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Definition 1.1.

@ Let denote by H(U) the space of all analytical functions in the unit disk
U={zeC:|z| <1}, andlet

B={weHU): w=0, |w(z)| <1,z€ U}.

the class of Schwarz functions.

e If f,g € H(U), we say that the function f is subordinate to g, or g is superordinate to f,
written f(z) < g(z), if there exists a function w € B, such that f(z) = g(w(z)), forall z € U.

Q If £(2) < g(z), then £(0) = g(0) and f(U) C g(U).

Q If f(z) < g(z), then f(U;) C g(Ur), where U, = {z € C : |z| < r}, r < 1, and the equality
holds if and only if f(z) = g(\z), |A| = 1.

© Let f,g € H(U), and suppose that the function g is univalent in U. Then,

f(2)<9(z) & £(0)=g(0)and f(U) C g(U).



and ination-p! ving

Subordinations

Definition 1.1.

@ Let denote by H(U) the space of all analytical functions in the unit disk
U={zeC:|z| <1}, and let

B={weHU):w=0, |[w(2)]<1,zeU}.

the class of Schwarz functions.

e If f,g € H(U), we say that the function f is subordinate to g, or g is superordinate to f,
written f(z) < g(z), if there exists a function w € B, such that f(z) = g(w(z)), for all z € U.
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Subordinations

Definition 1.1.

@ Let denote by H(U) the space of all analytical functions in the unit disk
U={zeC:|z| <1}, and let

B={weHU):w=0, |[w(2)]<1,zeU}.

the class of Schwarz functions.

e If f,g € H(U), we say that the function f is subordinate to g, or g is superordinate to f,
written f(z) < g(2), if there exists a function w € B, such that f(z) = g(w(z)), forall z € U.

Remarks 1.1.

@ If f(z) < g(2), then f(0) = g(0) and f(U) C g(U).

Q If f(2) < g(2), then f(U;) C g(U,), where U, = {z € C : |z| < r}, r < 1, and the equality
holds if and only if f(z) = g(A\z), |\| = 1.

© Let f,g € H(U), and suppose that the function g is univalent in U. Then,

f(z) <9(2) <« f(0) =9(0) and (U) € g(U).
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and ination-p! ving

» Lety : C3 x U — Candlet h,q € Hy(U). The heart of the differential subordination theory
deals with the following implication, where p € H(U):

(1.1) b(p(2), 20/ (2), 220" (2): 2) < h(2) = p(2) < q(2).

h(U)

> a(ln)

W (p(2),2p°(2) 2% (2);2)
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and ination-p! ving op

» Lety : C3 x U — Candlet h,q € Hy(U). The heart of the differential subordination theory
deals with the following implication, where p € H(U):

(1.1) P(p(2), 20/ (2), 2%P" (2); 2) < h(2) = p(2) < q(2).

W (p(2),2p°(2) 2% (2);2)

Problem 1. Given the h, g € H,(U) functions, find a class of admissible functions W[h, q] such
that, if » € W[h, q], then (1.1) holds.

Problem 2. Given the ¢ and the h € Hy(U) functions, find a dominant g € H,(U) so that (1.1)
holds. Moreover, find the best dominant.

Problem 3. Given ¢ and the dominant g € H,(U), find the largest class of h € Hy,(U) functions so
that (1.1) holds.

¢ 1978 S. S. Miller, P. T. Mocanu - The fundamental lemma. (1971 Clunie-Jack lemma, 1925 K.
Loewner (in Polya & Szeg6 Problem Book), 1951 W. K. Hayman)
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and ination-p! ving

» Let o : C® x U — C and let h, g € H,(U). The heart of the differential superordination theory

deals with the following implication, where p € H(U):

(1.2) h(z) < w(p(2), 2p'(2), 22P" (2); 2) = q(2) < p(2).

D (p(2),20(2),2%07(2);2)

()
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and ination-p! ving op

» Let o : C® x U — C and let h, g € H,(U). The heart of the differential superordination theory
deals with the following implication, where p € H(U):

(1.2) h(z) < w(p(2), 2p'(2), 22P" (2); 2) = q(2) < p(2).

D (p(2),20(2),2%07(2);2)
e,

Problem 1°. Given the h, g € Hy(U) functions, find a class of admissible functions ®[h, g] such
that, if ¢ € ®[h, q], then (1.2) holds.

Problem 2’. Given the ¢ and the h € Hy(U) functions, find a subordinant g € Hy(U) so that (1.2)
holds. Moreover, find the best subordinant.

Problem 3’. Given ¢ and the subordinant g € Hy(U), find the largest class of h € Hy(U) functions
so that (1.2) holds.

