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On a generalization of the Wirtinger inequality
and some its applications

Latifa Agamalieva, Yusif S. Gasimov and Juan E. Nápoles-Valdes

Abstract. In this paper, we present generalized versions of the Wirtinger inequal-
ity, which contains as particular cases many of the well-known versions of this
classic isoperimetric inequality. Some applications and open problems are also
presented in the work.
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1. Introduction

It is known that Fractional Calculus has a history practically similar to that of
Ordinary Calculus, however only in the last 40 years has it become one of the most
dynamic areas of Mathematics. Not only the development of the ”classic” (global
to be more precise) Fractional Calculus has contributed to this, but since the 1960s
generalized differential operators, called local fractional ones, began to appear, which
have shown their usefulness in different problems of application. However, until 2014
(see [22]) it is that a formalization of these operators is not achieved with the appear-
ance of what is called Conformable Derivative, on the other hand, in 2018, a local
derivative of a new type is presented, called Non conformable [13, 34], which comes
to consolidate this area as one in constant development.

As we said, between the theoretical development and the multiplicity of applica-
tions, a multitude of operators, fractional and generalized, have appeared, making it
practically impossible to follow these new operators. In [5] suggests and justifies the
idea of a fairly complete classification of the known operators of the Fractional Cal-
culus (global or local), on the other hand, in the work [6] some reasons are presented

Received 27 August 2020; Accepted 22 September 2020.
© Studia UBB MATHEMATICA. Published by Babeş-Bolyai University
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why new operators linked to applications and developments theorists appear every
day. These operators had been developed by numerous mathematicians with a barely
specific formulation, for instance, the Riemann-Liouville (RL), the Weyl, Erdelyi-
Kober, Hadamard integrals, and the Liouville and Katugampola fractional operators
and many authors have introduced new fractional operators generated from general
classical local derivatives.

In addition, Chapter 1 of [2] presents a history of differential operators, both local
and global, from Newton to Caputo and presents a definition of local derivative with
new parameter, providing a large number of applications, with a difference qualitative
between both types of operators, local and global. Most importantly, Section 1.4
LIMITATIONS AND STRENGTH ..... concludes “We can therefore conclude that
both the Riemann-Liouville and Caputo operators are not derivatives, and then they
are not fractional derivatives, but fractional operators. We agree with the result [38]
that, the local fractional operator is not a fractional derivative” (p.24). As we said
before, they are new tools that have proved their usefulness and potential in the
modeling of different processes and phenomena.

Wirtinger’s inequality for real functions was an inequality used in Fourier anal-
ysis. It was named after Wilhelm Wirtinger. It was used in 1904 to prove the isoperi-
metric inequality, one of the versions of this inequality is the following

π2

∫ b

0

|f(x)|2dx ≤ b2
∫ b

0

|f ′(x)|2dx,

whenever f is a C1 function such that f(0) = f(b) = 0. In this form, Wirtinger’s
inequality is seen as the one-dimensional version of Friedrichs’ inequality. If in the
proof of the previous result, the well-known Schwarz Inequality is used, it is reduced
to ∫ b

0

|f(x)|2dx ≤ b2
∫ b

0

|f ′(x)|2dx, (1.1)

where condition y(b) = 0 is not needed. It is worth noting that this inequality is
relevant because it gives an estimate of the function f through its derivative.

An interesting survey on Wirtinger’s and related inequalities can be found in
a recently published monograph [28], which represents numerous extensions, refine-
ments, variants, discrete analogues and applications of (1.1), and provides more than
200 references on this subject. Some interesting applications of this inequality can be
found in [4, 7, 14, 23, 24, 27, 35, 36, 39].

The word calculus comes from the Latin calculus, which means having stones.
The Integral Calculus is a branch of mathematics with so many ramifications and
applications, that the sole intention of enumerating them makes the task practically
impossible. It was used initially by, Aristoteles, Descartes, Newton and Barrow with
the contributions of Newton, if we refer only to the case of integral inequalities present
in the alliterature, there are different types of these, which involve certain properties
of the functions involved, from generalizations of the known Mean Value Theorem of
classical Integral Calculus, to varied inequalities in norm, going through the inequality
of Wirtinger presented above.
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In this article, a Wirtinger-type inequality is studied, in the context of the gen-
eralized derivative that we will define in the following section, some remarks will be
presented that will show the strength of our results, having as particular cases, sev-
eral of those reported in the literature. In particular we will deal with real integral
operators defined on R.

