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STUDIA UNIV. BABES-BOLYAI, MATHEMATICA, XL, 4, 1995

LA 7-TOPOLOGIE D’UN GROUPE ABELIEN
Grigore CALUGAREANU’
Dédiée au professeur V. Ureche 2 1’occasion de son 60°™ anniversaire

Regu: le 28 juin, 1995
Classification AMS: 20K45

REZUMAT. - 7-topologia unui grup abelian. Este introdusi o noud
topologie functoriala ideald i discretd dar non-completabil3, intim legatd de
grupuri abeliene mixte. Sunt demonstrate proprietitile de bazi.

RESUME. Une nouvelle topologie fonctorielle idéale discréte mais non
complétable intimement lie¢ aux groupes abéliens mixtes est introduite. Les
propriétés de base sont démontrées.

LEMME 1. L ensemble T= {U < A| A/U groupe de torsion} ordonné par
linclusion est un filtre dans le treillis des sous-groupes de A.

Démonstration. Si U€ Tet U s V, en utilisant I’épimorphisme canonique
Puv . AIU — AlV on déd:l.it immédiatement que ¥ € T Par calcul élémentaire
ondéduitde UVeETque UN Ve O

La topologie linéaire déteml-inée par ce filtre va étre nommée la 7-

topologie de A. On va aussi utiliser ¥ = {U € T | U sans torsion}.

* Université "Babes-Bolyai", Faculté de Mathematiques, 3400 Cluj-Napoca, Romania



G. CALUGAREANU

Remarque 1. On a U € T < U t 1(A) essentiel dans A.

Démonstration. Si U € Ton a U/ + T{4) € T (lemme) donc A/(U + 1(A))
est un groupe de torsion. L’inclusion S(4) < U + T(A) éiant évidente, U/ + 1(A)
est essentiel dans 4 (cf. [1], vol.1, ex.10, p.87). La condition est aussi suffisante
car A/(U + T(A)) groupe de torsion implique A/U/ groupe de torsion (calcul
élémentaire).l]

Cette équivalence généralise 1’équivalence connue: 7(A4) essentiel dans
A < A groupe de torsion (cf. [1], ex. 11, p.87).

PROPRIETES immediates 1. La T -topologie d’un groupe A est plus fine
que toutes les topologies les plus connues. Z-adique, p-adique, Priifer et la
topologie de !'indice fini.

La T-topologie d’un groupe A est discréte ssi A est un groupe de torsion
(en effet: discréte ssi 0 € 7).

La T-topologie d’un groupe A est grossiére ssi A = 0.

En effet, si A = 0, ¢, 0 et A sont deja trois ouvers.[J

Dans la suite 1’exposition suivra un parallélisme avec [2] pour des raisons
évidentes.

Drailleurs cette derniére propriété peut €tre aussi déduite de [2] (3 5):
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doit étre un nf,-groupe m,-divisible; dans notre cas i, =¢ donc A est un groupe
de torsion avec A[p] = 0 pour chaque p prémier. Donc 4 = 0.

PROPRIETES immediates 2. Si A est un groupe mixte ou sans torsion,
T ne contient pas de sous-grbupes de torsion.

Si A est sans torsion T = ¥F.

Si A est mixte F est un systéme fondamental de voisinages de 0 dans la
T-topologie.

Démonstration. Si U et A/U sont des groupes de torsion, A4 le serrait aussi.
Pour la derniére affirmation on prouve que: U € T'ssi il existe un F < U, F €
¥. En effet si 4 est un groupe mixte et U € T nous avons U = T(U). Si U est
sans torsion, on a rien a démontrer. Si U est mixte, soit ' un sous-groupe sans
torsion maximal (nommée par la suite une st-composante) de U. Alors F est
sans torsion et U/F est groupe de torsion (on a méme F net dans U). A/U étant
aussi groupe de torsion, A/F en est aussi, donc F' € #. Réciproquement, tout est
clair. O

Remarque 2. Si F est net daps U et A/U est groupe de torsion,
généralement il n’est pas vrai que F est net dans 4. Les st-composantes d’un

groupe mixte ne forment pas un systéme fondamental de voisinages de 0 dans

5
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la T-topologie.

Dans le cas contraire tout sous-groupe sans torsion U € ¥ contiendrait un
sous-groupe sans torsion maximal dans 4.

PROPRIETES immediates 3. La T-topologie d'un groupe A est toujours
Hausdorff.

Cela peut se démontrer de plusieurs maniéres:

(1) On peut démontrer aisement que l’intersection de toutes les st-
composanteé est 0. Alors N{U = A|A/U de torsion} = 0 a aussi lieu.

(ii) Pour vérifier que N{U < A|U € T} = 0, on revient a: pour chaque
a€A a=0il yaun U € Ttel que a & U. En effet, pour chaque a € 4, a =
0, le lemme de Zomn est applicable dans I’ensemble des sous-groupes de A qui
ne contiennet pas a. L’ensemble cc;ntient donc un sous-groupe maximal pour
lequel A/M est cocyclique ([1], (25.2)). Mais alors M € 7. OJ

PROPRIETES immediates 4. La T-topologie est fonctorielle, idéale et
donc minimale. (Voir [2]).

La classe discréte C(7) correspondante est la classe de tous les groupes de¢

torsion (discrete et idéale).C]

Remarque 3. C(T) n’étant pas fermée pour des puissances arbitraires, C(‘7)
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ne provient pas d’une famille topologique de radicaux (cf. [2] (2.11)). C(7) est
fermée aux extensions (c’est donc une classe Sérre).

PROPRIETES immediates 5. La T-topologie d'un groupe contient les
sous-groupes essentiels.

En effet B essentiel dans A ssi S(A) < B et A/B est groupe de torsion. Si
A est un groupe sans torsion, on a T= F = {sous-groupes essentiels}, mais si 4
est un groupe mixte, aucune st-composante q’est pas un sous-groupe essentiel.[]

PROPRIETES immediates 6. La T-topologie de A n’admet pas de sous-
groupes denses autres que A.

