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Ma-Minda starlikeness of certain analytic
functions

Baskar Babujee Janani and V. Ravichandran

Abstract. A normalized analytic function defined on the open unit disc D is
called Ma-Minda starlike if zf ′(z)/f(z) is subordinate to the function ϕ. For a
normalized convex function f defined on D and α > 0, we determine the radius
of Ma-Minda starlikeness of the function g defined as g(z) = (zf ′(z)/f(z))

α
f(z)

for certain choices of ϕ. In particular, we investigate the radius of Janowski
starlikeness of the function g.
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1. Introduction and preliminaries

Let C denote the complex plane, D := {z ∈ C : |z| < 1} represent the open unit
disc, and A denote the class of analytic functions defined on D, normalized by the
conditions f(0) = 0 and f ′(0) = 1. Additionally, let S be the subclass of A consisting
of univalent (one-to-one) functions. A function f ∈ A is considered starlike if it maps
D onto a domain that is starlike with respect to the origin. Similarly, a function f ∈ A
is said to be convex if f(D) is a convex set. Let ST and CV denote the subclasses
of A respectively consisting of starlike and convex functions. Analytically, we have:
ST := {f ∈ A : Re(zf ′(z)/f(z)) > 0} and CV := {f ∈ A : 1+Re(zf ′′(z)/f ′(z)) > 0}.
Alexander’s theorem [4] establishes a relationship between these two classes, stating
that f ∈ CV if and only if zf ′ ∈ ST . For two analytic functions f and g, we say that
f is subordinate to g, written f ≺ g, if there exists an analytic function w satisfying
the conditions w(0) = 0 and |w(z)| < 1 such that f(z) = g(w(z)). This relationship
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implies that f(0) = g(0) and f(D) ⊂ g(D). Moreover, if the function g(z) is univalent
(one-to-one), then f ≺ g if and only if f(0) = g(0) and f(D) ⊂ g(D). The function w
is commonly known as the Schwarz function. Using subordination, Ma and Minda [12]
investigated growth, distortion and covering theorems for the class ST (ϕ) consisting
of starlike functions that satisfy the subordination

zf ′(z)

f(z)
≺ ϕ(z),

where ϕ : D → C is an analytic function that is univalent with a positive real part,
ϕ(D) is starlike with respect to ϕ(0) = 1, symmetric about the real axis, and ϕ′(0) > 0.
Different subclasses of starlike and convex functions are obtained for various choices
of ϕ. For instance, when ϕ(z) = (1 +Az)/(1 +Bz), where −1 6 B < A 6 1, the class
ST (ϕ) is the class ST [A,B] of Janowski starlike functions [8]. An analytic function
p : D → C is known as a Carathéodory function if p(0) = 1 and Re(p(z)) > 0 for
every z ∈ D. The class of all Carathéodory functions is denoted as P. For −1 6 B <
A 6 1 and p(z) = 1 + c1z + · · · with positive real part, we say that p ∈ P[A,B] if
p(z) ≺ (1 +Az)/(1 +Bz), z ∈ D.

Lemma 1.1. [16] If p ∈ P[A,B], then∣∣∣∣p(z)− 1−ABr2

1−B2r2

∣∣∣∣ 6 (A−B)r

1−B2r2
(|z| 6 r < 1).

The class of functions f ∈ A with the property that zf ′(z)/f(z)/ ∈ P[A,B] is
denoted by ST [A,B]. In this manuscript, we are interested in the class J α1 defined
as follows:

J α1 :=

{
g ∈ A : g(z) =

(zf ′(z)
f(z)

)α
f(z), f ∈ CV, α > 0

}
.

We determine ST (ϕ) radius of the class J α1 for various choices of ϕ. In particular,
we consider the following classes of starlike functions:

1. Mendiratta et al. [14] introduced the class consisting of all functions f ∈ A such
that zf ′(z)/f(z) ≺ ez or equivalently |log(zf ′(z)/f(z))| < 1.

2. Sharma et al. [18] studied the class ST C = ST (ϕC), where ϕC(z) = 1+(4/3)z+
(2/3)z2. The boundary of ϕC(D) is a cardiod.

3. Raina and Sokól [15] considered the class ST m = ST (ϕm), where ϕm(z) =

z +
√

1 + z2 and proved that f ∈ ST m if and only if zf ′(z)/f(z) ∈ Ωm := {w ∈
C : |w2 − 1| < 2|w|} which is the interior of a lune.

4. Kumar and Kamaljeet [20] introduced the class ST ℘ = ST (ϕ℘), where ϕ℘(z) =
1 + zez. The boundary of ϕ℘(D) is a cardiod.

5. The class of starlike functions associated with a nephroid domain, given by
ST Ne = ST (ϕNe) where ϕNe(z) = 1 + z − (z3/3) was studied by Wani and
Swaminathan [22]. The function ϕNe maps the unit circle onto a 2-cusped curve,(
(u− 1)2 + v2 − 4

9

)3 − 4v2

3 = 0.
6. The class ST SG = ST (ϕSG) where ϕSG(z) = 2/(1 + e−z) was introduced by

Goel and Kumar [7]. The boundary of ϕSG(D) is a modified sigmoid.
7. Cho et al. [3] introduced the class ST sin = ST (ϕsin), where ϕsin(z) = 1 + sin z.
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8. Kumar and Arora [2] defined the class ST h = ST (ϕh) where ϕh(z) = 1 +
sinh−1(z). The boundary of ϕh(D) is petal shaped.

