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Integral estimates for a class B3,, of operators

Shah Lubna Wali and Abdul Liman

Abstract. Let P, be the class of polynomials of degree at most n. Rahman in-
troduced a class B, of operators B that map P, into itself. In this paper, we
establish certain integral estimates concerning B-operator, and thereby obtain
generalizations as well as improvements of some well known inequalities for poly-
nomials.

Mathematics Subject Classification (2010): 26D10, 41A17.

Keywords: B-Operator, polynomial inequalities, integral estimates.

1. Introduction and Statement of Results

n
Let P, be the class of polynomials P(z) := Zajzj of degree at most n with
j=0
complex coefficients. For P € P,,, define

2m

— 1 6
1Pl = eop o [ roelpelas),
0

27 1
1 4 »
1Pl i= { o [iPEpas}” 0<p<s
0

1Plloc := max [ P(2)].
It is known that if P € P,,, then

[P0 < [ Plloo (L.1)

and for R > 1,
[P(R )oc < R"[|P|oo- (1.2)
Inequality (1.1) is an immediate consequence of a famous result due to Bernstein
on the derivative of a trigonometric polynomial (for reference see [6], [14]), where as
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inequality (1.2) is a simple deduction from the maximum modulus principle.
Inequalities (1.1) and (1.2) can be obtained by letting p — oo in

I1Pllp < nllPllp, p>0 (1.3)

and
|P(R )|, <R"|P|p, R>1, and p>0. (1.4)

Inequality (1.3) for p > 1 is due to Zygmund [18], where as inequality (1.4) is a simple
consequence of a result due to Hardy [10]. Arestov [2] proved that (1.3) remains true
for 0 < p <1 as well.

For the class of polynomials P € P,, such that P(z) # 0 in |z| < 1, inequalities (1.1)
and (1.2) can be replaced by

n
[P floo < 5 1Pllss (1.5)

and .
1P(R oo < —5—I1Plloc, B> 1. (1.6)

Inequality (1.5) was conjectured by Erdos and later verified by Lax [11], where as
Ankeny and Rivilin [1] used (1.5) to prove (1.6).
Inequalities (1.5) and (1.6) can be obtained by letting p — oo in
n

1Pl < g VPl 20 (L.7)
nip
and
[En(R ) +1
nip

where E,,(z) := 2™.

Inequality (1.7) was found out by de Brujin [8] for p > 1, whereas inequality
(1.8) for p > 1 was proved by Boas and Rahman [7]. Rahman and Schmeisser [13]
have shown that inequalities (1.7) and (1.8) remain true for 0 < p < 1 as well.

As a compact generalisation of inequalities (1.7) and (1.8) , Aziz and Rather [4]
proved that if P € P, and P(z) does not vanish in |z| < 1, then for o, 8 € C with
ol <1,|8| <1,R>r>1and p>0,

C
|P(Rz) — ¢(R, 7,0, B)P(rz)|p < M\\Pllp (1.9)
where
Cp = [[(R" + ¢(R, 7,0, B)r™)z + (L + ¢(R, 7, 00, B)) I
and .
¢(R,r,a,5)=ﬁ{<f:11> —|a|}—a. (1.10)

Rahman [14] introduced a class B,, of operators B that map P € P, into itself. That
is, the operator B carries P € P,, into

BIP|(2) := A P(2) + M (";) P'l(f) + X (”;)2 P;Ez) : (1.11)
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where A\,, Ajand Ay are real or complex numbers such that all the zeros of

n!

