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Abstract. Making use of certain linear operator, we introduce two novel
subclasses -, (A, B,)\) and }_~ (A, B,)) of meromorphically univalent
functions in the punctured disc U*. The main object of this paper is to
investigate the various important properties and characteristics of these
subclasses of meromorphically univalent functions. We extend the famil-
iar concept of neighborhoods of analytic functions to these subclasses of
meromorphically univalent functions. We also derive many result for the

Hadamard products of functions belonging to the class Z;n(a, By, A).

1. Introduction

Let > denote the class of functions of the form:
) =2t (1
; . .
k=0
which are analytic and univalent in the punctured disc
Ur={z:z€Cand 0 < |z| <1} =U\{0}

and which have a simple pole at the origin with residue one there. Define a linear

operator as follows:
D°f(2) = f(2),
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D'f(z) = % + i(km)akzk _ (ZQfZ(z))
k=0

D?f(z) = D(D" f(2)),

and (in general)

o0

D"f(z) = % +) (k+2) a2
k=0

S EDTHE) oS nen= {12, (1.2)

z

The linear operator D™ was considered by Uralegaddi and Somanath [15].
Let

Fun(2) = (1= D" f(2)+X=(D" £(2)) (F € S i € No = NU{0}; 0 < A < %), (1.3)

SO lhal, Obvi()[lSly,
+ +2 + k 05 — 2 ) :

F)\JL (Z) =
it is easily verified that
2F) 0 (2) = F g1 (2) — 2F\ 0 (2). (1.5)

For a function f(z) € > ,we say that f(z) is a member of the class
>, (A, B, \) if the function Fj ,(z) defined by (1.3) satisfies the inequality:

zzF:\m(z) +(1-2X))
B22F;_ (2) + (1 - 2)\)A

<1 (z€U"), (1.6)

where (and throughout this paper) the parameters A, B, A, p and n are constrained

as follows:
1
—1§A<B§1,0<B§170§)\<§;p€N and n € Np. (1.7)

Furthermore, we say that a function f(z) € Y77 (A, B,\) whenever f(z) is
of the form [cf. Equation (1.1)]:

fE) =1+ larl (k2 pipeN). (1.8
k=p

We note that:
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() 00207 — 1B, (27— 1)8,0) = X, (@ 5,7) (0 Sa<1;0< F< 1L <y <1)
(Cho et al. [6]);

(i) i o((2a7 — 1), (27— 1)5,0) = Dy(a,f) 0<a<1;0< <15 <y <)
(Cho et al. [5]);

(iti) 327 (=4, =B,0) = > 4(A,B)(-1 < B<A<1; -1 < B <0) (Cho [4]);

(iv) Z;O(B,A,)\) =QF(p;0;1,1, A, B,)\) = QT (p, A, B,\) (Joshi et al. [9]).

Also we note that:

(v) S5((207 = 1)B, (27 = AN = X510 8,7, 0)

. zQF;\n(z) +(1-2))

- {f < Zp T2y - l)zQF;n(z) + (1 —=2X)(2va —1) <b,
(ZEU*;O§a<1;O<ﬁ§1;;§7§1;0§A<;;n€N0)}; (1.9)
(vi) 32, (207 = 1)B, (27 = 1)8,0) =327 (o, 8,7)

_ - 2D f(2) +1
- {f €2, @) + a1 <P
(zGU*;O§a<1;O<ﬂ§1;;§’y§1;nGNO)}. (1.10)

2. Inclusion properties of the class ) (A, B,\)
We begin by recalling the following result (Jack’s lemma), which we shall
apply in proving our first theorem.

Lemma 2.1. [8] Let the (nonconstant) function w(z) be analytic in U with w(0) =

0. If |w(z)| attains its mazimum value on the circle |z| = r < 1 at a point zo € U, then

’

zow (20) = yw(2o), (2.1)

where v is a real and v > 1.