These functions behave like the identity function for small values of α and hence
belong to the classes of our interest. However, for B = −1, the range of zg′(z)/g(z)
is unbounded, and therefore these classes are not contained in various subclasses ob-
tained for special choices of the function ϕ. When the inclusion fails, we are interested
in the corresponding radius problem. For two subclasses F and G of A, the largest
number R ∈ (0, 1] such that for 0 < r < R, f(rz)/r ∈ F for every f ∈ G is called the
F-radius of the class G and is denoted by RF (G). Many radius problems have been
extensively explored in recent times [1, 9, 10, 11, 13, 17]. In Theorem 2.1, we obtain
the Janowski starlikeness of the class J α1 and, in particular, the radius of starlikeness
of order β. Theorem 2.2 gives ST (ϕ) radius of the class J α1 for various choices of
ϕ discussed above. To obtain the radii, we find the largest positive number R less
than 1 such that the image of the disc DR := {z ∈ C : |z| < R} under the mapping
zg′(z)/g(z), for g in the classes defined, lie inside the image of the corresponding
superordinate functions and the radii obtained are sharp.

2. Radius estimates of various starlikeness for the class J α
1

Our first theorem gives the radius of Janowski starlikeness of functions in the
class J α1 and, in particular, the radius of starlikeness of order β (see (2.3)). It follows
that the class J α1 is a subclass of starlike functions.

Theorem 2.1. The ST [A,B] radius of the class J α1 , α > 0, is given by

RST [A,B] =
A−B

1 + α+ |A+ αB|
.

Proof. Let g ∈ J α1 . Then there is a function f ∈ CV satisfying

g(z) =
(zf ′(z)
f(z)

)α
f(z).

A computation shows that

zg′(z)

g(z)
= α

(
1 +

zf ′′(z)

f ′(z)

)
+ (1− α)

(
zf ′(z)

f(z)

)
. (2.1)

Since f is convex, it is starlike of order 1/2 and therefore we have 1 + zf ′′(z)/f ′(z) ∈
P = P1[1,−1] and zf ′(z)/f(z) ∈ P(1/2) := P1[0,−1]. Using the Lemma 1.1, we get∣∣∣∣1 +

zf ′′(z)

f ′(z)
− 1 + r2

1− r2

∣∣∣∣ 6 2r

1− r2
(|z| 6 r < 1)

and ∣∣∣∣zf ′(z)f(z)
− 1

1− r2

∣∣∣∣ 6 r

1− r2
(|z| 6 r < 1).

These inequalities together with (2.1) immediately yield∣∣∣∣∣zg′(z)g(z)
− 1 + αr2

1− r2

∣∣∣∣∣ 6 (1 + α)r

1− r2
(|z| 6 r < 1). (2.2)
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1. We first prove the result in the case when B = −1. In this case, we write A as
A = 1 − 2β, where 0 6 β < 1 so that ST [A,B] radius is the same as ST (β)
radius. A simple calculation shows that the result in this becomes

RST (β) = min

(
1,

1− β
β + α

)
=

1 β 6 1−α
2 ,

1− β
β + α

β > 1−α
2 .

(2.3)

With R = RST (β), our aim is to show that Re(zg′(z)/g(z)) > β for |z| = r 6 R
for every g ∈ J α1 . The inequality (2.2) shows that

Re

(
zg′(z)

g(z)

)
>

1 + αr2

1− r2
− (1 + α)r

1− r2
=

1− αr
1 + r

:= φ(r). (2.4)

Since φ′(r) = −(1 + α)/(1 + r)2, the function φ is decreasing for 0 6 r < 1. For
β 6 (1− α)/2, the inequality (2.4) gives

Re

(
zg′(z)

g(z)

)
> φ(r) > φ(1) =

1− α
2
> β

and so g ∈ ST (β). For β > (1− α)/2, the inequality (2.4) gives

Re

(
zg′(z)

g(z)

)
> φ(r) > φ(R) = β

for r 6 R. This shows that ST (β) radius of J α1 is at least R. To show that
the result is sharp, we consider the function g̃ : D → C is given by g̃(z) =

z/(1− z)1+α. This function corresponds to the function f̃ ∈ CV given by

f̃(z) =
z

1− z
. (2.5)

The function g̃ is clearly starlike of order (1−α)/2. The result is therefore sharp
for β 6 (1− α)/2. Note that

zg̃′(z)

g̃(z)
=

1 + αz

1− z
. (2.6)

For β > (1− α)/2 and z = R, using (2.6), we see that

Re

(
zg̃′(z)

g̃(z)

)
=

1− αR
1 +R

= β,

which proves the sharpness of R.
2. Now we assume that B 6= −1. Let f ∈ J α1 . Then, by (2.2), we see that

g(Dr) ⊂ {w : |w − c1(α, r)| 6 d1(α, r)}

where

c1(α, r) :=
1 + αr2

1− r2
and d1(α, r) :=

(1 + α)r

1− r2
.

