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REZUMAT. - Subordonări diferenţiale de ordinul al doilea în semiplan.
în lucrare, folosind subordonările diferenţiale, se obţin proprietăţi ale funcţiilor 
olomorfe în semiplanul complex care satisfac condiţia de normalizare/z)-z-*0 
pentru z-*».

Let A denote the upper half - plane

A = {z E C/Im z >  0}

and let .4(A) denote the class of functions /  which are holomorphic in A and 

have the normalization

lim [/(z ) -  z] = 0
A3 z - * «

In this paper, using differential subordinations in the half - plane [2], we 

obtain some properties concerning functions of the class .4(A).

DEFINITION 1 [2]. Let f g  : A -* C be holomorphic functions in A. The 

function /  is subordinate to the function g in A ( /  < g) if there is an 

holomorphic function tp: A -* A such that lim [tp(z) -  z] = 0 and
A 3 Z —► »
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f(z )  = g(<p(z)), for all z G A.

THEOREM 1. Let f  G A(A), g G A(A) and g  is univalent in A. Then the 
junction f  is subordinate to the function g in A i f  and only i f  / ( A )  C g(A).

P ro o f If /  < g  then using Definition 1 and Schwarz’s Lemma for the 

upper half-plane [3], [4], it results / (A )  C g(A).

If /(A )  C g(A) then, using the univalence . I  the function g, we obtain 

that g ' 1: g(A) -*• A is an holomorphic function in A and we can define the 

function q>: A -*• A, (p(z) = g "'(/(z)), z G A. We have

|q>(z) -  z\ -  |g _1(/(* )) -  z| s  |g ''( /(z ))  - / ( z ) |  + |/ (z )  * z |, z G A 

and since lim [ / ( z ) - z ] =  lim [g(z) -  z] = 0 it fc.iows that lim [<p(z)-z]=0.
A 3 Z -* 0 0  A 3 Z ~ ► 00 A d Z - * 00

DEFINITION 2 [2]. We denote by Q(A) the set of functions q G /4(A) 

which are holomorphic and injective on A -  E{q), where E(q) = {£, G dA/ 
lim q(z) = <»}, and also q '(t,) *  0 for £ G dA\E(q).

DEFINITION 3 [2]. Let Q be a set in C and let q G Q(A). We define the 

class of admissible functions tyA[Q, q] to be those functions i|»:C3 * A -*C  

that satisfy the following admissibility condition:

tl>(r,M;z) £  Q, when r = <7(0, s = m -q '(Q

Im L  i  m -Im ——^  and z G A for Ç G dA\E(q), m G R  ̂  ̂
* ? ' ( 0
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We shall need the following theorem to prove our results:

THEOREM 2[2]. Let tp E rpA [S3, q\ and p: A -*  C be an holomorphic 
function in A such that there exists a as 0 with p(Aa) C q(A), where 
Afl * { z 6  C/Im z >  a ) . I f

y ^ p {z ) ,p '{z )tp " (z);z) E Q , fo r  all z B  A (2)

then p  < q.

Remark 1. If lim [p(z) -  z] = lim [q{z) -  z] = 0 then we obtain that
A 3Z—► « A 3Z 00

there exists a s  0 such that p(Aa) C ^(A). Thus, the condition "p: A -*■ C be an 

holomorphic function in A such that there exists a z  0 with p(Aa) C ^(A) " from 

Theorem 2 can be replaced by p  E  A(A).

Let Q be a set in A and let q(z) = z, z E A. We will obtain some 

applications of the Theorem 2 corresponding to this particular Q and q.

THEOREM 3. Let p  E A(A) and let y <E R , y z  0. I f

Im p(z) + y
P 'iz )

> 0, z E A (3)

then Im p(z) >  0.

Proof. If we let tj) { r ,s ,t ,z )  = r + y t ls  then the conclusion will follow 

from Theorem 2 we show that ip E ipA[Q, q], where O = A and q(z) -  z. This
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follows from Definition 3 since

Im H>(r, s , t ; z ) * Im (£ + yt/s) » Im Ç + y lm  t/s a: 0 for r -  Ç G BA, 
Im t/s 2  0 and y *  0. Hence G tyA{P ,# ] ,  p  < q and Imp(z) > 0.

THEOREM 4. Let p  G A(A) and let a ,(3 S R .  I f

Im a  p(z) + P'iz)
P(?)

> 0, z G A

then Im p(z) >  0.

Proof. If we let s , C z) = a r  + fi-s/r then we have Imij>(r,.s,/;;?) -  

= a  Im ţ; + $-m Im l/£  = 0 for r = £ G dA, s = m G R+ and ct,{i G R. Hence

^  G tyA[£2,<jr], p  < q and Im p(z) > 0.

COROLLARY. Let f  A - *  C be an holomorphic function in A such that f

satisfies the conditions o f  Theorem 4 and a  G R. I f

Im

then Im L M l  < 0 , z G A.
/ ( * )

t o )  / ' ( * )
> 0, z G A (5)

Remark 2. A function /  G A( A ) , f(z )  *  0, 2 G A is starlike in the half -

plane A if  and only if

I m Z ^A*) < 0, z G A.

Using the Corollary, we obtain that a function which satisfies the condition 5 is
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a starlike function in A.

THEOREM 5. Let p  E A(A) and a ,  E R, y s  0. I f

Im « W »  * ♦ Y ^p(z)
> 0, z E A (6 )

f/ien Im p(z) >  0.

Proof. If we let ty (r ,s ,t ;z )  - a r  + 0-s/r + then we have 

Imtl)(r,5 , t ;z)  * a l m ^  + 0*/wIm l/£ + y lm  tls* 0 for r = £ E  dA, $ = ro E R , ,  

Im r/j a 0, a ,  0 , y E  R, y as 0. Hence 14» E i|>A[0 ,^ ] , p  -< q and Im/>(z) > 0. 

Remark 3.

i) If Y = 0 then Theorem 5 reduces to Theorem 4.

ii) If a  = 1 and 0 = 0 then Theorem 5 reduces to Theorem 3.
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