& 1974-2003 S. S. Miller, P. T. Mocanu.
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and ination-p! ving op

Lemma 1.1. [Miller, Mocanu 1981, Lemma 1], [Miller, Mocanu 2000]

Let q € Q with q(0) = a and let the function p € H[a, n], p(z) # aand n > 1. If p(z) A q(z) then
there exist the points zy = rye'®0 and ¢y € U \ E(q) and a number m > n > 1 such that
p(U(0; ro)) € q(U) and

() p(20) = q(¢o)
(il)  zop'(20) = moq' (o)

200" (20) 609" (o)
(i) Re 7/}/(20) +1> mRe (7(7/@0) + 1) :
R
(w) N
f(Zo)

v
id
Ny
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Subordination-preservinb operators
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and ving ination-pi ving op

Subordination-preservinb operators

Definition 1.2.

Let K C H(U), and let | : K — H(U) be an operator. We say that the operator | preserves the
subordination, if

(1.3) f(z) < 9(2) = I(f)(2) < 1(9)(2)-
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and ving op ination-preserving op

Subordlnatlon preservmg operators

Definition 1.2

Let K C H(U), and let | : K — H(U) be an operator. We say that the operator | preserves the
subordination, if

(1.3) f(z) < 9(2) = I(f)(2) < 1(9)(2)-

@ In 1935, G. M. Goluzin [Goluzin 1935] considered the operator
I: {f € H(U) : f(0) = 0} — H(U) defined by

I(1)(2) = /02 O g,

and he showed that if the function g is convex in U, then (1.3) holds.
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Subordlnatlon preservmg operators

Definition 1.2

Let K C H(U), and let | : K — H(U) be an operator. We say that the operator | preserves the
subordination, if

(1.3) f(z) < 9(2) = I(f)(2) < 1(9)(2)-

@ In 1935, G. M. Goluzin [Goluzin 1935] considered the operator
I: {f € H(U) : f(0) = 0} — H(U) defined by

I(1)(2) = /Oz O g,

and he showed that if the function g is convex in U, then (1.3) holds.

@ In 1970, T. Suffridge [Suffridge 1970] generalized the above result by proving that the
implication (1.3) holds even that the function g is starlike in U.
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Subordlnatlon preservmg operators

Definition 1.2

Let K C H(U), and let | : K — H(U) be an operator. We say that the operator | preserves the
subordination, if

(1.3) f(z) < 9(2) = I(f)(2) < 1(9)(2)-

@ In 1935, G. M. Goluzin [Goluzin 1935] considered the operator
I: {f € H(U) : f(0) = 0} — H(U) defined by

I(1)(2) = /Oz O g,

and he showed that if the function g is convex in U, then (1.3) holds.

@ In 1970, T. Suffridge [Suffridge 1970] generalized the above result by proving that the
implication (1.3) holds even that the function g is starlike in U.

© In 1981, S. S. Miller and P. T. Mocanu [Miller, Mocanu 1981] generalized these results proving
that the operator | : {f € H(U) : f(0) = 0} — H(U) defined by

I(f)(2) = {/Ozfﬁt(t)dt]é,

preserves the subordination if 3 > 1, and the function g is starlike in U.
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and ination-p! ving op ination-p! ving operators

@ In 1947, R. M. Robinson [Robinson 1947] considering the differential subordination
[zF(2)]" < [zG(2)]’, where F(0) = G(0),

showed that this implies
F(rz) < G(rz) for r< %

Denoting f(z) = [zF'(2)]’ and g(z) = [zG'(z)]’, this result could be rewritten as

f(z) < g(z) = I(f)(rz) < I(g)(rz) for r<

ol =

where the operator | : H(U) — H(U) is defined by

(7)(2) = / (1) ot

and moreover, the function g is univalent in U.
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and ination-p! ving op ination-p! ving operators

@ In 1947, R. M. Robinson [Robinson 1947] considering the differential subordination
[zF(2)]" < [zG(2)]’, where F(0) = G(0),

showed that this implies
F(rz) < G(rz) for r< %

Denoting f(z) = [zF'(2)]’ and g(z) = [zG'(z)]’, this result could be rewritten as

f(z) < g(z) = I(f)(rz) < I(g)(rz) for r<

ol =

where the operator | : H(U) — H(U) is defined by

(7)(2) = / (1

and moreover, the function g is univalent in U.