2. A general integral operator

We assume that the reader is familiar with the classic definition of the Rie-
mann Integral, so we will not present it. In [15] was presented an integral operator
generalized, whcih contain as particular cases, many of the well-known integral oper-
ators, both integer order and not. First we will present the definition of generalized
derivative (see [30]) which was defined in the following way.

Definition 2.1. Given a function f : [0,+∞)→ R. Then the N-derivative of f of order
α is defined by

Nα
F f(x) = lim

ε→0

f(x+ εF (x, α))− f(x)

ε
(2.1)

for all x > 0, α ∈ (0, 1) being F (α, t) is some function. Here we will use some cases of
F defined in function of Ea,b(.) the classic definition of Mittag-Leffler function with
Re(a), Re(b) > 0. Also we consider Ea,b(x

−α)k is the k-nth term of Ea,b(.).
If f is α−differentiable in some (0, α), and lim

t→0+
Nα
F f(x) exists, then define

Nα
F f(0) = lim

t→0+
Nα
F f(x). Note that if f is differentiable, then Nα

F f(x) = F (x, α)f ′(x),

where f ′(x) is the ordinary derivative.

The function Ea,b(z) was defined and studied by Mittag-Leffler in the year 1903.
It is a direct generalization of the exponential function. This generalization was stud-
ied by Wiman in 1905, Agarwal in 1953 and Humbert and Agarwal in 1953, and
others. In this address the reader can check [3, 8, 9, 10, 12, 16-18, 20, 21] where
several fractional calculus operators have been introduced and investigated

We consider the following examples:
I) F (x, α) ≡ 1, in this case we have the ordinary derivative.
II) F (x, α) = E1,1(x−α). In this case we obtain, from Definition 2.1, the non

conformable derivative Nα
1 f(x) defined in [13] (see also [29]).

III) F (x, α) = E1,1((1−α)x) = e(1−α)x, this kernel satisfies that F (x, α)→ 1 as
α→ 1, a conformable derivative used in [11].

IV)F (x, α) = E1,1(x1−α)1 = x1−α with this kernel we have F (x, α) → 0 as
α→ 1 (see [22]), a conformable derivative.

V)F (x, α) = E1,1(x−α)1 = xα with this kernel we have F (x, α) → x as α → 1
(see [31]). It is clear that since it is a non-conformable derivative, the results will differ
from those obtained previously, which enhances the study of these cases.

VI) F (x, α) = E1,1(x−α)1 = x−α with this kernel we have F (x, α) → x−1 as
α → 1 This is the derivative Nα

3 studied in [25]. As in the previous case, the results
obtained have not been reported in the literature.
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Now, we give the definition of a general fractional integral. Throughout the work
we will consider that the integral operator kernel T defined below is an absolutely
continuous function.

Let I be an interval I ⊆ R, a, x ∈ I and α ∈ R. The integral operator JαT,a, right
and left, is defined for every locally integrable function f on I as

JαT,a+(f)(x) =

∫ x

a

f(s)

T (s, α)
ds, x > a, (2.2)

JαT,b−(f)(x) =

∫ b

x

f(s)

T (s, α)
ds, b < x. (2.3)

Sometimes the kernel of the integral operator is exactly the kernel of the gener-
alized derivative.

Remark 2.2. It is easy to see that the case of the JαT operator defined above con-
tains, as particular cases, the integral operators obtained from conformable and non-
conformable local derivatives. However, we will see that it goes much further by
containing the cases listed at the beginning of the work. So, we have
1) If F (x, α) = x1−α, T (x, α) = Γ(α)F (x− x, α), from (2.2) we have the right side
Riemann-Liouville fractional integrals (Rαa+f)(x), similarly from (2.3) we obtain the
left derivative of Riemann-Liouville. Then its corresponding right differential operator
is

(RLDα
a+f)(x) =

d

dx
(R1−α

a+ f)(x),

analogously we obtain the left.
2) With F (x, α) = x1−α, T (x − x, α) = Γ(α)F (lnt − lnx, α)t, we obtain the right
Hadamard integral from (2.2), the left Hadamard integral is obtained similarly from
(2.3). The right derivative is

(HDα
a+f)(x) = x

d

dx
(H1−α

a+ f)(x),

in a similar way we can obtain the left.
3) The right Katugampola integral is obtained from (2.2) making

F (x, α) = x1−α, e(x) = x%, T (x, α) =
Γ(α)

F (ρ, α)

F (e(x)− e(x), α)

e′(x)
,

analogously for the integral left fractional. In this case, the right derivative is

(KDα,ρ
a+ f)(x) = x1−ρ

d

dx
K1−α,ρ
a+ f(x) = F (x, ρ)

d

dx
K1−α,ρ
a+ f(x),

and we can obtain the left derivative in the same way.

