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ON TH E  R E LA TIO N  B E TW E E N  A B SO LU TE LY  SU M M IN G  
O P E R A T O R S  A N D  N U C L E A R  O PE R A T O R S

C A R M E N  P Â R V U L E S C U  A N D  C R IS T IN A  A N T O N E S C U

Abstract. It is known that every absolutely summing operator acting 
between C (Q ), where Q is an arbitrary compact set, and a space, F, with 
the Radon-Nikodym property is nuclear.

The purpose of this paper is to show that composing a weakly 
compact operator with an absolutely summing one we obtain a nuclear 
operator even the space, F, has not the Radon-Nikodym property.

We give, also, a proof for the ” factorisation” theorem and we put 
an interesting problem.

1. Prelim inaries

1.1. N otations. Let F, F be Banach spaces over the field T. T is the set of real, 

or complex, numbers.

1) L(F, F) {T  : E -*  F : T is linear and bounded}.

2) F* := F(F ,T).

3) UE :=  {x G E : ||*|| < 1} .

4) Let e* G E* and (e, e*) := e* (e ) .

5) Let e* € E* and f  E F. We denote by r” © /  the following operator: 

e* ® /  : E -»• F,(e* 0  / )  (e) =  (e, e*) ■ f.
«

1.2. D efin ition  [5]. Let F  be a Banach space. A subset A C F  is said to be 

weakly com pact if it is compact in the weak topology, a (F, E* ) .

1.3. D efin ition  [5]. Let F, F be Banach spaces and T G L(F, F). T is said to be 

weakly com pact if TUe is relatively weakly compact.

K ey  words and phrases. A b solu tely  sum m ing operator, nuclear operator, weak com p a ct  operator , space 
w ith R a don -N ik odym  property , space with the extension property.
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1.4. D efin ition  [3]. Let F, F  be Banach spaces. An operator T E L(F, F) is 

called absolutely sum m ing (T E ABS(E, F)) if there is a constant c >  0 such 

that:

for every finite family of elements a?i, #2, xn E E.

For every T E ABS(E, F) we define: 7r (T) := inf c.

1.5. D efin ition  [3]. Let F, F  be Banach spaces. An operator T  E L(F, F) is said 

to be nuclear if there is a representation:

where e? E E* and ft E F, for every natural i.

We write T  E N(E, F).

1.6. D efin ition  [1]. Let (fi, ]>^,/i)be a finite real measure space and E a Banach 

space.

We say that E has the R adon  -N ikodym  property  with respect to (Ï2, g) 

if, for each jz—continuously vector measure ^  E of bounded variation, there is 

g E Li (jz, F) such that (A) =  f  gdfi for every A E :

We say that E has the R adon  -N ikodym  property  ( E has the R .N .p) if 

E has the Radon -Nikodym property with respect to every finite real measure space.

theorem)

2) Let F  be a Banach space. If E =  F* and, in addition, E is separable then 

E has the R.N.p.

3) Let I be an arbitrary set, /  /  0. Then l\ (I) has the R.N.p.

4) Let 1 <  p < 00 and X  be a space with the R,N.p. Then Lp(X,n) has the

00

A

1.7. Exam ples o f  spaces w ith the R .N .p .[l]. 1) Every reflexive space.(Phillips

R.N.p.
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1.8. Examples of spaces without the R.N.p.[l]. 1) (co, Ihlloo) » where Co

{x =  {xn} n : xn G T and xn 0} , {[x]^ := sup \xn\.
n

2) L\ (/i), where // is a finite and non-purely atomic measure.

1.9. Definition [7]. The Banach space F is said to have the extension property

if every T G L (E , F), where E is an arbitrary Banach space, can be extended to any 

Banach space E containing F as a suspace, where the extension T : E  —> F  is linear 

and bounded.

1.10. Example [7]. The Banach space (l (r) , H'H )̂ has the metric extension 

theory.

1.11. Theorem (the ’’ Domination” theorem)[3]. Let T G L(F, F). T G 

A B S (E ) F ) if and only if there is a regular normalized measure ţi on Ue * such that:

||Tx|| <  tt(T) • f  \(x,x*)\di.t.(x*),
UE.

for every x G F.