We show that, for r 6 R = RST [A,B], the inclusion

{w : |w − c1(α, r)| 6 d1(α, r)} ⊆ {w : |w − a| 6 b}
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holds where

a =
1−AB
1−B2

and b =
A−B
1−B2

.

Since {w : |w−c| 6 d} ⊆ {w : |w−a| 6 b} if and only if |a−c| 6 b−d (see [19] and
[6]), it is enough to show that, for r 6 R, the inequality |a−c1(α, r)| 6 b−d1(α, r)
holds. The inequality |a− c1(α, r)| 6 b−d1(α, r) is equivalent to the inequalities

c1(α, r) + d1(α, r) 6 a+ b (2.7)

and

a− b 6 c1(α, r)− d1(α, r). (2.8)

The inequality (2.7) becomes

1 +A

1 +B
>

1 + αr2 + (1 + α)r

1− r2
=

1 + αr

1− r
.

This inequality holds for

0 6 r 6
A−B

1 + α+A+ αB
:= ρ2.

Similarly, the inequality (2.8) becomes

1−A
1−B

6
1 + αr2 − (1 + α)r

1− r2
=

1− αr
1 + r

or

0 6 r 6
A−B

1 + α−A− αB
:= ρ3.

Since

min[ρ2, ρ3] =
A−B

1 + α+ |A+ αB|
= R,

it follows that the inequalities (2.7) and (2.8) holds for 0 6 r 6 R. This shows
that ST [A,B] radius of J α1 is at least R.

To prove the sharpness of R , we again consider the function f̃ ∈ CV defined
by (2.5). When A+ αB > 0, then R = ρ2. For z = ρ2, the equation (2.6) gives

zg̃′(z)

g̃(z)
=

1 +A

1 +B
,

which proves the sharpness for ρ2. When A+αB < 0, then R = ρ3. For z = −ρ3,
the equation (2.6) gives

zg̃′(z)

g̃(z)
=

1−A
1−B

,

which proves the sharpness for ρ3. �

Theorem 2.2. Let α > 0. For the class J α1 , the following radius results hold:

1. The ST e radius is given by

RST e =

{
e−1
eα+1 if α > 1
e−1
e+α if α 6 1.
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2. The ST c radius is given by

RST c
=

{
2

3α+1 if α > 1
2

α+3 if α 6 1.

3. The ST m radius is given by

RST m =


2−
√
2

α−(1−
√
2)

if α > 1
√
2

α+(1+
√
2)

if α 6 1.

4. The ST ℘ radius is given by

RST ℘ =

{
1

e(1+α)−1 if α > 2
e−e−1 − 1

e
α+e+1 if α 6 2

e−e−1 − 1.

5. The ST Ne radius is given by

RST Ne
=

2

3α+ 5
.

6. ST SG radius is given by

RST SG
=

e− 1

(e+ 1)α+ 2e
.

7. The ST sin radius is given by

RST sin =
sin 1

(1 + α) + sin 1
.

8. The ST h radius is given by

RST g =
sinh−1(1)

(1 + α) + sinh−1(1)
.

Proof. Let g ∈ J α1 . For various choices of ϕ, we are interested in computing ST (ϕ)
radius of the function g. To do this, we first note that, by (2.2), we have g(Dr) ⊂ {w :
|w − c1(α, r)| 6 d1(α, r)}, where

c1(α, r) :=
1 + αr2

1− r2
and d1(α, r) :=

(1 + α)r

1− r2
. (2.9)

We compute the largest R, such that, for 0 6 r 6 R, the disc {w : |w − c1(α, r)| 6
d1(α, r)} is contained in ϕ(D). For this purpose, we use the formula for the radius ra
of the largest disc centered at a contained in ϕ(D) obtained by various authors. We
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also need the fact that the center c1(α, r) is an increasing function of r which follows
easily from the equation

c′1(α, r) =
2(1 + α)r

(1− r2)2
.

One immediate consequence is that c1(α, r) > c1(α, 0) = 1.

1. Let Ωe be the image of the unit disc D under the exponential function ϕ(z) = ez.
Mendiratta et al. [14] proved that the inclusion {w : |w− a| < ra} ⊆ Ωe := {w :
| logw| < 1} holds when

ra =

{
a− 1

e if 1
e < a 6 e+e−1

2

e − a if e+e−1

2 6 a < e.

Using this inclusion result, we now show that, for 0 6 r 6 R := RST e , the disc
{w : |w − c1(α, r)| 6 d1(α, r)} is contained in Ωe where c1(α, r) and d1(α, r)
given by (2.9).

First, we consider the case α > 1. Let the number

ρ1 :=

√
e+ e−1 − 2

2α+ e+ e−1
< 1

be the unique root of the equation c1(α, r) = (e+ e−1)/2. Let the number

ρ2 :=
e − 1

αe + 1
< 1

be the positive root of the equation d1(α, r) = c1(α, r)− 1/e or

1 + αr2

1− r2
− (1 + α)r

1− r2
=

1− αr
1 + r

=
1

e
. (2.10)

A computation shows that ρ2 6 ρ1 for α > 1. We shall show that R = RST e =
ρ2.

