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REZUMAT. - Asupra unor inegalităţi din teoria ecuaţiilor diferenţiale şi 
cu diferenţe de ordin superior. în lucrare sunt stabilite noi inegalităţi 
integrale şi discrete care pot fi folosite în teoria ecuaţiilor diferenţiale de ordin 
superior şi a ecuaţiilor cu diferenţe.

Abstract. In this paper we establish some new integral and discrete 

inequalities which can be used as handy tools in the theory of certain new 

classes of higher order differential and difference equations.

1. Introduction. The fundamental role played by the integral and discrete 

inequalities in the development of the theory of differential and difference 

equations is well known. In the literature there are many papers written on 

integral and discrete inequalities and their applications in the theoiy of 

differential and difference equations, see [1-8, 10-12] and the references cited
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therein. Although stimulating research work related to integral and discrete 

inequalities used in the theory of differential and difference equations has been 

undertaken in the literature, it appears that there are certain classes of 

differential and difference equations for which the existing results on such 

inequalities do not apply directly. This amounts to finding some useful integral 

and discrete inequalities in order to achieve a diversity of desired goals. Our 

main objective here is to establish some new integral inequalities and their 

discrete analogues, which can be used as handy tools in the study of certain new 

classes of higher order differential and difference equations. We also present 

some immediate applications to convey the importance of our results to the 

literature.

2. S tatem en t o f  resu lts. In what fo llow s we let 

R  =  ( ~ o o 5 o o ) ; R  =  [ 0 ,  o o )  and N0 =  { 0 , 1 , 2 , . . . } .  For any function z(m), m E  
N0, we define the operator A by Az(m) = z(m+1) -  z(m) and all m > //. tn.n E

n n
N0, we use the usual conventions z(.sj = 0 and JJz(.v) = 1 We use the

s mm  s mm

following notations for simplification of details of presentiation. For I E  R, and 

some functions r/f), / = 1, 2, ..., n, we set
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/ *1 J.

F [ t , r t>r2...... V i» rJ  -  JV3(*3> Jr4( ^ ) ••• J v . ( V i )  *

V i

X Ÿ * ( s } d S * d S * - \ "  d S 4 d S 3 d S 2

t *3 *4 Vl
+ r2(t) J r3(s3) I r4(s4) J r5(s5) ... J  V .( V .)  x

V i

X ^ n ( O dSndSn-1 - ds5ds4ds3 +

+ V l ( 0  \ rn ( O dSn + r »(t)-

For m Œ N0 and some functions r,(/w), / = 1, 2 , n, we set

[ m ,r p r2, • » V l  »
r i ( W ) Ê  ^ 2 > Ê  r 3 ^ 3 > È  ^ 4)  -  X E  V . ( V l )  È  r n ( S n )

V*
m-1

J3-O
5-1

54- 0

^-1
v_.-o v °

5 , “I

+ r2(w) E rM )  E rM  E ̂ s) •••x E Vi (Vi) E r»(0 +
5 , - 0  54- 0 5 - 0 5 _ _ , — 0 5 - 0

m-1

v » E  rA )  + r» -
5 - 0

Our main result is given in the following theorem.
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THEOREM 1. Let y(t), a(t), b(t\ pjfi), i — 1, 2, n be real-valued 
nonnegative continuous Junctions defined fo r  t E R+.

( 0 / /
/

y(t) s  a(t) + [ s ,p x, p 2, ..., p n_x, p ny\ ds, (2.1)

fo r  all t E  R+, then
t  .

y(t) s  a(0 + b(t)j^F[s,px, p 2, . . . , i n-x,P na\ x

x e \ p ( j F [ x , p l , p 2, . . . , p n_l , p nb]dz)ds,  (2.2)

yôr all t E  i?+.