1.12. Corolar [3]. Let J be the inclusion from C (fî) into L\ (ţi) , where fi is a 

compact set and ţi is a measure with the properties from the ” domination” theorem. 

Then:

J e A B S  (C ( f i ) , L\ (ţi)).

1.13. T heorem  (the ’’ Factorization” theorem ) [3]. Let F ,F  be Banach 

spaces, F  having the extension property, and T G ABS(E,F).  Then there exist 

the operators:

1 )  ^ G L ( F , C ( ^ ) ) ,

2) Y G L (L\ (ţi) , F ) , where ţi is a regular, positive, normalised, Borel mea­

sure on Ue *) likewise in the ’’ domination” theorem,

such that: T =  Y o J o A, where J is the inclusion from C (Ue* ) into L\ (ţi) .
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Proof. ( authors’adaptation)

Construction

1) Let A : E -+ C(Ue*) be defined, for every x G E, by: Ax := Jx, where 

Jx : E* -> T, Jx (æ*) =  (x } x* ) , for every x* G E*.

From the definition it follows that A G L (E, C (Ue * ) ) ,  ||Aæ|| =  ||*/a;|| =  ||«||, 

the corolar of the Hahn-Banach teorem, and further \\A\\ =  1.

2) We consider now the inclusion,J, from C(Ue*) into L\ ( / i ) . From the 

corolar 1.12 we obtain that J G ABS {C (Ue*) , L\ (fi) ) .

3) Let Y : 7m ( J o A) -> F be defined by Y ((J o A) a?) := Tx.

We prove now that Y G L (/m  ( J o A ) , F ) .

a) The linearity is obvious

b) Y ((J o A) x) =  \\Tx\\ < 7T (T) • f  \(xJx*)\dfi(x*) =

=  *r (T ). f  I J* (a?*)| d/« (**) =  tt (TH| J*|| =  * (T) • ||(«/ ° A) g||.
UE.

So ÿ  is bounded on Im (J o A) .

F has the extension property so Y can be extended to Y defined on Li (fi) .

In conclusion we obtain the announced factorization of T. □

1.14. Rem ark [3]. If F  has not the extension property the factorization of an 

operator

T G ABS(E , F) is as follows:

T =  Y o J o A, where A £ L (F, C (Ue *)) , J is the inclusion from <7 ({/£♦) 

into Im ( J o A) E C Li (/i) and Y £ L ^/m ( J o A) E , F^ .

1.15. T heorem  (Davies, Figiel, Johnson, Pelczynski) [5], Let F ,F  be Ba­

nach spaces. Every weak compact operator S : E F can be factorised through a 

reflexive Banach space.

1.16. Theorem  [3]. Let Q be a compact set and F  a space with the R.N.p. Then 

every T G ABS(C (f2), F) is nuclear.
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2. Result

2.1. Theorem . Let E , F, G be Banach spaces, F having, in addition, the extension 

property.

If S : F —» G is weak compact and T G ABS(E , F) then 5  o T is nuclear.

Proof. From the factorisation theorem it follows that T =  Y o J o i ,  likewise the 

factorization theorem, and from teorem 1.15 it follows that S =  U o V, where V G 

L(F, ü ), R being a reflexive space, and U G L(F, G).

Further S o T  =  U oV  o Y  o J o A.

From the following facts V oY  o J G  AJB5 (C (£/#•, R)) and R is a space with 

the R.N.p. we obtain that V o Y  o J is nuclear.

In conclusion S oT  —U o V o Y o J o A i s  nuclear. □

3. O pen  P rob lem

Let F, F  be Banach spaces, F  having, in addition, the R.N.p. Any T G 

ABS(E, F) admits a factorisation, likewise in the ” factorization” theorem. So:

T =  Y o J o  A, where A : E C(UE>) , J : C (UE*) Im(J o A) C Lx (//), 

Y : I m( J o A)  -> F.

From the facts that Y o J G ABS (C(Ue*), F) and F is a space with the 

R.N.p it follows that Y o J is nuclear.

In conclusion T = Y o J o A must be nuclear.

But it is false because we can give a contraexample.

If we consider the identity from li to /2, I : l\ - + h, this operator is ABS and 

/2 , being a Hilbert space, is a space with the R.N.p., it follows that /  : lx l2 must 

be nuclear. But it is false because /  : /i —y /2 isnJt even compact.
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