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Growth and distortion theorem for the Janowski
alpha-spirallike functions in the unit disc

Yasar Polatoglu

Abstract. Let A be the class of all analytic functions in the open unit disc
D = {z| |z] < 1} of the form f(z) = z + a2z + a32z® + ---. Let g(z) be an
element of A satisfying the condition

e 9) _ L+ Ad(2)

9(z) 14 B¢(2)

where |a| < §, -1 < B < A < 1 and ¢(z) is analytic in D and satisfies the
conditions ¢(0) = 0, |¢(z)|] < 1 for every z € D. Then ¢(z) is called Janowski
a-spirallike functions in the unit disc. The class of such functions is denoted by
Sa(A, B). The aim of this paper is to give growth and distortion theorems for
the class S (A, B).
Mathematics Subject Classification (2010): 30C45.

Keywords: Growth theorem, distortion theorem, radius of starlikeness.

1. Introduction

Let Q be the family of functions ¢(z) which are regular in the open unit disc D
and satisfying the conditions ¢(0) = 0, |¢(z)| < 1 for all z € D.

Next, for arbitrary fixed numbers A, B, —1 < B < A < 1, denote by P(A, B),
the family of functions p(z) = 1+ p1z + p22% + -+ regular in D, such that p(z) in
P(A, B) if and only if

p(z) = igzi; (1.1)

for some function ¢(z) € €, and for all z € D. At the same time, this class can be
represented by Rep(z) > i:g > 0.

Let F(2) = 2+ ap2® + a32® + -+ and G(2) = 2z + (222 + $323 + - -+ be analytic
functions in D. If there exists a function ¢(z) € Q such that F(z) = G(¢(z)) for every
z € D, then we say that F'(z) is subordinate to G(z), and we write F'(z) < G(z). We
also note that if F'(z) < G(z), then F(D) C G(D) ([1]).
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Moreover, let S%(A, B) denote the family of functions f(z) = z + a2 + - --
regular in I, such that f(z) is in S} (A, B) if and only if there is a real number « for

which,
eiaz f/(Z)
f(2)
is true for every z € D. Then the class S} (A, B) is called the Janowski a-spirallike
functions.

The following lemma is due to I. S. Jack and plays very important role for our
proof of Theorem 2.1 ([2]).

=cosap(z) +isine,|a| < g,p(z) € P(A,B) (1.2)

Lemma 1.1. Let ¢(z) be reqular in the unit disc D with $(0) = 0. Then if |¢(z)| obtains
its maximum value on the circle |z| = r at the point z1, one has z1¢'(z1) = k¢(z1),
for some k > 1.

2. Main results

Theorem 2.1.
f/(Z) e "*(A-B)cosa.z, B ?éo
2) € SY(A,B) & (z —-1) < . 1+Bz ’ ’ 2.1
Fz) € Sal )& f(z) ) e "(Acosa)z; B =0, @1)
Proof. Let f(z) be an element of S (A, B). We define the functions ¢(z) by;
1) _ fa+Bo() " F T B, 2.2)
z eA Cosaefmti)(z); B = 0, ’

(A—B) cos ae "
B

where (1 + Bé(z)) and eAes@¢”""¢(2) have the value 1 at z = 0. Then
@(z) is analytic and ¢(0) = 0. If we take the logarithmic derivative from (2.2) and
after simple calculations, we get

f'(z) 1) = (A_B)ffg;(;) (). By,
f(z) Acosa.e™z2¢'(2); B =0,

We can easily conclude that this subordination is equivalent to |¢(z)] < 1 for all
z € D. On the contrary let’s assume that there exists z; € D, such that |¢(z)| attains
its maximum value on the circle |z| = r, that is |¢(z1)| = 1. Then when the conditions
219/ (21) = k¢(z1), k > 1 are satisfied for such z; € D (Using I.S.Jack’s Lemma), we
obtain;

(z

(2.3)

@an_D:{Ammﬁﬁwmﬂww»¢ﬂ®x3¢m o)

f(z1) Acosae™ko(z1) = Fa(¢p(z1)) ¢ Fo(D); B =0,

which contradicts (2.1) implying that the assumption is wrong , i.e.,
|¢(2)] < 1 for all z € D. This shows that,