(ii) Le/ G(r) be a continuous strictly increasing, convex and 
submultiplicative function fo r  r a 0, G(0) = 0, lim G(r)  -  a(t), fi(t) be

r-*oo

positive continuous functions fo r  t E  R+ and a  (t) + P(/) = 1 . I f
I \

X 0  £ a(f) + K ‘) G ' l \ [ F [ s , p x, p 2 , . . . ,  pnA, p nG(y)] ds* W G - ' I J i

fo r  all t E R+, where G '1 is the inverse o f  G , then

(2.3)
/

X 0  s  a (0 + b(t)G~x | jF [ s , p x, p 2, . . . , p n_x, p na G ( a a '‘)] *

x exp ( j > [ x , p x, p 2, . . . , p n_i>pnVG(b$-l ) ]d t)d s (2.4)

for all t E R+.
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(iii) Let W(y) be a real-valued continuous, nondecreasing, subadditive and 
submultiplicative function defined on interval I  -  [y0, oo) and lV(y) >  0 on (y0,

oo), 0 is a real constant, W(y0) = 0 . I f
t

X ') S m  ♦ m  [ F \ S ,P „ P , ...... P ^ ,P .W (y )\ d s , (2.5)

fo r  all t E  R+, then fo r  0 s t z t u
t

X<) * m  *  i( l)2 - '[Q (c (I»  V (2.6)

where

c(0 -  j F [ s ,p x, p 2, . . . ,P „.1,P„ W(a)] ds, (2.7)

u

Q(«) -  ^ « o with uo >  y0> (2.8)

Q 1 is the inverse o f  £2 and tx E R+ be chosen so that
t

Q(c(0) + ^F[s,Px,P2> ~>Pn-x,PnW{b)]ds E D om ( Q 1), 

fo r  all t E  R+ lying in the interval 0 s  t £

We next establish a more general version of Theorem 1 which may be 

convenient in some applications.

THEOREM 2. Let y(i), a(t), b(t), p f f ) , i -  1 ,2 , . . . , n  be real-valued 
nonnegative continuous functions defined fo r  t E R+. Let f :  R? —* R t be a 
continuous function which satisfies the condition
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(A) 0 s  f ( t ,  M, ) -  / ( / ,  u2) s  k(t , u2) (w, -  u2),

fo r  t G  R+ and ux 2  m2 2  0, where k : F+2 -»  «  a continuous function.

(iv) I f

X0 s XO + KO Jf [*, p,, f2 , . ,p„(./»] (2.9)

fo r  all t e  F+, w/iere ( /y ) (0  = f(t,y(t)),  then
t

XO * a(t) + b ( t ) j F [ s , p l , p 2, . . . , p n_ , p f f a ) ] *

/

x e x p ( | F [ x , p , , p 2, p j C M *  ]<**)<&. (2.1°)
5/>r a//1 e  F+> vv/jere (fca)(/) = A(/, a(/)).

(v) Let G, GTl, a , p be as in (ii). I f

m  * o(0 * « O G -'I  j > l‘ ,P ,.P „  .P„.l, P , ( A G ( y m d s \  (2.11)

fo r  all t e  R+, where (f ( G ( y ))) (/) * f ( t ,G (y (t))) ,  then

m *  o(l) » (.(OG-'ljf  ̂ T V / V - . ^ , . P . ( / ( « G ( o « " ) ) ) ]  «
/exP ( J f  [x, p ,, p2, . . . , ,  p„(k(aG(aa~l ))) (PG(6 P‘ ‘ ))] <ft) ds , (2.12)

/or  all t e  F+, w/»er* ( / ( a G ^ a ' 1))) (t) = /( ' ,  a  (/) G (o (O a '(0 )) ,

WaĜ a-'flXO (̂/,a(/)G(a(Oa'(0)), (POPP"1))#) "P(0 W ( 0 P _,(0).

2 0
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(vi) Let W, Q, Q 1 be as in (iii). I f
t

y(t) s  a(t) + A (0 |F [5 ,p , ,p 2......pn_x , p n(f(W(y)))] ds, (2.13)

fo r  t E  I f ,  where (f(fV(y))) (t) -  f ( t ,  W(y(t))), then fo r  O s / s / 2)

>/(/) s  a(t) + b(t)Q-l[Q(c(t»
t

*  I' H s , P „ P , ...... (2.14)

where (k(W(a))) (t) -  k(t,W(a(t))),W(b) (t) = W(b(t)\
t

C(l) •  { F l s , P l , p 2...... /V , ./>„(/(»'(<>)))]*, (2.15)

and t2 G R+ is chosen so that
tS2(?(«)) * .......P ^ ,P .W m a ) ) ) W ( b ) \ d s  e  D om (Q '),

fo r  all t E  I f  lying in the interval 0 ss t * t 2.

