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THE FUNDAMENTAL TRANSFORMATION pop

‘ MULA OF
pIVIDED DIFFERENCES ON UNDIRECTED N

ETWORKS

DANIELA MARIAN

ABSTRACT. We establish a fundamental transformation formula of divided
differences on undirected networks. We adopt the definition of network as
metric space introduced by P. M, Dearing and R. L. Francis (1974).

1. PRELIMINARY NOTIONS AND RESULT

The definition of network as metric space was introduced in [1] and was used
in 2], [4], (3], etc. '

We consider an undirected, connected graph G = (W, A), without loops or
multiple edges. To each vertex w; € W we associate a point v; from the Euclidean
space R?,q € N,q > 2. This yields a finite subset V of RY , called the vertex
set of the network. We also associate to each edge (w;, w;) € A a rectifiable
arc [v;,v;) € RY called edge of the network. We assume that any two edges
hiave no interior common points. We denote by E = {e1,...em}, ex = [0i, V5],
F=1,2,..,m the set of all edges. We define the network N = (V,E) by

N = {z € R | 3(w;,w;) € A so that z € [v;,v;]}.
It is obvious that N is a geometric image of GG, which follows naturally from an
¢mbedding of G in RY. Suppose that for cach edge ex = [v;,,vj,] € E, k =
1-,?,...,m, there exist a continuous one-to-one mapping T:, : [0,1] = [vi,,vj,] 0
that T,, (0) = v, T., (1) = vj, and T, ([0,1]) = [vi,, v, ]-

Any connected and closed subset of an edge ex = [vi,,vj.] € E bounded by tW}(l)
POItS 7 and y s called a closed subedge and is denoted by [z,y]. _If one or EOtre
:;‘f“”“ it’/(‘ar}e' missing we say than the subedge is open in 71‘, (;)r inté/,bof' ;S Olt)ﬁg ‘;io;:t
'um'li(;yf lls/by (:1;::(/], [#,y), or (z,y), respectively. We en‘f). . ]yne;h [... Using

JOWOET,, . We consider that ef = [vi,, vj, | has the positive lengtil te,

“ 1L possible to compute the length of [z,y] as
L([z,y]) = |0, (2) — bes ()] - lex-

Py .
rnu(,ularly we have

1\ (i, 05)) = Loy L ([viy 7)) = Ben (2) L
9
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N Ll os]) = (1= Oey (2)) e

A path L(z,y) linking two points _and. y in NV 1s a secuence of edges and 4
most two subedges at extremities, starting i & an(} ending in 5. If 2 = y they 1,
path 1s called cycle. The length of a path (cycle) is the sum of the lengths of all
its component edges and subedges and will be der.loted by [ (L (z,y)). Tf a pat
(cycle) contains only distinct vertices then we call it elementary.

" A network is connected if for every pair of points z,y € N there exists a path
L(z,y) CN. A connected network without cycles is called tree. |

Let D (z,y) be a shortest path between the points z,y € N. This path is also

called geodesic. We define a distance on N as follows:

Definition 1.1. [1]For every pair of points T,y € N, the distance from z toy,
d(x,y) in the network N is the length of a shortest path from z toy :

d(z,y) =1(D(z,y))-

It is obvious that (N,d) is a metric space.
For z,y € N, we denote

(1) (z,y) = {z € N | d(z,2) +d(2,9) = d(2,9)}

and (z.y) is called the metric segment between 2 and y.
We consider a nonnegative integer n > 0, two points &,y € N, D (z,y) C (z,y)
a shortest path from z to y, a function f: N = R and the distinct points

(2) T1yT2y .-y T4l

included on the path D (z,y).
In [3] E. Iacob denote:

n
P (z) = {P :D(z,y) > R|P(t) = chdk (x,t),cx € R} :
k=0
The elements of P, (z) are called metric polynomials. For a metric polynornial P,

the maximum number k for which the coefficient ¢ is different by zero is call
the degree of P. ‘

.LI;J]. lacob cstab.lished that exist a single polynomial P* € P, () which is equal
with f on the points (2). The polynomial P* is denoted with

L(Py(z);xy .y tppy; f)
and is called interpolation me

tric polynomial of Lagrange type.
Theorem 1.1. | sy

3] The metric polynomial

L (P, (x) ST f) D (x,y) > R
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ntl (x,1) ) —d(x, ) - - (d (.
f (s : ) ~d(g o
Z d(’r &5 ) ("‘ T[)) o (d (.n,:l:,;) - r.(l,(;,r, lll_),))) '
| W )-dion). (s, URVER W
(x T,) (z 3¢+1)) (‘1(

)‘(l(' Trnyi))
belongs to the set P (2) and satisfy the conditions

.\4) L(Pn (1) Ty,. ’L'n+l§f) (J?z) = f(l‘i),for- all | = 1’27 n+ 1

Moreover L (P, () L,y Tnyr; f) is the unique metric poly

which satisfy the condition (4).