Since c1(α, r) > 1, it follows that c1(α, r) > 1/e for 0 6 r 6 ρ2 < 1. Since
c1(α, r) is an increasing function, for r 6 ρ1, we have c1(α, r) 6 c1(α, ρ1) =
(e + e−1)/2. Since c1(α, r)− d1(α, r) is a decreasing function of r, it follows, for
0 6 r 6 ρ2, that

c1(α, r)− d1(α, r) > c1(α, ρ2)− d1(α, ρ2) = 1/e

and hence

d1(α, r) 6 c1(α, r)− 1

e
. (2.11)

Therefore, for 0 6 r 6 R = ρ2, we have, using (2.2) and (2.11)∣∣∣∣zg′(z)g(z)
− c1(α, r)

∣∣∣∣ 6 c1(α, r)− 1

e
.

Therefore, the inclusion {w := zg′(z)/g(z) : |w−a| < ra} ⊆ Ωe := {w : | logw| <
1} holds which proves that ST e radius of J α1 is at least R = ρ2.

To prove the sharpness, consider the function g̃ ∈ J α1 defined by g̃(z) =
z/(1− z)1+α. Since

zg̃′(z)

g̃(z)
=

1 + αz

1− z
,
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we have, for z = −ρ2,∣∣∣∣∣ log

(
zg̃′(z)

g̃(z)

) ∣∣∣∣∣ =

∣∣∣∣∣ log

(
1− αρ2
1 + ρ2

) ∣∣∣∣∣ =

∣∣∣∣∣ log

(
1

e

) ∣∣∣∣∣ = 1,

which proves the sharpness for ρ2.
We now consider the case when α 6 1. Let the number

ρ3 :=
e − 1

e + α
< 1

be the positive root of the equation d1(α, r) = e − c1(α, r) or

1 + αr2

1− r2
+

(1 + α)r

1− r2
=

1 + αr

1− r
= e. (2.12)

A computation shows that ρ3 > ρ1 for α 6 1. We shall show that R = RST e =
ρ3. For 0 6 r 6 ρ3 < 1 it follows that c1(α,R) < e . Since c1(α, r) is an
increasing function, for r 6 ρ1, we have c1(α, r) 6 c1(α, ρ1) = (e +e−1)/2. Since
c1(α, r) + d1(α, r) is an increasing function of r, it follows, for 0 6 r 6 ρ3, that

c1(α, r) + d1(α, r) 6 c1(α, ρ3) + d1(α, ρ3) = e

and hence

d1(α, r) 6 e − c1(α, r). (2.13)

Therefore, for 0 6 r 6 R = ρ3, we have, using (2.2) and (2.13)∣∣∣∣zg′(z)g(z)
− c1(α, r)

∣∣∣∣ 6 e − c1(α, r).

Therefore, the inclusion {w := zg′(z)/g(z) : |w−a| < ra} ⊆ Ωe := {w : | logw| <
1} holds which proves that ST e radius of J α1 is at least R = ρ3.

To prove the sharpness, consider the function g̃ ∈ J α1 defined by g̃(z) =
z/(1− z)1+α. Since

zg̃′(z)

g̃(z)
=

1 + αz

1− z
,

we have, for z = ρ3,∣∣∣∣∣ log

(
zg̃′(z)

g̃(z)

) ∣∣∣∣∣ =

∣∣∣∣∣ log

(
1 + αρ3
1− ρ3

) ∣∣∣∣∣ = | log e| = 1,

proving the sharpness for ρ3.
2. Let ΩC be the image of the unit disc D under the function ϕC(z) = 1 + (4/3)z+

(2/3)z2. Sharma et al. [18] proved that the inclusion {w : |w − a| < ra} ⊂
ϕC(D) = ΩC holds when

ra =

{
a− 1

3 if 1
3 < a 6 5

3

3− a if 5
3 6 a < 3.

Using the inclusion result, we now show that, for 0 6 r 6 R the disc {w :
|w − c1(α, r)| 6 d1(α, r)} is contained in ΩC where c1(α, r) and d1(α, r) given
by (2.9).
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We first consider the case α > 1. Let the number

ρ1 :=

√
2

3α+ 5
< 1

be the unique root of the equation c1(α, r) = 5/3. Let the number

ρ2 :=
2

3α+ 1
< 1

be the positive root of the equation d1(α, r) = c1(α, r)− 1/3 or

1 + αr2

1− r2
− (1 + α)r

1− r2
=

1− αr
1 + r

=
1

3
. (2.14)

A computation shows that ρ2 6 ρ1 for α > 1. We shall show that R = RST C
=

ρ2.
Since c1(α, r) > 1, it follows that c1(α, r) > 1/3 for 0 6 r 6 ρ2 < 1. Since

c1(α, r) is an increasing function, for r 6 ρ1, we have c1(α, r) 6 c1(α, ρ1) = 5/3.
Since c1(α, r)− d1(α, r) is a decreasing function of r, it follows, for 0 6 r 6 ρ2,
that

c1(α, r)− d1(α, r) > c1(α, ρ2)− d1(α, ρ2) = 1/3

and hence

d1(α, r) 6 c1(α, r)− 1

3
. (2.15)

Therefore, for 0 6 r 6 R = ρ2, we have, using (2.2) and (2.15)∣∣∣∣zg′(z)g(z)
− c1(α, r)

∣∣∣∣ 6 c1(α, r)− 1

3
.