Theorem 2.2. The following inclusion property holds true for the class ), (A, B, \)

Zn+1(A,B, \) C Zn(A,B, A) (n € Np). (2.2)
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Proof. Let f(z) € >, ,(A, B, ) and suppose that

(I =201+ Aw(z))
1+ Bw(z2)

ZQF)/\n(z) =— ) (2.3)

where the function w(z) is either analytic or meromorphic in U, with w(0) = 0. Then,

by using (1.5) and (2.3), we have

22 i (2) = —(1-2)) (2.4)

L+ Au(z) | (A~ B)zw’(z)]
1+ Bw(z) (14 Bw(z))?
We claim that |w(z)] < 1 for z € U . Otherwith there exists a point zyp € U such
that |z|n%a|§)| |w(z)| = |w(zo)| = 1. Applying Jack’s lemma, we have

zow (20) = yw(zo)(y > 1). Writing w(zo) = ¢(0 < § < 27) and putting z = 2y in
(2.4), we get

Z(%F)/\,n+1(20) +(1-22)
BZ(%F)/\,n—Q—l(ZO) +(1-2)M)A

B ‘1 —|—’y—|—Bei9’2 - |1+ B —’y)ei9|2
|1+ B(1—7)ei?|’
2(1- B2 2v(1+ B? + 2B 0
_ )+ 2v(1 + _—1—2 cos )20, (2.5)
1+ B0 7))
which obviously contradicts our hypothesis that f(z) € »_, (4, B, ). Thus we must

have |w(z)| < 1 (2 € U),so from (2.3), we conclude that f(z) € >, (A, B, ), which

evidently completes the proof of Theorem 1.

Theorem 2.3. Let o be a complex number such that Re(a) > 0.1If f(z) €
> . (A, B, )), then the function Gy n(z) given by

z

« (0%
Grae) = 7 [ Fra(t) (2.6)
0
is also in the same class ), (A, B, \).
Proof. From (2.6), we have
zG;n(z) =aFyn(2) = (@ +1)Gxn(z). (2.7)

Put
(1 =2 (14 Aw(z))
1+ Bw(2) ’

Z2G;\’n(z) =— (2.8)
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where w(z) is either analytic or meromorphic in U with w(0) = 0. Then , by using

(2.7) and (2.8), we have

2F,(2) = —(1-2))

1+ Aw(z) (A—B)zw (2) (2.9)

14+ Bw(z) a1+ Bw(z))

The remaining part of the proof is similar to that of Theorem 1 and so is omitted.

3. Properties of the class Z;yn(A, B, )\)

Theorem 3.1. Let f(z) € 3_ be given by (1.8). Then f(z) € 37 (A, B, ) if and
only if
D k(k+2)"[1+ Ak — D)1+ B) |ax| < (B — A)(1 - 2)), (3.1)
k=p

where the parameters A, B,n and X\ are constrained as in (1.7).

Proof. Let f(z) € Z;n(A,B,/\) be given by (1.8). Then , from (1.8) and (1.6), we

have
’

22F) ,(2) + (1= 2))
B22F, (=) + (1 - 204

S (k4 2)" 1+ Ak — 1)] |an| 241
- F=p _ <1 (zeU*). (32)
(B—A)1=2)\) =B > k(k+2)7[1 + A(k — 1)] |ag| 2+
k=p

Since |Re(z)| < |z| (z € C), we have

k(k +2)"[1 + Ak — 1)] |ax| 2F+!
k=p

(B—A)(1-2\) B i Kk + 2)7[1 + A(k — 1)] |ay| 251

Re

< 1. (3.3)

Choose values of z on the real axis so that nggm(z) is real. Upon clearing the
denominator in (3.3) and letting 2 — 1~ through real values we obtain (3.1).

In order to prove the converse, we assume that the inequality (3.1) holds true.
then, if we let z € U, we find from (1.8) and (3.1) that

22Fy ,(2) + (1—2))
B2?Fy ,,(2) + (1 —2)) A
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S k(k 4 2)"[1 4+ A(k — 1)] |ax]

k=p
= =
(B—A)(1—-2X)—B > k(k+2)"[1+ Xk —1)]|ax]
k=p
<1(z€dU={z:z€Cand |z|=1}). (3.4)

Hence, by the maximum modulus theorem, we have f(2) € 37 (A, B, ).