. fz) M; B #0,
f(z) € S4(A, B) = (2 e 1) < {Acosloj_.eBiaz; B0, (2.5)
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Conversely,
/ (A—B) cos ae ™' |
(Zf(Z)—].)-< 1+Bz' ) B7é03:>
f(2) Acosa.e™z; B =0,
i J(2) _ Jeosa iigigzg + isin o B #0,
f(z) cosa(l + Ap(z)) +isina; B =0,
This shows that f(z) € S%(A4, B). O

Corollary 2.2. Marz-Strohacker inequality for the class S’ (A, B) is;

z

‘(f(z))mBBm — 1’ <1l; B#0,
(2.6)

f(z)

CZOL
) Aoosa

‘10g( <1 B =0,

Proof. The proof of this corollary is a simple consequence of Theorem 2.1. Indeed,

(@ Sl

)(AB)cosa_l‘<1

T _ (14 Bo(ay 2 comoe™ o

z
f(Z) _ eAcosae_de(z) = log(f(z))ﬁ <1
z z
O
Theorem 2.3. The radius of starlikeness of the class Sk (A, B) is,
2 :
r= { (A—B) cos a+\/((A—B)2 cos? a+4[AB cos? a+B2sin? o)’ B 7& 0, (27)
Aci)sa; B = O’
This radius is sharp because the extremal function is;
A—B —ia
z2(14+ Bz)"5 ¢ . B#£(,
= 2 i 2.8
f(Z) {ZeAcosae z; B = O, ( )
with ¢ = TI(Z_TZLZ) and we obtain,
— - Ccos ar— COS2 (a7 2 sin2 o 7”2
Cf/(C) — ! (A B) 1(1433273 +B ) 7 B # O) (29)
f(©) 1 — Arcosa; B =0,
Proof. Using (1.2) we get;
!
p(z) = cosa(emzj;((zz)) —isina) (2.10)
On the other hand, since p(z) € P(A, B), then we have,
1 — ABr? (A—B)r
— < 2.11
’p(z) 1—_B2r2 | = 1_ B2,2 ( )
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The inequality (2.11) was obtained by W. Janowski [5]. Using (2.10) in (2.11) and
after straightforward calculations we get:

1—(A—B) cos ar—(AB cos® a+B? sin? a)r? < RBZf (2)

1-B2r2 y s f(2)
< 14+(A—B) cos ar— (ABB2(;(;b a+B?sin® a)r? | : B 7& 0, (212)
1— Acosar < RezL Z)) <1+ Acosar; B =0,
The inequalities (2.12) shows that this theorem is true. O

Corollary 2.4. If we take A =1, B = —1 we obtain,
1

_ . (2.13)
cos o + [sin ¢

This is the radius of starlikeness of class of a-spirallike functions. This result was
obtained independently and using different methods by both Robertson [4] and Libera
[3]. We also note that if we give another special values to A and B, we obtain the
radius of starlikeness of the subclass of a-spirallike functions.

Corollary 2.5. Let f(z) be an element of S%(A, B), then

(A—B) cos a(cos a+1) (A— B)cosa(cosa 1)
2B

(1+ Br) <[f)l <

(A—B) cos a(cos a—1) (A—B) cos a(cos a+1)

r(l1—Br)~ 25 (14+Br)” 25 ;B#0,
Te—(Acosoz)'r' < |f(Z)| < Te(Acosa)'r';B -0

r(1— Br)

Proof. Using (2.12),
1), o

and after the straightforward calculations we get the result. Also we note that these
inequalities are sharp. Because the extremal function was given in Theorem 2.3. [

Corollary 2.6. If f(z) € S%(A, B), then
[(1—Ar)cosa — (1 — Br)sina]F(A, B,cosa, —r) < |f'(2)] <
[(1+ Ar)cosa+ (14 Br)sina|F (A, B,cosa,r)

Re(z

where
F(A, B,cosa,r) = (1+ Br) (A=Bleosplconaty) _1(1 — Br) (A=pleopleonasl)
This inequality is sharp.
Proof The proof of this corollary is based on the following observations
p(2) € P(4,B) = 1=5F < |p(2)| < {57
ii. p(z) = (emzj;((z)) —isina), f(z) € Si(A, B),p(z) € P(A, B)

COoSs &

iii. Corollary 2.5. using (i) and (ii) and after simple calculations we get:
(1—Ar)cosa— (1 — Br)sina ’ f'(z (1—|—A7’)cosa—|—(1+Br)sina
1—-Br 1+ Br
Considering (2.14) and Corollary 2.5 we get the result. O

(2.14)
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