Therefore, the inclusion {w := zg′(z)/g(z) : |w − a| < ra} ⊆ ϕC(D) = ΩC holds
which proves that ST C radius of J α1 is at least R = ρ2.

To prove the sharpness, consider the function g̃ ∈ J α1 defined by g̃(z) =
z/(1− z)1+α. Since

zg̃′(z)

g̃(z)
=

1 + αz

1− z
,

we have, for z = −ρ2,

zg̃′(z)

g̃(z)
=

1− αρ2
1 + ρ2

=
1

3
= ϕC(−1),

which proves the sharpness for ρ2.
We now consider the case when α 6 1. Let the number

ρ3 :=
2

α+ 3
< 1

be the positive root of the equation d1(α, r) = 3− c1(α, r) or

1 + αr2

1− r2
+

(1 + α)r

1− r2
=

1 + αr

1− r
= 3. (2.16)

A computation shows that ρ3 > ρ1 for α 6 1. We shall show that R = RST C
=

ρ3. For 0 6 r 6 ρ3 < 1 it follows that c1(α,R) < 3 . Since c1(α, r) is an increasing
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function, for r 6 ρ1, we have c1(α, r) 6 c1(α, ρ1) = 5/3. Since c1(α, r) + d1(α, r)
is an increasing function of r, it follows, for 0 6 r 6 ρ3, that

c1(α, r) + d1(α, r) 6 c1(α, ρ3) + d1(α, ρ3) = 3

and hence

d1(α, r) 6 3− c1(α, r). (2.17)

Therefore, for 0 6 r 6 R = ρ3, we have, using (2.2) and (2.17)∣∣∣∣zg′(z)g(z)
− c1(α, r)

∣∣∣∣ 6 3− c1(α, r).

Therefore, the inclusion {w := zg′(z)/g(z) : |w − a| < ra} ⊆ ϕC(D) = ΩC holds
which proves that ST C radius of J α1 is at least R = ρ3.

To prove the sharpness, consider the function g̃ ∈ J α1 defined by g̃(z) =
z/(1− z)1+α. Since

zg̃′(z)

g̃(z)
=

1 + αz

1− z
,

we have, for z = ρ3,

zg̃′(z)

g̃(z)
=

1 + αρ3
1− ρ3

= 3 = ϕC(1),

proving the sharpness for ρ3.
3. Let Ωm be the image of the unit disc D under the function ϕm(z) = z+

√
1 + z2.

Gandhi and Ravichandran [5] proved that the inclusion {w : |w − a| < ra} ⊂
ϕm(D) = Ωm := {w :

∣∣w2 − 1
∣∣ < 2|w|} holds when

ra = 1− |
√

2− a|

for
√

2 − 1 < a 6
√

2 + 1. Using the inclusion result, we now show that, for
0 6 r 6 R the disc {w : |w − c1(α, r)| 6 d1(α, r)} is contained in Ωm where
c1(α, r) and d1(α, r) given by (2.9).

First, we consider the case α > 1. Let the number

ρ1 :=

√√
2− 1

α+
√

2
< 1

be the unique root of the equation c1(α, r) =
√

2. Let the number

ρ2 :=
2−
√

2

α− (1−
√

2)
< 1

be the positive root of the equation d1(α, r) = c1(α, r)− (
√

2− 1) or

1 + αr2

1− r2
− (1 + α)r

1− r2
=

1− αr
1 + r

=
√

2− 1. (2.18)

A computation shows that ρ2 6 ρ1 for α > 1. We shall show that R = RST m
=

ρ2.
Since c1(α, r) > 1, it follows that c1(α, r) >

√
2−1 for 0 6 r 6 ρ2 < 1. Since

c1(α, r) is an increasing function, for r 6 ρ1, we have c1(α, r) 6 c1(α, ρ1) =
√

2.
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Since c1(α, r)− d1(α, r) is a decreasing function of r, it follows, for 0 6 r 6 ρ2,
that

c1(α, r)− d1(α, r) > c1(α, ρ2)− d1(α, ρ2) =
√

2− 1

and hence
d1(α, r) 6 c1(α, r)− (

√
2− 1). (2.19)

Therefore, for 0 6 r 6 R = ρ2, we have, using (2.2) and (2.19)∣∣∣∣zg′(z)g(z)
− c1(α, r)

∣∣∣∣ 6 c1(α, r)− (
√

2− 1).

Therefore, the inclusion {w := zg′(z)/g(z) : |w− a| < ra} ⊆ ϕm(D) = Ωm holds
which proves that ST m radius of J α1 is at least R = ρ2.