Corollary 3.2. If the function f(z) defined by (1.8) is in the class Z;,n(f‘L B, \), then

(B—A)(1-2)) ) )
with equality for the function
fey =ty BoAOZN ks eNneNy).  (36)

z k(E+2)"1+Xk-1]1+B)
Putting A = (2ya —1)Band B=(2y—1)8 (0<a<1,0< B <1land 5 <
~v < 1) in Theorem 2.3, we obtain:
Corollary 3.3. A function f(z) defined by (1.8) is in the class Z;yn(a,ﬁﬁ,)\) if
and only if
D k(k+2)" 1+ Ak — DL+ 28y — B) |ax| < 28v(1 - 2))(1 - ). (3.7)
k=p

Next we prove the following growth and distortion properties for the class

> (A, BA).
Theorem 3.4. If a function f(z) defined by (1.8) is in the class Z;,n(A,B, A), then
(p—DI(B-A)(1-2)) 1} -
! — P+ (m+1) | #(m)
I e T e s S )

(p — V(B — A)
< {m! + (p—m)(p+2)"[1+ Alp—1](1+ B)

O0<|z|=r<1l;peN;m,n e Ny;m < p).

rp'H} p(m+D) (3.8)

The result is sharp for the function f(z) given by

2P (p € N; n € Nyp). (3.9)

1 (B - A)(1—2))
&) = T i+ A D+ B)
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Proof. In view of Theorem 2.3, we have

p(p+2)"[1 + Ap - D](1 + B)
p!

i E!ag| < i k(k+2)"[1+ Xk —1)](1+ B) |ag]

k=p k=p

< (B—=A)(1-2),

which yields

> pl(B — A)(1—-2)\)
2Kl < T A — DI+ B)

(p e N;neNp). (3.10)

Now, by differentiating both sides of (1.8) m times with respect to z, we have
(m) _ 1)™m)! —(m+1) = k! k—m
J™(E) = (1) mlz +;Mauz :

(p € Nym,n € No;m < p), (3.11)
and Theorem 3.1 follows easily from (3.10) and (3.11).

Finally, it is easy to see that the bounds in (3.8) are attained for the function
f(z) given by (3.9).

By the same way as in the proof given by Cho et al. [5] , we have the radii of
meromorphically starlikeness of order ¢(0 < ¢ < 1) and meromorphically convexity
of order (0 < ¢ < 1) for functions in the class 3 (A, B, \).

Theorem 3.5. Let the function f(z) defined by (1.8) be in the class Z;’H(A,B,)\),
then, we have

(i) f(z) is meromorphically starlike of order (0 < ¢ < 1) in the disc |z| <

ry, that 1s,
2 (2) S <
Re{ ) }></> (2l < r1;0< @ < 1), (3.12)
where .
o JRE+2)"I+AME-D]1+B)(1—¢) | k+1
“_zigfp{ B-A)1—2N)k+2-9) } : (3.13)

(i1) f(z) is meromorphically convex of order ¢(0 < ¢ < 1) in the disc |z| <

ro, that is,

)}>¢ (Jz2| <re;0 < p < 1), (3.14)
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where
1
B2 M D04 B -0\ F T
A ey e KRR

k>p

Each of these results is sharp for the function f(z) given by (3.6).

4. Neighborhoods and partial sums

Following the earlier works (based upon the familiar concept of neighborhoods
of analytic functions) by Goodman [7] and Ruscheweyh [13], and (more recently) by
Altintas et al. ([1], [2] and [3]) , Liu [10] and Liu and Srivastava ([11] and [12]), we
begin by introducing here the §— neighborhood of a function f(z) € > of the form
(1.1) by means of the definition given below:

{gez f—l—Zbkz and

= k(k+2)"[1+ Ak — 1D](1+ |B)
(B—A)(1—-2))

|ak - bk| <4,
k=0

1
(-1< A< B<1,0<)< 2,6>O,peN,neNO)}. (4.1)
Making use of the definition (4.1), we now prove Theorem 6 below:

Theorem 4.1. Let the function f(z) defined by (1.1) be in the class Y, (A, B, ). If
f(2) satisfies the following condition:

