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REZUMAT. - Asupra unor inegalitiiti din teoria ecuatiilor diferentiale gi
cu diferenfe de ordin superior. fn lucrare sunt stabilite noi inegalitati
integrale §i discrete care pot fi folosite in teoria ecuatiilor diferentiale de ordin
superior §i a ecuatiilor cu diferente.

Abstract. In this paper we establish some new integral and discrete
inequalities which can be used as handy tools in the theory of certain new

classes of higher order differential and difference equations.

1. Introduction. The fundamental role played by the integral and discrete
inequalities in the development of the theory of differential and difference
equations is well known. In the literature there are many papers written on
integral and discrete inequalities and their applications in the theory of

differential and difference equations, see [1-8, 10-12] and the references cited
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therein. Although stimulating research work related to integral and discrete
inequalities used in the theory of differential and difference equations has been
undertaken in the literature, it appears that there are certain classes of
differential and difference equations for which the existing results on such
inequalities do not apply directly. This amounts to finding some useful integral
and discrete inequalities in order to achieve a diversity of desired goals. Our
main objective here is to establish some new integral inequalities and their
discrete analogues, which can be used as handy tools in the study of certain new
classes of higher order differential and difference equations. We also present
some immediate applications to convey the importance of our results to the

literature.

2. Statement of results. In what follows we Ilet
R = (-0,o), R =[0,%)and N, = {0,1,2,...}. For any function z(m), m €

N,, we define the operator A by Az(m) = z(m+1) — z(m) and all m > n, mn €

n

N,, we use the usual conventions Ez(s) =0 and Hz(s) = 1. We use the

s=m S=m

following notations for simplification of details of presentiation. For 1 € R, and

some functions r(f), i = 1, 2, ..., n, we set
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F[t’ rl’rZ’ ""rn-l’rn] = rl(t)!rz(sz) t!"‘3(‘5'3) r4(s4) !rn-l(sn-l) X

"n—l

x J. r(s)ds,ds, ..ds,ds,ds,

(r)‘[rg(sa)t[r( )Jr(ss) J”.(s-,) x

X Jrn(s”) ds ds _, .. dsgds,ds, +

’ -
+r,,@) ‘[ r.(s)ds, +r().
For m € N, and some functions r(m), i = 1, 2, ..., n, we set

Hlm,r,r,,...,r,,1,]

s5,-1 5-1 5,71 5,71

= rl (m)z_ r2(s2)z r3(s3)2 r4(s4)"‘ x Z rn—l(s -—l) E rn(sn)

5,20 5,20
o m Y (sa)z% r <s4>2 s Y r s )Y rs) +
5,=0 A 5,.,=0 s,=0 .

+ r”_l(m)z-: r.(s,) + r,(m).

s=0

Our main result is given in the following theorem.
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THEOREM 1. Let (1), a(t), b(®), p(t), i = 1, 2, ..., n be real-valued
nonnegative continuous functions defined for t € R,.
¥/
:
y(0) s a(f) + b(t)!F[s,p,,pz,..., _»P, Y] ds, 2.1
for allt € R,, then

) = a(t). + b(t)!ﬁ[s,pl,pz,...,‘ _,p,a) %

'
x exp(fF[‘c,pl,pz,..., 1> P, b dv) ds, 2.2)

for allt €R,. :
(ii) Let G(r) be a continuous strictl, increasing, convex and
submultiplicative function for r =z 0, G(0) = 0, lim G(r) = , a(f), B(t) be

r—>o

positive continuous functions for t € R, and a(t) + () = 1. If

W) s at) + b(HG !F[s, PysPys s Pyt P, GO ds], (2.3)

for all t € R,, where G is the inverse of G, then

W) = a() + b(HG™ !F[s, PysPys s Pyy» P,0G(@a™)] x

X exp (IF [x.p,. 055 5P, P,BG(BB™)] ) dS], 24

forallt €R,.
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(iii) Let W(y) be a real-valued continuous, nondecreasing, subadditive and
submultiplicative function defined on interval I = [y,, ©) and W(y) > 0 on (y,,
®), yo'= 0 is a real constant, W(y,) = 0. If

: ¢
o) = a(t) + b(t) [F[s, PysPys s Pty PV () ds, 2.5)
forallt ER,, thenfor 0 st <t
' .
WO = a(t) + (O [Q(c()) + ‘[F[s,pl,pz, s Doy P,W(D)] ds], (2.6)
where

o(f) = J’F [5,P,.Py» s B, P, W(a)] d, Q.7

* ds :
Q(u) = ! 08 u = u, with u, > y,, (2.8)

