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NON-ANALYTIC n-STARLIKE AND n-SPIRALLIKE FUNCTIONS

SORIN G. GAL

Abstract. In this paper properties of geometric kind for non-analytic n-
starlike and n-spirallike functions, n € NuU {0}, are obtained. They are
extensions of some results in the case of non-analytic (usual) starlike and
convex functions proved in [3] and in the case of analytic n-starlike func-

tions in [2].

1. Introduction

A well-known method in complex analysis by which can be introduced new

classes of functions is by using differential inequalities of the form

F(f,D(f)(2),...,D"(f)(2)) > 0,2€ U = {z € C; |z] < 1},

where D(f)(z) = za—f- - Eaf

0z 8z’
D(f)(z) = 2f'(2)).

In this sense let us mention the following two examples:

D*(f)(z) = D[D"'(f)(z) (if f is analytic then

(i) the class of analytic n-starlike (n € NU {0}) functions on U, introduced in [6];

(i1) the class of analytic logarithmically n-starlike functions on U, introduced in [2].

In Section 2 we extend to non-analytic n-starlike functions some properties of nou-
analytic usual starlike and convex functions in [3].

Section 3 is concerned with the case of non-analytic n-spirallike functions.

2. Non-analytic n-starlike functions

We say that f : U — Cis in C*(U), n € N fixed, if it is continuous and has

continuous all partial derivatives of order n with respect £ = Rez and y = Imz. For
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f € CY(U), n € NU {0}, we consider the operator (sce [3])

of 8f
D(f)(2) = 25 T Eag

where 0 0 K¢ 0 0 0
55 [aﬁ aﬂ’ Ei; [aﬁ* %] i=v-l,
and the iterates D**1(f) = D[D"(f)], D°(f) = f.
Definition 2.1. Let f € C"*1(U). We say that f is n-starlike in U if f(0) =0, f is
univalent on U, D*(f)(z) # 0, Vz € U \ {0} and
D+ (f)(2)

e D) (2)

>0,YzeU\{0}. (1)
Remarks.

1) For n = 0 and n = 1, the condition (1) means the geometric condition of starlike-
ness and of convexity in the case of non-analytic functions, respectively, considered

for the first time in [3].
2) If f is analytic then D(f)(z) = zf'(z) and the classes of functions satisfying (1)

were considered for the first time in [6].

The following result can be considered, in a certain sense, a property of geometric

kind of the left hand-side in (1).

Lemma 2.2. For fized r € (0,1), let us denote C, = 9U,, U, = {z € U; |z| < 7},
7-(8) = f(8U,), z = re*?, 8 € [0,2r). If f € C**Y(U) and D™(f)(z) # 0 for all
z € U\ {0}, then

D"“(f)( )

R )

= ;[arg'y,”)], z=re'’, 0€]0,27).

Proof. Let f = A+ iB. We have

D(f)e) = 228 _ 0B [(’M (’)A]

By Y% T |Yer T xa_y’
z =41y = r[cosf + isinb)],
, 0A O0r O0A Oy .[0B dx OB 0y
'7’,-():%'%"'3—3,'%4—1[—5;'%4——5&--0—9]:
= 1'%13 —y% +1i [.E%g -—y%?] =1D(f)(z).
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9 _

By the general formula 0 = iD(g) (see [3]), we get

7(0) = SEDU)E = 2D (1)) = ~D*(1)(2),
W) = oel-D()(E)] = D)),

90) = Z[-D*(7)(2)] = D(A)(2),
and finally,

DD ()(2) _ p D" (1)(2)
DNE DG

splarg ] = o larg(eD" ()()] = (see [3) = Re

where ¢ € {—1,+1,4,—1}, which proves the theorem.

In the analytic case, in [6] was proved that the condition (1) and f(0) =
f'(0) = 1 = 0, imply the univalence of f and that as function of n, the classes of
n-starlike functions form a decreasing sequence (in respect with the inclusion).

In the non-analytic case, as was pointed out in [3] for n = 0 and n = 1, these
conditions do not imply the univalence of f and additional conditions are required
for that. O

In this order of ideas, concerning the classes introduced by Definition 2.1, we
have the followiong extension to non-analytic case of Corollary 2.1 in [6].

Theorem 2.3. Let m,n € NU {0}, m < n. If f € C*t1(U) satisfies:

f0)=0, f&I[D'(NE#0, z€U\{0}, J(N)()>0, z€U

: i D (f)(2)
(here J(f) means the Jacobian of f), then the condition RGW >0,Vze
z
" D™1(£)(2) S

U\ {0}, implies ReW >0, V z€ U\{0} and the fact that f is univalent
onU.