@ In 1975, D. J. Hallenbeck and S. Ruscheweyh [Hallenbeck, Ruscheweyh 1975] prowed that, if
Re~ > 0, v # 0 and g is a convex function in U, then the integral operator | : H(U) — H(U)
defined by

I()(2) = /f O dt

satisfies (1.3).
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and ination-preserving op ination-preserving op

In 1984, S. S. Miller, P. T. Mocanu and M. O. Reade [Miller, Mocanu, Reade 1984] considered the
integral operator Iz, : K — H(U), K C H(U), defined by

z 5
(1.4) 5. ()(2) = [217/ (1)1 dt]’ .
0
If 3,7 € Cwith Re 3 > 0and Rey > 0, let K = Kj , where
H(U), it B=1,v#0
{f € H(U) : (0) = 0}, if B=1,7=0
Koo =\ {fe HU): (2) = Zh(2),h(z) 0,z € U,j > 1}, it L eN\{1}
{f € H(U) : (0) = 0, /(0) # 0, Re {,BZ:ES) + w] >0,z¢€ U} ,in rest.
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and ination-preserving op ination-preserving op

In 1984, S. S. Miller, P. T. Mocanu and M. O. Reade [Miller, Mocanu, Reade 1984] considered the
integral operator Iz, : K — H(U), K C H(U), defined by

z 5
(1.4) 5. ()(2) = [217/ (1)1 dt]’ .
0
If 3,7 € Cwith Re 3 > 0and Rey > 0, let K = Kj , where
H(U), it B=1,v#0
{f € H(U) : (0) = 0}, if B=1,7=0
Koo =\ {fe HU): (2) = Zh(2),h(z) 0,z € U,j > 1}, it L eN\{1}
{f € H(U) : (0) = 0, /(0) # 0, Re {,BZ:ES) + w] >0,z¢€ U} ,in rest.

They proved the following two results with some important consequences:

T. Bulboacé (Cluj-Napoca, Romania) Differential Subordinations ... 9/35




and ination-p! ving

Theorem 1.1. [Miller, Mocanu, Reade 1984]

Letf € Kg o with 3 > 0, and let g be a starlike function in U of the form
g(2) =bjz+byz? +---, ze U.
If the operator | = lg o : Kg.o — H(U) is defined by

06e) ot = [ [ 2L

then |(g) is a univalent function in U, and

f(2) < 9(2) = 1(f)(2) < I(g)(2)-
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and p! ving ination-pi ving

Theorem 1.2. [Miller, Mocanu, Reade 1984]

Let B,y € C, withRe 8 > 0,Re~ > 0 and let

1 8- 2RepR
0 =min{Re~,d}, where 60:—|’8+7| I ZI = ep eyi o
218+91+16=71  (B+~1+18-71)

Iff,g € Kg cug’(0) #0 and

29'(2) 29"(2)
Re [(B —1 +1+ > -4, z€ U,
e d(2)
then
(2) < 9(2) = 1.4 ()(2) < 15.~(9)(2)- )
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Generalized integral operators
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Sandwich-type results for a class of convex integral Gi i integral

Generalized integral operators

Now, let consider the integral operator Ai’“g .6 - K = H(U), with K C H(U), defined by

1/8
2.1) AD%  If(2) _{BJ”/fa(t Or-1dt|

’ Z7¢(2)

where a, 8,7,d € C and ¢, ¢ € H(U) (all powers are principal ones).
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Sandwich-type results for a class of convex integral op Gi i integral op

Generalized integral operators

Now, let consider the integral operator Ai’}j .6 - K = H(U), with K C H(U), defined by

176
2.1) AD%  If(2) _{BJr”/f“(t Or-de|

Z7¢(2)

where a, 8,v,8 € C and ¢, ¢ € H(U) (all powers are principal ones).

We generalized these previous results, in the sense of giving sufficient conditions on the gy and g»
functions and on the «, 8, v and § parameters, such that the next sandwich-type result holds:

2ol) {giz)r“ (z){f( )} ) {@}

z

implies

.0 B
26(2) [ww < 26(2) [HU} o) [mm]

z V4

5, B b0 B
AP ¥ A
Moreover, the functions z¢(z) [M} and z¢(2) [ ‘1"“'; [g‘?](z)} are respectively the

best subordinant and the best dominant.
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Preliminary results and tools
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Preliminary results and tools

To prove our main results, we will need the following definitions and lemmas presented in this
subsection.
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Preliminary results and tools

To prove our main results, we will need the following definitions and lemmas presented in this
subsection.

Definition 2.1.

Let c € CwithRec > 0, let n € N* and let

Cnh = Cn(c) = % [|c|,/1 +2Re (%) +Imc| .