1
f(zi% €S (A,BN) (€€C,ld <6,6>0),

then

Ns(f) € (A B,A). (4.3)
Proof. 1t is easily seen from (1.6) that g(z) € >, (A, B,\) if and only if for any
complex number ¢ with |o| =1,

Z2G;\,n(z) +(1-2X))
B22G ,(2) + (1 -2))A

Lo (z€U), (4.4)

which is equivalent to

@06 4o (e "
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which, for convenience,

h(z) = 1 + 3 cp2”
k=0
1 k(k+2)"[1+ Ak —1))(1—0B)
=27 kZ:O o(B — A)(1—2\) o (4.6)
From (4.6), we have
ey < B Z)QH 2)((’3‘_12%1 B gcnclmen).
Now , if f(z) = = + § arz* € 3 satisfies the condition (4.2), then (4.5) yields
Z k=0
‘UZW >0 (2€U;6>0). (4.8)
By letting
o) = -+ Dbt € No(1), (4.9
k=0
so that
lg(z) — fFRN*h=) | _ |5 Ft1
— = (b — ag)cpz
‘ ~ kzzo k — Ok)Ck
— k(k+2)"[1+ Ak — 1)](1+ |B])
§|Z‘]€ZO (B—A)(1—2)\) |bk7ak|
<6 (z€U;6>0). (4.10)

Thus we have (4.5), and hence also (4.4) for any o € C such that |o| = 1, which implies
that g(z) € >, (A, B, \). This evidently proves the assertion (4.3) of Theorem 6.

We now define the §— neighborhood of a function f(z) € >-° of the form
(1.8) as follows:

N;(f):{gezz 2 g(2) 224—z:|bk.|z’C and
k=p

3 k(k+2)"[1+ Ak - 1)](1+ B) |bk| — Jax|| < 6,

P (B—A)(1-2X)
(—1<A<B<1;0<)\<;;5>0;p€N;n€NO)}. (4.11)

Making use of the definition (4.11), we now prove Theorem 3.4 below:
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Theorem 4.2. Let the function f(z) defined by (1.8) be in the class 2:;71(14,3,)\)7
1
—1§A<B§1,0<B§1,0§)\<i,peNandneNo, then

_p+l1

) (4.12)

NF( ) (ABX) @
The result is sharp .

Proof. Making use the same method as in the proof of Theorem 6, we can show that

[cf. Eq. (4.6)]

%JFZ k(k+2)"[1+ Ak - D](1 - 0B) 4 (4.13)

o(B — A)(1—2\)

1
Thus under the hypothesis —1< A< B<1,0< B<1,0<)A< i,pGNandnE
No,if f(2) € Z;nH(A,B,)\) is given by (1.8), we obtain

*h)(z =
’(f z*f( ) = 1+ch\ak\zk+l
k=p
1 = k(k+2)" T 1+ Ak —-1)](1+B
p+2k:p (B—A)(1-2))
which in view of Theorem 2.3, yields
UemE(y, L _prl_,
z~ p+2 p+2

The remaing part of the proof of Theorem 3.4 is similar to that of Theorem 6, and
we skip the details involved.

To show the sharpness, we consider the functions f(z) and g(z) given by

1 (B — A)(1-2)) ) .
fe)=-+ ST G DT B © Zle(A,B,/\) (4.14)
and
_1 (B—-A)(1-2))
=t e ae- e B
(B — A)(1—2)\)5 " (4.15)

pp+2)"[1+Ap - DI(1 + B)
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ptl1
p+2
hand, we find from Theorem 2.3 that g(z) is not in the class Z;n(A, B,)).

where § > § = . Clearly, the function g(z) belongs to N;C(f). On the other

Thus the proof of Theorem 3.4 is completed.

Next we prove the following result.