Ill [5} the CoefﬁCient Cn Of L (P ( ) .'31 ‘/L'TH*-I) f) Corresponding Of dn (;I‘ t) is
called the divided difference of the functmn f on the points (2) related to z. We

nomial from P, ( )

denote
(5) Cn = ["Bl)m‘b'“axn-}-l;f]z'
Theorem 1.2. [5]The divided difference (5) has the following properties:
(6) 1,22, s Tngr, f], =
~ n+1 1 '
- ;f (SC;) (d (1‘,1131) — d(CL‘,IEl)) SN (d (iL‘,iL',‘) — d(iE,xi—l))
1
(d(@,:) — d (2, 2141)) - ([d (@, 21) — d(@,2m11))
—~ A Ojk:())l)"')n—l
<() [xl,xg,...,a:n+1;d’” (x’t)]ll - { 1,k‘='ﬂ
and
(8)

) 0,k=0,1,.,n=1"
[Il’x%"‘?zn-\‘-l;co + Cld(:v’t) + ...t crd (w’t)]ax = ck, k=1 (

Ve, o
L, e € R,
We denote now

! . —alx,Tn 1))
Y0, = ((a,0) — d (e, 0) - (A1)~ d(0,22) o () = A0
anq

), = e - don) e (e - )

o) — d (@, Tnr)
(d(z,x;) —d(z,ziv1)) (d(x,zi) (x
VZ = 1.2’__."”_*.1
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With the notations (9) and (10) we obtain
n-+-1
. f (.’I?,',)wp(//)r
L @i, enti = ;Q/)T.(;’:;);r (d (e, t) —d(x 2
and o

_ S ()
[01,@9, s Tgt s M, = Zapj (i),

i=1

. THE FUNDAMENTAL TRANSFORMATION FORMULA OTF DIVIDED DIFFERENCES

In [7] T. Popoviciu established a fundamental transformation formula of ygyy)
divided differences. This also can be find in [8] and [6]. In what follows we
establish a analogous fundamental transformation formula of divided differences

on undirected network.
We consider a network N, two fixed points z,y € N, D (z,y) C (z,y), a non-
negative integer n > 0, a natural number m > n + 1 and m distinct points

(11) L1,Z2,..., Tm

included on the bath D (z,y).
We denote

AL (), = [B0,Zir1, 0 Tirgs 1y, A6 () = £ (2,

vij+1 (), = (d(z,t) —d(z,2:)) - (d(2,t) - d(z,7i1))
v (d(zyt) — d(:I,',LL','.H')) 5

wio(t), = 1
and
gt (o), = (dl@,2) = d(@,20) .- (d (0, 7,) — d (@ 2e1)

(d(z,z,) —d(v,2041)) - ... (d (2, 2) — d (2, 2i45))

where i =1,2,...,m — 7,7 =0,1,.. sm—Tlandr=4,i+1,...;1+ 7.
With this 14% notations we th(‘

P (g =@int (1),
p (x;), = Prongr (@), Vi=1,2,... n+1

and

—_——




Rl\dAIION FORMULA OF DIVIDED DIFFERENCES ON UNDIREC TED NETWORKS
bsl(D

r now a function f: D (x,y) - R and the

m

| Z/\,‘f (-"’1‘) y
i1

cients N € Ryi=1,2,...,m being independent, by the function f.
3O [\ . P

X lincar combinatic
\\e (yonbldt ps aL1011

the ¢ om 2.1. The expression (12) always can be expresses like follows:
Theore
Thec Mm—n
§ : i
/l Al—-' f);l: + Z ryiA” (.f);,; )
13) i=1 i=1

shere the coefficients pi and i do not depend by the function f. These coefficients
(pmp]e tely determined by the coefficients \;.
are ¢

Proof. Indeed, if we equal the second member of (12) with the second member
£13) we have