If R is the univalent function R(z) = 120"222 , then the open door function R , is defined by
zZ+b )
Ren(z)=R(—— ), z€ 1,
2in(2) (1 + bz

where b = R~1(c).
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Preliminary results and tools

To prove our main results, we will need the following definitions and lemmas presented in this
subsection.

Definition 2.1.

Let c € C with Rec > 0, let n € N* and let

Cnh = Cn(c) = % [|c|,/1 +2Re (%) +Imc| .

If R is the univalent function R(z) = 20"222 , then the open door function R , is defined by
z+b)
Ren(z) =R — ), z€eU,
onl2) (1 + bz

where b = R~1(c).

Remarks 2.1.

| .

@ Remark that Re 5 is univalent in U, R¢,n(0) = ¢ and Rc,»(U) = R(U) is the complex plane slit
along the half-lines Rew = 0, Imw > C,and Rew = 0, Imw < —C.

@ Moreover, if ¢ > 0, then C,.1 > Cp and nim Cn = oo, hence Re,n < Rc pi1 and
o0
nim Rc,n(U) = C. We will use the notation Rc = R 1.
oo

v
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The Rc function
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Definition 2.2.

A function L(z; t) : U x [0, +00) — C is called a subordination (or a Loewner) chain if L(-; t) is
analytic and univalent in U for all > 0, and L(z; s) < L(z;t) when0 < s < t.
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Definition 2.2.

A function L(z; t) : U x [0, +00) — C is called a subordination (or a Loewner) chain if L(-; t) is
analytic and univalentin Uforall t > 0, and L(z;s) < L(z;f) when0 < s < t.

The next well-known lemma gives a sufficient condition so that the L(z; t) function will be a
subordination chain.

Lemma 2.1. [Pommerenke 1975, p. 159]

LetL(z;t) = ai(t)z + a(t)z% 4 ..., with ay(t) # 0 forall t > 0 and t—IJT |ai(t)] = +oo.

Suppose that L(-; t) is analytic in U for allt > 0, L(z; -) is continuously differentiable on [0, +o0) for
allz € U. If L(z; t) satisfies

oL/oz
0, U, t>0.
[zawt] >0, z¢

and
IL(z; 1) < Ko lar(B)], |zl <mp<1,t>0

for some positive constants Ky and ry, then L(z; t) is a subordination chain.
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Remark 2.1.

We emphasize that in the previous lemma both of the conditions are essential. For example,
considering the function

Liz;t)y=exp[(1 + t)mrz] —1, z€ U, t >0,

it is easy to check that

[ZaL/az
oL/ot
while for any f, > 0 the function L(z; ) is not univalent in U.

}:1+t21,zeU, t>0,
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Remark 2.1.

We emphasize that in the previous lemma both of the conditions are essential. For example,
considering the function

Liz;t)y=exp[(1 + t)mrz] —1, z€ U, t >0,

it is easy to check that

[ZaL/az
oL/ot
while for any f, > 0 the function L(z; ) is not univalent in U.

}:1+t21,zeU, t>0,

As in [Miller, Mocanu 2000], let denote by Q the set of functions f that are analytic and injective on
U\ E(f), where

E(f) = {g €U : lim 1(2) = oo} ,

and such that f/(¢) # 0 for ¢ € AU \ E(f).
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Sandwich-type results for a class of convex integral operators
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Sandwich-type results for a class of convex integral operators

For a € C and n € N* we denote

Hla,n] = {f € HU) : f(z) = a+ anz" + ... }. J
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Sandwich-type results for a class of convex integral operators

For a € C and n € N* we denote

Hla,n] = {f € HU) : f(z) = a+ anz" + ... }. J

First we need to determine the subset K C H(U) such that the integral operator Aﬁ’,?,%a given by
(2.1) will be well-defined. If we choose in the Integral Existence Theorem

[Miller, Mocanu 1989, Miller, Mocanu 1991] the correspondent functions = ¢ € H[1, 1] and

¢ = ¢ € H[1,1], with ¢(2)(z) # 0 for all z € U, then we get the set K where the integral

operator Aﬁig o is well-defined.
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Sandwich-type results for a class of convex integral operators

For a € C and n € N* we denote

Hla,n] = {f € HU) : f(z) = a+ anz" + ... }. J

First we need to determine the subset X C H(U) such that the integral operator AP
(2.1) will be well-defined. If we choose in the Integral Existence Theorem
[Miller, Mocanu 1989, Miller, Mocanu 1991] the correspondent functions = ¢ € H[1, 1] and
p=¢p¢€ H[1 1], with ¢(z)¢(z) # 0 for all z € U, then we get the set K where the integral
operator Aa .6 is well-defined.

