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Hermite–Hadamard type inequalities for
F–convex functions involving generalized
fractional integrals
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Abstract. In this paper, we firstly summarize some properties of the family F
and F–convex functions which are defined by B. Samet. Utilizing generalized
fractional integrals new Hermite–Hadamard type inequalities for F–convex func-
tions have been provided. Some results given earlier works are also as special
cases of our results.
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1. Introduction

Let f : I ⊆ R→ R be a convex function on the interval I of real numbers and a, b ∈ I
with a < b. If f is a convex function then the following double inequality, which is
well known in the literature as the Hermite–Hadamard inequality holds [17]:

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(x)dx ≤ f (a) + f (b)

2
. (1.1)

Note that some of the classical inequalities for means can be derived from (1.1) for
appropriate particular selections of the mapping f . Both inequalities in (1.1) hold in
the reversed direction if f is concave.
It is well known that the Hermite–Hadamard inequality plays an important role in
nonlinear analysis. Over the last decade, this classical inequality has been improved
and generalized in a number of ways; there have been a large number of research
papers written on this subject, see [7, 6, 12, 16], [24]-[23] and the references therein.
Also, many type of convexity have been defined, such as quasi-convex in [5], pseudo-
convex in [13], strongly convex in [19], ε-convex in [10], s-convex in [9], h-convex
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in [28], etc. Recently, Samet in [20], have defined a new concept of convexity that
depends on a certain function satisfying some axioms, that generalizes different types
of convexity, including ε-convex functions, α-convex functions, h-convex functions,
and many others.
Recall the family F of mappings F : R× R× R× [0, 1] → R satisfying the following
axioms:
(A1) If ui ∈ L1(0, 1), i = 1, 2, 3, then for every λ ∈ [0, 1] , we have

1∫
0

F (e1(t), e2(t), e3(t), λ)dt = F

 1∫
0

e1(t)dt,

1∫
0

e2(t)dt,

1∫
0

e3(t)dt, λ

 .

(A2) For every u ∈ L1 (0, 1) , w ∈ L∞(0, 1) and (z1, z2) ∈ R2, we have

1∫
0

F (w(t)u(t), w(t)z1, w(t)z2, t)dt = TF,w

 1∫
0

w(t)u(t)dt, z1, z2

 ,

where TF,w : R× R× R → R is a function that depends on (F,w), and it is nonde-
creasing with respect to the first variable.
(A3) For any (w, e1, e2, e3) ∈ R4, e4 ∈ [0, 1] , we have

wF (e1, e2, e3, e4) = F (we1, we2, we3, e4) + Lw,

where Lw ∈ R is a constant that depends only on w.

Definition 1.1. Let f : [a, b]→ R, (a, b) ∈ R2, a < b, be a given function. We say that
f is a convex function with respect to some F ∈ F (or F -convex function), iff

F (f(tx+ (1− t)y), f(x), f(y), t) ≤ 0, (x, y, t) ∈ [a, b]× [a, b]× [0, 1] .

Remark 1.2. 1) Let ε ≥ 0, and let f : [a, b] → R, (a, b) ∈ R2, a < b, be an ε-convex
function, see [10], that is

f(tx+ (1− t)y) ≤ tf(x) + (1− t)f(y) + ε, (x, y, t) ∈ [a, b]× [a, b]× [0, 1] .

Define the functions F : R× R× R× [0, 1]→ R by

F (e1, e2, e3, e4) = e1 − e4e2 − (1− e4)e3 − ε (1.2)

and TF,w : R× R× R→ R by

TF,w(e1, e2, e3) = e1 −

 1∫
0

tw(t)dt

 e2 −

 1∫
0

(1− t)w(t)dt

 e3 − ε. (1.3)

For

Lw = (1− w)ε, (1.4)

it is clear that F ∈ F and

F (f(tx+ (1− t)y), f(x), f(y), t) = f(tx+ (1− t)y)− tf(x)− (1− t)f(y)− ε ≤ 0,

that is f is an F−convex function. Particularly, taking ε = 0, we show that if f is a
convex function then f is an F−convex function with respect to F defined above.
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2) Let f : [a, b]→ R, (a, b) ∈ R2, a < b, be an α-convex function, α ∈ (0, 1], that is

f(tx+ (1− t)y) ≤ tαf(x) + (1− tα)f(y), (x, y, t) ∈ [a, b]× [a, b]× [0, 1] .

