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An extension of Wirtinger’s inequality
to the complex integral

Silvestru Sever Dragomir

Abstract. In this paper we establish a natural extension of the Wirtinger inequal-
ity to the case of complex integral of analytic functions. Applications related to
the trapezoid inequalities are also provided. Examples for logarithmic and expo-
nential complex functions are given as well.
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1. Introduction

It is well known that, see for instance [4], or [7], if u € C([a,b],R) satisfies
u(a) = u(b) = 0, then we have the Wirtinger inequality

b _a)? b )
/ u? (t)dtg%/ [u ()] dt (1.1)

with the equality holding if and only if u (t) = K sin {W(t a)} for some constant K € R.
If u € C*([a, b],R) satisfies the condition u(a) = 0, then also

/buQ (t)dt < 4(1)7:02 /b [u (t)]” dt (1.2)

and the equality holds if and only if u (¢) = Lsin {gé;:;” for some constant L € R.

Received 11 September 2020; Accepted 01 December 2020.
© Studia UBB MATHEMATICA. Published by Babeg-Bolyai University

This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives
4.0 International License.


https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/

508 Silvestru Sever Dragomir

If h € C([a,b],C) is a function with complex values and h(a) = h(b) = 0, then
Reh(a) = Reh(b) = 0 and Imh(a) = Imh(b) = 0 and by writing (1.1) for Reh and
Imh and adding the obtained inequalities, we get

b _a)? )
[ mwra< S [wwra (1.3)

with the equality holding if and only if
L [m(t—a)
ht) =K —_—
(t) sin { T ]

for some complex constant K € C.
Similarly, if h € C1([a,b],C) with h(a) =0, then by (1.2) we have

|h(t |dt< W (4)]? dt (1.4)
[ =

and the equality holds if and only if

h(0) = Lsin| =0

for some complex constant L € R.

For some related Wirtinger type integral inequalities see [1], [2], [4] and [6]-]9].

In order to extend this result for the complex integral, we need some preparations
as follows.

Suppose v is a smooth path parametrized by z (t), t € [a,b] and f is a complex
function which is continuous on v. Put z(a) = w and z (b) = w with u, w € C. We
define the integral of f on 7, ., = as

b
[t@a= [ @ [ 1ee)2 @

We observe that that the actual choice of parametrization of v does not matter.

This definition immediately extends to paths that are piecewise smooth. Suppose
~y is parametrized by z (t), ¢t € [a, b], which is differentiable on the intervals [a, ¢] and
[c, b], then assuming that f is continuous on v we define

f(z)dz:= f(z)dz+ f(z)dz
Yu,w Yu,v Yo, w

where v := z (¢). This can be extended for a finite number of intervals.
We also define the integral with respect to arc-length

/ 2)|d f/ £ =) 12 (8) de

and the length of the curve + is then

() = / GE / 1 )t
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Let f and g be holomorphic in GG, and open domain and suppose v C G is a
piecewise smooth path from z (a) = u to z (b) = w. Then we have the integration by
parts formula

F(2) g (2)dz = f (w) g (w) — f (u) g (u) - / f()g(z)de. (1)

Yu,w Yu,w

We recall also the triangle inequality for the complex integral, namely

/ f(2)dz| < / 1F N 1d2] < £, o £ () (1.6)

where [[f]|, o := sup.e, [f (2)]-
We also define the p-norm with p > 1 by

191, = ( [uer |dz|)1/p,

1Al = / 1 ()] |dz]
Yy

If p, ¢ > 1 with % + % = 1, then by Holder’s inequality we have

11,2 < N, -

In this paper we establish a natural extension of the Wirtinger inequality to the
case of complex integral of analytic functions. Applications related to the trapezoid
inequalities are also provided. Examples for logarithmic and exponential complex
functions are given as well.

For p =1 we have

2. Wirtinger type inequalities
We have the following weighted version of Wirtinger inequality:

Lemma 2.1. Let g : [a,b] — [g(a),g(b)] be a continuous strictly increasing function
that is of class C' on (a,b).