- B'y s given by

Lemma 2.2. [B 2012]

Leta,B,v,6 e Cwith #0,a+ 6 =+~ andRe(B + v) > 0. For the functions ¢, p € H[1,1],

with ¢(z)p(2) # 0 for all z € U, we define the set K C H(U) by

2'(2) , 2¢/(2)
f(z2)  »(2)

o F
IfF = A2 sIf]. then f € K¥ s implies F € A, @ #0,z€U, and

(2.2) K= Kﬁéz{fe/\:a +6<Ra+5(z)}

+~| >0, zeU.

F(2) | 29/(2)
e[ﬁ F) T o)
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Theorem 2.1. [B 2012]

Leta,B,v,0 eCwith #0,1<pB+~v<2,a+0=L+1~. Letgy,9 eICM;,andfora;H
suppose in addition that gx(z)/z # 0 forz € U and k = 1,2. Suppose that the next two conditions

are satisfied
u @ | 1=+
U (2) 2

where uy(z) = zp(z) [ng(z)]O‘ andk =1,2.

Re |1 + ,z€eU, fork=1,2,

®,
3

¢
ﬂ+5[f](z):| € Q. Then

fz) ] is univalent in U and z¢(z) {A

Letf € K ; such that zp(2) [

202) | 22" < 20(2) [ (2] < 20t2) | £2]”

implies

brp B ¢, & . s
2(2) [Aa,ﬁ,w[gd(zﬂ 22) [Aaf;ﬁ;[fl(z)} e [Aa,‘g,%a[gz](Z)}

Z z

ADS  lal@)]?

. abe  slo@1”
Moreover, the functions z¢(z) %} and z¢(z) { < } are respectively the

best subordinant and the best dominant.
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This theorem generalize Theorem 3.2. from [B 2002-2], that may be obtained for the special case
a=pB,¢=1and p =1.

Forthecase o« = 8 =1, ¢ =1 and ¢ = 1, the result was obtained in [Miller, Mocanu 2000,
Corollary 6.1], where the authors assumed that Rey > 0 and gy, g» are convex functions.
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Sandwich-type results for a class of convex integral operators Sandwich-type results for a class of convex integral operators

This theorem generalize Theorem 3.2. from [B 2002-2], that may be obtained for the special case
a=pB,¢=1and p =1.

Forthecase o« = 8 =1, ¢ =1 and ¢ = 1, the result was obtained in [Miller, Mocanu 2000,
Corollary 6.1], where the authors assumed that Rey > 0 and gy, g» are convex functions.

AZe @1’
z

Because the assumption that the functions zp(2) [’(z ] and z¢(2) need to be

univalent in U is difficult to be checked, we will replace this by another condition, that is more easy
to be verified.
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Corollary 2.1. [B 2012]

Leta,B,v,6 e Cwith #£0,1<B8+v<2,a+d=L+~. Letf,g1,90 eICaé,andfora;H
suppose in addition that f(z)/z # 0, gk(2)/z # 0 for z € U and k = 1,2. Suppose that the next
three conditions are satisfied

Re |1+ ,z€eU, fork=1,2,3,

), 1=G

up(2) 2
where uy(z) = zp(z) [9"7(2)]&, k=1,2and uz(z) = z¢(2) [@] “

Then
202) | 22" < 20(2) [ (2] < 20t0) | £2]”

implies

0 B
262 [[gm} < 26(2) [MU} o) [mw]

z

AD:P B AP B
Moreover, the functions z¢(z Raip,7,s1011() and z¢(z Raip ., sleelle) are respectively the
z z

best subordinant and the best dominant.

v
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New improvement of some sandwich-type results

We denote the class D by

D:={peHU):(0) =1, p(2) #0, z€ U},

and let recall the integral operator A% : K — H(U), with I C H(U), defined by (2.1), i.e

a,B,7,0 °
1/8
AZE L l(2) = [z’ilz)/ femte—"dt|

where a, 8,v,0 € C and ¢, ¢ € H(U) (all powers are principal ones).

(feK, a,v1,6€C, BeC\{0}, a+d=p8+7, Re(a+d) >0, ¢,p € D).
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New improvement of some sandwich-type results

We denote the class D by

D:={p € H(U): ¢(0) =1, ¢(2) #0, z€ U},

and let recall the integral operator A% : K — H(U), with I C H(U), defined by (2.1), i.e

a,B,7,0 °
1/6
Wk ol = [ 22T [Frewetorad]

where a, 8,v,0 € C and ¢, ¢ € H(U) (all powers are principal ones).