Define the functions F : R× R× R× [0, 1]→ R by

F (e1, e2, e3, e4) = e1 − eα4 e2 − (1− eα4 )e3 (1.5)

and TF,w : R× R× R→ R by

TF,w(e1, e2, e3) = e1 −

 1∫
0

tαw(t)dt

 e2 −

 1∫
0

(1− tα)w(t)dt

 e3. (1.6)

For Lw = 0, it is clear that F ∈ F and

F (f(tx+ (1− t)y), f(x), f(y), t) = f(tx+ (1− t)y)− tαf(x)− (1− tα)f(y) ≤ 0,

that is, f is an F -convex function.

3) Let h : J → [0,+∞) be a given function which is not identical to 0, where J is an
interval in R such that (0, 1) ⊆ J. Let f : [a, b] → [0,+∞), (a, b) ∈ R2, a < b, be an
h-convex function, see [28], that is

f(tx+ (1− t)y) ≤ h(t)f(x) + h(1− t)f(y), (x, y, t) ∈ [a, b]× [a, b]× [0, 1] .

Define the functions F : R× R× R× [0, 1]→ R by

F (e1, e2, e3, e4) = e1 − h(e4)e2 − h(1− e4)e3 (1.7)

and TF,w : R× R× R→ R by

TF,w(e1, e2, e3) = e1 −

 1∫
0

h(t)w(t)dt

 e2 −

 1∫
0

h(1− t)w(t)dt

 e3. (1.8)

For Lw = 0, it is clear that F ∈ F and

F (f(tx+ (1− t)y), f(x), f(y), t) = f(tx+ (1− t)y)− h(t)f(x)− h(1− t)f(y) ≤ 0,

that is, f is an F -convex function.

In [20], author established the following Hermite-Hadamard type inequalities using
the new convexity concept:

Theorem 1.3. Let f : [a, b] → R, (a, b) ∈ R2, a < b, be an F -convex function, for
some F ∈ F . Suppose that f ∈ L1[a, b]. Then

F

(
f

(
a+ b

2

)
,

1

b− a

∫ b

a

f(x)dx,
1

b− a

∫ b

a

f(x)dx,
1

2

)
≤ 0,

TF,1

(
1

b− a

∫ b

a

f(x)dx, f(a), f(b)

)
≤ 0.
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Theorem 1.4. Let f : I◦ ⊆ R→ R be a differentiable mapping on I◦, (a, b) ∈ I◦ × I◦,
a < b. Suppose that:
(i) |f ′| is F -convex on [a, b] for some F ∈ F ;
(ii) the function t ∈ (0, 1)→ Lw(t) belongs to L1 (0, 1) , where w(t) = |1− 2t|. Then

TF,w

(
2

b− a

∣∣∣∣∣f (a) + f(b)

2
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣∣ , |f ′(a)| , |f ′(b)|

)
+

1∫
0

Lw(t)dt ≤ 0.

Theorem 1.5. Let f : I◦ ⊆ R→ R be a differentiable mapping on I◦, (a, b) ∈ I◦ × I◦,
a < b and let p > 1. Suppose that |f ′|p/(p−1)

is F -convex on [a, b] , for some F ∈ F
and |f ′| ∈ Lp/(p−1)(a, b). Then

TF,1

(
A(p, f), |f ′(a)|p/(p−1)

, |f ′(b)|p/(p−1)
)
≤ 0,

where

A(p, f) = p−1
√
p+ 1

(
2

b− a

) p
p−1

∣∣∣∣∣f (a) + f(b)

2
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣∣
p
p−1

.

In the following we will give some necessary definitions and mathematical preliminar-
ies of fractional calculus theory which are used further in this paper. For more details,
see [8, 11, 14, 18].

Definition 1.6. Let f ∈ L1[a, b]. The Riemann-Liouville integrals Jαa+f and Jαb−f of
order α > 0 with a ≥ 0 are defined by

Jαa+f(x) =
1

Γ(α)

∫ x

a

(x− t)α−1
f(t)dt, x > a

and

Jαb−f(x) =
1

Γ(α)

∫ b

x

(t− x)
α−1

f(t)dt, x < b

respectively. Here, Γ(α) is the Gamma function and J0
a+f(x) = J0

b−f(x) = f(x).

It is remarkable that Sarikaya et al. in [25], first give the following interesting in-
tegral inequalities of Hermite-Hadamard type involving Riemann-Liouville fractional
integrals.