En effet, ([2] (3,2)(b)) B est dense dans A ssi A/B a la topologie grossiére
et on utilise une propriété antérieure.(]

Remarque 4. On peut aussi utiliser un exercice de [1] (ex. 10, p.34) pour
donner une autre démonstration:

si B = A serait un sous-groupe dense on aurait B + U = A pour chaque U
€ 7. Pour U = nA avec n naturel, on voit que B serait aussi dense dans la
topologie Z-adique, donc A/B serait divisiblc. A/B'n’est pas un groupe de torsion
parce que alors B € T et on aurait B+ B = B = A. Donc r,(A/B) = 0 et alors il

existe un sous-groupe C/B &« @ (le théoréme de structure pour les groupes
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divisibles) qui est aussi un facteur direct. On prend par example £/B < C/B avec
E/B = Z et alors A/(E+D)) = (A/B)(EIB®DIC) = QIZ si AIB = C/B®D/B. Donc
E+DeEeTet B+ (E+ D)=E+ D= A, contradiction.(]

PROPOSITION 1. Si pour une topologie fonctorielle T, la classe discréte
C(T) est une classe Sérre alors un sous-groupe B de A est T-concordant ssi AlB
€ (D).

Démonstration. Un sous-groupe est 7T-concordant i sa topologie de sous-
espace de T(4) = A[1,] coincide avec la topologie fonctorielle de B. Donc B est
T-concordant ssi Uy = B N U,

Premiérement, si B est 7-concordant, de 4z € B N U, on déduit que pour
chaque U < B, B/U € C implique A/U € C. C étant fermée aux sous-groupes, on
a 0 € C donc on peut prendre pius haut U = B. Donc 4/B € C.

Réciproquement, C étant fermée aux sous-groupes, on déduit B N u, C
Ug (eneffet pour Us AonaBNUs<BetB/(BNU)=(B+ U)/Us AU €
C; donc B/(B N U) € C). Si A/B € C et C est une classe Sérre, B/U et A/IB € C
= A/U € ¢ donc U, C BN 1, et B est T-concordant.(]

Cas particulier. B est 7-concordant ssi A/B est un groupe de torsion.

PROPOSITION 2. Tous les groupes quotients sont T-concordants.
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En effet, C(7) étant une classe idéale de groupes on applique [2] (3.2)(b).00

Remarque 5. On peut démontrer ce resultat aussi par voie directe:

T,z = {C/B < A/B|(A/B)(C/B) = AIC groupe de torsion} = {C/B =
AlIB|pg '(c/B) = C,A/C groupe de torsion} = la topologie quotient de 4/B. (Ici
pg:A — A/B est la projection canonique).

Remarque 6. Le foncteur induit par la 7-topologie commute avec les
sommes directes ([2], (3.21)).

PROPOSITION 3. La T-topologie n’est pas complétable.

En effet, la classe C(7) contient des groupes divisibles e.g. Z(p™)) donc le
Arésull‘:at se déduit de [2] (5.11). De la méme fagon on déduit que le complété de
Z dans la 7-topologie est méme que Ie complété dans la topologie Z-adique:
II J, pour tous les nombres premiers p (J, est le groupe des entiers p-adiques):
[2] (4.16).0

PROPOSITION 4. Tout sous-groupe de A est fermé dans la T-topologie
de A.

Démonstration. Si T est une tqpologic fonctorielle, C(T) sa classe discrete
et D le filtre de définition (i.e. U € D « A/U € C(T)) pour un sous-groupe B

de A, on a ’adhérence B = N{B + U|U = D}, donc B est fermé ssi B = N{B

9
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+ U|U € D}. On remarque alors aisement que pour deux topologies
fonctorielles 7, et 7, avec C(7}) € C(7,) (ou D, C D,; T, plus fine que 7)) si B
est T,-fermé il est aussi T,-fermé (BC N{B+ U|UE D,} CN{B+ U|UE D,}
= B sont toutes egalités). Mais tout sous-groupe est fermé dans la topologie de
Pritfer (Fuchs, vol. 1, p.31) et alors on obtient le résultat énoncé.(]
" Rappelons de [2] (3.‘12): un sbus-groupe B est T-pur dans A si chaque D
€ C(T) est injectif relativement a la suite exacte
0—>B—>A4—>AB—0.

La définition revient a la .-purité (C.P.Walker;e.g. [1], p.131) donc on
a: B est T-pur dans A ssi pour chaque U s B pour lequel B/U est groupe de
torsion, B/U est facteur direct dans A/U. Raisonnant comme plus haut, pour 7,
plus fine que T, si B est T,-pur, il est aussi 7}-pur. Si on prend 7 la topologie
de Priifer, 7, la 7-topologie et on remarque que pour 7, = {groupes cocycliques}
les sous-groupes ;.-purs sont exactement les sous-groupes purs, on voit que 7-
pur doit étre une notion intermédiaire entre pur et facteur direct.

Remarque 7. Si B est un sous-groupe 7-pur de torsion alors B est un
facteur direct (en effet, dans ce cas 0 € Dy et alors B/0 est un facteur direct
dans A4/0).

10
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PROPOSITION 5. Si Ext(4/B,T) = 0 a lieu pour chaque groupe de torsion
T, alors B est T-pur dans A.

En effet, B/U est un groupe de torsion, A/B s (A/U)/(B/U), donc A/U est
une extension de B/U par A/B et alors B/U est un facteur direct de A/U. On sait
(cf. [1], p.189) que Ext(4/B,T) = 0 a lieu pour chaque groupe de torsion 7 ssi
AlB est libre, donc cette condition implique deja B facteur direct de A.C3

Conclusion: les groupes 4 dans lesquels chaque sous-groupe Z-pur est un
facteur direct sont ceux pour lesquels on a

0>T—-G—=>AB—=0=3UsB:G=AlU.

Problémme 1. Caractériser les groupes complets dans la 7-topologie.

Problémme 2. Quels sont les groupes pour lesquels la 7-topologie et la Z-
topologie coincident?

Vu que la Z=topologie est plus fine que la topologie Z-adique, les groupes
recherchés sont exactement ceux qui on tous les groupes quotients groupes de
torsion bornés.

Problémme 3. Caractériser les sous-groupes Z-purs dans un groupe sans
torsion ou un groupe mixte.

Problemme 4. Etudier les liens de la T-topologie les catégories Walk et

Warf.

11
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REZUMALT. - Asupra unei anumite clase de functii analitice. Tn lucrare este

studiatd o clasd de functii analitice in discul unitate U, notatd 7,(j,a,p), unde

0<A=<1,0=<a<1,0<fB=<1andj€EN,={0,1,..} Suntobtinute teoreme

de deformare (delimitin ale modulelor functiilor §i derivatelor lor) i estiman

ale coeficientilor dezvoltirii in serie Taylor ale functiilor din aceste clase.