Z/{(Z) = )\0 + C(n, 1))\12 + C(n, 2))\222, C(n,’r) = m, (112)
lie in the half plane
|z| < ‘z o
2
He observed that if P € P,, , then for R > 1
IBIPI(R )| < APl for |2 =1 (1.13)
where ) s
-1
A:/\0+)\1%+>\2%. (1.14)

On the other hand Shah and Liman [15] proved that if P € P,, and P(z) does not
vanish in |z|] < 1, then for R > 1

BIP)(R )| < 3 {RMA+ N} |Plloe for [2]=1. (1.15)

While seeking the desired extension of inequality (1.13) to [,-norm Shah and Liman
[16] proved that, if P € P,, and P(z) does not vanish in |z| < 1, then for each R > 1
and p>1

|R™Az + Xollp

1Pl

where B € B,,.
Later on Rather and Shah extended the result for 0 < p < 1 as well.
In this paper, we investigate the dependence of

IBIPI(R .) + ¢(R, 7, e, B)B[P](r )|,

on ||P||p, where ¢(R,r, a, ) is given by (1.10), o, 8 € C with |a| < 1, |B] < 1,
R >r >1,0 < p < oo and establish certain generalised integral inequalities. The
results obtained will not only generalise but also improve inequalities (1.5) to (1.8)
as well. In fact we prove:

2. Main Results

Theorem 2.1. If P € P,, and P(z) does not vanish in |z| < 1 ,then for a, 3 € C with
o] < LB <1L,R>r>1and0<p< oo

IBIPI(R ) + ¢(R, 7, v, B)B[P](r )l

< IB" + ¢(R, 1, B)r™) Az + (1 + ¢(R, 1, @, 5)) Ao
- 114 z[l,
where B € B,,, ¢(R,r,a, ) and A are as defined by (1.10) and (1.14) respectively.
The result is sharp and equality holds for P(z) = az™ + b, |a|] = |b] # 0.
If we assume that 5 = 0 so that ¢(R,r,«a, ) = —a, then we get from Theorem 2.1
the following;:

I
P,
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Corollary 2.1. If P € P,, and P(z) does not vanish in |z| < 1, then for every real or

complex number o with |a] <1, R>r >1 and 0 < p < 0o, we have

I(R™ — ar™Az + (1 — )
11+ 2]l

IBIP(R ) — aBIP)(r )|, < dollopy,

where B € B, and A is defined by (1.14).

The result is best possible and equality holds for P(z) = az™ + b, |a|] = |b] # 0.
Theorem 2.2. Suppose P € P, and P(z) does not vanish in |z| < 1. If a, 8 € C
are such that |o] < 1,|8] < 1,R > r > 1, then for every v € C with |y| < 1, and
0 < p < oo, we have

HB[P](R )+ (R, 7, B)B[P](r .)

{0 + 60,8 = 11+ 6. Bl ol

P

(R™ + ¢(R,r, a0, B)r™)Az + (1 + ¢(R, 7, e, 8)) Mollp 1P
11+ 2]l "

where m = min|,—; |P(z)|, B € Bn, ¢(R,r,,3) and A are defined in (1.10) and

(1.14) respectively.

The result is sharp and equality holds for P(z) = az™ + b, |a|] = |b] # 0.

If we assume that 8§ = 0, so that ¢(R,r, o, ) = —«, then we get from Theorem 2.2

the following:

Corollary 2.2. Suppose P € P,, and P(z) does not vanish in |z| < 1. If a € C is such

that |a| < 1, then for every v € C with |y <1, R>r >1 and 0 < p < 0o, we have

|

v n n
IBIPIR )~ aBIPl(r )+ 5 (10— ar)a] = L= ol
< ||<Rn B Oé’l"n>AZ + (1 — a))‘OHiD HPH ]
- 11+ z[lp :
In particular if we let p — oo, we get
B[P|(R.) — aB[P](r .) + g(|(R" —ar™A| -1 - a)\0>m‘

[[(R™ — ar™Az 4+ (1 — a) Moo 1Pl

B 1+ 2o

Choosing argument of 7 suitably we get
ar™A| — |1 — af|Ao|lm

|B[P](R .) — aB[P](r _)|+|,Y|H(Rn— .