To prove the sharpness, consider the function g̃ ∈ J α1 defined by g̃(z) =
z/(1− z)1+α. Since

zg̃′(z)

g̃(z)
=

1 + αz

1− z
,

we have, for z = −ρ2,

zg̃′(z)

g̃(z)
=

1− αρ2
1 + ρ2

=
√

2− 1 = ϕm(−1),

which proves the sharpness for ρ2.
We now consider the case when α 6 1. Let the number

ρ3 :=

√
2

α+ (1 +
√

2)
< 1

be the positive root of the equation d1(α, r) =
√

2 + 1− c1(α, r) or

1 + αr2

1− r2
+

(1 + α)r

1− r2
=

1 + αr

1− r
=
√

2 + 1. (2.20)

A computation shows that ρ3 > ρ1 for α 6 1. We shall show that R = RST m
=

ρ3. For 0 6 r 6 ρ3 < 1 it follows that c1(α,R) <
√

2 + 1 . Since c1(α, r) is

an increasing function, for r 6 ρ1, we have c1(α, r) 6 c1(α, ρ1) =
√

2. Since
c1(α, r) + d1(α, r) is an increasing function of r, it follows, for 0 6 r 6 ρ3, that

c1(α, r) + d1(α, r) 6 c1(α, ρ3) + d1(α, ρ3) =
√

2 + 1

and hence
d1(α, r) 6

√
2 + 1− c1(α, r). (2.21)

Therefore, for 0 6 r 6 R = ρ3, we have, using (2.2) and (2.21)∣∣∣∣zg′(z)g(z)
− c1(α, r)

∣∣∣∣ 6 √2 + 1− c1(α, r).

Therefore, the inclusion {w := zg′(z)/g(z) : |w− a| < ra} ⊆ ϕm(D) = Ωm holds
which proves that ST m radius of J α1 is at least R = ρ3.

To prove the sharpness, consider the function g̃ ∈ J α1 defined by g̃(z) =
z/(1− z)1+α. Since

zg̃′(z)

g̃(z)
=

1 + αz

1− z
,
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we have, for z = ρ3,

zg̃′(z)

g̃(z)
=

1 + αρ3
1− ρ3

=
√

2 + 1 = ϕm(1),

proving the sharpness for ρ3.
4. Let Ω℘ be the image of the unit disc D under the function ϕ℘(z) = 1+zez. Kumar

and Kamaljeet [20] proved that the inclusion {w : |w − a| < ra} ⊂ ϕ℘(D) = Ω℘
holds when

ra =

{
(a− 1) + 1

e if 1− 1
e < a 6 1 + e−e−1

2

e − (a− 1) if 1 + e−e−1

2 6 a < 1 + e.

Using the inclusion result, we now show that, for 0 6 r 6 R the disc {w :
|w− c1(α, r)| 6 d1(α, r)} is contained in Ω℘ where c1(α, r) and d1(α, r) given by
(2.9).

First, we consider the case α > 1. Let the number

ρ1 :=

√
e − e−1

2(1 + α) + e − e−1
< 1

be the unique root of the equation c1(α, r) = 1 + (e − e−1)/2. Let the number

ρ2 :=
1

e(1 + α)− 1
< 1

be the positive root of the equation d1(α, r) = c1(α, r)− 1 + (1/e) or

1 + αr2

1− r2
− (1 + α)r

1− r2
=

1− αr
1 + r

=
1

e
− 1. (2.22)

A computation shows that ρ2 6 ρ1 for α > 1. We shall show that R = RST ℘
=

ρ2.
Since c1(α, r) > 1, it follows that c1(α, r) > 1 − (1/e) for 0 6 r 6 ρ2 < 1.

Since c1(α, r) is an increasing function, for r 6 ρ1, we have c1(α, r) 6 c1(α, ρ1) =
1 + (e − e−1)/2. Since c1(α, r)− d1(α, r) is a decreasing function of r, it follows,
for 0 6 r 6 ρ2, that

c1(α, r)− d1(α, r) > c1(α, ρ2)− d1(α, ρ2) =
1

e
− 1

and hence

d1(α, r) 6 c1(α, r)− 1 +
1

e
. (2.23)

Therefore, for 0 6 r 6 R = ρ2, we have, using (2.2) and (2.23)∣∣∣∣zg′(z)g(z)
− c1(α, r)

∣∣∣∣ 6 c1(α, r)− 1 +
1

e
.

Therefore, the inclusion {w := zg′(z)/g(z) : |w − a| < ra} ⊆ ϕ℘(D) = Ω℘ holds
which proves that ST ℘ radius of J α1 is at least R = ρ2.
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To prove the sharpness, consider the function g̃ ∈ J α1 defined by g̃(z) =
z/(1− z)1+α. Since

zg̃′(z)

g̃(z)
=

1 + αz

1− z
,

we have, for z = −ρ2,

zg̃′(z)

g̃(z)
=

1− αρ2
1 + ρ2

= 1− e−1 = ϕ℘(−1),

which proves the sharpness for ρ2.
We now consider the case when α 6 1. Let the number

ρ3 :=
e

α+ e+ 1
< 1

be the positive root of the equation d1(α, r) = e + 1− c1(α, r) or

1 + αr2

1− r2
+

(1 + α)r

1− r2
=

1 + αr

1− r
= e + 1. (2.24)

A computation shows that ρ3 > ρ1 for α 6 1. We shall show that R = RST ℘ =
ρ3. For 0 6 r 6 ρ3 < 1 it follows that c1(α,R) < e + 1 . Since c1(α, r) is an
increasing function, for r 6 ρ1, we have c1(α, r) 6 c1(α, ρ1) = 1 + (e − e−1)/2.
Since c1(α, r) + d1(α, r) is an increasing function of r, it follows, for 0 6 r 6 ρ3,
that

c1(α, r) + d1(α, r) 6 c1(α, ρ3) + d1(α, ρ3) = e + 1

and hence

d1(α, r) 6 e + 1− c1(α, r). (2.25)

Therefore, for 0 6 r 6 R = ρ3, we have, using (2.2) and (2.25)∣∣∣∣zg′(z)g(z)
− c1(α, r)

∣∣∣∣ 6 e + 1− c1(α, r).

