STUDIA UNIV. BABES-BOLYAI, MATHEMATICA, XL, 1, 1995

A CLASS OF INTEGRAL FAVARD-SZASZ TYPE OPERATORS
Alexandra CIUPA’

Received: November 6, 1994
AMS subject classification: 41436, 41417, 41425

REZUMAT. - O clasi de operatori integrali de tip Favard-Szasz. in aceastd lucrare se

considerii un operator de tip integral, in sensul lui Durrmeyer [2] si Derriennic [1], care se

obtine plecind de la un operator de tip Favard-Szasz (4), introdus in 1969 de ciitre Jakimovski

gi Leviatan [4]. Autoarea di unele estimiri cantitative, exprimate cu modulele de continuitate

de primele douii ordine, pentru aproximarea functiilor cu ajutorul operatorului L, definit la (6).

Abstract. This paper one considers an ) integral type operator, in the sense of
Durrmeyer [2] and Derriennic [1], which is obtained by starting from a Favard-Szasz operator
(3), introduced in 1969 by Jakimovski and Leviatan [4]. The author gives some quantitative

estimates, in therms of the first and the second order moduli of continuity, for the

approximation of functions by means of the operator L,, defined at (6).

1. This paper is motivated by the works of J.L. Durmeyer [2], A. Lupag [6] and M.M.
Derriennic [1], which have obtained and studied a modified Bernstein operator
" 1
BNW = (r+1)Y d, () l[b,,,(r)f(r) dt,
k=0
b= (1) o o
where fis Lebesque integrable on [0,1].

S.M. Mazhar and V. Totik [7], similarly modified the Favard-Szasz operator and they
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have defined another class of positive linear operators

S N@ =nY e ‘""” ‘[ ‘””*f(r)dt @

k=0

for functions f € L, [0, )
By using a similar way we will modify an operator introduced by A. Jakimovski and
D. Leviatan [4]. Let us remind this operators. One considers g(z) = E a z" an analytic
n=0

function in the disk |z| <R, R> 1, where g(1) = 0. It is known that the Appell polynomials

Dix), k = 0 can be defined by

gwe” =Y p,()ut, @)
k=0
To a function f: [0, ®) — R one associates the Jakimovski-Leviatan operator
(P)x) = —EP,,( )f @
&(1) i

The case g(z) = 1 yields the classical operator of F avard-Szasz

SN0 = ey & sk )

k=0

B. Wood [9] has proved that the operator P, is positive if and only if
a
1 20,n=0,1, ...
&)
Now we will modify the operator P,, as follows: for a function f, Lebesque integrable

in [0,), we replace f (ﬁ) into P,, by a positive linear functional
n

A(H -.__'L“e‘"’t“"f(t)dt Az0 )
k T(A+k+1) ’
and so we obtain the operator
k*kOI
¢ f)()-ﬁzp,,( ) T 1)1 rf@ar. ©)

For g(z)=1 and A=0 the operator defined at (6) becomes the operator S, .

We suppose that this operator is positive, therefore 20,n=0,1,.. We denote by

g()
E the class of functions of exponential type, which have the property that | f(£)| s ¢#, for

each 7 = 0 and some finite number A.
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The following lemma is essential to study the convergence of the sequence (L_f) to
the function f.

LEMMA 1.1. For all x = 0, we have:

(Le)(x) =1

= + +1+ (1)
(Le)® =x (x 1 g(l)) 10

L =x2+ ;\+2+g(1)) [)\»,1 x+2)+ 2+ 8D 8”(1)*‘8’(1),
(Le)) =x ( 5 0102+ @r3) £ 1

where e(x) = x', i € {0,1,2}.
Proof. We will use the properties of the gamma function and the values of the operator

P, defined at (4) for the monomials e, e,, e,

(Pe)(x) =1

Pe)) =x+ 18D ®)
n g(1)
-l SH8MY, 1 g"M+g'()
Fue) () = x n(l 7o) g(l)) n g
For instance, let us calculate (L e,)(x). We have:
Aokt -nt gh+k+1 = 1 +k +
Afe,) = le (MR gy ;(x k+1)

and so we obtain

(L,e)x) =

(nx) — ()\+k+1) = _(7»+1) (P.e)(x) =

k=0
=x+—_[r+1+8 g'()
n g()
THEOREM 12. If f€ C[0,®) N E, then lim (L _f)(x) = f(x), the convergence

n—sow

being uniform in each compact [0,a}.