[(R™ — ar™Az + (1 — a)Xolloo

<
11+ 2l

1P| oo-

That is for |z| =1,
|B[P)(R .) — aB[P](r .)|
[(B" —ar™)A[ +|(1 — @) (B" —ar™)[[A] = [1 — o Aoflm
2 2 '

Aol I
< [Pl = |l
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Letting |y| — 1, we get
|B[P|(R .) — aB[P](r .)|
(R — ar™)A| + [1 — oA
max
2 lz]=1
_(|(R —or )A2| — ‘1 — a”)‘0|) ‘H‘Hfi |P(Z)‘

A result of Shah and Liman [15] and the result of Aziz and Dawood [3] are special
cases of Corollary 2.2, when a =0

<

3. Lemmas

For the proofs of above theorems we need the following lemmas. The first lemma
is due to Govil. et. al [9].
Lemma 3.1. If P € P,, and P(z) does not vanish in |z| < 1, then for every R >r > 1

and |z| =1,
I

The next Lemma follows from a result of Marden [12, Corollary 18.3, p.65]
Lemma 3.2. Suppose all the zeros of a polynomial P € Py, lie in |z| < 1, then all the
zeros of the polynomial B[P](z) also lie in |z| < 1.

We also need the following Lemma due to Wali. et. al [17]

Lemma 3.3. Suppose F(z) and P(z) are polynomials of degree n and m (m < n)
respectively, such that on |z| =1,

|P(2)] < [F(2)].

If all the zeros of F(z) are in |z| < 1, then for arbitrary complex numbers o, 8 with
o <18 <1L,R>r>1,

—m

BIPIR) oo, HBIPL(r) + 2™ 5™ o (PR + (R, )(P(r2) |
n? —m?
+ d 2 {(P(R2))" + 6(R, 7, 0, B)(P(r2))"}
< [B[F ](RZ)l + ¢(R, 7,0, B)|B[F](rz)] (1< 2] <o0).
Here ¢(R,r, «, B) is defined by (1.10) and B € B,.
Ao, A1, Az are such that Ao + C(n, 1)A12 + C(n,2) X222 has all zeros in Re(z) < %, and
v(z) = Ao + C(m,1)A\1z 4+ C(m,2)A22? has all zeros in Re(z) < 2.
Lemma 3.4. If P € P,, and P(z) does not vanish in |z| < 1, then for arbitrary real or
complex numbers o, f with |a] <1,|8| <1,R>r>1 and|z| > 1
[B[P)(R .) + ¢(R,r,a, B)B[P(r .)| < [B[P|(R .) + ¢(R, 7, cx, B) B[P*](r )]

where P*(z) := 2"P(1),¢(R, 7, a, B) is defined by (1.10) and B € B,,.
Proof of Lemma 3.4. By hypothesis the polynomial P(z) of degree n does not vanish

in |z| < 1, therefore all the zeros of polynomial P*(z) = 2"P(1) of degree n lie in
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|z| < 1. Since |P(z)| = |P*(z)| for |z| = 1, therefore applying Lemma 3.3 with F'(z)
replaced by P*(z), we get the desired result.
Next, we describe a result of Arestov [2].

For v = (70,71, - --,Vn) € C"T! and P(z) := Zajzj € Py, we define
=0

C,P(z) == Z via;2.
§=0

The operator C, is said to be admissible if it preserves one of the following properties:

1. P(z) has all its zeros in {z € C : |z| < 1}.
2. P(z) has all its zeros in {z € C: |z| > 1}.

The result of Arestov may now be stated as follows:
Lemma 3.5. [2, Theorem 4]. Let ¢(z) := ¢ (log ), where ¥ is a convex non decreasing
function on R. Then for all P € P, and each admissible operator C

2

2m
[otic,penas < [ octnmipe)as

where C(y,n) = max(|yol, |Ynl)-
In particular Lemma 3.5 applies with ¢ : x — P for every p € (0,00) and ¢ : * — logx
as well. Therefore, we have for 0 < p < oo,

{ 077T|CVP(ei9)|pd0}; < C(y, n){ 07r|p(eie)|pd9}’l’. (3.1)

We also need the following lemma which is due to Aziz and Shah [5].
Lemma 3.6. If A,B,C are non-negative real numbers such that B + C < A, then for
every real number n

(A= C)+ (B +C)| < |A+¢™B|.