Theorem 4.3. Let f(z) € > be given by (1.1) and define the partial sums s1(z) and

Sm(z) as follows:
1 1=,
s1(2) = 2 and sy (z) = 2 + Z agz® (m € N\{1}). (4.16)
k=0

Suppose also that

ki:odk lag| < 1 (dk _ ke 2)(glj2)((kl__12)i§1 i |B|)> : (4.17)
Then we have
(i) f(z) € 22,,(A, B, A),
(ii) Re { SJ;((ZZ))} >1-g— (zel;meN) (4.18)
and
(iii) Re { SJ’;”((ZZ; } > i@:,l (z € U; m € N). (4.19)

The estimates in (4.18) and (4.19) are sharp for eachm € N.

Proof. (i) It is not difficult to see that
zle ZH(A,B,A) (n € Np).
Thus, from Theorem 6 and the hypothesis (4.17) of Theorem 3.5, we have
Ni(z"Y) Zn(A, B,)\) (neNy), (4.20)

which shows that f(z) € ), (A4, B, \) as asserted by Theorem 3.5.
(ii) For the coefficients dj, given by(4.17), it is not difficult to verify that

dk+1 >dp >1 (k € N) (421)
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Therefore, we have

no

m— oo o0
\ak\ + dp—1 Z |ak| < de |ak| <1, (4.22)
k=0 k=m—1 k=0

where we have used the hypothesis (4.17) again.
By setting

o k41
A1 >, apz®t
el

1
hi(z) = dm-1 { f((z)) — (1 — 7 >} =1+ k 5 ! , (4.23)
Sm (2 m— m—
! 14+ > agzktt
k=0
and applying (4.22), we find that
> ol
dmfl ag
h -1 S
1(2) < h=m—1 <1 (zeU), (4.24)
h1<2’) +1 m=2 )
2-2 % lar| —dm—1 32 ax|
k=0 k=m—1
which readily yields the assertion (4.18) of Theorem 3.5. If we take
1 Zm—l
- - _ 4.25
) =1 -2, (1.25)
then
f(2) i _
=1- —1-— as z — 17,
Sm dnL—l dm—l
which shows that the bound in (4.18) is the best possible for each n € N.
(iii) Just as in Part (ii) above, if we put
Sm(z) dmfl
h =(1+dn— -
12 = 1) ( i) 1+dm_1>
(M +dm1) > apz*tt
=1- _f=mol : (4.26)
14+ > agzFt!
k=0

and make use of (4.22), we can deduce that

(It dmy) S |akl
ZQEZ;:LHS i k=m—1 <1 (zeD),
Z m— o0
? 2-2 % lag| — (1 —dmor) Dl
k=0

k=m—1

which leads us immediately to the assertion (4.19) of Theorem 3.5.
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The bound in (4.19) is sharp for each m € N,with the extremal function
f(2) given by (4.25). The proof of Theorem 3.5 is thus completed.

5. Convolution properties

For the functions
— .
fj(Z):;+kz:\ak,jlzk (j=1,2peN), (5.1)
=p

we dnote by (f1 * f2)(2) the Hadamard product (or convolution ) of the functions

fi(z and fo(z), that is,

2. (5.2)

(Fre f)() = 2+ D lawal oz
k=p

Theorem 5.1. Let the functions f;(z)(j = 1,2) defined by (5.1) be in the
class Z;,n(aaﬂa’% A) Then (fl * f2)(2) € Z;,n(6aﬁ777)\)7 where

287(1 —20)(1 — a)?
0=1- . .
e+ A - DI+ 257~ ) >3
The result is sharp for the functions
PN 267(1 - 20)(1 — a)
B = e A - DI+ 257 )

Proof. Employing the technique used earlier by Schild and Silverman [14], we need

22 (j=1,2;pe N;neNy). (5.4)

to find the largest 6 such that

L k(k+2)"[1+ Ak —1)](1 428y - B)
Z 267v(1 —2X)(1 —4)

lag 1| ak2] <1 (5.5)

k=p
for f;(z) € Z;,n(a,ﬁ,%)\)(j =1,2). Since f;(z) € Z;n(a,ﬂ, v, A)(j = 1,2), we read-
ily see that

o0

Z kE(k+2)"[14+ Xk —-1)](1+28y—-0)
2671201 - a)

lar;] <1 (5 =1,2). (5.6)
k=p

Therefore, by the Cauchy-Schwarz inequality , we obtain

S k(k + Q)nQ[;»;El)\(k;)\)l()l](l l—)wv =5) ol jaral <1. (5.7)
k=p
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This implies that we need only to show that

lakallars| _ v/lakallak.o|
or , equivalently , that
1-6
lag1]lak2| < ((1 — a)) (k> p). (5.9)