(i) If h € C([a,b],C) is a function with complex values and h(a) = h(b) = 0, then
/b WP (1) dt < lg (b) — g () /b | (t)|2dt_ 2.1)

2 g (1)

The equality holds in (2.1) iff

k[0 =0
() = Ksin | T G0 xe e

(i) If h € C'([a,b],C) is a function with complex values and h(a) = 0, then

’ 2 4g(b) —g (@) [* W (@)
/a |h ()79 (t)dt < — /a 70 dt. (2.2)




510 Silvestru Sever Dragomir

The equality holds in (2.2) iff
e [7e() (@)
o = Ksn | T =20 K e

Proof. (i) We write the inequality (1.3) for the function h = h o g=! on the interval
[9(a), g (D)] to get

g(b) 9 —a(a)? [9® ;2
[ lmeg @ ae < EOZLO TG0y ) 0 @)
g(a) @ g(a)

If b : [e,d] — C is absolutely continuous on [c,d], then hog=!:[g(c),g(d)] — C is
absolutely continuous on [g (¢), g (d)] and using the chain rule and the derivative of
inverse functions we have

(hog™) (=)= (K og™) (=) (s7) () = m (2.4)
for almost every (a.e.) z € [g(c),g(d)].
Using the inequality (2.3) we then get
W R @) g @) O (W) )
/g(a) }(h g ) ( )| iz = w2 /g(a) (g/ Og_l) (Z> I ’ (25)
provided (hog™!) (g(a)) =h(a)=0and (hog™ ') (g (b)) =h(b) =0.
Observe also that, by the change of variable t = g~ ! (2), 2z € [g(a), g (b)], we

have z = ¢ (t) that gives dz = ¢’ (t) dt and

g(b) b
/ (hog™) (z)fdz:/ h (O g (1) dt. (2.6)
g(a) a
We also have
(Wog™)(z)

) L reP ' (1)
Lo [oese == 0= [ G

By making use of (2.5) we get (2.1).
The equality holds in (2.5) provided

W (t)
g (1)

(hog™) (2) = Ksin {E)((Cg))] ,KeC
for z € [g(a), g (b)]. If we take t € [a,b] and z = g t) , we then get
h(t):Ksm[ , KeC.
(ii) Follows in a similar way by (1.4). 0

If w : [a,b] — Ris continuous and positive on the interval [a, b] , then the function
W : [a,b] = [0,00), W (2) := [ w(s)ds is strictly increasing and differentiable on
(a,b). We have W' () = w (x) for any x € (a,b).
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Corollary 2.2. Assume that w : [a,b] — (0,00) is continuous on [a,b] and h €
C1([a,b],C) is a function with complex values and h(a) = h(b) = 0, then

2 2
/ (O w (1) dt < i (/bw(s)ds> ’ 'hw((’;))| dt. 2.7)

The equality holds in (2.7) iff

t

h(t) = K sin |fo w(s)ds

[P wis)d ]’KEC

If h(a) = 0, then

b 2 b (2
/|h dt<4</ w(s)ds) / |hw((tt))| dt (2.8)

with equality iff

t
d
h(t) = K sin 7ﬁf‘;w(s) I, Kec.
2 [ w(s)ds

We have the following Wirtinger type inequality for complex functions:

Theorem 2.3. Let f be analytic in G, a domain of complex numbers and suppose
v C G is a smooth path parametrized by z (t), t € [a,b] from z(a) = u to z(b) = w
and 2’ (t) £ 0 fort € (a,b) .

(i) If f (u) = f (w) =0, then
/If(z)|2 |dz| < %132 (7)/|f' ()| |dz] . (2.9)

The equality holds in (2.9) iff

f(v) = Ksin {ME((V;)’“)} , KeC (2.10)

where v =z (t), t € [a,b] and £ (Yuv) f\z )| ds.
(i) If f (u) =0, then

[l @R < 50 [ 15 P ). 2.1

The equality holds in (2.11) iff

Tl (Yu,w)
20 (v)

f(v):Ksin{

where v =z (t), t € [a,b].

}7 KecC (2.12)

Proof. (i) Consider the function h (t) = f (2 (¢)) and w (¢)

/ = |2/ (#)], t € [a,}]. Then
()= (f(z(1)) = f'(2(1) 2 (t) for t € (a,b). Also h(a) =

(
f(z(a)) = f(u) =0
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and h(b) = f(z (b)) = f(w) = 0. By utilising the inequality (2.7) for these choices,
we get

/u DIEL (¢ ﬁ<</z w)/f ( ”ﬁ
:]é</‘z @> / F (2 v ’(Nzﬁ
- <J/ (s ds> [1rcorE ol

which is equivalent to (2.9).