4) The solution of equation (−∆)
−α2 φ(u) = −f(u) called Riesz potential, is given by

the expression

φ = Cαn

∫
Rn

f(v)

|u− v|n−α
dv,

where Cαn is a constant (see [7, 18, 27]). Obviously, this solution can be expressed in
terms of the operator (2.2) very easily.
5) Obviously, we can define the lateral derivative operators (right and left) in the
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case of our generalized derivative, for this it is sufficient to consider them from the
corresponding integral operator. To do this, just make use of the fact that if f is
differentiable, then Nα

F f(x) = F (x, α)f ′(x) where f ′(x) is the ordinary derivative.
For the right derivative we have(

Nα
F,a+f

)
(x) = Nα

F

[
JαT,a+(f)(x)

]
=

d

dx

[
JαT,a+(f)(x)

]
F (x, α),

similarly to the left.
6) It is clear then, that from our definition, new extensions and generalizations of
known integral operators can be defined.
7) We can define the function space Lpα[a, b] as the set of functions over [a, b] such
that (JαF,a+[f(x)]p(b)) < +∞.

The following results are generalizations of the known results of the integer order
Calculus.

Proposition 2.3. Let I be an interval I ⊆ R, a ∈ I, 0 < α ≤ 1 and f a α-differentiable
function on I such that f ′ is a locally integrable function on I. Then, we have for all
x ∈ I,

JαF,a+
(
Nα
F (f)

)
(x) = f(x)− f(a).

Proposition 2.4. Let I be an interval I ⊆ R, a ∈ I and α ∈ (0, 1].

Nα
F

(
JαF,a+(f)

)
(x) = f(x),

for every continuous function f on I and a, t ∈ I.

In [22] it is defined the integral operator JαF,a for the choice of the function F

given by F (x, α) = x1−α, and [22, Theorem 3.1] shows

NαJαx1−α, a(f)(x) = f(x),

for every continuous function f on I, a, x ∈ I and α ∈ (0, 1]. Hence, Proposition 2.4
extends to any F this important equality.

Theorem 2.5. Let I be an interval I ⊆ R, a, b ∈ I and α ∈ R. Suppose that f, g are
locally integrable functions on I, and k1, k2 ∈ R. Then we have

(1) JαT,a
(
k1f + k2g

)
(x) = k1J

α
T,af(x) + k2J

α
T,ag(x),

(2) if f ≥ g, then JαT,af(x) ≥ JαT,ag(x) for every t ∈ I with t ≥ a,

(3)
∣∣JαT,af(x)

∣∣ ≤ JαT,a |f | (x) for every t ∈ I with t ≥ a,

(4)
∫ b
a

f(s)
T (s,α)ds = JαT,af(x)− JαT,bf(x) = JαT,af(x)(b) for every t ∈ I.

Let C1[a, b] be the set of functions f with first ordinary derivative continuous on
[a, b], we consider the following norms on C1[a, b]:

‖F‖C = max
[a,b]
|f(x)|, ‖F‖C1 =

{
max
[a,b]
|f(x)|+ max

[a,b]
|f ′(x)|

}
.

Theorem 2.6. The fractional derivatives Nα
F,a+f(x) and Nα

F,b−f(x) are bounded op-

erators from C1[a, b] to C[a, b] with∣∣Nα
F,a+f(x)

∣∣ ≤ K‖F‖C‖f‖C1 , (2.4)
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∣∣Nα
F,b−f(x)

∣∣ ≤ K‖F‖C‖f‖C1 , (2.5)

where the constant K, may be depend of derivative frame considered.

Remark 2.7. From previous results we obtain that the derivatives Nα
F,a+f(x) and

Nα
F,b−f(x) are well defined.

Theorem 2.8. (Integration by parts) Let f, g : [a, b] → R be differentiable functions
and α ∈ (0, 1]. Then, the following property hold

JαF,a+((f)(Nα
F,a+g(x))) = [f(x)g(x)]

b
a − J

α
F,a+((g)(Nα

F,a+f(x))). (2.6)

3. The generalized Wirtinger inequality

In this section, we will state Wirtinger type inequalities using generalized integral
operator defined in the previous section.