(feK, a,7,6 €C, BeC\ {0}, a+d=8+~, Re(a+6) >0, ¢, € D).

As it was shown in Lemma 2.2, the above integral operator is well-defined on the set K = K¥ ,

defined by (2.2).
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Theorem 2.2. [Cho, B, Srivastava 2012]

Letf, gy € ICQ s k=1,2, where ¥ 5is defined by (2.2). Suppose also that

1" «
Re [ 1+ Zl/,k (2) > —p, z€ U, where vy(z):=zp(2) {M] , k=1,2, and
v (2) z

_ 1By 1P -1 = (B+7 1)
4Re(B+~v—1)

. with Re(B+~—1)>0.

If zp(z) [f(2)/2]* is univalent in U and z¢(z) [A¢ }‘; - 5[f](z)/z] € Q, where A‘i’ g .5 Isthe
integral operator defined by (2.1), then the subordination relation

202) | 22" < 20(2) (2] < 20t) [22)]"

implies that

®, B ¢, B . s
22 [Aaﬁw[gd(z)} 2o [Aafgﬁ;[fl(z)} < 202 [Aa,(g,%g[gz](z)]

V4 V4
B P
and z¢(z) [Au,ﬁ,w,;lgzuz)

subordinant and the best dominant, respectively.
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If we take in the previous theorem (or is some of its sides) the parameters «, 3, v and § with the
restrictions ¢(z) = p(z) =1, a = p3,v=4,and 1 < B8+ v < 2, then we have the previously
obtained results [B 1997, B 2002-2]. Taking 8 + v = 2 in Theorem 2.2, we have the following
result:
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Sandwich-type results for a class of convex integral New impi of some ich-type results

If we take in the previous theorem (or is some of its sides) the parameters «, 3, v and § with the
restrictions ¢(z) = ¢(z) =1, a = 3,7y =0,and 1 < 8+ v < 2, then we have the previously
obtained results [B 1997, B 2002-2]. Taking 8 + v = 2 in Theorem 2.2, we have the following
result:

Corollary 2.2. [Cho, B, Srivastava 2012]

Letf,gx € K? k =1,2, where K':i,Zfa is defined by (2.2), with § = 2 — «. Suppose that

a,2—a’

2/ (2) 1 gk(2) 1"
Re (1 + u,’(k(z) ) > —3 zeU, where v(z):=zp(2) [?} , k=12

a,,2—B,2—a
integral operator A, g 1—3,1—¢s is defined by (2.1), withy =1 — g andé = 1 — «, then the
following subordination relation

200 [29)]" < 260 [ 2] < 2010 [22)]"

B
If zp(2)[f(z)/z]~ is univalent functions in U and z¢(z) (A‘mp f(z) /z) € Q, where the

implies that

N B b, B b, B
Aa,ﬂ,Z—ﬂ,;_a[g1](z):| _<z¢(z)[AQ,BA—B;_QV](Z)} ) |:AQ,B,1—B,;_a[g2](Z):| )

2¢(2)

LB paoaleel@]”

. AL 911"
Moreover, the functions z¢(z) %} and z¢>(z)[ < } are the

best subordinant and the best dominant, respectively.
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Taking 8+~ =2+ i in Theorem 2.2, we are easily led to the following result:

Corollary 2.3. [Cho, B, Srivastava 2012]

Letf,gx € K? k =1,2, where K7

also that

., Is defined by (2.2), with 6 = 2 + i — a. Suppose

2+i—a’ J2+i—

z /! z _
Re 1+ 2k @), _3 /8
l/k(Z) 4
If z(f(z)/z)*¢(z) is univalent functions in U and z(Aa i B f(2)/z)P¢(z) € Q, where the

integral operatorA B2t B2t is defined by (2.1), withv=2+4+i— g andé =2+ i — «, then
the subordination relation

26(2) [242]" < 2002 2] < 20(0) [#£2]

,z€U, where v (z):=zp(2) [gk?(z)] , k=1,2.

implies that

2¢(2) Azzg’“"‘ﬁ’z*""‘[g‘“z)}B < 26(2) {M} < 24(2) {A B24i—p,24i algﬂ(z)}
z z

B B
I ) ) L [Ai osizazui- a[gzuz)}
V4

are the best subordinant and the best dominant, respectively.

Moreover, the functions z¢(z)
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Generalized Srivastava-Attiya operator

Definition 2.3.