ABSTRACT. There are many classes of analytic functions in the unit disc
U. We shall consider the special class 7;(/,af) 0 sAs1,0sa<1,0<B =
1,/ € N, = {0,1,...}) of analytic functions in the unit disc U. And the purpose
of this paper is to show some distorsion theorems for the class 7;(j,,B). Also

we show some coefficient estimates for the classes 7,(j,.8), 7,(j,2.8), and

T,(,a,1).

1. Introduction. Let S denote the class of functions of the form

f(z)=z+ia"z" (1.0

n=2

* University of Mansoura, Faculty of Science, Department of Mathematics, Mansoura,
Egypt.

** "Babes-Bolyai" University, laculty of Mathematics and Computer Science, 3400 Cluj-
Napoca, Romania.
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which are analytic and univalent in the unit disc U = {z: |z| < 1}. We use Q
to denote the class of bounded analytic functions w(z) in U satisfing the

conditions w(0) = 0 and |w(z)| < 1 for z € U. For a function f{z) in S, we

define
D°f(2) = f(2), (1.2)
D'f(z) = Df(z) =2f'(2), (13)
and
D’f(z) =D(D’'f(z)) (JEN={1,2,..}). (1.4)

The differential operator I was introduced by Salagean [9]. With the help of
the differential operator I, we say that a function f{z) belonging to S is in the

class S(a) if and only if

D7 f(2) .
Re , >a eN=NU{0 1.5)
(S} > UEN=NU(O) (
for some a (0 = a < 1), and for all z € U. The class S(a) was defined by
Salagean [9].

Let T denote the subclass of S consisting of functions of the form

f(z)=z—2m:anz" (a,z0). (1.0)

n=2

Further, we define the class 7{j,«) by

14
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T(j,0) =S (a)NT. (1.7)
The class 7(j,co) was studied by Hur and Oh [3] and Salagean [10] and [11]. We
note that 7(0,a) = 7" (c) and 7(1,a) = C(ax) were studied by Silverman [12]. For
this class 7(j,ot) Salagean [10] and Hur and Oh [3] gave the following lemma.
LEMMA 1. Let the function f(z) be defined by (1.6). Then f(z) is in the
class 1(j,a) if and only if
inf(n—a)ans 1-o. (1.8)
ne2
The result is sharp.
The next lemma may be found in [3].

LEMMA 2. Let the function f(z) defined by (1.6) be in the class 1(j,c).

Then we have

_ 1—(1. 2 ~ + l_(l 2 19
o= s 2175 0 = el ¢ (19)
and
1-o
- - — |zl 1.10
e AR IR R e (1.10)

The result is sharp.
Let 7,(j,0.,8) denote the class of functions of the form (1.1) which satisfy

the condition
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@) _,

8(2)
m <Bp 0sA=1,0<Bs1,zEV)
8(2)

where

gz)=z-Y bz" (b,20)
n=2
is in the class T(j,00) (j € N,; 0 s a < 1).
We note that:

i) T,0,08) =S (o,8) (Owa [5,7]):

i) T,0,0,1)=5,0,@), 0su=As1, (Altintas [1]).

2. Distortion Theorems.

(1.11)

(1.12)

THEOREM 1. Let the function f(z) defined by (1.1) be in the class

1,(j,0.B). Then we have

~ (1-B1z) (2@-0) - (1 -@)z]) ||
/)l = 21 B2 2-0)

and
(1+Blz]) (2@ -a)z]) ||
f .
A T vy Y

for z € U. These estimates are sharp.

@.1)

Proof. We employ the same technique used by Goel and Sohi [2] and

16
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Owa [5,6,7,8]. Since f(z) € T,(j,a,B), after a simple computation we have

f@ . 1-Bv@ ,eca (2.3)
g2) 1+ABw(2)’

By using Schwarz’s lemma [4], we have |w(z)| =< |z|. Hence

1-Blz| _|/G)|, 1+Bl:

: 24)
Tzl |g@| 1-AB[]
Consequently, we have the theorem with the aid of Lemma 2. By taking
f(Z) - l—ﬁz (2.5)
8z 1+ABz
and
1-a 2
Z)=z- 2 2.6
&) Y30 (2.6)

we can see the estimates are sharp. This completes the proof of Theorem 1.
COROLLARY 1. Under the hypotheses of Theorem 1, fz) is included in

the disc with center at the origin and radius r, given by
(5 - B
;2 () (2Q-0) + (1-a)) en
J(1-Mp)2-a)
THEOREM 2. Let the function f(z) defined by (1.1) be in the class

T,(j,o.,B). Then we have

L) < (L8 12D (27 (2-0) + (1~ |z])
271 z]) (2-0)

L a+N) B(Z(2-a)+(1-a)lz|)]z| (2.8)
Y(A-AB |z (1 - z]*) (2-a)
forz e U.

17
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Proof. Since f(z) € T,(j,a,8), by using (2.3), we obtain

in - 1=BwR@) s (1+M)Bw/(2)
(. T B 2) ——{l+ka(z)}2g(z)’ weQ. (2.9)

Further, we have |w/(2)| =

by means of Caratheodory’s theorem [4].

-lz|?

Hence we obtain the theorem with the aid of Lemma 2.

Remark 1. We have not able to obtain the sharp estimate for | f/(z)| for

./(Z) € Tl(j,aaB)'

3. Coefficient Estimates
THEOREM 3. Let the function f(z) defined by (1.1) be in the class

T,(,o,B). Then we have

1-a

a|ls——
| 2(2-w)

*pa+N) (3.1

and

l1-a l-a
+ 1+A) +B(1+N). 32
0] = s * e P B (32)

The estimate for |a,| is sharp.