Theorem 1.7. Let f : [a, b]→ R be a positive function with 0 ≤ a < b and f ∈ L1 [a, b] .
If f is a convex function on [a, b], then the following inequalities for fractional integrals
hold:

f

(
a+ b

2

)
≤ Γ(α+ 1)

2 (b− a)
α

[
Jαa+f(b) + Jαb−f(a)

]
≤ f (a) + f (b)

2
, (1.9)

with α > 0.

Meanwhile, Sarikaya et al. in [25], presented the following important integral iden-
tity including the first-order derivative of f to establish many interesting Hermite-
Hadamard type inequalities for convexity functions via Riemann-Liouville fractional
integrals of the order α > 0.
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Lemma 1.8. Let f : [a, b] → R be a differentiable mapping on (a, b) with a < b. If
f ′ ∈ L [a, b] , then the following equality for fractional integrals holds:

f(a) + f(b)

2
− Γ(α+ 1)

2 (b− a)
α

[
Jαa+f(b) + Jαb−f(a)

]
=
b− a

2

∫ 1

0

[(1− t)α − tα] f ′ (ta+ (1− t)b) dt. (1.10)

Budak et al. in [3], prove the following Hermite-Hadamard type inequalities for F -
convex functions via fractional integrals:

Theorem 1.9. Let I ⊆ R be an interval, f : I◦ ⊆ R→ R be a mapping on I◦, a, b ∈ I◦,
a < b. If f is F -convex on [a, b] for some F ∈ F , then we have

F

(
f

(
a+ b

2

)
,

Γ(α+ 1)

(b− a)α
Jαa+f(b),

Γ(α+ 1)

(b− a)α
Jαb−f(a),

1

2

)
+

∫ 1

0

Lw(t)dt ≤ 0 (1.11)

and

TF,w

(
Γ(α+ 1)

(b− a)α
[Jαa+f(b) + Jαb−f(a)] , f(a) + f(b), f(a) + f(b)

)

+

1∫
0

Lw(t)dt ≤ 0, (1.12)

where w(t) = αtα−1.

Theorem 1.10. Let I ⊆ R be an interval, f : I◦ ⊆ R→ R be a differentiable mapping
on I◦, a, b ∈ I◦, a < b. Suppose that |f ′| is F -convex on [a, b] for some F ∈ F and
the function t ∈ [0, 1]→ Lw(t) belongs to L1 [0, 1] , where w(t) = |(1− t)α − tα|. Then

TF,w

 2

b− a

∣∣∣∣f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Jαa+f(b) + Jαb−f(a)]

∣∣∣∣ , |f ′(a)| , |f ′(b)| , t


+

∫ 1

0

Lw(t)dt ≤ 0. (1.13)

For the other papers on inequalities for F -convex functions, see [2, 4, 15, 26, 27].
Now we summarize the generalized fractional integrals defined by Sarikaya and
Ertuğral in [22].
Let’s define a function ϕ : [0,+∞)→ [0,+∞) satisfying the following conditions:∫ 1

0

ϕ(t)

t
dt < +∞, (1.14)

1

A
≤ ϕ(s)

φ(r)
≤ A for

1

2
≤ s

r
≤ 2, (1.15)

ϕ(r)

r2
≤ Bϕ(s)

s2
for s ≤ r, (1.16)
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r2
− ϕ(s)

s2

∣∣∣∣∣ ≤ C|r − s|ϕ(r)

r2
for

1

2
≤ s

r
≤ 2, (1.17)

where A,B,C > 0 are independent of r, s > 0. If ϕ(r)rα is increasing for some α ≥ 0

and ϕ(r)
rβ

is decreasing for some β ≥ 0, then φ satisfies the conditions (1.14)–(1.17).

The following left-sided and right-sided generalized fractional integral operators are
defined respectively, as follows:

a+Iϕf(x) =

∫ x

a

ϕ (x− t)
x− t

f(t)dt, x > a, (1.18)

b−Iϕf(x) =

∫ b

x

ϕ (t− x)

t− x
f(t)dt, x < b. (1.19)

The most important feature of generalized fractional integrals is that they generalize
some types of fractional integrals such as Riemann-Liouville fractional integral, k-
Riemann-Liouville fractional integral, Katugampola fractional integrals, conformable
fractional integral, Hadamard fractional integrals, etc.