Q™! is the inverse of Q and t, € R, be chosen so that

Q(c() + j'F [s.p,.Pys s P, P,W(b)]ds € Dom (Q™),
Jor all t € R, lying in the interval 0 <t < t,.
We next establish a more general version of Theorem 1 which may be
convenient in some applications.
THEOREM 2. Let (1), a(t), b(H), p(t), i = 1,2,...,n be real-valued
nonnegative continuous functions defined for t € R,. Let f: R} — R, be a

continuous function which satisfies the condition
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(A) 0 < f(t,u) - f(t,u,) < k(t,u) (u, - u,),
fort €R, and u, = u, = 0, where k : R} — R, is a continuous function.
@v) If
WO s a() + b(t)jF [5,2,, P55 sPy» P (S V)] G, 2.9)
for all t € R,, where (fy)(1) = f(t, (t)), then

) = a(t) + b(t) JF[s,p,,pz,--.,p"-‘,p,.(fa)] x

x e_xp(J’F [, Dy, Pys s P, 1 D, (k) b] dFE) ds, (2.10)
for all t € R,, where (ka)(t) = k(t, a(?)).

(v) Let G, G, a, B be as in (ii). If

W) s a@® + bOG™ !Fls,P.,Pz,---,P,.-,,P,,(f(G(y)))]dS], 211

for all t € R,, where (f(G(»)) () = f(t,G(y(?))), then

W) s a@) + b G ‘[F'fs,P.,Pz,~~,P,.-1,P,,(f (aG(aa™))] *

X exp (fF [v. P\, Py, s Pyt P(K(aG(aa™))) (BG(6B™))] dr) dS], (2.12)

for all t € R,, where (f(aG(aa™))) () =f(t,a() G(a(t)a'(1))),

(k(@Glaa™))(6) =k(t,a(n)Gla(®a™ (1)), (BGBB™) () =BE) G(bMHB™ ().
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(vi) Let W, Q, Q" be as in (iii). If
N s a(f) + b(t):[F [s.p,,P,5 . B, P,(S (W) ds,  (2.13)
for t € R,, where (f(W())) (1) = f(t, W(y(1))), then for 0 <t s t,,
y(©) s a® + bOKQ[QA(c(®)
+ IF [s.p,,p,, ... Py, P(K(W (@) W(D)] ds], (2.14)
where (k(W(a))) (1) = k(t, W(a())), W(b) (1) = W(b(1)),
c@®) = :{F [s,p,Pys s P, s ,(S(W ()] ds, 2.15)
and t, € R, is chosen so that
Qc()) + :[F [s.P), Pys s Py s PLE(W (a))) W(b)] ds € Dom (Q7'),
Jor all t € R, lying in the interval 0 st < t,.
The discrete analogues of Theorems 1 and 2 are given in the following
theorems.
THEOREM 3. Let y(m), a(m), b(m), p(m), i = 1,2, ...,n be real-valued
nonnegative functions defined for m € N,
(vii) If
Nm) = a(m) + b(m)")'__.;l Hl[s,p,,p,, -, P,.>P,)), (2.16)
for all m € N,, then S

¥m) s a(m) + b(ﬁi)z- Hl[s,p,,p,,...,P,,,P,a] *

=0
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m-1

< Y 1 +H[x,p,, PP,y 2011 (2.17)

Tmyvl
forallm € N,

(viii) Let G, G be as in (ii) and o(m), B(m) be positive functions defined

Jor m € N, and a(m) + B(m) = 1. If

m-1

Hm) = am) + ()G (3 HI5, PPy s Preto PLGDD, - 2118)
foralln € N,, then |
Hm) s a(m) + bm)G ! 't:H[.s,p.,pz, s Ppt» P0G (@™ )] x
x 2[1 + H[x,p,,py, P, 2,BG (5B, (2.19)

Jor all m € N,

(ix) Let W, Q, Q! be as in (iii). If
m‘—l

Wm) < a(m) + b(m) ¥ H[s,p,,py,...0,,.P,W (W), (2.20)

s=0

Jor all m € N, then for 0 s m < m,, m, m, € N,

m-1
Wm) s a(m) + b(m) Q! [R2(d(m) + E Hls,p,.p,,....p,...p,W(b)]], (2.21)
s=0
where
m-1
d(m) = E H{s,p,,p,,...p,,.p,W(a)], (2.22)
s=0