Proof. Let
w(z)=i c,z"EQ. (3.3)
n=1
Then we obtain [4]
le,l = 1. (3.4)

18
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and
le,| s1 -], |2 (3.5
Since f(z) € T,(j,o,B), by using (2.3), we have
@) A +ABw(2) =g() (1-Bw(@), W ERQ. (3.6)
Then, on substituting the power series (1.1), (1.12), and (3.3), for the functions

A2), g(z), and w(z), respectively, in (3.6) we get

(z +i a:z ”) (1 + )»Bf: cz "] = (z— f: bz ”] (1 - Bzm: c,z ”]. 3.7

n=2 n=1 n=2 n=1

Equating coefficients of z* and 2> on both sides of (3.7), we obtain
a,=-B(1+\)c, - b, (3.8)

and

%=_Ba+xya+xwa+xyf+BU+Xﬁfﬁ‘%- (3.9)

Since g(z) € 1(j,a), by using Lemma 1, we have

l1-a
b, =< s 3.10
P 2(2-0) 19
and
l-a
b, =< . 3.11
RETE ) G.1D)

Hence we have the theorem. Further we can see that estimate for |a,| is sharp
for Z((f); defined by (2.5), where g(z) is given by (2.6).
8z :
THEOREM 4. Let the function fz) defined by (1.1) be in the class

19
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T,(j,o,B). Then we have

1-a l1-a 1-a
+ 1+A) + 1+A +
a2 s+ s P ¢ BN (2
+B(1+X) + 2AB2(1 +N). (3.12)

Proof. Equating the coefficients of z* on both sides of (3.7), we have

a,=-b,-B(1+N)c, -B(ha,-b,)c, -B(ha,-b,)c,. (3.13)
Since
L [ ¥@g (0<r<i;nen (3.14)
" 2mi znl

|zl =r

for the coefficients ¢, of analytic function w(z) in the unit disc U, we obtain
lc | s%, 0<r<l,n€EN, n=z=1
and then
lc,|s1,nEN, nz1. (3.15)
From (3.13) and (3.15) we deduce
la,| = b, +BA+N) +B(hlay| + [b,]) + Bk |ay| + [65]).  (3.16)
Hence we obtain the theorem by u{sing Lemma 1 and Theorem 3.
Remark 2. We have not been able to obtain sharp estimates for |a,| (n
= 3) for the function f{z) belonging to the class 7;(j,a,B).
THEOREM 5. Let the function fz) defined by (1.1) be in the cluss
T7o(,0,B). Then we have
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YQ-)+l-a|, 1l-a 31
|a"|sB( 22-0) ]nf(n-a) @17

foranyn = 2.

Proof. Since f(z) belongs to the class Ty(j,a,p), from (3.7), we have

—%i(an+bn)z”= [z-zm:b”z "] (i c,z ”]. (3.18)

n=2 n=1

Equating the coefficients of z” on both sides of (3.18), we have

n-1
‘l (an+bn) = cn-l B E bmcn-m (319)
B m=2 :
By using that b, = 0, n = 2, from (3.15) and (3.19) we obtain
n-1
Lla+b|s1+3 0, (3.20)
B m=2
But
n-1 n-1
Y 2@2-0)b, sy mi(m-a)b, (3.21)
m=2 m=2

and by using Lemma 1 we deduce

00

l-a
b . 322
Ez n= 2(2-w) ¢.22)

From (3.20) and (3.22) we have

l1-a

Lla+b|s1+ | (3.23)
B 2(2-a)
Hence we obtain
Ianl S |a"+b"| + |bll|
<B 2’(2—.a)+1 -al, ‘.l—a ’ (3.24)
Y(2-w) n’(n-u)

because
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hs_ 1% (3.25)
n’/(n-a)

for any n = 2 by Lemma 1.

Remark 3. We have not been able to obtain sharp estimates for |a,| (n
= 2) for the function f{z) belonging to the class 7,(j,a.,B).

THEOREM 6. Let the function fz) defined by (1.1) be in the class

T,(j,0;1) and Re(a,) = 0 (k = 2,3,...(n-1)), then

la|<1+n+_1°* (3.26)
" n’(n-o)

foranyn =z 2.

Proof. Since f(z) € T,(j,a,1), from (3.7), we have

fj(an+bn) ——(1+7\,)z+z.;()\.a -b,) ][z;cz] (3.27)

n=2

Equating the coefficients of z” (n = 2) on both sides of (3.27) we get
a,+b,=-(1+\)c, and

a,+b,=-[(1+0)c,, +(Aa,-b,)c, , +...

+(ha,,-b,)c ], (n23). (3.28)

From (3.27) and (3.28) we obtain
n-1

(1+M)z +Y " (ha,-b,)z "]w(z), (3.29)

k=2

n

E(ak+bk)zk+ E dzt=-

) k-2 k=n+1

where E d,z* converges in U. Using |w(z)| <1 for z € U and Parseval’s

k=n+1

identity [4] on both sides of (3.29), we obtain
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n -]
Y la+b,Pr*+ Y |d | r*

k=2 -1 k=n+l
s(1+AM?r2+ Y |ha,- b, r*. (3.30)
k=2
Since (3.30) holds for all 7 in the interval 0 < r < 1, it follows that
n n-1
Y la+b, 2 s +N?+Y |ha,-b,[? (3.31)
k=2 k=2

and from (3.31) it follows that

n-1 n-1

la,+b s (1 + ) -(1-M)Y |a,]> -2(1+M)) Re(a)b,. (3.32)
k=2 k=2
Since b, = 0 for all n = 2 and Re(a,) = 0 (k = 2,3,...,(n-1)), it follows that
la,+b, | <(1+\). (3.33)
Hence, by using (3.25) and (3.33), we obtain
la|s|a+b|+|b|sl+h+—1"%  (n=22). (3.34)
n’/(n-o)
This completes the proof of Theorem 6.
COROLLARY 2. Let the function f(z) defined by (1.1) be in the class
T,(j,0,1) and Re(a,) = 0 (k = 2,3,...,(n-1)), then

(n=2). (3.35)

la|<1+A+ I
n nj 1
Remark 4. Since i is decreasing on n(n = 2), Theorem 6 gives
n’/(n-a)

la|s1+h+_L°%
-22-a)

for f(z) € T,(j,a,1) satisfying Re(a,) = 0 (k = 2,3,...,(n-1)).

(n=2) (3.36)
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CLOSE-TO-CONVEX FUNCTIONS
WITH POSITIVE COEFFICIENTS
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AMS subject classification: 30C45

REZUMAT. - Functii aproape convexe cu coeficienti pozitivi. In lucrare
sunt studiate functiile analitice in discul unitate, care satisfac conditia Re f” (2)
<B1<B=2 |z|<1l.