The discrete analogues o f Theorems 1 and 2 are given in the following 

theorems.

THEOREM 3. Let y(m), a(m), b(m), pfm ) ,  i = 1 , 2,  . . . ,n  be real-valued 
nonnegative functions defined fo r  m E  N0.

(vii) I f
m - \

y(m) * a(m) + b(m) £  H [ s , p x, p 2, . . . ,p „ .x, p ny], (2.16)
5 - 0

fo r  all m E  N0, then
m-1

y(m) s  a(m) + b(m) £  H [ s , p x, p 2, ... . , p n. x, p na] *
5 - 0
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m -1
* Y  [1 + H [ i ,P>,P2, , P n-X, P nb \ l  (2.17)

X - 5 » I

for all m E  N0.

(viii) Let G,  G  1 be as in (ii) and a(m), p(m) be positive functions def ined 
fo r  m E N0 and a  (m) + p(/w) = \. I f

y(m) s: a(m) + b(m)G-'  ( £  H [ s , p t, p 2, . . . , p n̂ , p nG ( y ) } \  (2.18)

fo r  all n E N0, then

5 - 0

yim) s  a(m) + b(m)G2 -1
OT-1

52 h [s >P\*P2> ’ P n- i ’P„a G ( a a ~' )]
5 - 0

(2.19)

(2.20)

x £ [ 1  + H [ x , P l , p 2, . . . , p n̂ p nP G ( b f i - ' ) ] ]
X - 5 + 1

fo r  all m E N0.

(ix) Let W, Q, Q“‘ be as in (iii). I f
m- 1

y(m) s  a(m) + b ( m ) ^  H [ s , p l , p 2, - ,p „ ^ ,p „ W ( y ) ) ,
5 - 0

fo r all m E / /0, i/je/i jï>r 0 m *  mu m, mx E  N0,
m- 1

Xw) * a ( m )  + ^ Q ' 1 [Q(rf(/w) + 52 //[*,/?,,/?2, W )J1» (2.21)

where

d{m) -  5 2 p„^( a) ] ,  (2.22)
5 - 0

)î>r m El N0 and mx E  N0 is chosen so that

Q(d(m)) + £  #[•>%/>,,/V  ,/V i> P ,W )]  e  Dom (Q  '),
5 - 0

for m E  N0 and 0 *  m & mv

5 - 0

m -1
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THEOREM 4. Let y{m)y a(m), b{m)t p t{m)y i = 1 , 2 , . . . , »  be real­

valued nonnegative Junctions defined fo r  m E N0. Let h : N0 * -*■ R t be a

function which satisfies the condition

(B) O s  h(myux) -  h(m ,u 2) £ ? (ot, k2) ( m, -  u2),

fo r  m (=. N0 and ux st Uj a 0, where q(m,r) is a real-valued function defined fo r

m E A/o, r E  R+.

(x)//
></n) £  a(m ) + A(ro) J ^ H [ s tp l t p 2t P„(M 1>

5 - 0

fo r  m E A/q, where (hy)(m) -  h(m,y(m)), then
m - 1

Xw) £ a{m) + A(ro)£  />„(/»«)] X
m-1

x £  l 1 + H [ x , p x, p 2y. . . ,p n̂ p n{qa)b]],
T-5+1

y ô r  m E J V o , w / i e r e  ( qa)(m)  =  q(mya(m)).

(xi) Lei G, G 1, a , p Ae as in (viii). I f

y{m) s  a{m) + b(m) G
m-1
E  ...... pr „p .(M C W ))!
5 - 0

/o n »  E A/q, where (h(G(y))) (m) = h(m ,G{y(m))),  then

y(m) s  a(m) + b(m)G -i
m-1

(2.23)

(2.24)

(2.25)

£  #[*>/>, ,/>2> ,p„-i,p„(h (a G (a a ~' ) » ]
5 - 0
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» î l  [1 * H[T.,pl ,p 2, ...,p ^ ,P '(q {a G (a a .-')))  * (WG(»p ' ) ) ) ] ] ,
T-5+1 ^

f o r m  & N 0, where (h(aG(aa~1)))(m) = h(m,a(m)G(a(m)a~l (m))),

(2.26)

( q ( a G ( a a l)))(m) =

-  ^(/«,a(m)G(a(/W)a-1(m))),0(G(6p-1)))(/M) -  P(/m)G(/»(/m)P 1 (m)).