Jor m € Nyand m, € N, is chosen so that

m-1

Q(d(m)) + Y, HIs,p,,p,, . p,.,p,W(b)] € Dom (Q7),

s=0

for m ENyand 0 s m s m,.
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THEOREM 4. Let y(m), a(m), b(m), p(m), i =1,2,...,n be real-

valued nonnegative functions defined for m € N,. Let h - N, x R, = R, be a

Sfunction which satisfies the condition

B) 0 < h(m,u)-h(m,u) s qgim,u,)(u, - u,),

for m € N, and u, = u, = 0, where q(m,r) is a real-valued function defined for

mE N, reR,.
) If
m-1

Wm) = a(m) + b(m)Y Hls,p,,p,,..P,,.P,(h))],

s=0

Jor m € N, where (hy)(m) = h(m,y(m)), then

m-1

Wm) s a(m) + b(m)Y_ H[s,p,,p,, ...P,.,,P,(ha)] x

=0
m-1 s

x Y [1 + Hx,p,,p,, ... 0, 0,(qa)b]],

T3+l

for m € N,, where (qa) (m) = q(m, a(m)).
(xi) Let G, G, o, B be as in (viii). If

Y His,p.p,,...p,,, P, (KGO

5=0

Hm) < a(m) + b(m)G ™!

Jor m € N, where (h(G(y))) (m) = h(m,G(y(m))), then

m) < a(m) + b(m)G ™

s=0

(2.23)

(2.24)

(2.25)

Y H. 2.1y, o112 (B Gaa™ )] =
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g H [1 + HI%,py, Py s Py P(9(@Glaa™)) x BGOBBMN],  (2.26)
fo;:n € N,, where (h(aG(aa™))) (m) = h(m, o(m)G(a(m)a™ (m))),
(g(@G(ao™))) (m) =

= g(m , a(m)G(a(m)o'(m))), B(G(EB™)))(m) = B(m)G(b(m)B™ (m)).

(xii) Let W, Q, Q™ be as in (iii). If
Wm) s a(m) + b(m):fé HIS, Py, Py0 o By BAROFON], (227)
for m € N,, where (h(W())) (:n) = h(m, W(y(m))), then for 0 < m < m,,
Hm) < a(m) + b(m)Q [Q(d(m))
. 2: H IS,y Py s Py PAW (@) WOD]], (2.28)
where (q(W (@) (m) = q(m, W(a(m))), (W(b)) (s = W(b(m)),

d(m) = zo HIS, Py, Pys s Py P (B(W (@),

and m, € N, be chosen so that
m-1

QAd(m)) + Y HIS, Py Pys s Py s P(4F (@) (W(B))] € Dom (Q7),

Jorm € Nyand 0 s m < m,.

3. Proofs of Theorems 1 and 2

(i) Define a function u(f) by

t
u(t) = ‘[F[s,pl,pz,...,pn_l,p"y] ds. 3.1
24
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From (3.1) and using () < a(f) + b(t) u(t) and the fact that u(r) is monotone
nondecreasing for ¢ € R,, we observe that

-u'() < F[t,p,sPys-5P,.5P,8] *+ Flt,D,,P;, ... Ppy, P,01u(). (3.2)

From (3.2) we obtain

4
ult) s ‘!'F[s,pl,pz,..., 1> P,a] %

x exp(:[F[r,pl,p,,..., . p,bldv)ds. (3.3)
Using (3.3) in (1) = a(¢) + b(t)u({) we get the required inequality in (2.2).
(ii) Rewrite (2.3) as
N s a(t)a(t) o’'(5) + B() b B7(1) *

1
x G ‘[F[s,pl,p,,..., »p,G)]ds|. (3.4)

Since G is convex, submultiplicative and strictly increasing, from (3.4) we have
G(0) s a()Ga@)a (1) + BOGBMB (1)
x [F (521 P2y s Pous s PG . (3.5)
The estimate given in (2.4) follows by first applying the inequality proved in (i)
with a(r) = a()Gla@®a™(®), b() = BOGG@B™()) and W(1) = G(N(1)) and
then applying G™ to both sides of the resulting inequality.