Abstract. Let f{z) =z + i la |z " be analytic in the unit disk E = {z: |z|
n=2

< 1}. Coefficient inequalities, distortion Theorems and radius of convexity are
determined for functions satisfying Re /' (z) <B, 1 <B s 2, z € E. Further it
is shown that such functions are close-to-convex.

1. Introduction. Let 4 denote the class of functions of the form
f2)=z +i a,z" that are analytic in the unit disk E = {z: |z| < 1}. Let S be

n=2

the subclass of A consisting of univalent functions in E. Let S be the subclass
of S, the members of which are starlike (with respect to the qrigin) in /. A

function f € S is said to be close-to-convex of order «, denoted by f € C(w),

0 < a < 1 if there exists a function g € S” such that Re zf(z)/g(z) > o for zEL.

* Karnatak University, Department of Mathematics, Dherwad-580 003, India.

** Karnatak Arts College, Department of Mathematics, Dharwad-580 001, India.
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C(0) = C is the class of close-to-convex functions.

Denote by V' the subclass of S, consisting of functions of the form

f)=z+ i: |a,|z . Further let P(ox) be the subclass of ¥ consisting of functions
n=2
that satisfy Re /' (z) >a, 0 sa <1,z E E.

Such functions are close-to-convex of order a with respect to the identity
function z. Thus P(a) C C(a), P(0) = P is the subclass of close-to-convex
functions in V.

For1<B=<32andz€E,let UP)={fEV:Re(l+zf" (2)/f'(z) <B} and
for 1 <B =2 z€EE,Ilet RPB)={fEV:Ref'(z)<B}.. In [5] the authors have
studied the univalent functions with positive coefficients. Sarangi and Uralegaddi
[3] and H.Al-Amiri [1] have studied the functions with negative coefficients that
satisfy Re f/(z) > a, 0 s a < 1 for z € E. In [2] Ozaki has proved that if f €
A, satisfies Re(1 +zf" (2)/f'(2)) <3/2, then fis univalent. And in [4] R.Singh
and S.Singh have shown that such functions are close-to-convex.

In this paper coefficient in equalities, distortion Theorems and radius of
convexity are determined for the class R(f). Also it is shown that the functions
in R(B) are close-to-convex. Further it is proved that if f € V, satisfies
Re(1 +zf" (2)If'(z)) <3/2, then 0<Ref'(z)<2, zEE.

26
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We need the following result [5].

THEOREM A. f € U(B) if and only if.

En(n—B) la |<p-1.

n=2

2. Coefficient inequalities.

THEOREM 1. If fE€V and Y nla,| <1 -a (0sa<]1) then f€ P(a).

n=2

Proof. Let Y nla,| <1 -o. It suffices to show that|f'(z)-1]| <1 - .
n=2 ‘

We have

7@ -1] =| ¥ na,z"
n=2

s Y nla,||z|"!

n=2

w
< Y nla|

n=2

The last expression is bounded above by 1 - o by hypothesis. Hence
| f/(z)-1]| <1-a and the theorem is proved.

THEOREM 2. f€ R(B) if and only if '} nla |<B-1.

n=2

Proof. Let ¥ nla | B -1. It suffices to prove that

" F'@-1
7@-@p-1)

<1, zE€E.

We have
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o

E nla |z

n=2

fl@-1 |
f'@)-@2B-1)

©

21-B)+ Y nla, |z

n=2

-4

Y nla,| |z|™

n=2

2B-1 -3 nla,| |z|"

n=2

=

K-

Enlanl

n=2

=

2-1)-Y nla,|

n=2

@

The last is bounded above by 1if Y nla,| <2(B-1) - Y nla,| which is

n=2 n=2

equivalent to

@

Y nla|sp-1. (1)

n=2

But (1) is true by hypothesis and the theorem is proved.

Conversely suppose Re f/(z) =Re {1 +Y_ nla |z""} <B, z EE. Choose

n=2

values of z on the real axis. Then letting z — 1 through real values we obtain

1+Y nla,|<B. Thatis } nla,|<p-1.

n=2 n=2

COROLLARY. Iff€ R(B) then |a | < (B -1)/n, with equality only for the

Sunctions of the form f(z) =z +((B-1)/n)z".
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3. Distortion Theorems. The coefficient bounds enable us to prove

THEOREM 3. If f € R(B) then

Q) r- ‘3;‘ rrs|fi2)] sr Bz" r, (2] =)

with equality for f(z) =z + B;I z?

(i) 1-B-Dr=s|f'@|s1+@-Dr (Iz|=n

with equality for fz) =z + ﬁ;1 z%

Proof. From Theorem 2 we have

2y la,|<Y nla,|sp-1.

n=2 n=2

lf@l<r+Y lalr"sr+r?Y la|sr+ B;I r2

n=2 nw=2

Similarly

Lf@l>r-Y lalr">r-r*Y la|>r- B;I r2

ne2 n=2

@

)

The result (i) follows from (2) and (3). Similarly the result (ii) can be

proved.

4. Comparable results.

THEOREM 4. If f € R(B) then f € P2-B).

Proof. In view of Theorem 2 and Theorem 1 we must prove

-

n=2 n=2

Y nla,| <B-1 implies Y nla |=1-(2-B)=p~1, which is obvious.



COROLLARY. R(2) C P.
Thus the functions in R(f) are close-to-convex.
THEOREM 5. If f€ U(B) then f € R(1/(2-)).

Proof. In view of Theorem A and Theorem 2 we must show that

E _'.7_(" ﬁ) la,| <1 implies E nla | < L =Bl Jtis sufficient to show
n=2 n=2 B 2 -B
hat

n(n-B)  2-Bn
B-1 B-1

~hich is equivalent to n-f§ = 2-8, n = 2, 3,... which is obvious.

COROLLARY 1. U(32) C P.
From the above two corollaries we have

COROLLARY 2. If Re(1+zf" (2)If'(2)) <3/2 then 0 < Ref’(z) s2.

5. Radius of convexity.

THEOREM 6. If f € R(B) then Re(1+zf" (2If'@)>0 in the disk

1
B-Dn

H(n-1)
|z| <r —r(B)~Inf( ) ,n=234,. . The result is sharp [or

flz)=z+ p-1 z” for some n.
n

The proof is similar to that of Theorem 4 in [3]. Observe that /(2) = 1
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REZUMAT. - Subordoniri diferentiale de ordinul intii si doi in mai multe
variabile complexe. In aceasti lucrare sunt prezentate rezultate privind teoria
subordonirilor diferentiale de ordinul intdi §i doi.pentru aplicatii olomorfe de
mai multe variabile complexe precum §i doud aplicatii referitoare la functii
mirginite §i respectiv functii convexe.