Proof. According to Lemma 1.1, we havelim (/. e, )(x) = ¢(x), i € {0,1,2}

n—+w
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uniformly on the compact [0,a], so if we invoke the Bohman-Korovkin theorem, we obtain

the desired result.

2. Estimate of the order of approximation. In this section we are concened with the
estimate of the order of approximation of a function f € L, [0, ®) by means of the linear
positive operator L, We will use the modulus of continuity defined byw(f; 3) =
= sup | f(x”) -f(x’)l,' where x/ and x” are points from [0,a] so that |[x” -x’| < &, 8
being a positive number. By using a standard method we prove .

THEOREM 2.1. If f € L,[0, a], then

- e |2+ (e +2)+2h+1 8. D) , 87 (D) +£'(1) 1
(L NE-f)| =1 Jh (0» DA +2)+(2\+3) 70 0] ) Lf 7._-]

Proof. Because L e, = ¢, and L, is positive, we can write

I(Z, f)(x) -f@)| = —EP.(nx) | 4,(f) -f () 4,(e,)| =

k-o

Loko

).'3 PnY) o [e™ | f() - f(¥)| dt =

(1) k=0 C(A+k+ 1)!

n A+k+l

“nt gk |4 _ .
(1)§p,(nx)(l bm e ™Mk |y xldr)w(f,b).

By making use of the Cauchy inequality, we obtain

‘[e”"l"" |t -x|dt sJJe""t""‘dt Jl!‘e""t”(r-x)zdr -

_T(A+k+1) Jx,_h k+eh+1 | (k+h+1)(k+h+2)
n

n A+k+l 2

. n
It results that
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I(L,f) @) -f@)| =

A+1D(A+2) +k(2k+3)+k2 o kAl 2 ‘
e L ’J " i e fo(f30),

We use again the Cauchy inequality and we get

i L1 e &) L g7 (1)+g'(1)
N -f®)] 5|1 ‘an‘ ((x D2 @A EL o ) o(f; 8)

By inserting into it 8 = L , we obtain the desired result. -
Next we will give sgme approximation theorems in different normed linear spaces. In
order to establish the next results, we need some deﬁniﬁons_.
The second order modulus of continuity of f € C, [0, ®) is
o,(f;0) = sup 1f(e+2h) -2f(c+h) +f(O)l,, t = 0
where Cg[0,) is the class of real valued functions defined on [0,0) which are bounded and
uniformly continuous with the norm | £l = ) :gp’) | fG)].

The Peetre K-functional of function S € Cyis defined as

K0 = inf {17 g, + thgle}
lecn
where C; = {f € C,| /',/" € C;}, with the norm 171c; = Ufle, + IS I, + 1/" I, It is
known the following inequality;
K(7:0) = Afo, (V7 ) + min(1, 0171, ©)

for all 1 € [0,), the constant A being independent of 7 and £ We will also use

LEMMA 2.2. If z € C}0,%) and (P,) is a sequence of linear positive operators with
the property P.e, = e,, then

P, -2 = 11 (P,0-07) 0+ L1120 -x7) 0
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The proof is analogous to the proof of theorem 2 from [3].
THEOREM 2.3. If f € C[0,a), then for any x € [0,d] we have

L@ -fo)l s a3 (3 +ﬂ)wz(f; h),
a 4 h

= |2X f1) O+ 80, g"M)+g'()
where h J27 L [(x DE-2) + A3 EL L]