(iii) Define a function u(¢) by
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!

u(t) = !F[s,pl,pz, s Py PW(Y)]ds. (3.6)

Using »(t) < a(t) + b(¢) u(t) on the right side of (3.6) we observe that

]
u(t) = JF[s,p,,pz,...,pn_l,p"W(a + bu)] ds

'
< c() + F [5,P,,P,s > P, 1P, W (b) W(1)] ds. (3.7
For an arbitrary 7 € R,, it follows from (3.7) that
u(t) s c(T) + :{F[.é,pl,pz,...,pn_l,an(b)W(u)] ds,0 <t sT. (3.8)
Define a fupctibn v(t) by
v(if) =e + ¢(T) + :[F[s,pl,pz,..., LD WB)W(Wlds, 0 st s T, (3.9)
where e > 0 is an arbitrary small constant. From (3.9) and using the facts that
u(t) s v(t) and v(¢) is monotone nondecreasing for 0 < ¢t < 7, we observe that
v/(t) s Flt,p, Py s D, s P,V I W), 0 st s T (3.10)

From (2.8) and (3.10) we have

d .
LQOW) = FILp.pynlsn b, WO 0502 T (311)

Now integrating both sides of (3.11) from 0 to T we have

T
Qv(I) < (e +c(T) + [F[s,pl,pz,..., 1D WD) ds.  (3.12)
Since T is arbitrary, the inequality (3.12) holds for ¢ = T, for all r € R, and

hence from (3.12) we have
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v()) s Q1[Q(e +c(r) + jF[s,p,,pz,..., P, W(b)]ds]. (3.13)
Using (3.13) in u(f) < v(f) and the fact that () < a(t) + b(f) u(f) and letting
e — 0 we get the desired inequality in (2.6). The subdomain of R, for ¢ is
obvious. This completes the proof of Theorem 1.
(iv) Define a function u(f) by
'
u(t) = !F[s,pl;pz, e Pys P ()] . (3.14)
From (3.14) and using the condition (A) and the facts that)(f) < a(f) + b(¢f) u(t)
and u(f) is monotone nondecreasing for ¢ G R., we observe that
u'(t) s F[t,p), Py, ., Py P, (f(@ + DU))]
= F[t,p,, P, . P, P{(Sf(a + bu)) - (fa) + (fa)}]
s F[t,p, Py s Py P(S0)]
+ Flt,p,,p,,...,P,.,,p,(ka)b] u(r). (3.15)
From (3.15) we obtain

u(t) = IFls,P,,Pz.---,p,.-,,p,,(fa)] x

]
x exp(fF[t,p,,pz,..., .. D, (ka)b] dv) ds. (3.16)
Using (3.16) in (f) < a(t) + b(f) u(t) we get the desired inequality in (2.10).

The proofs of (v) and (vj) can be completed by following the same
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arguments as in the proofs of (ii), (iii) and (iv) given above with suitable

modifications. Here we omit the details.

4. Proofs of Theorems 3 and 4. Since the proofs resemble one another,
we give the details for (vii) only, the proofs of (viii)-(xii) can be completed by
follovbing the proofs of similar resulis given in [7, 0 11] and closely looking at
the proofs of (i)-(iv) and (vii).

(vii) Define a function z(m) by
m-1

2m) = 3 HIs.PsPys s Prcts PI) @1

s=0

From (4.1) and using y(m) < a(m) + b(m)z(m, and the fact that z(m) is
monotone nondecreasing for m € N,, we observe that
z(m+1) - z(m) = Hm,p,,p,, ..,P,,,P,})

s H[m,p,,p,, ...p,,,P,a] + H[m,p,,p,,....p,,,p,blz(m). (4.2)

The inequality (4.2) implies the estimate (see [7])
m-1

Z(m) = E H[saplypzy "-ap,,_]ap,,a] x

=0
m-1 s

x IT 11 + Hlx,p,,py5 -5 P,45P,01) (4.3)

Tes+l

The required inequality in (2.17) now follows by using (4.3) in y(m) < a(m) +

b(m)z(m).
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5. Some applic;ﬁons. In this section we present some applications of our
results to obtain bounds on the solutions of certain higher order differential and
difference equations for which the inequalities available in the existing literature
do not apply directly.