(xii) Let W, Q, Q”‘ be as in (iii). I f

y(m) s  a{m) + b(m) Y ,  H [ s , p {, p 2, pn(h( W(y)))], (2.27)
5 -  0

fo r  m E A/q, where (h(W(y))) (m) -  h(m, W(y(m))), then fo r  0 s  m s  m2,

y(m) s  a(w) + A(m)Q'' [Q(</(w))

* E  «[* ,/> „?* , ■,/>„-,,?„(<)»'(<*») W ) ] ] .  <2 28)
5 - 0

where (q(W(a)))(m) * q(m,fV(a(m))), ( fV(b))(r,.j = W{b(m)), 
d i m )  = £  -

5 - 0

aw/ ?w2 E Af0 Ae chosen so that
iff _ 1

W » ) )  * Y , H l s , p l , p 1, . , p ll_„P'(<l ( W ( a ) ) ) ( l v m  e  Dom (Q -‘),
5 - 0

yï>r m E Af0 an</ 0^i»£ m2.

3. Proofs o f Theorems 1 and 2

(i) Define a function «(/) by

" (0  = J F l S ' P ^ P i ’ -’Pn-l’P ^ d S - (3.1)

24
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From (3.1) and using y(t) £ a(t) + b(t) u(t) and the fact that u(t) is monotone 

nondecreasing for t E  R+, we observe that

« '(0  s  F [ t , p ltp2, + F [ t , p l , p 2, . . . , p n_l , p nb]u(t). (3.2)

From (3.2) we obtain
t

u(t) £ j ^ F [ s ,p l>p2, . . . , p n̂ , p a ]  x

t

x e x p ( j F t - c , / ? ! , ^ , Pnb](h)ds.  (3.3)

Using (3.3) in y(t) £  a(t) + b(t)u(t) we get the required inequality in (2.2).

(ii) Rewrite (2.3) as

* G ~l U F [ s , p x, p2, . . . , p n_x, p nG(y)\ ds (3.4)

Since G  is convex, submultiplicative and strictly increasing, from (3.4) we have

G ( m  *  *(t)G(a(t)a-'(t)) * K O G W O P^O ) * 
/

x j F [ s , p l , p 2, . . . , p m_l , p mG(y)}ds. (3.5)

The estimate given in (2.4) follows by first applying the inequality proved in (i)

with a(t) -  a(t)G(a(t)a'\t)), b(t) = p(0G(6(0P~‘(/)) and y(t) -  G(y(t)) and 

then applying G~l to both sides of the resulting inequality.

(iii) Define a function u(t) by

25
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•K') -  If Is ,P „ P 2.........P '_ „ PnW (r)]ds. (3.6)

Using y(t) £ a(t) + b(t) u{t) on the right side of (3.6) we observe that
/

“(0 * j^[S>P,,P2> -  >Pn-l^PnW(a + bu)]ds

t

* c(l) -  fF [ j ,p „ p 2, . . . , p ^ , p . W ( b )  r (» )]  ds. (3.7)

For an arbitrary T E  R+, it follows from (3.7) that
/

«(0 * C(T)  H- f r [ j ,p „ p 2...... P ^ . P ^ W » ) ] * ,  0 s  I s  7. (3.8)

Define a function v(f) by
t

»(0  - *  + <K T)+ ( F [ s , p l , p 2, . . . , P ' . „ p j r ( b ) U ' ( u ) ] d s ,  0 s  ( i  7, (3.9)

where e > 0 is an arbitrary small constant. From (3.9) and using the facts that 

u(t) a; v(r) and v(r) is monotone nondecreasing for 0 s  t s  T, we observe that 

v '(0  * F [ t , p x, p 2, . . . , p n̂ p nW(b)] W(v(/)), 0 * t * T .  (3.10)

From (2.8) and (3.10) we have

- £ g (v(0) * F [ l>p l ,p 2, . ,p „ _ l ,p,T»'(f.)], 0 s  < * T. (3.11) 
at

Now integrating both sides of (3.11) from 0 to T we have

Q (v (r »  s  a i t  * c ( D )  * I F [ s , p l , p „ . . . , p M.„p, iy(i>))ds.  (3 . 12) 