Shf) = AL (), + 3 Al (),
= i=1 i=1

SAF@) = mAL), +mAL (), + ot AL (1), +
) may (f), +72A2 (f)z +'--+vm_nA:”‘"(f>x,

ulf(x1)+uz f(( . +. +;nz f(x’ ———

Z/\if (zs)

(Z'L
n+1 n+2 m f (:l?)
Ny e flz) | ZZ f (@) +ot Ymen D = - o)
i=1 pl ,n+1 (1"1) 2,n+1 (ml) .L_m_n(pm n,n+1 T

We identify now the coefﬁcmntb and we obtain the following linear system of m
“Auztion with the unknowns B1, 42, oy o AN Y1, Y2, oy Yin—n

( ,
A= — b2 e N 4 0y + o+ 0 Ymn
A AL #1,2(z1), ™ Wl.n(ml)w ‘/’1,n+1(w1)z

2=0- u1+~L—+...+ o I 2+ 40 Ym—n

T

’ .
¥, z(xl) ‘pl,n(w'z)w ‘pl'n+1((172): (p2‘n+1(a;1)m
)\ p + Ym—n
m=10. M1 + 0- M2 + ... + 0- Hn + 0- Y1 + 0- ) + ... :"__”_’".*_‘l(m-rn)._r
he _
. l(‘t,emunant of this systemn is
12 () | S
e, g . : ' e Pmnntl (Zm),
e e ) ’~P] 5(-LJ) . (Pj 10 (J,Il) (Pl RIES | ((I,',H_1)£ . (p'z‘n»+-l ( ‘IH“-’)J- ,{l .
| )¢ oefficients 1, y; are unique deter-
””nr;q D Aifferent hy zcro, consequently the coeflicients e, i ¢
I“(). |
I ('St'} e convenient
e ., We
Warqy, lish the cocflicients oy prg, ..., ptn, and y1, %2, oy Ym—n

e fuype tion
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, .., jin. we consider the functiqp
i ocfficients fi1,H2s -

First, for establish the ¢

o P (T,nyT S(d(m,t) —d (:17,331)) (d(z,t) —d (.7:,;52)) Coe
f(f) = Sﬁl,j“l T

) — 1)

where ] € {1.‘2,...,71,}.

e have
Lemina 2.1. We ha

O’ zfz — 1,2,....,]‘ -1
1 — 1, zfz =)
Ai—l(f)x 0. ifi=j+1,j+2,~-,n
and | |
Al (f),=0,Yi=1,2,..,m="7
Proof. 1. Fori=1,2,...,7 — 1 we have
: f(zr) _

- 90’1,1' (@r),

B Z(d (z,z,) —d(z,1))) (d(z,z,) — d(z,22)) - ... - (d(z,27) — d(l',ﬂ?j—l))'

—1 ‘Pl1,i (zr),

But i < j — 1 hence all the terms of the sum are zero, so A!_; (f), =0
2. For i = j we apply the relation (8) and we have

Al (f), = [z1,%9, ..., 25 (d(z,t) —d(z,21)) (d (z,t) — d (z,22))
o (d(z,t) = d (7)) = 1

because f is a metric polynomial of degree § — 1.

S Fori=j+1,j492 T We also apply the relation (8) and we have

1 s
Sl = o2 (de,1) - d (2 20) (d (2, ) - d(32)
(d(.ﬂ,t) - d(l,(l)]_l))] =0
because the deg : i -
> degree of the et ., ‘oo i—1<
=i, e Polynomial f s j — 1 and j -1
4. From the rel

Q for

ation (8) we have
AL(f), = [,

T Tigy,

(d (e, ) i (d (s, 1) - d (x,21)) (d(z,t) — d(w, x2))

— d(:’;,(lfjh,]))] =0

because the degree of 11, me

¢ polynomial f jg j—landj—1<n—1 O
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Lemma 2.2. Forevery j =1,2,...n

wy o= 2AE@E) —d@n) Az - d(s,m)
=j

N UNDIRECTED NETWORKS

(d(z,zi) —d(z,z;_)).