@ The generalized hypergeometric function 4Fs is defined by

e o ) — = (@)n- (ag)n
aFs(2) = gFs(ar, ..., 0qi b1, Bsi 2) g(fh)n...(ﬁs)n

Zn
) ZEU7
n!
wherea; € C(j=1,...,q9), 5 € C\Z,,Zy ={0,—1,...}(=1,...,8),9g<s+1,
g, s € Ny, where (a) is the Pochhammer symbol defined by

(a)o=1, (e)k =a(a+1)...(a+k—1), (keN).

@ The general Hurwitz-Lerch Zeta function ¢(z, s, a) is defined by (cf., e.g.
[Srivastava, Choi 2001, p. 21 et seq.])

1 z 22 N
92.58) = Z(a+n)s’EJF(1+:,1)S+(2+:11)S

withae C\ Z, , s € Cwhen |z| < 1,and Res > 1 when |z| = 1.
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» A generalization of the above defined Hurwitz-Lerch Zeta function ¢(z, s, b) was studied by
Garg et al. [Garg, Jain, Kalla 2009] in the following form [Garg, Jain, Kalla 2009, p. 27, Eq.(1.4)]
(see also [Srivastava, Saxena, Pogany, Saxena 2011]):

L (N)n(p)n n
by (2,88 = Z %(niia)s’

n=0

with A, u,s € C,v,a € C\ Z, when |z| < 1,and Re(s + v — A — p) > 1 when |z| = 1.
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» A generalization of the above defined Hurwitz-Lerch Zeta function ¢(z, s, b) was studied by
Garg et al. [Garg, Jain, Kalla 2009] in the following form [Garg, Jain, Kalla 2009, p. 27, Eq.(1.4)]
(see also [Srivastava, Saxena, Pogany, Saxena 2011]):

q)k,u;y(z,s, a) :iw zn

— ()ant (n+a)s

)

with A\, 1,5 € C, v,a € C\ Z; when [z| <1,and Re(s +v — A — u) > 1 when |z| = 1.
» Motivated by earlier investigation by Srivastava and Attiya [Srivastava, Attiya 2007], Prajapat
and Goyal [Prajapat, Goyal 2009], we introduced the linear operator

TNe, A=A Ai={feH[a1]:f(0)=0, f'(0) =1}, J

which is defined by means of the following Hadamard (or convolution) product, that is

(2.3) TEE(N(2) = 632, (2) *1(2), z€ U,

where A, i, s € C,v,a € C\ Zg and f € A, while the function gj’i;y is defined by

v(1+ a)® _
(2.4) Gy o (2 )77/\/1 [®x,(2,85,2) —a®]
ik+1n1ﬂ+1)n1 1+a Szn zeU.
— v+ n+a ’
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Now, by using (2.4) in (2.3), we get

o~ A+ Dn-1(p+1)n1 (1+a
25 va f(2) = §
e Inuwf(@) =2+ (v + 1)y nl n+a

S
) anz", z € U.
—2
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Now, by using (2.4) in (2.3), we get

o (A + 1) 1(/-L+1)n 1 (1+a\®
2.5 S48 f(z) = anz" U.
(2-5) TN v (2)=2z+ z; (v +1)n—1 ! n+a a9 28

| \

Theorem 2.3. [Prajapat, B 2012]

2(2)
2 (2)

Letf, gk € A (k=1,2),a>0, and Re <1 + > > —p, z € U, with pk(2) = T35, 9k(2)
(k=1,2), where p =0 ifa=0 and

_ _ | a/?, if 0<a<i,
(2.6) p=p(a)= { 1/(2a), if a>1.

Suppose that the function 7% f is univalent in U, and Jff 8f € H[0,1] N Q.
Then, the double subordination

(2.7) TIN5 ,01(2) < T8 f(2) < TY% ,0a(2)
implies
Taildan(z) < Tt 2H(2) < TRt g (2).
s+1 a

g1 and 7. il 4g, are, respectively the best subordinant and best

Moreover, the functions j Nt

dominant of (2.7).
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Theorem 2.4. [Prajapat, B 2012]

Letf,gxk € A(k=1,2), A >0 and

zy(2)
Re<1 + lb,’((z) ) > -7, z€ U,

with ¢ (2) = Ty 3 v 9k(2) (k=1,2), where = 0 if A = 0 and

(a2 i 0<a<t,
T—T(A)—{ 172\, if A> 1.

Suppose that the function J3°7, .1 18 univalent in U, and Iyg feHD1NQ.
Then, the double subordination

(2.8) TNt w91 (2) R TRE L2 < TG, ,02(2)
implies
Tna,91(2) < Tv5 H(2) < T35 ,92(2).
Moreover, the functions ny’zyu gy and ijz 9> are, respectively the best subordinant and best
dominant of (2.8).
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Theorem 2.5. [Prajapat, B 2012]

Letf,gxk € A(k=1,2),v > 0and

29}/ (2)
Re [ 1+ > —0, z€ U,
95(2)

with 9(2) = T35 ,9k(2) (k =1,2), where o = 0 ifv = 0 and

— o(v) = v/2, if 0<v<H,
TTOWIT 1), if v>1.