First, we will give a generalized version of the inequality (1.1).

Theorem 3.1. For any function f, N-differentiable on [a, b] with a < b such that
f(a) = 0, α ∈ (0, 1], we have

JαF,a+(f2(x))(b) ≤ [F(b)]
2

JαF,a+ (Nα
F f(x)) (b) (3.1)

with F(b) = JαF,a+ (1) (b) and F (x, α) > 0.

Proof. From Proposition 2.3 we have JαF,a+
(
Nα
F (f)

)
(x) = f(x)− f(a), and using the

fact that f(a) = 0 we have f(x) = JαF,a+
(
Nα
F (f)

)
(x) and so, from Property (3) of

Theorem 2.5
|f(x)| =

∣∣JαF,a+Nα
F (f)(x)

∣∣ ≤ JαF,a+ |Nα
F (f)| (x) (3.2)

for every x ∈ [a, b]. Applying Schwarz inequality to the right side of (3.2) we obtain

|f(x)| ≤
(
JαF,a+(1)(x)

) 1
2

(
JαF,a+(Nα

F (f))
2
(x)
) 1

2

≤ (F(x))
1
2

(
JαF,a+(Nα

F (f))
2
(x)
) 1

2

≤ (F(b))
1
2

(
JαF,a+(Nα

F (f))
2
(b)
) 1

2

.

From this last inequality, squaring and N-integrating between a and b, we obtain the
desired result. �

Remark 3.2. If in the previous result we have a ≡ 0, the kernel F (x, α) ≡ 1, that is,
the classic Riemann integral, we get the inequality (1.1).

Remark 3.3. Similarly, if we use the kernel F (x, α) = x1−α, that is, in the case of the
conformable derivative Tα of [22], we obtain the inequality of Theorem 3.1 of [1].

Remark 3.4. It’s easy to get new versions of the classic Wirtinger Inequality using
other kernels, for example, if we take F (x, α) = xα we get, from (3.1) the following

JαF,a+f(x)(b) ≤ (b1−α − a1−α)
2

(1− α)
2 JαF,a+ (Nα

F f(x)) (b). (3.3)
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4. Some applications

In [19] the authors gave a generalized Wirtinger type inequality using an auxil-
iary function. Thus, the following result is a generalization of this result.

Theorem 4.1. For any positive continuous funtion M(x) on [a, b] with Nα
FM(x) > 0

or Nα
FM(x) < 0 on [a, b], α ∈ (0, 1], we have

JαF,a+ ((Nα
FM(x))) (y

2
(x))(b) ≤ 4JαF,a+

[(
M2(x)

Nα
FM(x)

)
(Nα

F y(x))
2

]
(b), (4.1)

for all continuous function y(x) defined on [a, b] with y(a) = y(b) = 0.

Proof. We consider the case Nα
FM(x) > 0 then, N-integrating by parts (see Theorem

2.8), we have

J1 = JαF,a+ ((Nα
FM(x))) (y

2
(x))(b)

= M(b)y2(b)−M(a)y2(a)− 2JαF,a+(M(x))(Nα
F y(x))(y(x))(b).

From here, using the Schwarz inequality we get

J1 = JαF,a+ ((Nα
FM(x))) (y

2
(x))(b)

= −2JαF,a+(M(x))(Nα
F y(x))y(x))(b)

≤ 2JαF,a+

√ (M(x))
2

Nα
FM(x)

 |Nα
F y(x)|

√
Nα
FM(x) |y(x)|(b)

≤ 2
√
J1J2

with

J2 = JαF,a+

[(
M2(x)

Nα
FM(x)

)
(Nα

F y(x))
2

]
.

From the above inequality we have then J1 = 2
√
J1J2, where the desired conclusion

is reached. �

Remark 4.2. If in the previous result we have a ≡ 0, the kernel F (x, α) ≡ 1, that is,
the classic Riemann integral, we get the Lemma 1 of [19].

Remark 4.3. Similarly, if we use the kernel F (x, α) = x1−α, that is, in the case of the
conformable derivative Tα of [22], we obtain the inequality of Theorem 3.2 of [1].

Remark 4.4. Of course we can also generate new generalizations considering other
kernels, a simple matter that we leave to the reader.