Since T is arbitrary, the inequality (3.12) holds for t = T, for all t E R t and 

hence from (3.12) we have

2 6
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v(!) < Q ' [ 0 ( e  ♦ <:(!)) * \ F [ s , p „ p , ,  . , p ^ , p „ W m ds 1 (3 13)

Using (3.13) in «(I) £  v(t) and the fact that y{t) s  a(f) + b(t) u(t) and letting

e -+ 0 we get the desired inequality in (2.6). The subdomain of R+ for t is

obvious. This completes the proof of Theorem 1.

(iv) Define a function u(t) by 
/

u(t) -  j F [ s , p l ,p 2, . . . ,p n_l ,pn(fy))df.  (3.14)

From (3.14) and using the condition (A) and the facts thatXO *  a(t) + b{t)u{t) 
and u(t) is monotone nondecreasing for t E R+, we observe that 

u'(t) s  F [ t ,p 1,p 2, . . . ,p „ . l ,p„(/(a + bu ) ) ]

■ F [ t ,P i ,P 2* + b u )) ~ ( /« )  + ( /« )} ]

* F [ t ,P i ,P 2> -> P „-^ P „(fa)}

+ F[t>Py>Pi,~,Pn-y,Pjka)b\u(t).  (3.15)

From (3.15) we obtain
/

u(t) *  | F [ 5 , p 1,/72, . . . , p B. 1,p B( /a ) ]  x  

/

* e x p ( J > ( x ,p 1,p 2, p n(ka)b]dx)ds .  (3.16)
s

Using (3.16) in y(t) a; a(t) + b(t) u(t) we get the desired inequality in (2.10). 

The proofs of (v) and (vi) can be completed by following the same
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arguments as in the proofs of (ii), (iii) and (iv) given above with suitable 

modifications. Here we omit the details.

4. Proofs of Theorems 3 and 4. Since the proofs resemble one another, 

we give the details for (vii) only, the proofs o f (viii)-(xii) can be completed by 

following the proofs o f similar results given in [7, 11] and closely looking at

the proofs of (i)-(iv) and (vii).

(vii) Define a function z(m) by
if* — 1

z(m) -  (4.1)
j-0

From (4.1) and using y(m) £ a(m) + b(m) z(m) and the fact that z(m) is 

monotone nondecreasing for m G N0, we observe that

z(w + l)  -  z(m) = H [ m ,p x,p 2, . . . , p n_ltp ny\

*  H [ m ,p l ,p 2, . . . , p n_l ,p aa] + H [ m ,p i ,p 2, . . . , p n_l ,p nb]z(m). (4.2)

The inequality (4.2) implies the estimate (see [7])

<m) * Y , H lS’P l’P2> ■ ’Pn-X’P A  X
m-1 5’°

» n  U  ♦ ( « J
X - 5 + l

The required inequality in (2.17) now follows by using (4.3) in y{m) a a(m) + 

b(m)z(m).

28
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5. Some applications. In this section we present some applications of our 

results to obtain bounds on the solutions o f certain higher order differential and 

difference equations for which the inequalities available in the existing literature 

do not apply directly.

Let 0 £ / & n be positive continuous functions defined for t G R ,.

We define the differential operators L , , 0 a i s  n by

L0x(t) « , L .x(t) = —l— —L  . x(t), 1 s  / â n.
° Po(t) P ,(0  *  w

Consider the nonlinear differential equation of the form

L„x(t) • g i t ,L 0x(t), L xx ( t ) l „ . 2x(t) , LnAx(t)), (5.1)

with the initial conditions

Lm x(0) -  0, / « 1,2, . . . , /»,  (5.2)

where g : R + * R" - *  R  is a continuous function. For the study of (5.1)-(5.2), see

[9] and the references cited therein.