Suppose that the function 7% f is univalentin U, and 737, ,f € H[0,1] N Q.
Then, the double subordination

(29) T 1(2) < TN, 1(2) < T3, 02(2)
implies s,a s,a s,a
‘7)\:u,u+1g1 (Z) < j}:#,u+1 f(z) = «7/\:M7u+192(z)~
Moreover, the functions 7, szyu 191 and J. ;Z ,+192 are, respectively the best subordinant and
best dominant of (2.9).
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As an interesting application, let define the linear operator S7'f : A — A (m € Ng, a > 0) by

Sif(2) = H(2), S7'(2)=

— [a57(2) + 2 (57(2))] . (me ). J

For 5
| =
a2)=1—3

denoting sm,a(z) = ST 14(z), then the explicit form of the function sm, 4 is given by

o0 m
n+a
Sma(z) =z + E ( > z" zeU.
= 1+a

If we take s = m (m = Ng) and g(z) = z (Sm,a(2))’ in the second subordination part of Theorem
2.3, we obtain the following special case:
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Theorem 2.6. [Prajapat, B 2012]

Letf e A, a> 0 and m € Ny. Suppose that

aFs(A+1,p+1,2,2,v+1,1,1;2)

Re
sho(A+1,u+1,2,04+1,1;2)

> —p, z€ U,

where p =0 ifa= 0, and p is given by (2.6) ifa > 0. Then the subordination condition
(2.10) T2 H(2) < 2P+ 1 p+ 1w +1;2)

implies
TUHLAM(2) < zaFo(A+ 1, u+1,a+ v+ 1,8+ 2;2),

Moreover, the function z3Fo(A +1,n+1,a+ 1;v 4+ 1, a+ 2; ) is the best dominant of (2.10).

y
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Theorem 2.6. [Prajapat, B 2012]

Letf e A, a> 0 and m € Ny. Suppose that

aFs(A+1,p+1,2,2,v+1,1,1;2)

Re
sho(A+1,u+1,2,04+1,1;2)

> —p, z€ U,

where p =0 ifa= 0, and p is given by (2.6) ifa > 0. Then the subordination condition
(2.10) T2 H(2) < 2P+ 1 p+ 1w +1;2)

implies
TUHLAM(2) < zaFo(A+ 1, u+1,a+ v+ 1,8+ 2;2),

Moreover, the function z3Fo(A +1,n+1,a+ 1;v 4+ 1, a+ 2; ) is the best dominant of (2.10).

y

Further, setting A\ = v and p = 1 in the above theorem, we get:
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Corollary 2.4. [Prajapat, B 2012]

Letf € A, a>0andm e Ny. Suppose that
3F2(2,2,2;1,1;2)

— U
2F1(2,2:1; 2) ZohEen
where p = 0 ifa= 0, and p is given by (2.6) ifa > 0.
Then, the subordination condition
@.11) Imaf(z) < 2
' e (1-2)2
implies

Imi1,af(2) < 2F1(a+1,2a+2;2).

Moreover, the function 2Fi(a+1,2; a+ 2; 2) is the best dominant of (2.11). Here, Jm.a = Jy 1y
is the already mentioned Srivastava—Attiya integral operator.
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Corollary 2.4. [Prajapat, B 2012]
Letf € A, a>0andm e Ny. Suppose that
3F2(2,2,2;1,1;2)

—p, 2€eU
@22 ST
where p = 0 ifa= 0, and p is given by (2.6) ifa > 0.
Then, the subordination condition
@.11) Imaf(z) < 2
' = 1-2)2
implies

Imi1,af(2) < 2Fi1(a+ 1,22+ 2;2).

Moreover, the function 2Fi(a+1,2; a+ 2; 2) is the best dominant of (2.11). Here, Jm.a = Jy 1y
is the already mentioned Srivastava—Attiya integral operator.

We conclude by remarking that in view of the generalized operator defined by the (2.5) and
expressed in term of convolution (2.3) involving arbitrary coefficients, the main results would lead
additional new results.

In fact, by appropriately selecting the arbitrary parameters in (2.5), the results presented in this
paper would find further applications which incorporate generalized form of linear operators.
These considerations can fruitfully be worked out and we skip the details in this regards.
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