1. Introduction. In several papers S.S.Miller and P.T.Mocanu [2,3] have
considered analytic functions defined in the unit disc U which satisfy certain
differential conditions and they determined properties of the functions
themselves. Here, we consider similar relationships for mappings of several
complex variables. We shall show that if a holomorphic mapping of several
complex variables satisfies certain differential inequalities, then the function
itself must satisfy an associated subordination.

In Section 2 we obtain several results concerning first and second order

* "Babeys-Bolyai” University, Iaculty of Mathematics and Computer Science, 3400 Cluj-
Napoca, Romania
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differential subordinations for holomorphic mappings defined in the unit ball
Section 3 contains applications of these results to bounded functions and convex
functions.

We let C" denote the space of n-complex variables z = (z,,...,z,)’, with the
euclidian inner product <z,w>= 2”: zjﬁj and the norm |z|| = (<z,z>)"% The

Jj=1

ball {ze C:lzl < r} will bg denoted‘by B,". For short we write B” for B,".

Vector and matrices marked with the symbol * and * denote the transposed
and the transposed conjugate vector or matrix, respectively.

We denote by £(C') the space of continuous linear operators from C” into
C’, i.e. the n x n complex matrices 4 =(4,,), with the standard operator norm.

141 = sup {I 4z1: Izl s 1}, A€ L(C).

The class of holomorphic mappings f(z) = (f,(2),...,f(z)) from B" into C"’
is denoted by H(B ")

We denote by Df(z) and 1*A(z) the first and the second Fréchet derivatives
of fat z.

Wf_: say that f€ H(B ") is locally biholomorphic (locally unival:

if f'has a local holomorphic inverse at each point in 5", or equivalently.
2

J

derivative Df{(z) =( ) 1s nonsingular at each point - € B".
1</ ksn

34
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If ,g € H(B"), we say that fis subordinate to g (in B") if there exists a
Schwarz function v such that f(z) = g(v(z)), zE€ B ", and we shall write f < g to
indicate that fis subordinate to g. ’

Now we present a previous generalization of Jack’s, Miller’s and
Mocanu’s lemma [1] which will be the basic tool in obtaining our main results.

THEOREM 1. Let f be holomorphic in B" with f(Q) =0andf#0.

If 1/l = max | f(2)l, ZzEB" and if Df(2) is nonsingular then there

A=A
exists a real positive number m which satisfies m < It such that:
ILf&r
((Df2))'(2) =mf(2) (1)
and
Wi - Re (2 (DFE) DG (w,w) .

IDfE)wI?
Jor all we C\{0} which satisfy Re<w,z>=0.

2. First and second order differential inequalities.

LEMMA 1. Let q be a holomorphic and univalent mapping defined on
B". Let p be holomorphic in B", with p(0) = q(0). Suppose that there exists a
point ZEB", |Z| =r,<1 such that Dp(z) is nonsingular and

pE)Ed(B"), p(B,)Cq(B"). 3)
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If ¢, = q'(p(2)) then there exists a real positive number which satisfiesm < |||’

such that:
(Dp())")(2) = m((Dg(©)")'(€) 4)
and
Iwl? ~Rez *(Dp(2))* D?p(@)(w.w) = m(Jul’ -Re T’ (Dg(£)) " D*q(E)uw)  (5)
for each weC\{0} with Re<w,z>=0, where u is defined by
u =(Dq(8)) "' Dp@Z)w.

Proof. Let f:q'op: E::—» B". The function f(z)=q '(p(z)) is
holomorphic in B and satisfies f(0) =g ~(p(0)) =0, IfD)I=lg (Pl -
= |I€l = 1. Since p(B,") Cq(B") we have:

1 = f(Z)I = max | f(2)].
Lsr,

Also, since p is locally univalent at z and g™ is univalent on ¢g(B ") we
have that Df(Z) is nonsingular. Thus f'satisfies the conditions of Theorem 1. By
Theorem 1 we obtain that there exists a real positive number m such that
m =< |Z|]* and

(DfE)) (@)= mf(2). (6)

Since p(z) =q( f(z)) we have:

Dp(z) = Dg(f(2)) DA(2) 7)
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and
((Dp())'(@) = (Dg(fEN))'(DfE)) (@), (8)
By using (6) and the fact that f(z) =& we get
(D)) = m((Dg(©)) ™ (©)
so part (i) of Lemma 1 is satisfied.
Differentiating (8) at z =7 we get

D?p(Z)(w,w) =D (D)) (DAZw, DAZw) + Dg(RD)D*fZ)(w,w)
for each w € C"

By multiplying the above equality to the left with

ADp(2))" =2(Df2) (Dg(f(2)))"!
we obtain:

2°(Dp@) ' DpE)(w,w) =2 (DAZ) (Dg(f2))) ' D?*q(A2)) (DRZ)w, DAZ)w) +
+ 2 (DAY D> fE)(ww).

Substituting (6) into the above equality, using the fact that f(7) =€ and

noting u = Df(Z)w we get
Wi - 2*(Dp(2)) ' D ?p(E)(w,w) = Iwl?-2 *(Df(2) ' D *f(Z)(w.w) -
- mE (Dg(©)) "D *q(€)u.u).
Next, we shall use that part (ii) of Theorem 1. If we take the real parts in

©

(9) we have

Iwl?=2 *(Dp(2)) " D *p(z)(w,w) = m(lul*-ReC (Dg(T)) 'D2q(€)(u,u))
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for each w € C"\ {0} which satisfy Re<w, 2> =0.
Also, we note that the condition Re<w,7>=0 impliesRe<u,>=0
where by u we denoted u = Df(Z)w.
Indeed:
Re < Df(&)w, € > =Re <(Dg(8)) ' Dp(Zw,E> =

=Re < Dp(@w, (Dg(©) ™) (&) > =
=Re < Dp(Zw, m((Dp(2))")'(2) > =
=mRe<w,Z>=0.