Sarikaya and Ertuğral in [22], establish the following Hermite-Hadamard inequality
and lemmas for the generalized fractional integral operators:

Theorem 1.11. Let f : [a, b] → R be a convex function on [a, b] with a < b, then the
following inequalities for fractional integral operators hold:

f

(
a+ b

2

)
≤ 1

2Λ(1)
[a+Iϕf(b) +b− Iϕf(a)] ≤ f(a) + f(b)

2
, (1.20)

where the mapping Λ : [0, 1]→ R is defined by

Λ(x) =

x∫
0

ϕ ((b− a) t)

t
dt. (1.21)

Lemma 1.12. Let f : [a, b] → R be a differentiable mapping on (a, b) with a < b. If
f ′ ∈ L [a, b] , then the following equality for generalized fractional integrals hold:

f (a) + f (b)

2
− 1

2Λ(1)
[a+Iϕf(b) + b−Iϕf(a)]

=
(b− a)

2Λ(1)

1∫
0

[Λ(1− t)− Λ(t)] f ′ (ta+ (1− t)b) dt. (1.22)

Motivated by the above literatures, the main objective of this article is to establish
some new Hermite–Hadamard type inequalities for F–convex functions via generalized
fractional integrals. Some special cases will be obtain from main results. At the end,
a briefly conclusion will be given as well.
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2. Hermite–Hadamard type inequality via generalized fractional
integrals

In this section, we establish some inequalities of Hermite–Hadamard type including
generalized fractional integrals via F–convex functions.

Theorem 2.1. Let I ⊆ R be an interval, f : I◦ ⊆ R→ R be a mapping on I◦, a, b ∈ I◦,
a < b. If f is F -convex on [a, b] for some F ∈ F , then we have

F

(
f

(
a+ b

2

)
,

1

Λ(1)
a+Iϕf(b),

1

Λ(1)
b−Iϕf(a),

1

2

)
+

∫ 1

0

Lw(t)dt ≤ 0 (2.1)

and

TF,w

(
1

Λ(1)
[a+Iϕf(b) + b−Iϕf(a)] , f(a) + f(b), f(a) + f(b)

)

+

1∫
0

Lw(t)dt ≤ 0, (2.2)

where w(t) = ϕ((b−a)t)
tΛ(1) .

Proof. Since f is F–convex, we have

F

(
f

(
x+ y

2

)
, f(x), f(y),

1

2

)
≤ 0, ∀x, y ∈ [a, b] .

For

x = ta+ (1− t)b and y = tb+ (1− t)a,
we have

F

(
f

(
a+ b

2

)
, f(ta+ (1− t)b), f(tb+ (1− t)a),

1

2

)
≤ 0, ∀ t ∈ [0, 1] .

Multiplying this inequality by w(t) = ϕ((b−a)t)
tΛ(1) and using axiom (A3), we get

F

(
ϕ ((b− a) t)

tΛ(1)
f

(
a+ b

2

)
,
ϕ ((b− a) t)

tΛ(1)
f(ta+ (1− t)b),

ϕ ((b− a) t)

tΛ(1)
f(tb+ (1− t)a),

1

2

)
+ Lw(t) ≤ 0,

for all t ∈ [0, 1] . Integrating over [0, 1] with respect to the variable t and using axiom
(A1), we obtain

F

(
f
(
a+b

2

)
Λ(1)

∫ 1

0

ϕ ((b− a) t)

t
dt,

1

Λ(1)

∫ 1

0

ϕ ((b− a) t)

t
f(ta+ (1− t)b)dt,

1

Λ(1)

∫ 1

0

ϕ ((b− a) t)

t
f(tb+ (1− t)a)dt,

1

2

)
+

∫ 1

0

Lw(t)dt ≤ 0.
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Using the facts that∫ 1

0

ϕ ((b− a) t)

t
f(ta+ (1− t)b)dt =

∫ b

a

ϕ (b− x)

b− x
f(x)dx = a+Iϕf(b)

and ∫ 1

0

ϕ ((b− a) t)

t
f(tb+ (1− t)a)dt =

∫ b

a

ϕ (x− a)

x− a
f(x)dx = b−Iϕf(a),

we obtain

F

(
f

(
a+ b

2

)
,

1

Λ(1)
a+Iϕf(b),

1

Λ(1)
b−Iϕf(a),

1

2

)
+

∫ 1

0

Lw(t)dt ≤ 0,

which gives (2.1).
On the other hand, since f is F -convex, we have

F (f (ta+ (1− t)b) , f(a), f(b), t) ≤ 0, ∀ t ∈ [0, 1]

and

F (f (tb+ (1− t)a) , f(b), f(a), t) ≤ 0, ∀ t ∈ [0, 1] .