Therefore, the inclusion {w := zg′(z)/g(z) : |w − a| < ra} ⊆ ϕ℘(D) = Ω℘ holds
which proves that ST ℘ radius of J α1 is at least R = ρ3.

To prove the sharpness, consider the function g̃ ∈ J α1 defined by g̃(z) =
z/(1− z)1+α. Since

zg̃′(z)

g̃(z)
=

1 + αz

1− z
,

we have, for z = ρ3,

zg̃′(z)

g̃(z)
=

1 + αρ3
1− ρ3

= 1 + e = ϕ℘(1),

proving the sharpness for ρ3.
5. Let ΩNe be the image of the unit disc D under the function ϕNe(z) = 1 + z −

(z3/3). Wani and Swaminathan [21] proved that the inclusion {w : |w − a| <
ra} ⊂ ϕNe(D) = ΩNe holds when

ra =

{
a− 1

3 if 1
3 < a 6 1

5
3 − a if 1 6 a < 5

3 .
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Using the inclusion result, we now show that, for 0 6 r 6 R the disc {w :
|w − c1(α, r)| 6 d1(α, r)} is contained in ΩNe where c1(α, r) and d1(α, r) given
by (2.9).

Let the number

ρ3 :=
2

3α+ 5
< 1

be the positive root of the equation d1(α, r) = (5/3)− c1(α, r) or

1 + αr2

1− r2
+

(1 + α)r

1− r2
=

1 + αr

1− r
=

5

3
. (2.26)

We shall show that R = RST ℘
= ρ3. For 0 6 r 6 R < 1 it follows that

1 6 c1(α, r) 6 c1(α,R) < 5/3. Since c1(α, r) + d1(α, r) is an increasing function
of r, it follows, for 0 6 r 6 ρ3, that

c1(α, r) + d1(α, r) 6 c1(α, ρ3) + d1(α, ρ3) =
5

3

and hence

d1(α, r) 6
5

3
− c1(α, r). (2.27)

Therefore, for 0 6 r 6 R = ρ3, we have, using (2.2) and (2.27)∣∣∣∣zg′(z)g(z)
− c1(α, r)

∣∣∣∣ 6 5

3
− c1(α, r).

Therefore, the inclusion {w := zg′(z)/g(z) : |w − a| < ra} ⊆ ϕNe(D) = ΩNe
holds which proves that ST Ne radius of J α1 is at least R = ρ3.

To prove the sharpness, consider the function g̃ ∈ J α1 defined by g̃(z) =
z/(1− z)1+α. Since

zg̃′(z)

g̃(z)
=

1 + αz

1− z
,

we have, for z = ρ3,

zg̃′(z)

g̃(z)
=

1 + αρ3
1− ρ3

=
5

3
= ϕNe(1),

proving the sharpness for ρ3.

6. Let ΩSG be the image of the unit disc D under the function ϕSG(z) = 2/(1+e−z).
Goel and Kumar [7] proved that the inclusion {w : |w − a| < ra} ⊂ ϕSG(D) =
ΩSG := {w : | logw/(2− w)| < 1} holds when

ra =
e − 1

e + 1
− |a− 1|

for 2/(1 + e) < a < 2e/(1 + e). Using the inclusion result, we now show that,
for 0 6 r 6 R the disc {w : |w− c1(α, r)| 6 d1(α, r)} is contained in ΩSG where
c1(α, r) and d1(α, r) given by (2.9).

Let the number

ρ3 :=
e− 1

(e+ 1)α+ 2e
< 1
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be the positive root of the equation d1(α, r) = (e − 1)/(e + 1) + 1− c1(α, r) or

1 + αr2

1− r2
+

(1 + α)r

1− r2
=

1 + αr

1− r
=

e − 1

e + 1
+ 1. (2.28)

We shall show that R = RST SG
= ρ3. For 0 6 r 6 R < 1 it follows that

2/(1 + e) < 1 6 c1(α, r) 6 c1(α,R) 6 c1(α, ρ3) + d1(α, ρ3) = 2e/(1 + e). Since
c1(α, r) + d1(α, r) is an increasing function of r, it follows for 0 6 r 6 ρ3, that

c1(α, r) + d1(α, r) 6 c1(α, ρ3) + d1(α, ρ3) =
e − 1

e + 1
+ 1

and hence

d1(α, r) 6
e − 1

e + 1
+ 1− c1(α, r). (2.29)

Therefore, for 0 6 r 6 R = ρ3, we have, using (2.2) and (2.29)∣∣∣∣zg′(z)g(z)
− c1(α, r)

∣∣∣∣ 6 e − 1

e + 1
+ 1− c1(α, r).

Therefore, the inclusion {w := zg′(z)/g(z) : |w − a| < ra} ⊆ ϕSG(D) = ΩSG :=
{w : | logw/(2−w)| < 1} holds which proves that ST SG radius of J α1 is at least
R = ρ3.