We first convert the problem (5.1)-(5.2) into an equivalent integral

equation. Let y(i) -  Lnx(t), then we have
/

L„-A < )  = Jp M  y(P„) dsn, (5.3)

t  V»

A,-2*(0 -  JX-» ( V i ) J P M  y(SJ  dS« dsn-x • (5-4)

29



B.G. PACHPATTE

» 3 J

M O  = J/>2(*2) •• J / M v . )  •

V,

x J p A )  dSn dSn-X • • dS4 dS3 d s 2 >

/ 5. J2 Vi

V ( 0  -  j P | ( * l )  j p 2 ( * 2 )  f p 3 ( s s ) -  J / M V . )  X

*V.

x | P n ( S n )  y(SJ d s »  d s n - l  ••• d s 3 d s 2 d s x 

Consequently the problem (5.1)-(5.2) is equivalent to the following

equation

yif)  -  g t, Jp,(s,) Jp 2(s2) j p 3(s3) -  J>„-i(V> )

V i

X ^P»(S« )y (Sn )dSndSn-I -  ^ 3 ^ 2 ^ ' ,  »

/ *2 *1 V j

| P 2( ^ )  |P „ - . ( V . )  x

V i

X IP„(sn) y(SJ  dSn dSn-l ■ dSA dS3 dS2 >
/ Vi

J / M v . )  ţ p M y ( O d snds„-x >

t \

30
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Suppose that the function g  in (S.l) satisfies

^ a(t) + b(t)[ \w0\ + |w,| + ... + |w„_2| + |wBJ  ], (5.8)

where a{t) and b{t) are real-valued nonnegative continuous functions defined for 

f G Æ*. From (5.7) and (5.8) we observe that
t

M O I  *  a(0 + H t)^ F [s ,P v,P2, . . . ,P n-i,Pn\y\]ds. (5.9)

Now an application of inequality proved in (i) Theorem 1 yields

m o i  *  e w ,  (5 .io )

where
t

Q(t) -  a(t) + b(t) J > [5 , p , ,p 2 , . ,p na] * 

x exp ( j F [ x , p l ,p 2, . . . , p n_l ,p nb ]d x ) d s .
3

Now using (5.10) in (5.3)-(5.6) we get the bounds on |L„_,jc(0 |,  ( / ^ ( O l ,  

..., |L ,x(/)|, IL0x(t)I in terms of the known quantities. Thus by using the 

definition of L0x(t), we get the bound on the solution x(t) of (5.1)-(5.2) in terms 

of known quantities.

Further, it is be noted that the inequality given in (vii) can be used to 

obtain upper bound on the solution of the nonlinear difference equation of the 

form
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E„x{m) = g ( m ,E 0x (m ),E lx ( m ) ,. . . ,E n_2x(m ),E n_ix(m )), (5.11)

with the initial conditions

£,_,*(0) = 0 , / = 1 ,2 , . . . , /» ,  (5.12)

where g  is a real-valued function defined on N0 * R ", the operators 

E j, 0 £ j  s  n are defined by

V ( m) " —7 -T-» £,*("») = - L - A  E  Km) , j  = 1,2, . . . , /».
/>„(OT) P ,( " 0

Pj(m), 0 £ y s  n are positive functions defined for m G A/o. By letting 

z(m) -  Enx(m) and converting the problem (5.11)-(5.12) into an equivt ont form 

of sum-difference equation and following the same arguments as explained 

above for the problem (5.1)-(5.2) we get the bo and on the solution x(m) of 

(5.11M5.12).

We also note that the inequalities established in (iv) and (x) can be used 

to obtain bounds on the solutions of the following more general nonlinear higher 

order differential and difference equations of the forms:

L A O  -  ...... / ( » , W 0 ) ^ . ^ i * ( O ) ) .  (5.13)

L m x (0) = 0, / = 1,2, . . . , /»,  (5.14)

and

Enx(m) =g(m,h(m ,E 0x(m)),h(m ,E xx{m)) ,
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... ,h(rn ,E n_2x{m)),h{m ,E nAx(m))), (5.15)

£,.,•*(0) = 0 , / = l , 2 , . . . , n ,  (5.16)

respectively, under some suitable conditions on the functions involved in (5.13) 

and (5.15). Since the details of these results are very close to that o f given 

above with suitable modifications, and hence we do not discuss it here.

In concluding this paper we note that there are many possible applications 

of the inequalities established in this paper to certain classes of higher order 

differential and difference equations, but those presented here are sufficient to 

convey the importance of our results to the literature. Various other applications 

o f  these inequalities will appear elsewhere.
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