Using the linearity of F, we get

F (f (ta+ (1− t)b) + f (tb+ (1− t)a) , f(a) + f(b), f(a) + f(b), t) ≤ 0,

∀ t ∈ [0, 1] . Applying the axiom (A3) for w(t) = ϕ((b−a)t)
tΛ(1) , we obtain

F

(
ϕ ((b− a) t)

tΛ(1)
[f (ta+ (1− t)b) + f (tb+ (1− t)a)] ,

ϕ ((b− a) t)

tΛ(1)
[f(a) + f(b)] ,

ϕ ((b− a) t)

tΛ(1)
[f(a) + f(b)] , t

)
+ Lw(t) ≤ 0,

for all t ∈ [0, 1] . Integrating over [0, 1] and using axiom (A2), we have

TF,w

(∫ 1

0

ϕ ((b− a) t)

tΛ(1)
[f (ta+ (1− t)b) + f (tb+ (1− t)a)] dt,

f(a) + f(b), f(a) + f(b)

)
+

∫ 1

0

Lw(t)dt ≤ 0,

that is

TF,w

(
1

Λ(1)
[a+Iϕf(b) + b−Iϕf(a)] , f(a) + f(b), f(a) + f(b)

)

+

1∫
0

Lw(t)dt ≤ 0.

The proof of Theorem 2.1 is completed. �

Remark 2.2. If we take ϕ(t) = tα

Γ(α) in Theorem 2.1, then the inequalities (2.1) and

(2.2) reduce to the inequalities (1.11) and (1.12).
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Corollary 2.3. If we take ϕ(t) = t
α
k

kΓk(α) in Theorem 2.1, then we have the following

inequalities for k-Riemann-Liouville fractional integrals

F

(
f

(
a+ b

2

)
,

Γk(α+ k)

(b− a)
α
k
Iαa+, kf(b),

Γk(α+ k)

(b− a)
α
k
Iαb−, kf(a),

1

2

)
+

∫ 1

0

Lw(t)dt ≤ 0

and

TF,w

(
Γk(α+ 1)

(b− a)
α
k

[
Iαa+, kf(b) + Iαb−, kf(a)

]
, f(a) + f(b), f(a) + f(b)

)

+

1∫
0

Lw(t)dt ≤ 0.

where w(t) = α
k t

α
k−1.

Corollary 2.4. If we choose F (e1, e2, e3, e4) = e1 − e4e2 − (1 − e4)e3 − ε in Theorem
2.1, then the function f is ε-convex on [a, b] , where ε ≥ 0 and we have the following
new double inequality:

f

(
a+ b

2

)
+ ε ≤ 1

2Λ(1)
[a+Iϕf(b) + b−Iϕf(a)] ≤ f(a) + f(b)

2
+
ε

2
. (2.3)

Proof. Using (1.4) with w(t) = ϕ((b−a)t)
tΛ(1) , we have

1∫
0

Lw(t)dt = ε

1∫
0

(
1− ϕ ((b− a) t)

tΛ(1)

)
dt = 0. (2.4)

Using (1.2), (2.1) and (2.4), we get

F

(
f

(
a+ b

2

)
,

1

Λ(1)
a+Iϕf(b),

1

Λ(1)
b−Iϕf(a),

1

2

)
+

∫ 1

0

Lw(t)dt ≤ 0.

So

f

(
a+ b

2

)
− 1

2Λ(1)
[ a+Iϕf(b) +b− Iϕf(a)]− ε ≤ 0,

that is

f

(
a+ b

2

)
+ ε ≤ 1

2Λ(1)
[ a+Iϕf(b) +b− Iϕf(a)] .

On the other hand, using (1.3) with w(t) = ϕ((b−a)t)
tΛ(1) , we have

TF,w(e1, e2, e3) = e1 −

 1∫
0

t
ϕ ((b− a) t)

tΛ(1)
dt

 e2 (2.5)

−

 1∫
0

(1− t)ϕ ((b− a) t)

tΛ(1)
dt

 e3 − ε
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for e1, e2, e3 ∈ R. Hence, from (2.2) and (2.5), we obtain

0 ≥ TF,w

(
1

Λ(1)
[a+Iϕf(b) + b−Iϕf(a)] , f(a) + f(b), f(a) + f(b)

)

+

1∫
0

Lw(t)dt

=
1

Λ(1)
[a+Iϕf(b) + b−Iϕf(a)]−

 1∫
0

t
ϕ ((b− a) t)

tΛ(1)
dt

 [f(a) + f(b)]

−

 1∫
0

(1− t)ϕ ((b− a) t)

tΛ(1)
dt

 [f(a) + f(b)]− ε

=
1

Λ(1)
[a+Iϕf(b) + b−Iϕf(a)]− [f(a) + f(b)]− ε.