To prove the sharpness, consider the function g̃ ∈ J α1 defined by g̃(z) =
z/(1− z)1+α. Since

zg̃′(z)

g̃(z)
=

1 + αz

1− z
,

we have, for z = ρ3,

zg̃′(z)

g̃(z)
=

1 + αρ3
1− ρ3

=
2e

e+ 1
= ϕSG(1),

proving the sharpness for ρ3.

7. Let Ωsin be the image of the unit disc D under the function ϕsin(z) = 1 + sin z.
Cho et al. [3] proved that the inclusion {w : |w − a| < ra} ⊂ ϕsin(D) = Ωsin

holds when

ra = sin 1− |a− 1|
for 1 − sin 1 < a < 1 + sin 1. Using the inclusion result, we now show that, for
0 6 r 6 R the disc {w : |w − c1(α, r)| 6 d1(α, r)} is contained in Ωsin where
c1(α, r) and d1(α, r) given by (2.9).

Let the number

ρ3 :=
sin 1

(1 + α) + sin 1
< 1

be the positive root of the equation d1(α, r) = (sin 1) + 1− c1(α, r) or

1 + αr2

1− r2
+

(1 + α)r

1− r2
=

1 + αr

1− r
= 1 + sin 1. (2.30)
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We shall show that R = RST sin
= ρ3. For 0 6 r 6 R < 1 it follows that

1 − sin 1 < 1 6 c1(α, r) 6 c1(α,R) 6 c1(α, ρ3) + d1(α, ρ3) = 1 + sin 1. Since
c1(α, r) + d1(α, r) is an increasing function of r, it follows, for 0 6 r 6 ρ3, that

c1(α, r) + d1(α, r) 6 c1(α, ρ3) + d1(α, ρ3) = 1 + sin 1

and hence

d1(α, r) 6 1 + sin 1− c1(α, r). (2.31)

Therefore, for 0 6 r 6 R = ρ3, we have, using (2.2) and (2.31)∣∣∣∣zg′(z)g(z)
− c1(α, r)

∣∣∣∣ 6 1 + sin 1− c1(α, r).

Therefore, the inclusion {w := zg′(z)/g(z) : |w − a| < ra} ⊆ ϕsin(D) = Ωsin

holds which proves that ST sin radius of J α1 is at least R = ρ3.
To prove the sharpness, consider the function g̃ ∈ J α1 defined by g̃(z) =

z/(1− z)1+α. Since
zg̃′(z)

g̃(z)
=

1 + αz

1− z
,

we have, for z = ρ3,

zg̃′(z)

g̃(z)
=

1 + αρ3
1− ρ3

= 1 + sin 1 = ϕsin(1),

proving the sharpness for ρ3.

8. Let Ωh be the image of the unit disc D under the function ϕh(z) = 1+sinh−1(z).
Kumar and Arora [2] proved that the inclusion {w : |w−a| < ra} ⊂ ϕh(D) = Ωh
holds when

ra =

{
a− (1− sinh−1(1)) if 1− sinh−1(1) < a 6 1

1 + sinh−1(1)− a if 1 6 a < 1 + sinh−1(1).

Using the inclusion result, we now show that, for 0 6 r 6 R the disc {w :
|w− c1(α, r)| 6 d1(α, r)} is contained in Ωh where c1(α, r) and d1(α, r) given by
(2.9).

Let the number

ρ3 :=
sinh−1(1)

(1 + α) + sinh−1(1)
< 1

be the positive root of the equation d1(α, r) = 1 + sinh−1(1)− c1(α, r) or

1 + αr2

1− r2
+

(1 + α)r

1− r2
=

1 + αr

1− r
= 1 + sinh−1(1). (2.32)

We shall show that R = RST sin
= ρ3. For 0 6 r 6 R < 1 it follows that

1− sinh−1(1) < 1 6 c1(α, r) 6 c1(α,R) 6 c1(α, ρ3) + d1(α, ρ3) = 1 + sinh−1(1).
Since c1(α, r) + d1(α, r) is an increasing function of r, it follows, for 0 6 r 6 ρ3,
that

c1(α, r) + d1(α, r) 6 c1(α, ρ3) + d1(α, ρ3) = 1 + sinh−1(1)
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and hence
d1(α, r) 6 1 + sinh−1(1)− c1(α, r). (2.33)

Therefore, for 0 6 r 6 R = ρ3, we have, using (2.2) and (2.33)∣∣∣∣zg′(z)g(z)
− c1(α, r)

∣∣∣∣ 6 1 + sinh−1(1)− c1(α, r).

Therefore, the inclusion {w := zg′(z)/g(z) : |w − a| < ra} ⊆ ϕh(D) = Ωh holds
which proves that ST h radius of J α1 is at least R = ρ3.

To prove the sharpness, consider the function g̃ ∈ J α1 defined by g̃(z) =
z/(1− z)1+α. Since

zg̃′(z)

g̃(z)
=

1 + αz

1− z
,

we have, for z = ρ3,

zg̃′(z)

g̃(z)
=

1 + αρ3
1− ρ3

= 1 + sinh−1(1) = ϕh(1),

proving the sharpness for ρ3. �
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