Alim [f(2)-2z] = Alim [g(2) - 2] = 0 it fe.iows that Alim [p(z) -z] =0.

DEFINITION 2 [2]. We denote by QO(A) the set of functions g € A(A)
which are holomorphic and injective on A - E(q), where E(q) = {T € 0A/
ligz q(z) = ®}, and also q’(§) = 0 for T € JA\E(q).

DEFINITION 3 [2]. Let Q2 be a set in C and let ¢ € O(A). We define the

class of admissible functions ,[Q, g] to be those functions ¢:C*xA —C

that satisfy the following admissibility condition:

Y(r,s,1,2) & Q, when r = ¢(T), s = mq’(Y)

mlemm?d © mdzen forceonsig,mer D
s q'(®)

36



SECOND-ORDER DIFFERENTIAL SUBORDINATIONS

We shall need the following theorem to prove our results:

THEOREM 2[2]. Let ¢ € ¢,[R, q] and p: A — C be an holomorphic
Junction in A such that there exists a = 0 with p(A)) C q(A), where
A ={z€Clmz>a}. If

W(p@),p'(2),p" (2);2) EQ, forall zE A @
then p < q.

Remark 1. IfAlim [p@2) -2] = Alim [g(2) - z] = 0 then we obtain that
there exists a = 0 such that p(A,) C g(A ). Thus, the condition "p: A — Cbe an
holomorphic function in A such that there exists a = 0 with p(A,) C g(A)" from
Theorem 2 can be replaced by p € A(A).

Let Q be a set in A and let g(z) = z, z € A. We will obtain some

applications of the Theorem 2 corresponding to this particular €2 and q.

THEOREM 3. Let p € A(A) and let y ER, y s 0. If

Im >0,z€A 3)

p@) + -2
70

then Im p(z) > 0.
Proof. If we let W(r,s,t,z) = r + y-t/s then the conclusion will follow

from Theorem 2 we show that ¢ € ,[Q, ], where Q = A and ¢(z) = z. This
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follows from Definition 3 since
Imy(r,s,t;z2) =Im@+yt/s) =ImT +yImt/s <0 for r =T € A,
Imt/s = 0 and y < 0. Hence ¢ € ¢,[Q,4], p < ¢ and Im p(z) > 0.

THEOREM 4. Let p € A(A) and let o ER. If

Im

>0,z€ A

'(z
an) +p L2
then Im p(z) > 0.

Proof. If we lgt Y(r,s,t;z) = ar + B-s/r then we have Imy(r,s,t;z) =
=almT +PmIm1/C =0 for r=CEIA, s=mER and o, € R Hence
Y € 9,[Q,9], p < ¢ and Im p(z) > 0.

COROLLARY. Let f: A — C be an holomorphic function in A such that - ._fj_l.
satisfies the conditions of Theorem 4 and o E R. If

Im[(l-a)f/(z) cal’@|50 zen (5)

f2) @

then Imf’(z) <0,z€A.
(@

Remark 2. A function f € A(A), f(z) = 0, z € A is starlike in the half -

plane A if and only if

ms@ <o -ea.
f(2)

Using the Corollary, we obtain that a function which satisfies the condition 5 is
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a starlike function in A.

THEOREM 5. Let p € A(A) and o.,B,y ER, y < 0. If

.82 @, P'@
ap(z) Bp(z) Y o7 >0,z€A 6)

then Im p(z) > 0.

Proof. If we let Y(r,s,t;z) = ar + B-s/r + y-t/s then we have
Imy(r,s,t;2)=almg + BmIm 1/ +yImt/s<0 forr=LEIA, s=mER,,
Imt/s 20, a,B,y ER v = 0. Hence ¢ € ¢,[Q, q], p < g and Im p(z) > 0.

Remark 3.

i) If y = 0 then Theorem 5 reduces to Theorem 4. -

ii) If a = 1 and B = 0 then Theorem 5 reduces to Theorem 3.
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