This implies that

1

Λ(1)
[a+Iϕf(b) + b−Iϕf(a)] ≤ f(a) + f(b) + ε

and thus the proof is completed. �

Remark 2.5. If we take ε = 0 in Corollary 2.4, then f is convex and we have the
inequality (1.20).

Corollary 2.6. If we choose F (e1, e2, e3, e4) = e1 − h(e4)e2 − h(1− e4)e3 in Theorem
2.1, then the function f is h-convex on [a, b] and we have the following new double
inequality:

1

2h
(

1
2

)f (a+ b

2

)
≤ 1

2Λ(1)
[a+Iϕf(b) + b−Iϕf(a)]

≤ [f(a) + f(b)]

2Λ(1)

×
∫ 1

0

ϕ((b− a)t)

t
[h(t) + h(1− t)]dt. (2.6)

Proof. Using (1.7) and (2.1) with Lw(t) = 0, we have

0 ≥ F

(
f

(
a+ b

2

)
,

1

Λ(1)
a+Iϕf(b),

1

Λ(1)
b−Iϕf(a),

1

2

)
+

∫ 1

0

Lw(t)dt

= f

(
a+ b

2

)
− h

(
1

2

)
1

Λ(1)
[a+Iϕf(b) +b− Iϕf(a)] ,

that is
1

2h
(

1
2

)f (a+ b

2

)
≤ 1

2Λ(1)
[a+Iϕf(b) +b− Iϕf(a)] .
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On the other hand, using (1.8) and (2.2) with w(t) = ϕ((b−a)t)
tΛ(1) , we obtain

0 ≥ TF,w

(
1

Λ(1)
[a+Iϕf(b) + b−Iϕf(a)] , f(a) + f(b), f(a) + f(b)

)

+

1∫
0

Lw(t)dt

=
1

Λ(1)
[a+Iϕf(b) +b− Iϕf(a)]

−
[∫ 1

0

h(t)
ϕ ((b− a) t)

tΛ(1)
dt+

∫ 1

0

h(1− t)ϕ ((b− a) t)

tΛ(1)
dt

]
[f(a) + f(b)]

=
1

Λ(1)
[a+Iϕf(b) +b− Iϕf(a)]

− 1

Λ(1)

(∫ 1

0

[h(t) + h(1− t)] ϕ ((b− a) t)

t
dt

)
[f(a) + f(b)] ,

that is
1

Λ(1)
[a+Iϕf(b) +b− Iϕf(a)]

≤ [f(a) + f(b)]

Λ(1)

(∫ 1

0

[h(t) + h(1− t)] ϕ ((b− a) t)

t
dt

)
and thus the proof is completed. �

Theorem 2.7. Let I ⊆ R be an interval, f : I◦ ⊆ R → R be a differentiable mapping
on I◦, a, b ∈ I◦, a < b. Suppose that |f ′| is F -convex on [a, b] , for some F ∈ F and

the function t ∈ [0, 1] → Lw(t) belongs to L1 [0, 1] , where w(t) = |Λ(1−t)−Λ(t)|
Λ(1) . Then,

we have the following inequality:

TF,w

(
2

b− a

∣∣∣∣f (a) + f (b)

2
− 1

2Λ(1)
[a+Iϕf(b) + b−Iϕf(a)]

∣∣∣∣ ,
|f ′(a)| , |f ′(b)| , t

)
+

∫ 1

0

Lw(t)dt ≤ 0. (2.7)

Proof. Since |f ′| is F -convex, we have

F (|f ′(ta+ (1− t)b)| , |f ′(a)| , |f ′(b)| , t) ≤ 0, ∀ t ∈ [0, 1] .

Using axiom (A3) with w(t) = |Λ(1−t)−Λ(t)|
Λ(1) , we get

F (w(t) |f ′(ta+ (1− t)b)| , w(t) |f ′(a)| , w(t) |f ′(b)| , t) + Lw(t) ≤ 0, ∀ t ∈ [0, 1] .

Integrating over [0, 1] and using axiom (A2), we obtain

TF,w

(∫ 1

0

w(t) |f ′(ta+ (1− t)b)| dt, |f ′(a)| , |f ′(b)| , t
)

+

∫ 1

0

Lw(t)dt ≤ 0,
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∀ t ∈ [0, 1] . From Lemma 1.8, we have

2

b− a

∣∣∣∣f (a) + f (b)

2
− 1

2Λ(1)
[a+Iϕf(b) + b−Iϕf(a)]

∣∣∣∣
≤

∫ 1

0

w(t) |f ′(ta+ (1− t)b)| dt.