4. Proofs of Theorems

Proof of Theorem 2.1. Since P(z) does not vanish in |z| < 1 and P*(z) = Z"P(i),
therefore by Lemma 3.4 we have

IBIP(R2) + 6(R, 1, §)BIPI(r2)| < |BIP*)(Rz) + 6(R, 7,0, B)[P"](r2)].  (41)
Also

rz

P*(Rz) + ¢(R,r,c, B)P*(r2) = R"Z”P<};> + ¢(R, r,a,ﬂ)r”z"P(l),

implies
B[P*|(Rz) + ¢(R,r,a, B) B[P"](rz)
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" n 1 nz R 1
{R P(R >+¢(Rra,ﬁ) < Z>}+)\1<2) [nR mlp (Rz)
n—1_n— ’ 1 n_n— 1 n—1_n— / 1
_Rrl,n2p <%> +¢(R,r,a,ﬁ){nr Zvlp (m) —pnTln=2p (m) H
/\ 1/nz 2 ( I)Rn n—2P L 2( 1 Rn—l n—BP/ i
25\ 5 n(n — z )~ n—1) z s

+Rn—2zn—4p// (]%) —l—(]ﬁ(R,T,Oz,ﬁ){(ﬂ- 1) n,n— 2P< 1)

rz

—2(71 _ 1)rn—12n—3P/ (1) + ,',,TL—QZTL—4P// (1> }:|
rz Tz
2 3 T/ 1\
- <>\0 +A1% +A2"<"81)) [R”P(R ) + ¢(R, 7, B)r" (:Zﬂz”
+(A1;‘ + A2”2(”4_1)> { R"P (1;,2) — ¢(R,r,a, B)r" 1P (:Z)]zl

+A n—z R 2pr i + (R, 1, ﬂ)r”fzp” i 22
2 ] Rz 9 1y Xy — .

rz

This gives,
(B[P*](R2))" + ¢(R,r,@, B)(B[P](rz))"

(g ) e 5) o)
- (Aln +727”2("4* 1)> R~ 1P’< )+¢( @, Byl P <i)}
Wl {R” 2P”< >+¢(R,r,oz,ﬂ)r”2P”<i>}22.

This shows for |z| =1
|BIP*](R2) + ¢(R, 7, v, B) B[P"](r2)|

= |(BIP"](R2))" + ¢(R,r,@, B)(B[P*](rz))"]. (4.2)

Using (4.2) in (4.1), we get on |z| = 1,
|BIP](Rz) + ¢(R, 7, o, B) B[P](rz)]

< |(B[P")(R2))" + (R, @, B)(B[P"](rz))"|- (4.3)

Since all the zeros of P*(z) lie in |z| < 1, therefore as shown earlier all the zeros of
P*(Rz) + ¢(R,r,a, B) P*(rz)

lie in |z| < 1 for all real or complex numbers a, § with |a] < 1,]|8]| <1land R > r > 1.
Hence by Lemma 3.2, all the zeros of

B[P"](Rz) + (R, r,a, B) B[P*|(rz)



182 Shah Lubna Wali and Abdul Liman

lie in |z| < 1. This shows that all the zeros of

(B[P*)(R2))" + ¢(R,r,@, B)(B[P*](rz))"
lie in |z| > 1, and therefore

B[P|(Rz)) + ¢(R, 1, o, B)(B[P](rz)