Theorem 4.5. For any function f, N-differentiable on [a, b] with a < b such that
f(a) = 0, p ≥ 1, α ∈ (0, 1], we have

JαF,a+|f(x)|p(b) ≤ [F(b)]
p

p
JαF,a+ (|Nα

F f(x)|p) (b) (4.2)

with F(b) = JαF,a+ (1) (b) and F (x, α) > 0.
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Proof. As before, from Proposition 2.3 we have JαF,a+
(
Nα
F (f)

)
(x) = f(x)− f(a), and

using the fact that f(a) = 0 we have f(x) = JαF,a+
(
Nα
F (f)

)
(x) and so, from Property

(3) of Theorem 2.5

|f(x)| =
∣∣JαF,a+Nα

F (f)(x)
∣∣ ≤ JαF,a+ |Nα

F (f)| (x)

for every x ∈ [a, b]. Using the Holder inequality with p and p
p−1 we obtain

|f(x)| ≤
(
JαF,a+(1)(x)

) p−1
p
(
JαF,a+(Nα

F (f))
p
(x)
) 1
p ,

so we have

|f(x)|p ≤
(
JαF,a+(1)(x)

)p−1(
JαF,a+(Nα

F (f))
p
(x)
)
,

N-integrating by parts (see Theorem 2.8), the conclusion of the Theorem is obtained.
�

Remark 4.6. If in the previous result we have a ≡ 0, the kernel F (x, α) ≡ 1, that is,
the classic Riemann integral, we get a light variant of result of [6].

Remark 4.7. Similarly, if we use the kernel F (x, α) = x1−α, that is, in the case of
the conformable derivative Tα of [22], we obtain the inequality of Theorem 6 of [34]
(see also Theorem 2.2 of [33]). Theorem 2.2 is obtained in a different way, and its
conclusion differs from that presented here, it is necessary that f(b) = 0, however the
interested reader can obtain it without any difficulty and have, instead of (4.2) the
following expression

JαF,a+|f(x)|p(b) ≤ [F(b)]
p

2p−1p
JαF,a+ (|Nα

F f(x)|p) (b).

Remark 4.8. New inequalities of type Wirtinger, generalizations of (4.2), can be ob-
tained using other kernels.

Following the ideas of Theorem 3.1 we can obtain a weighted version of
Wirtinger’s Inequality as follows.

Theorem 4.9. Let f and g N-differentiables functions on [a, b] with f(a) = g(a) = 0
and f, g ∈ L2

α[a, b] then, we have the following inequality

JαF,a+(|f | |g|)(b) ≤ F
2(b)

2
JαF,a+

(
(Nα

F f)
2

+ (Nα
F g)

2
)
.

Proof. From assumptions and proceeding as in Theorem 3.1 we get easily

JαF,a+(|f | |g|)(b) ≤ F2(b)
[
JαF,a+

(
(Nα

F f)
2
)] 1

2
[
JαF,a+

(
(Nα

F g)
2
)] 1

2

Applying the known inequality
√
AB ≤ A+B

2 with A,B > 0, the desired conclusion
is obtained. �



On a generalization of the Wirtinger inequality 245

5. Conclusion

In this paper, some generalized extensions of classical Wirtinger type inequality
are obtained, using less restrictive conditions on the function f , for example, the
condition f(b) = 0 is not used. In addition, several known results in this topic are
obtained as particular cases of our results, in addition to raising several possibilities
of future work in this address.

Taking into account the ideas of [26] we can define generalized partial derivatives
as follows.

Definition 5.1. Given a real function f : Rn → R and −→a = (a1, . . . , an) ∈ Rn a point
whose i-th component is positive. Then the generalized partial N-derivative of order
α of f en el punto −→a = (a1, . . . , an) is defined by

Nα
Fi,tif(−→a ) = lim

ε→0

f(a1, .., ai + εFi(ai, α), . . . , an)− f(a1, . . . , ai, ..., an))

ε
(5.1)

if it exists, it is denoted by Nα
Fi,ti

f(−→a ), and is called the i-th generalized partial

derivative of order α ∈ (0, 1] of f in −→a .

Remark 5.2. If a real function f multivariable, has all the partial derivatives of order
α ∈ (0, 1] in −→a , with ai > 0, then the generalized α-gradient of f of order α ∈ (0, 1]
in −→a is

∇αNf(−→a ) = (Nα
t1f(−→a ), . . . , Nα

tnf(−→a )) (5.2)

On this basis, the results of [32] can be generalized to a generalized context
without much difficulty.
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