Proof. A direct consequence of the proofs of Theorem 1 and of Lemmas 1, 2, 3 in [4],
is the following:

if F e C*U), F(0)=0, J(F)(0) >0, F(2)D(F)(z) #0, V z € U \ {0} and

'eD2(F)(Z) z en eD(F)(Z) z so, we have
R D(F)(2) >0, VzeU\({0}, then Re Flz) >0, Vz € U\ {0}. Also, h
£(0) = D(f)(0) = --- = D*(£)(0) = 0.
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On the other hand, we have J[D(£)](0) = J(f)(0), J[D*(£)](0) = [J(f)(0)] >
0, k=1, n.

Applying the above result for F = D*~1(f), F = D"7%(f),..., F = f, we
M >0, VzeU\{0}, forany m € {0,1,...,n—1}.

D™ (£)(z) | o
Taking m = 0 and applying Theorem 1 in [3] it follows that f is univalent on

easily obtain Re

U, which proves the theorem. O

3. Non-analytic n-spirallike functions

Keeping the notations in Section 2, we introduce the following.
Definition 3.1. Let f € C*t}(U), n € NU {0}. We say that f is logarithmically
n-spirallike of type v € ( g, 2) if £(0) =0, D*(f)(z) #0, Vze€ U\ {0}, fis

univalent on U and

v D" (f)(2)
Re[e —DT(—f—)(*)—]>O,V2€U\{O} (2)
We say that f is Archimedean n-spirallike on U if f(0) = 0, D*(f)(z) #

0, VzeU\{0}, f is univalent on U and

it oy 20E)
Re (1 - a0 (1)) T

We say that f is hyperbolic n-spirallike on U if f(0) =0, D*(f)(2) # 0,V z €
U\ {0}, f is univalent on U and

]>0,Vz€U\{0}. (3)

Dn+1

Re [(10°(1)2)] +) 2 DE)

z)]>o VzeU\{0}. (4)

Remarks.

1) Takingn = 0 in Definition 3.1, we obtain the classes of usual non-analytic spirallike
functions studied in [1].

2) Forn =1 and f analytic on U, the class of functions defined by (2) was for the first
time considered in [5]. In this case, the situation is different from the starlike case,
because as was pointed out in [5], even for analytic functions f, the conditions
(2), f(0) =0, f'(2) # 0, z € U, do not imply in general the univalence of f.
However, in e.g. the paper [5], was proved that for 0 < cosy < 0.2315, these above

conditions imply the univalence of f.
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3) The analytic logarithmically n-spirallike functions were considered in [2].
4) For v = 0 in (2) we obtain the classes of n-starlike functions introduced by Defi-

nition 2.1.

The following result can be considered in a certain sense, of geometric kind for the
relations (2), (3), (4), respectively.
Theorem 3.2. For fized r € (0,1), let us denote C, = 8U,, U, = {z € C; |z| < r},

v+ (0) = F(OU,), z =re'?, 8 € [0,2x). Let f € C**Y(U) be with D*(f)(z) #0, V z €

U\ {0}, D(f)(z) = zg—’: _7((?)_2'

(i) Let us consider the family of logarithmically spirals
‘U)¢(t) — ¢t cos—yei(qb—t sin'y), te (—OO, +OO),
where ¢ € [0,2r) is a parameter. Then (2) is equivalent with
o¢

55 >0 Vo €0,2m), (5)

where ¢ = ¢(0,r) is the solution of the equation
wg(t) = 1™ (6) (6)
(ii) Let us consider the family of Archimedean spirals
wg(t) = te' P ¢ € (0, +00),

where ¢ € [0,2) is a parameter. Then (3) is equivalent with (5), where ¢ is
given by (6).
(iii) Let us consider the family of hyperbolic spirals

wy(t) = e/t t e (0,+00), ¢€[0,27).

Then (4) is equivalent with (5), where ¢ is given by (6).

Proof. From the proof of Lemma 2.2 we have

Y™ (8) = cD™(f)(2), c€{-1,+1,i,—i}.
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(1) By (6) we get (as in the proof of Theorem 1 in [1])
t cosy = log|eD" (£)(z)|

¢ — tsinvy == arg(cD" (f)(2)),

and consequently

¢ = arg[cD"(f)(z)] + tg vlog |eD™(f)(2)];

9¢ 1 e ()] _ 1 i D"“(f)(z)]

E cos'yRe [67 eDn(f)(2) ] - cos’yRe [e ’ Dr(f)(=z) |~

(i1) Replacing in the statement (iii) of Theorem 2 in [1] f(2) by ¢D™( f)(2), we obtain
(5)-

(i) Replace f(z) by ¢D™(f)(z) in the statement (iii) of Theorem 3 in [1].

The theorem is proved. d
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