(B[P*](Rz))* + ¢(R, v, @, B)(B[P*](rz))*

is analytic in |z| < 1. Hence by maximum modulus principle
|B[P](Rz) + ¢(R,r,a, B)B[P](r2)|

(B[P*)(R2))" + ¢(R,r,@, B)(B[P*](rz))"|

<

for |z| < 1.
A direct application of Rouches theorem shows that

C,P(z) = (B[P|(Rz) + ¢(R,r,a, B) B[P](rz))e"
+(B[P*|(Rz2))" + ¢(R,r,a, B)(B[P*](rz))*
= {(R" + &R,y a, B)r™)Ae™ + (1 + ¢(R, 7, @, B)))\O}anz”

+...+ {(R” + ¢(R, 7,0, B)r™YA 4 (1 + ¢(R, 7, @, B)))\o}ao

does not vanish in |z| < 1. Therefore C,, is an admissible operator. Applying Lemma

3.5, we have, for each p > 0 and n real, R > r > 1,

/H P|(Re™) + ¢(R,r, o, B) B[P ](Teie)}ei,,

p

do

+(B[P*(Re”))* + ¢(R, @, B)(B[P*](re”))*

<|(R™+ ¢(R, T, , B)T”)Aei" + (1 + ¢(R, 7@, B))o|? / |P(ei9)|pd9

(B + 6(R, 7, 00, B)r™)Ae™ + (1 + 6(R, 7, v, B)) Ao / |P(e) o

Integrating both sides of (4.5) with respect to n from 0 to 27, we have
27 27

//H P)(Re") + ¢(R, 7, a, B) B[P ](Tew)}ei"+(B[P*](Rei9))*

p

dfdn

+¢(R,r,@, B)(B[P*](re'))*

2T

0

< / (R™ + $(R, 7, a, B Ae + (1 + 6(R, 7, 0, B))Ao[Pdy / |P(c)|Pd.
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Now it can be easily verified that for any real number ¢, and s > 1,
|s + €| > |14 ™.
This implies for each p > 0

27 2m
/|5+6it|pdt > /|1+eit|pdt. (4.7)
0 0

If B[P](Re®) + ¢(R, 7, a, B) B[P](re?) # 0, then we take
_ |BIP](Re))* + ¢(R, 7, @, B)(B[P*](re”))"|
|B[P](Re™) + ¢(R, 7, o, B) B[ P](rei?)|
so that by (4.3), s > 1. Using (4.7) we have

/H Reze )+ ¢(R, 7,0, ) B[P ](reie)}ei"
+(B[P*|(Re™))* + ¢(R,r,a, B)(B[P*](re?))*)|Pdn
= |B[P](Re™) + (R, T, a,f})B[P](re“’)|P/

0
(BIP*)(Re™))* + ¢(R, @, B)(B[P*](re"))" "

T BIPI(Re?) + 6(R, 1,0, B) BIP](re?)

2m

— |BIP)(Re) + §(R, ., f) BIP|(re™)|? /

e

0
(B[P*](Re™))* + ¢(R, @, B)(B[P*](re”))*

B[P](Re") + ¢(R,r, o, B) B[P](r e“’) dn

+

> [BIP|(Re™) + 6(R, 7, a, B) BIP|(re®) P / 11+ ei7[Pd. (4.8)

For B[P](Re') + ¢(R,r,a, B) B[P](re?) = 0, this inequality is trivially true.
Using (4.7) in (4.8), we conclude that for each p > 0
2

27
[ IBIPIR®) + o(R.r. 0, 5)BIPYre ) / 1+ Py
0
27

/I "+ (R, 1,0, B)r") A’ + (1+ 9(R, 7, ) AO'pd”/'P s

From thls the conclusion of Theorem 2.1 follows immediately.

Proof of Theorem 2.2. By hypothesis P € P,, does not vanish in |z| < 1.