Hence, by the inequality (5.7), it is sufficient to prove that

267(1 - 2))(1 - a) (1-0)
k(k+ 2" L+ Ak —DJ(1+267—08) — (1—a)

It follows from (5.10) that

IN

(k=p). (5.10)

267(1 = 20)(1 — a)?
Sl R n G- D125 =5 k2P (5.11)
Now, defining the function ¢(k) by

2
PR =11y 2)3[5174(3/\(1@2?(1;](10—[&—) 2y —p 2P (12
We see that ¢(k) is an increasing function of k. Therefore , we conclude that
28v(1 —22)(1 — a)?
Cpp+2) 1+ Ap— D](1+28y - B)

which evidently completes the proof of Theorem 4.1.

d<p(p) =1 (5.13)

Using arguments similar to those in the proof of Theorem 4.1, we obtain the
following result.
Theorem 5.2. Let the function fi(z) defined by (5.1) be in the class Z;yn(a, B,7,A).
Suppose also that the function fa(z) defined by (5.1) be in the class Z;’n((,ﬁ,%)\).
Then (f1* f2)(2) €32, (&, 8,7, A), where

2By(1 = 20)(1 = )(1 = ¢)
pp+2)"[1+Ap—1)J(1+26y—-8)°

The result is sharp for the functions f;(2)(j = 1,2) given by

E=1-

(5.14)

_1 28y(1 —20)(1 — ) P -
filz) =~ + P ) I Y 1T WG Y o (peN;neNy),  (5.15)
and
hlz) =1+ 267(1 = 20){1 =¢) @ (peNneNy).  (516)

oz plp+ 2L+ Ap - D](1+28y - B)
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Theorem 5.3. Let the functions f;(z)(j = 1,2) defined by (5.1) be in the class
E;)n(a,ﬁ,% A). Then the function h(z) defined by

—_

o) 2" (5.17)

I\

belongs to the class Z;n(r, B,7,\), where

—1- 4B7(1 = 20)(1 — o)?
T T I+ A - V(267 B) (5.18)

This result is sharp for the functions f;(z)(j = 1,2) given already by (5.4).

Proof. Noting that
{k(k +2)"[1 + A(k — 1)](1 + 28y — §)}?
Z

| 2

[267(1 = 20)(1 - )’ o
Zk(k+ 21+ Mk—1)])(1+28y-08) 9 .
;ﬂ 267(1 —2))(1 — ) -
for f;(2) € van(a,ﬁ,'y, A) (4 =1,2), we have
k(k+2)"[1+ Ak — D)](1 + 28y — 8)}?
Z e e P s’y <1 620
Therefore, we have to find the largest 7 such that
1 < E(k+2)"[14+ Mk —1))(1+28vy - 0) (k> p), (5.21)

(1-7)~ 48~v(1 —20)(1 — «)? -
that is, that

48v(1 =20 (1 — a)®
T Gk - a2 =) 2P (5:22)

Now, defining a function ¥(k) by

4B7(1 = 20)(1 — )?
Ek+2)"1+Xk-1)]1+28y-0

We observe that ¥(k) is an increasing function of k. We thus conclude that

o 4B7(1 — 20)(1 — @)?
TSR = s A - U]+ 257 )

which completes the proof of Theorem 4.3.

T(k) =1

) (k=p). (5.23)

(5.24)

Putting n = A = 0 in Theorem 4.3, we obtain:
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Corollary 5.4. Let the functions f;j(z)(j = 1,2) defined by (5.1) be in the
class E;(a,ﬁ,’y). Then the function h(z) defined by (5.17) belongs to the class

S5 (7, 3,7), where

L A —a)?
e oy (5.25)

The result is sharp.

Remark 5.5. The result obtained by Cho et al. ([5] and [6]) is not correct. The

correct result is given by Corollary 3.
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