Since TF,w is nondecreasing with respect to the first variable, we establish

TF,w

(
2

b− a

∣∣∣∣f (a) + f (b)

2
− 1

2Λ(1)
[a+Iϕf(b) + b−Iϕf(a)]

∣∣∣∣ ,
|f ′(a)| , |f ′(b)| , t

)
+

∫ 1

0

Lw(t)dt ≤ 0.

The proof of Theorem 2.7 is completed. �

Corollary 2.8. Under assumptions of Theorem 2.7, if we choose

F (e1, e2, e3, e4) = e1 − e4e2 − (1− e4)e3 − ε,

then the function |f ′| is ε-convex on [a, b] , ε ≥ 0 and we have the following new
inequality: ∣∣∣∣f (a) + f (b)

2
− 1

2Λ(1)
[a+Iϕf(b) + b−Iϕf(a)]

∣∣∣∣
≤ (b− a)

2Λ(1)

 1∫
0

t |Λ(1− t)− Λ(t)| dt

 [|f ′(a)|+ |f ′(b)|] (2.8)

+ε
(b− a)

2Λ(1)

1∫
0

|Λ(1− t)− Λ(t)| dt.

Proof. From (1.4) with w(t) = |Λ(1−t)−Λ(t)|
Λ(1) , we have

1∫
0

Lw(t)dt = ε

1∫
0

(1− |Λ(1− t)− Λ(t)|
Λ(1)

)dt

= ε

1−
1∫

0

|Λ(1− t)− Λ(t)|
Λ(1)

dt

 .
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Using (1.3) with w(t) = |Λ(1− t)− Λ(t)|, we get

TF,w(e1, e2, e3) = e1 −

 1∫
0

t
|Λ(1− t)− Λ(t)|

Λ(1)
dt

 e2

−

 1∫
0

(1− t) |Λ(1− t)− Λ(t)|
Λ(1)

dt

 e3 − ε

= e1 −

 1∫
0

t
|Λ(1− t)− Λ(t)|

Λ(1)
dt

 (e2 + e3)− ε

for e1, e2, e3 ∈ R. Then, by Theorem 2.7, we have

0 ≥ TF,w

(
2

b− a

∣∣∣∣f (a) + f (b)

2
− 1

2Λ(1)
[a+Iϕf(b) + b−Iϕf(a)]

∣∣∣∣,
|f ′(a)| , |f ′(b)| , t

)
+

∫ 1

0

Lw(t)dt

=
2

b− a

∣∣∣∣f (a) + f (b)

2
− 1

2Λ(1)
[a+Iϕf(b) + b−Iϕf(a)]

∣∣∣∣
−

 1∫
0

t
|Λ(1− t)− Λ(t)|

Λ(1)
dt

 [|f ′(a)|+ |f ′(b)|]

+ε

1−
1∫

0

(|Λ(1− t)− Λ(t)|
Λ(1)

dt

− ε.
This completes the proof. �

Remark 2.9. If we choose ε = 0 in Corollary 2.8, then |f ′| is convex and we have the
inequality: ∣∣∣∣f (a) + f (b)

2
− 1

2Λ(1)
[a+Iϕf(b) + b−Iϕf(a)]

∣∣∣∣
≤ (b− a)

2Λ(1)

 1∫
0

t |Λ(1− t)− Λ(t)| dt

 [|f ′(a)|+ |f ′(b)|] , (2.9)

which is given by Sarikaya and Ertuğral in [22].

Corollary 2.10. Under assumption of Theorem 2.7, if we choose

F (e1, e2, e3, e4) = e1 − h(e4)e2 − h(1− e4)e3,
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then the function |f ′| is h-convex on [a, b] and we have the inequality:∣∣∣∣f (a) + f (b)

2
− 1

2Λ(1)
[a+Iϕf(b) + b−Iϕf(a)]

∣∣∣∣
≤ (b− a)

Λ(1)

[
|f ′(a)|+ |f ′(b)|

2

] 1∫
0

h(t) |Λ(1− t)− Λ(t)| dt

 , (2.10)

which is given by Ali et al. in [1].