Let m = min;— |P(2)], then |P(z)| > m for |z| = 1. If m = 0, then the result follows
from Theorem 2.1. We assume that m > 0, that is, P(z) has no zero on |z| = 1.



184 Shah Lubna Wali and Abdul Liman

This gives for |§] < 1, [0mz"| < |P(z)| on |z| = 1. Since P(z) has no zero in |z| < 1,

therefore F'(z) = P(z) + dmz" has no zero in |z| < 1. If F*(2) = z"F(i), then
F*(z) = P*(2) + mé and by Lemma 3.4 we have for arbitrary complex numbers a,
with o] <1,|8|<1,R>r>1,
IBIF)(Rz) + 6(R, 7, , 8) BIF|(r2)| < |BIF*|(R2) + 6(R, 0, ) BIF*](r2)].
This gives
|B[P(Rz) + 0mR"z"] + ¢(R,r,a, B) B[P (rz) + dmr"z"]|
< |B[P*(Rz) + 6m] + ¢(R,r,a, B) B[P*(rz) + ém]|. (4.9)
Since P(z) and 2™ are of same degree and in this case B is linear, therefore
B[P(Rz) 4+ 6mR"z"] = B[P](Rz) + émBI|E,](Rz),
where E,(z) = z™. Also it can be easily verified that
B[P*(Rz) + ém| = B[P*](Rz) + dmX, for |z| =1.
Therefore we have from inequality (4.9)
|B[P](Rz) + dmB[E,|(Rz) + ¢(R, r,c, B){ B[P](rz) + émB[E,](rz)}|
< |B[P*|(Rz) + dmA, + ¢(R,r, 0, B){B[P*](rz) + dmA.}|, |2 = 1.
That is
|BIP)(Rz) + ¢(R, 7, v, B)B[P](rz) + 0m{B[E,)(Rz) + (R, 7, a, B) B[Ey,](r2)}|
< |B[P*|(Rz) + ¢(R, r,a, B) B[P*|(rz) + mdAo(1 + ¢(R, 7,0, B))|, |2| =1. (4.10)

Choosing the argument of ¢ suitably on the left hand side of (4.10) and using triangle
inequality on the right hand side, we get for |z| =1,

|B[P)(Rz) + ¢(R,7,a, B) B[P|(rz)| 4 [0|m|B[En](Rz) + ¢(R, 7, a, B) B[En](r2)|
< [BIP*[(Rz) + ¢(R, 7, o, B) B[P*|(rz)| + [0|m|Xo||1 + $(R, 7, a, B)].
Equivalently
|B[P](Rz) + ¢(R, 7, o, B) B[P](rz)]
< [BIP*](Rz) + ¢(R, 7, v, B) B[P"](rz))]

—m|§|{|B[En](Rz) + ¢(R7 r,a, IB)B[En](TZ)| - |)‘O||1 + ¢(Ra ra, 5)|} (411)
Since |B[E,|(Rz)| = R™A]| for |z| = 1, therefore we have from (4.11) after letting
|0] — 1

|B[P](Rz) + ¢(R,r,a, B)B[P](rz)]
[R"A + ¢(R,r, 0, B)r"A] — [1 + ¢(R, 1, @, B) [ Ao
+{ 5 }m
< |B[P*](Rz) + ¢(R, 7, a, B) B[P*|(r2)|
_{ |R"A + ¢(R, 7,0, B)r"A| — |1 + ¢(R, 7, , B)|| Mol }m.