The equality (2.10) follows by the corresponding equality in Corollary 2.2.
(ii) Follows by the corresponding result from Corollary 2.2. O

3. Some trapezoid type inequalities
We have:
Proposition 3.1. Let g be analytic in G, a domain of compler numbers and suppose

v C G is a smooth path parametrized by z (t), t € [a,b] from z(a) = u to z (b) = w,
w#u and 2’ (t) #0 fort € (a,b). Then

’ : /WQ(Z)dz_g(U)Jrg(w)‘

w—1u 2

160 (L
Swm—m<uwlg

Proof. Consider the function f: G — C defined by

/(Z)ig(w)—g(U) ’

w—1u

1/2
> . (3.1)

Observe that f (u) = f (w) =0 and by (2.9) we get

g (W) (w—2)+gw)(z-u

w—u

|dz|
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Using Cauchy-Bunyakovsky-Schwarz integral inequality we also have

[ [por- 2= atme-u,

2

—Uu
2

§/|dz|/ g(z)ig(U)(w*ZU)}J:i(w)(z—u) m
g (w—2)+gw) (z—u) |

|dz|

w—u

and since

[ [or-se=arswieu),

w—u

w—u

/g(z)dzg(u)IV(w_Z)derg(w)fv(z—u)dz

:/g(z)dz—ig(u);g(w) (w—u),

<) [ Jote) - LD LI IE Wy,
and by (3.2) we get
[ 00000 :
<t0) [ Joto) - LB o e e
< - 53(7)L g'(Z)—W QIdZI,
which implies the desired result (3.1). O

‘We also have:

Proposition 3.2. Let g be analytic in G, a domain of complex numbers and suppose
v C G is a smooth path parametrized by z (t), t € [a,b] from z(a) = u to z (b) = w,
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w#u and 2’ (t) #0 fort € (a,b). Ifu+w—2z € G for z €, then
1 —
| 7 - 200 00)

) (v )
S27r|wu|( (V)LL‘J (2) =9 (u+w =2z IdZI) . (33)

where
— zZ)+gutw-—=z
g(z):g() 9(2 )
Proof. Consider the function f: G — C defined by

g()+glutw—=2) g(u)+g(w)

, Z €.

f(z):= 5 3 , Z €.
Observe that f (u) = f (w) =0 and by (2.9) we get
2
/ g(z)+g(;+w—2) 3 g(u);g(w) dz|
.
< —F /|g g (utw—2) 2. (3.4)

By Cauchy-Bunyakovsky-Schwarz integral inequality we have

g(z)+tglutw—2) g(u )+g( ) sz
/1 } |

5 _

2
2)+g u+w—z)_g(U)+g(w) d2|,
2
which gives
2
[olroliin=s, gisw,
. 2 2
2
zZ)+tglutw—=z u) +
<Z(7)/ 9(2) 9(2 ) 9w 29( )z
~
By (3.4) we then get
2
JCEYICE TR IO I P
<7£3 /|g § (utw—2)2|dz,
which is equivalent to (3.3). O

Corollary 3.3. With the assumption of Proposition 3.2 and if
9 (2) =g’ (u+w—2)| <[22 —u—w|L
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for some L > 0 and for any z € vy, then

1/@)dz_g<u>+g<w>‘

w—1u 2
<1|fu—u|< /‘ Hw )2' (35)

Remark 3.4. If [[¢"| , ¢ :=sup.cq 9" ()] < oo, then we can take above

//||

=|lg

4. Some examples for logarithmic and exponential functions

Consider the function g (z) = 1, z € C\ {0}. Then
k
Ry oy (1)K

and suppose v C Cp := C\{z +iy: 2 <0, y =0} is a smooth path parametrized by
z(t), t € [a,b] with z(a) = v and 2z (b) = w where u, w € Cy and 2’ (t) # 0 for
€ (a,b). Then

[/g(z)dz:/

for u, w € Cy.
By making use of the inequality (3.1) we get

g(z)dz = / % = Log (w) — Log (u)

u,w u,w

’Log(w)—Log(u)_u+w‘

w—1u 2uw
1/2
1 ¢ 1 2 _uwl?
<1t / Sl BV PR B VR !
7 |w — ul [wul \ £(7) J, 22
Observe also that
dz
ST )Y = —L L
| = heslutw )l = —Log (e + Log(w),
therefore, by the inequality (3.3) we get
Log (w) —Log(u) u+w
w—u 2uw
. 5 1/2
1 12 1 — iz
S 7‘w+u‘ (7) / z 2 5 |dz| . (4_2)
T |w—ul £(7) 22 (u+w— 2)

Consider the function g(z) = expz, z € C. Suppose v is a smooth path
parametrized by z (t), ¢ € [a,b] with z(a) = v and 2 (b) = w where u, w € C
and 2’ (t) # 0 for t € (a,b).
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By making use of the inequality (3.1) we get

w—1u 2

160 (1
<wm—m<uwﬁ

while from (3.3) we get

exXpw — exXp u expu—l—expw‘

expw — expu

expz —

w—u

9 1/2
|m> . (43)

expw — exp u expu+expw‘

w— U 2
1 L(v) (1 / 2 )W
< — — expz —exp(u+w—2)|" |dz . (44
st (77 ] ( Pla=l) (4
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