Proof. From (1.8) with w(t) = |Λ(1− t)− Λ(t)|, we have

TF,w(e1, e2, e3) = e1 −

 1∫
0

h(t)
|Λ(1− t)− Λ(t)|

Λ(1)
dt

 e2

−

 1∫
0

h(1− t) |Λ(1− t)− Λ(t)|
Λ(1)

dt

 e3

= e1 −

 1∫
0

h(t)
|Λ(1− t)− Λ(t)|

Λ(1)
dt

 e2 −

 1∫
0

h(t)
|Λ(1− t)− Λ(t)|

Λ(1)
dt

 e3

= e1 −

 1∫
0

h(t)
|Λ(1− t)− Λ(t)|

Λ(1)
dt

 (e2 + e3)

for e1, e2, e3 ∈ R. Then, by Theorem 2.7, we have

TF,w

(
2

b− a

∣∣∣∣f (a) + f (b)

2
− 1

2Λ(1)
[a+Iϕf(b) + b−Iϕf(a)]

∣∣∣∣ , |f ′(a)| , |f ′(b)| , t

)

=
2

b− a

∣∣∣∣f (a) + f (b)

2
− 1

2Λ(1)
[a+Iϕf(b) + b−Iϕf(a)]

∣∣∣∣
−

 1∫
0

h(t)
|Λ(1− t)− Λ(t)|

Λ(1)
dt

 [|f ′(a)|+ |f ′(b)|] ≤ 0.

This completes the proof. �

Remark 2.11. If we take ϕ(t) = tα

Γ(α) in Theorem 2.7, then the inequality (2.7) reduces

to the inequality (1.13).

Corollary 2.12. If we take ϕ(t) = t
α
k

kΓk(α) in Theorem 2.7, then we have the following

inequalities for k-Riemann-Liouville fractional integrals

TF,w

(
2

b− a

∣∣∣∣f (a) + f (b)

2
− Γk(α+ 1)

2(b− a)
α
k

[
Iαa+, kf(b) + Iαb−, kf(a)

]∣∣∣∣ , |f ′(a)| , |f ′(b)| , t

)

+

∫ 1

0

Lw(t)dt ≤ 0, where w(t) =
∣∣(1− t)αk − tαk ∣∣ .
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3. Conclusion

In the development of this work, using the definition of F–convex functions some
new Hermite–Hadamard type inequalities via generalized fractional integrals have
been deduced. Also, this class of functions can be applied to obtain several results in
convex analysis, related optimization theory, etc. The authors hope that these results
will serve as a motivation for future work in this fascinating area.
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[4] Budak, H., Tunç, T., Sarikaya, M.Z., On Hermite-Hadamard type inequalities for F -
convex functions, Miskolc Math. Notes, 20(2019), no. 1, 169-191.

[5] Defnetti, B., Sulla strati cazioni convesse, Ann. Math. Pura. Appl., 30(1949), 173-183.

[6] Dragomir, S.S., Agarwal, R.P., Two inequalities for differentiable mappings and appli-
cations to special means of real numbers and to trapezoidal formula, Appl. Math. Lett.,
11(1998), no. 5, 91-95.

[7] Dragomir, S.S., Pearce, C.E.M., Selected Topics on Hermite-Hadamard Inequalities and
Applications, RGMIA Monographs, Victoria University, 2000.

[8] Gorenflo, R., Mainardi, F., Fractional Calculus: Integral and Differential Equations of
Fractional Order, Springer Verlag, Wien, 1997, 223-276.

[9] Hudzik, H., Maligranda, L., Some remarks on s-convex functions, Aequationes Math.,
48(1994), 100-111.

[10] Hyers, D.H., Ulam, S.M., Approximately convex functions, Proc. Amer. Math. Soc.,
3(1952), 821-828.

[11] Kilbas, A.A., Srivastava, H.M., Trujillo, J.J., Theory and Applications of Fractional
Differential Equations, North-Holland Mathematics Studies, 204, 2006.

[12] Kirmaci, U.S., Inequalities for differentiable mappings and applications to special means
of real numbers and to midpoint formula, Appl. Math. Comput., 147(2004), 91-95.

[13] Mangasarian, O.L., Pseudo-convex functions, SIAM Journal on Control., 3(1965), 281-
290.

[14] Miller, S., Ross, B., An Introduction to the Fractional Calculus and Fractional Differen-
tial Equations, John Wiley & Sons, USA, 1993.

[15] Mohammed, P.O., Sarikaya, M.Z., Hermite-Hadamard type inequalities for F -convex
function involving fractional integrals, J. Inequal. Appl., 2018(2018), Art. no. 359.
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Hüseyin Budak
Department of Mathematics,
Faculty of Science and Arts,
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