> (4.12)
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If we take
L = |B[P*|(Rz) + ¢(R,r,a, B)B[P"|(rz)|
M = |B[P|(Rz) + ¢(R, 1, a, B) B[P](rz)|
N = { |R™ + ¢(R, 0, B)r"||A| — |1 + d(R, 7,y B)]| Ao }m
2 b

so that M + N < L — N < L, we get by using Lemma 3.5 for arbitrary complex
numbers «, 8 with |o| < 1,|6| <1,R>r>1and |z| =1,

'|B[P*1<Rz> T 6(R,r,0, )BIP)(r2)

_ { [R" + ¢(R, 7,0, B)r[[A] = [+ $(R, 7, B) [ ol }m
2

e [|B[P]<Rz> (R, 1., B)BIP)(r2)

+{ |R" + ¢(R, r,a,mr"llAé— 11+ ¢(R, 7, a, B)|| A }m] ‘

< ‘lB[P](RZ) + (R, 7, a, B)BIP|(rz)| + ™| BIP"](Rz) + ¢(R. 7, o, B) B[P*] (r2)]

= ‘lB[P](RZ) +¢(R,r,a, B)BIP|(rz)| +¢"|(B[P*|(R2))" + ¢(R. 7, @, B) (B[P*](r2))"]

This gives for each p > 0 and 0 < 0 < 2,

2 27
/ G(6) + M H(6)|"dh < / ]|B[P}<Rew> + 6(R, 1,0 B)BP)(rc™®)|
0 0

p

+e"|(B[P*|(Re'))* + ¢(R,r, @, B)(B[P*](re')|)*| db, (4.13)
where
H(0) := |B[P](Re) + ¢(R,r, o, B) B[P)(re”)|
|R" + ¢(R, 7, a, B)r"[[A] = [1 + (R, 7, 0, B)[| Ao
+{ 9 }m
and

G(8) := |B[P*](Re") + ¢(R, 7, a, B) B[P*](re")|
(U ol A o B,
5 :
Integrating both sides of (4.13) with respect to 5 from 0 to 27 we get

27 27 27 27

//G(9)+e“7H(9)Pdadn<//‘|B[P](Rei9)+¢(R,r,a,ﬁ)B[P](rei9)|
0 0 0 0

+e"(|BIP*](Re™))" + ¢(R, r,@, B)(B[P*](re"))*|| dbd.
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This gives using inequality (4.5), for every real 8,0 < 6 < 2w and n, 0 <7 < 27
27 27

/ / |G(0) + ™ H (0)|F dddn
0 0

< / (B" + $(R. ., )™ A + (1 + $(R, 1 v, ) Ao / P(?) 6. (4.14)
0

0
Now, if H(#) # 0, then from (4.12),

and we have by using (4.7),

(9)
/|G + eMH()|Pdn = |H(0) /] o

-t ]+

Clearly inequality (4.15) is trivial in case H(#) = 0. Substltutlng for H(f) and G(0)
and then integrating the two sides of (4.15) with respect to 6 and using (4.14), we
get for every R >r > 1 and p > 0,

"> \H (6 |p/|1+e”7|”d77 (4.15)

/ ‘|B[P](Rew) + ¢(R, 7, o, B) B[P](re')|

p

. |Rn + ¢(R, T, a,ﬁ)T"HA| - P\o”l + (;5(R, T O‘?B”

5 m| df
27
[ I(R™ + ¢(R, 7,0, B)r™)e' + (1 + ¢(R, 7, r, B)) No|Pdn 27
<0 — /|P(ei9)|1’d9. (4.16)
[ |11+ enrdn 0
0

Now, since we have for every v, with |y| < 1

B[P)(Re®) + ¢(R, r, o, B)B[P](re")|

+mry 5

< [B[P)(Re™) + ¢(R, 7,0, 5)B[P)(re")|
|’Y‘ |Rn + ¢(R7 T,O{,IB)TnHA| — |)\0||1 + ¢(R7 Tvavﬁ)l ‘

|R™ + ¢(R,r, 0, B)r"||A] — Aol + d(R, 7, B)| ’

2
< |B[P|(Re") + ¢(R, 1,0, B) B[P)(re”)|
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- |R™ + &(R, 7, B)r"||A| — Aol + d(R, 7, v, B)|
5 )

Therefore using (4.17) in (4.16) the desired result follows.

+

(4.17)
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