LEMMA 2. Let q be a holomorphic and univalent mapping defined B".
Let p be holomorphic in B", locally univalent on B", with p(0) = q(0).
Ifp + q then there exists 2EB", C € B" with IEl =1 and a real positive
number m < 1 such that
@ p@) =4(®) (10)
(ii) (Dp(2))")™(2) = m((Dg(€))")(©) (1)

and

Iwl? -Re 2 (Dp(2))" Dp(Z)(w,w) =
zm(lul’ -Re € (Dq(©) "D (@) (u,w),
Jor each w € C'\ {0} with Re<w,Z> =0, where for each w,u is defined by

(iii)

u = (Dg(8))™ Dp(Z)w.
Proof. Since p(0) = q(0) and p(B") L q(B ") there exists 0 < r, < 1 sucl
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that p(B,") Cq(B") and p(B,") N q(8B ") = @.

Hence there exists zOE}E?ro and T, E8B" such that p(z)=¢(€) and
KB,)Cq(B").

The functions p,q satisfy the conditions of Lemma 1 and hence Lemma
2 is proved.

Before obtaining the main result of this section we need to specify the
class of functions for which the differential inequalities will hold.

DEFINITION. Let D be a set in C* and let ¢ be holomorphic and
univalent on B".

We define Y[D,q] to be the class of mappings : C'xC'xB”— C for
which (r,s,z) € D when r = g(T), s =m((Dg(€))")(¥), zEB", 0 sm =1 and
Igh = 1.

We now present the main differential subordination result:

THEOREM 2. Let D C C’, q be a holomorphic and univalent mapping
defined on B" and let Y €EY[Dygq]. If p € HB?") is locally univalent on B”
with p(0) = ¢(0) and if p satisfies

W(p(2), ((Dp(2))') (2),2) €D (13)
when z € B", then p < q.
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Proof. If p(B")¢Z q(B") there exists points 2EB"” and {EbB" that
satisfy (i) and (ii)) of Lemma 2. Using these conditions withr=p(2),
s =((Dp(2))")'(2) in Definition we obtain

W(p@),(Dp(2)))'(2).2) & D.

Since this contradicts (13) we must have p(B”)Cq(B") and p < gq.

The definition of w[.D,q] requires that the function g behave very nicely
on dB". If this is not the case, or the behavior of g on 8B” is unknown, it may
still be poséible to prove p < g by the following result:

THEOREM 3. Let 0 < p < 1, let q be holomorphic and univalent in B"
and suppose that:

Y(r,s;2) € w[D,qp] where qp(z) =q(pz). (14)

If p € H(B") is locally univalent on B" with p(0) = q(0) and if p satisfies
(13), when z € B" then p < q.

Proof. Since g, is holomorphic and univalent on B the class Y[D.gq, ] is
well defined from (14) and Theorem 2 we obtain p(B ") C g (B "), which implics

p(B")CqgB").
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3. Bounded and convex functions on B". If we take q(z) = Mz (where
M > 0) in Definition and Theorem 2 we obtain the following result:
COROLLARY 1. Let D be a set in C" and let be ¢: C'xC'xB"”— C' be
such that
WML, 2 L,2) € D (15)
M
where TEC with T =1, mER withm <1 and z € B".
If p € H(B ") with p(0) = 0 and if p satisfies
W(p(z),(Dp(2))) (2),2) ED (16)
where z € B", then |p(z)] < M.
We show the applicability of this result by an example.
Example. For D = B,;, W(r,s,z) =r + As where A € C with Re A = 0 and
p € HB" with p(0) =0
I12(2) + M(Dp(2))") ' (2)I < M implies Ip(z)ll < M.
Our final result is an application concerning subordination to convex
mappings.
COROLLARY 2. Let h € H(B") be a convex mapping with h(0) =0 and
let . € CwithRe Az 0.
Let p € H(B ") locally univalent on B" with p(0) = 0.
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If
P+ M(Dp(2))")'(2) ER(B ™) (17
for every z € B" then p < h.
Proof. Suppose that p ¢ hA.
By using Lemma 2 we obtain that there exists 2€EB", CE B" with
Il =1 such that:
p(2) =h(€)
and
((Dp(2)))7(2) = m((Dh(2))")'(Z)
where mER , m=< 1.
If we note
Y, = h(€) + M(Dp(E)")(2)
we obtain:
Py = h(E) + mA(Dh(2)))(2).
Straightforward calcultion gives us:
<, = HQ), (DA))") () > = mMI(DAE) ) EI
Since m > 0 and Re A =0 we have

Re <, = h(€), (Dh(2))")'(2)= 0
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and taking account that A(B”) is a convex set we obtain vy, & h(B") which
contradicts (17).

Hence our supposition was false, which means that p < A.

REFERENCES

1. P.Curt, C.Varga, Jack's, Miller’s and Mocanu's lemma for holomorphic mappings in
C’, to appear.

2. S.SMiller, P.T.Mocanu, Second order differential inequalities in the complex plane,
J. of Math. Anal. and Appl., 69(1978), 289-305.

3. S.SMiller, P.T.Mocanu, The theory and applications of second-order differential
subordinations, Studia Univ. Babeg-Bolyai, 34(1989), 3-34.



STUDIA UNIV. BABES-BOLYAI, MATHEMATICA, XL, 4, 1995

PARTIAL DIFFERENTIAL SUBORDINATIONS
FOR HOLOMORPHIC MAPPINGS
OF SEVERAL COMPLEX VARIABLES

Gabriela KOHR' and Mirela KOHR-ILE'
Dedicated to Professor V. Ureche on his 60" anniversary

Received: January 20, 1995
AMS subject classification: 32H02, 30C45

REZUMAT. - Subordoniri diferentiale pentru functii olomorfe de mai
multe variabile complexe. In aceasti lucrare autorii consideri clase speciale
de subordonari diferentiale precum §i inegalitati cuprinzand derivate partiale
de ordinul intéi pentru transforméan olomorfe definite pe polidiscul unitate din
c.

Abstract. In this paper the authors consider special classes of
subordinations and inequalities involving first partial derivatives of holomorphic

mappings in the unit polidisc of C".