Let p(f), 0 < i = n be positive continuous functions defined for 1 € R,.
We define the differential operators L,, 0 < i < n by

Let) = 29D 1xty= L 91 xn,1sisn

X0 p() dar” "
Consider the nonlinear differential equation of the form

Lx(®) =g, Lx(®),Lx({®),..,L, _x®,L,x(), (5.1)
with the initial conditions
L,x©0)=0,i=1,2,..,n, (5.2)
where g : R, X R* — R s a continuous function. For the study of (5.1)-(5.2), see
[9] and the references cited therein.
We first convert the problem (5.1)-(5.2) into an equivalent integral

equation. Let y(f) = L x(), then we have

L, x(t) = ‘[p,,(sn)y(s,,)ds,,, (5.3)
L_x() = ! p :l(s"_,) ! p,(s,)¥(s,) ds,ds, (5.4)
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3

[ % 5 nes
Lx(f) = ‘[pz(sz) \[p,cs,) [ms.n-- 1 Py, )

x ‘[p"(sn)y(s”) ds,ds, ,..ds,ds,ds,, (5.5)
t 5 5 Sz
Lyx(t) = ‘[p.(s.) !p;s,) Jp,(ss)... [ Pt (5,)
x ‘[ p,(s,)¥(s,)ds, ds, , .. ds,ds,ds,. (5.6)
Consequently the prbblem (5.1)-(5.2) is equivalent to the following integral
equation
t S 5 Sz
() = g|t, !pl(s,) !pz(s,) IP’(S’)'" ! Pyi(5,1)

x ‘{p"(sn)y(sn) ds,ds, , ..ds,ds,ds, ,

jp,(sz) jm(sg) ]p4(s4) sfpn_, ($,,) *

sn-l

X !pn(sn)y(s”) ds,ds,_, ..ds,ds,ds,,
¢ Seit
J‘p"‘l (sn‘]) [p"(sn)y(sn) dsn dsn—l ’

1 p.(s,) ¥(s,) ds,]. (5.7)
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Suppose that the function g in (5.1) satisfies
lgt,wy,w,,....,w,,,w )|
sa() + b [Iwel + Iw,| + ..+ [w,| + |w, 1], (5.8)
where a(f) and b(¢) are real-valued nonnegative continuous functions defined for
t € R,. From (5.7) and (5.8) we observe that
ly® s a@) + b(r)]F[s,p.,p,,...,p,,-l,pn v11ds. (59)
Now an application of inequality proved in (i) Theorem 1 yields
ly®0| = 0O, (5.10)
where
'
Q) = a(t) + b(®) ‘[F[s,pl,p,,...,pn-l,pnal x
'
X exp (IF[t,p,,pz, wsP, > P,bldv)ds.
Now using (5.10) in (5.3;-(5.6) we get the bounds on |L, x(?)|, |L,,x(*)|,
s |Lx(®)], |Lyx(?)| in terms of the known quantities. Thus by using the
definition of L x(#), we get the bound on the solution x(¢) of (5.1)-(5.2) in terms
of known quantities.
Further, it is be noted that the inequality given in (vii) can be used to
obtain upper bound on the solution of the nonlinear difference equation of the

form
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E x(m) = g(m,E x(m), E\x(m), ..., E, _,x(m), E, _ x(m)), (5.11)
with the initial conditions
E_x@©0)=0,i=1,2,.,n, (5.12)
where g is a real-valued function defined on N, x R”, the operators
E, 0 < j < n are defined by
Ejx(m) = x(m) , E x(m) = 1

Po(m) p,(m)
p(m), 0 < j <.n are positive functions defined for m € N, By letting

AEj_l. am), j=1,2 .. n.

z(m) = E x(m) and'convelting the problem (5.11)-(5.12) into an equive ent form
of sum-difference equation and following the same arguments as explained
above for the problem (5.1)-(5.2) we get the bound on the solution x(m) of
(5.11)-(5.12).

We also note that the inequalities established in (iv) and (x) can be used
to obtain bounds on the solutions of the following more general nonlinear higher
order differential and difference equations of the forms:

Lx(®) = g(t.f(t, Lx(®),f (€, Lx(0), .. f(t L px0). (¢, L x®)),  (5.13)
L,x(0)=0,i=1,2,.,n, (5.149)
and

E, x(m)=g(m ,h(m ,E x(m)),h(m,E x(m)),
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o sh(m,E _,x(m)),h(m E,_x(m))), (5.15)

E_x(©0)=0,i=1,2,..,n, (5.16)

respectively, under some suitable conditions on the functions involved in (5.13)

and (5.15). Since the details of these results are very close to that of given
above with suitable modifications, and hence we do not discuss it here.

In concluding this paper we note that there are many possiﬁle applications
of the inequalities established in this paper to certain classes of higher order
differential and difference equations, bui those presented here are sufficient to
convey the importance of our results to the literature. Various other applications

of these inequalities will appear elsewhere.
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