Proof. From Theorem 2.1 we have

_leif (z1) = ;uiA%_l (£, + 3 AL (),
i= i= i=1

We apply now Lemma 2.1 and we obtain

B = Z/\if(xi) = Z)\i(ﬁl,j—l(il?i)z =
i=1 i=1

Z/\i (d(z,z;) — d(z,21)) (d(z,2;) — d(z,22)) - ... - (d(z,2:) — d(z,2j-1)) .
=

a
For establish now the coefficients 71,7z, ..., Ym—n we consider the function
fi + D(z,y) =R,

f;‘(t) _ { 0, ifz;mliwg,...,xj+n_1 ‘
‘pj+1,n—1(t)x, if = Zj4n, Tjsns1r--%m
where j = 1,2,...,m —n.
Lemma 2.3. We have
A, (f;‘)w =0 for every i =1,2,...n

and ‘
0,ifi=12..,j-1
; 1 pe
AL (f5), = @,z —d(@.2;)’ ifi=7
0,ifi=j+1L,j+2....,m=n
Proof. 1. For every i = 1,2,...n We have i < m < j +n hence f;‘(xl) =
files) = ... = fi(z:) = 0. Consequently
: f;(mr) — 0.

A (f]*)l = [1151,2152’...,117i§fj]$ = Z:l(p/“(xm)z
2. For every § = 1,2,...,j — 1 we have i +n < j+n—1hence
f;(l'i) = ff(f-iﬂ) =...= ff(w“’") =1
Consequently
n+i *(
I Pin+1 (ﬂ?r)x

r=1

AL (
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3. Fori =] we have

o N Jir
A'fv ( ] ).1‘ o 24(/3;-',” 1 (A'L'r)x

But .
) = fH@e) = = f; (@jpn—1) =0 and f; (€j4n) = Cittn-1(2j,),.
£ = fi @) =

Hence &, (f7), =

£

[ (@j4n)

Aty — d @) (d(@,2540) = d(2,2541)) o (A (@ Zj4n) = d (2,250, )

Az 5an) —d(@,2541) (A (T, 2540) — d(z,2j42)) o (A (T, Tj1n) — d(x:;rj_;n;l‘))
B }‘\‘;{‘\_I-:Tj*]-n) - d(2,2;)) (d(2,Tj4n) — d(2,2541)) - oo (d (T, Tjpn) — d (2,25, )
1
d(z, Tj4n) — d(z,25)
4. Finally we compute A}, (fJ’.")m = [miaxi+l,---a$i+n;f;]m fori=j+1,j+
Zoe 3 m —n. We see that i +n > 5 4+ n+ 1. We have

f; (z;) = 0 for every number r so that i Sr<j+n-1

and

Fi(2r) = 9jt1,n-1(2,), for every number r so that j +n <r <i+n.
But

7;j+l,n—1(xr)z = (d (17,.’171-) - d($a$j+l)) (d (17,-’177') —d (11?, fl’j+2)) S

’ (d(l’)zr) - d($,$j+n_l)) — 0

forevery r=j+1,5+2,... J +n—1. Consequently
0 = 0101102, for every r =4,i41,...i+n

and we obtain A (f')

- n\Jj) =0 becays \
the divided difi'(:r(:nci 1: conside e
Lemma 2.4,

(15)

gree of the polynomial fiisn- 1 and
‘ red on n 4 1 points. ]
or every j — 1,2,

1 ((i(ll!,«lfj»{ n) — d(z, zj)) -

Z: )‘z ((l (il,‘, €Y .
i=jin #i) (l("”"’ju)) ((l(a:,a:,') —d(x,xj42))

seet (d (:l:>;1:‘i) ~d (:lfaw;j tn - l))

ey —n
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Proof. From Theorem 2.1 we have

Sfe) =Y mal, (), + 57
g Z z 1 ;’)’,
we apply Lemma 2.3 and we ha.ve
m
p— ((1(.1‘..17_,'+11)_( s lj Z/\ f
m
= (d(z,2j4n) — d(z,75)) - Z Ai Pit1,n-1(Ti)e = (d(z,z4,) — d(z, z;)) -
1=j+n
DA (d(@,20) = d(2,2541)) (d (5, 25) — d (2, 2542)) -

1I=j+n

’ (d (377'731') —d (IE, mj-’r—n—l)) .

From Lemma 2.2 and Lemma 2.4 we obtain the following fundamental trans-
formation formula of divided differences.

Theorem 2.2. For every natural number n we have:

Z)‘if(l'i) = Z ZM‘PLJ 1(%3)z Ajl'—-l (f)e +
=1 le :]
m—n m .
(d(z,zj1n) = d(@,25)) - D Ni@jr1n-1(T)z | AL (f),
Jj=1 i=j+n
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