Proof. Let f, be the Steklov function attached to the function £ We will use the

following result of V.V. Juk [5].if f € Clab] and he€ (o, b ;“) then
TEAD _.u)z(f hyand IS | < ihlw (f: h). Since L,e, = ¢,, we can write
(LN -] = |L,(f-£)@)] + L, L)) -£,0)] + | £,0) -f(x)| =
s 20/-A0 + (L, 1,) ) - £,
For the function f, € C*[0,a] we use lemma 2.2:

L 1)6) - £, = 1A 1, ¢ -7 () uf’ (L, (- %)) (x)

According to result from [3] and [5], we have

AP AL AP Al EEAT AP _m ﬁl w, (f: h).
a 2 a 2

By making use of this inequality and choosing 4 = m we obtain
LS - £, = 20110+ 22 2w, (fih) « 2w, (Fih)
and therefore we get
(L) -1 = 20710 + Z07uh + %(% - 1)% (/i)
Here we use the inequality || f - £l =< %wz (f; h) and we obtain the desired result.
Remark. If we consider g(z) = 1 and A = 0, we obtain, for the operator due to SM.

Mazhar and V. Totik [7], the estimation

ISE N -] = 22 1p0 2(3 . 3) w, (f1h),
a 4 h
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2

where h = 2X . > -

n n
THEOREM 2.4. For every function f € C, [0, ®), we have

- L[ 1 o 1vh ey s x40 8 (1), 87 (D)+g’ (D) ,
) f(x)lsg{x 5[@ D2+ @ EL - £ O }llfllc_

Proof. Applying the Taylor expansion to the function f € C,, we have
(LNHx) - f0) = f @)L, -x))(x) + %f” (E)(L,(t-x)*)(x), where & € (1, x)

By using lemma 1.1, we can write successively

(LN -1@] < - (x 1+

g' M)\, ¢ .
5 ) 1N,

+l -o-1 + +2) + + gl(1)+gll(1)+glg) 4 l + +gl(1) "N, +
7,-{2" -n-[a 1)(A+2) + (2A+3) ]}Ilf I, n(x 1 g(l))llf I

g(1) g(1)

e e v sy s on ey 8D L 87 () +g' My g7
e seenan e £9 L LCED i <

|3 P P +7) + + gl(l)_,,g”(l)"gl(l) TN Y L
57{x 3[0 Dar2)+@ren £0 . £ O }(llf Ie, + 1771,

Remark. If we take into it g(z) = 1 and A = 0, we obtain
- ]
(S, ) ) - fx)] = ;(x +DIfl;
result obtained by S.P. Singh and M K. Tiwari [8].

THEOREM 2.5. If f € C,[0, »), then we have

LN - f@)] = 24(0,(f; 1) + L @IS, ),

el L e e noien) + oh+3n 8D, 87 () +g'(1)
where h \IE.,.{x 3[(x D02+ @ E L 1 }

A(x) = min (1, h*) and A is a constant independent of h and f.

Proof. We will use the theorem 2.4 and the K-functional. For f € (C4[0,%) and
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z € C: [0, ), we have

L NE) -f@)] = |[LNE) - L,)E)] + |(L,2)E) - 26)| + |z(x) - f(x)] =

< 2||f-z||c'+%{x+%[(k+1)(1.+2)+(2k+3) i’((ll)) . g”“;(’]"f'(l) }uzllc,.,

Because the left side of this inequality does not depend of the function z € C;, it

result that

(L, N&) - f@)| = 2K(f; A(x, n)),

where

e i Naran 8 ), 87 1)+g'(1)
A(x, n) E{x 2[(1 D042+ @9 EL L ]}

By making use (9), we obtain
(LN -1 = 24{w(/: VG ) + min(1, A, M)A, ) -
= 24(w,(f; ) +min (1,h*) | fI,)

x+1

Remark. For g(z) m 1 and A = 0, we have A(x,n) = and we obtain a result due

to S.P. Singh and M K. Tiwari [8]:

x+1

(S, NE) - f()] = 24 |w, | f;

. x+1
+min|l,____ |-
( 2n )llfIC,
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