1. Introduction. In several papers [6], [7], [8] S.S. Miller and P.T.
Mocanu considered the analytic functions defined on the unit disc
U={z€C: |z| <1}, which satisfy some differential inequalities or

subordinations. Using the technique of subordination were obtained severeal
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results including inclusion relations, inequalities and some sufficient conditions
for univalence. K. Dobrowolska, P. Liczberski in [3] and also, S. Gong, S.S.
Miller in [4] proved that if an analytic function of several complex variables
defined on a complete circular domain satisfy certain partial differential
inequalities or subordinations, then the function itself must satisfies an
associated inequality or subprdinatioh. P. Liczberski in [5] obtained some results
concerning paﬂial differential inequalities for holomorphic mappings on the open
unit Euclidian ball.

In this paper we obtain a new generalization of Jack-Miller-Mocanu
Lemma and then, using this result we will obtain some properties of

holomorphic mappings defined on the unit polydisc of C".

2. Preliminaries. We let C" denote the space of n complex variables
Zl

z =|..| with the norm |z| = max |z|. By U, and H(U,") we shall
z k<jsn

denote the open polydisc in C"i.e. the set {z € C': ||z| < r}, and the family of
all holomorphic mappings /- U — C, respectively. If Q is a region in C’ and
f is a holomorphic mapping in €, then we denote by Df(z) the Frechct
derivative of fatz € Q. Also, if F is a holomorphic function in €, then by
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AF(2)
0z,
DF(z) we denote the complex vector for all z € Q and D*F(z) the
AF(2)
iz,
. D?F(2) . .
complex matrix — . Let L(C") the space of all linear continuous
Z' Zj I <i, jsn

operators from €’ into C* with the standard operator norm || and let / be the
identity in L(C"), then the restriction D2f(z)(z, *) of thg continuous symmetric
bilinear operator D*z) to z x C" belongs to L(C). If z € €', then z’ will
represent its transpose.

If Q is a region in €’ and f is holomorphic in Q, then we say that f is
biholomorphic mapping in Q if the inverse mapping f ' does exist, is
holomorphic on an open set ¥ C € and (V) = Q.

The main results are based“on the following lemmas.

LEMMA 2.1:[6,7]. Let g be a holomorphic function in the unit disc U
with g(0) = 0 and suppose that at T, € U with |G| = r,, where 0 <r,<1, g
satisfies the following condition

" 18| = max{|g@)|: [T s g}

then there exists a real number m = 1 such that

L8 (%) =mg(g,)
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and

Re

1 + _C‘L”(E'L) = m.
g'(@,)

LEMMA 2.2 [3,4]. Let g: U — C be a function which is holomorphic
and univalent in U without at most one point T € U, which is a simple pole.
Let f be a holomorphic function in U," with f0) = g(0). Suppose that
fWU") & g(U), then there exists & € 3U, r, € (0,1), 2, € U, and a real

number m = 1 such that f(z,) = &C,) and [Df () (z,) = mGg'(T,).

3. Main results. Now we give the main result.
THEOREM 3.1. Let f € H(U,") with f0) = 0 and fiz) # 0. Let r be a
real number from the open interval (0,1). If for z, € l7r” we have
1/@)I = max{I/@): z € U}, (3.1)
then there exist the real numbers m, s such that s =z m = 1 and the following

relations are satisfied

(DAY ()
t, ——— = m

® et =traon £(z,) ’
) (zo’)Dka(zo)(zo)'

t. R -1),
® U;(zo)lzlf(zo)l ke 1:z) =mim=1)
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where 1, 2 0 for eachkand Y, t,=1;
14 = 1E)

(i) 1Df(z,) ()1 = s1/(z)1.

Proof. Let us denote & = f(z,), then according the condition (3.1) we can
assume that b = 0. Because (€, I'll) is normed space, Hahn Banach Theorem
guarantees that there exists A a continuous linear function from C” into C such
that A(b) = |||l and |A(u)| < llull, for all u € C". But, it is well known that A
can be written under the form A(z) = Y, tkﬂzk, for all z € C", where

b lbl=1 b,

z=|..|,b=|..|wheret, =0 foreachkand Y 1, =1
z b [6,] =160

n n

Now, if we consider the complex function g, defined in the unit disc U

by the formula
8L) = Ao f(Tzlzl"), T E U,
then g satisfy g(0) = 0 and |g(%,)| = max {g(T)|: [T| = |G|}, where g, =
liz,ll. So, from Lemma 2.1 we conclude that there exists a real number m, with
m = 1, such that the condition (i) and (ii) are satisfied. On the other hand, the
first equality can be rewritten as follows
A(DS(2,)(z,) = mlf(z)l,

and using the inequality |A(w)| < |lul, for each u € C’, then we deduce that

there exists a real number s, with s =2 m = 1 and such that the last equality is
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satisfied.
Let us consider M be a positive number and let D be a domain in C*” such

0
Let M,= U M, (M),where M,’(M)={(u, YEC™: ul =M, |v]=sM} and

szl

0
that (0,0)€D, where 0 = [] .

suppose that M, C D. Also let G (D,M) = {h: D — C': h continuous in D,
1A(0,0)I < M, h(uv)l = M for all (u,v) € M,}.

Using thgse classes and from the result of Theorem 3.1, we obtain the
following result:

THEOREM 3.2. Let D C € be a domain, let f € H(U,") with £0) =0
and fz) # 0, z € U,". Suppose that there exists a mapping h € G (D, M) such
that

(/(2),Df(2)(2)) € D
and
Ih(f(2), Df (@) @I < M,
forall z € U". Then | f(2)l <M, z € U,".

P_roof. If we suppose that there exists z, € (7,", re (0,1) with

1@l = M = max {If(2)I: z € U}, then using Theorem 3.1 we conclude

that there exists a real number s, with s = 1 and such that
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IDf(z,) ()l = sll f(z,)I. Hence, if we denote by u=£(z,) andv=Df(z,)(z,),
then (u,v)EM, (M) and because hEG,(D, M), we deduce that||h(u, v)|=M,
but this is a contradiction with the hypothesis. So, | f(z)l < M, forall z € U,",
Remark 3.1. It iS interesting that this result can be used to show that some
first order partial differential equations in € have bounded solution.
COROLLARY 3.1. Let F € H(U,") with F(0) = 0 and |F(z)Il < M, for
all z € U Lgt h € G (D, M) such that (he differential equation
hf(2),Df(2)(2) = F(z), f(0) = 0,
has a holomorphic solution f Then | f(2)| < M, for all z € U,".
DEFINITION 3.1. Let f and g be holomorphic mappings on the unit
polydisc U,”. We say that f'is subordinate to g (written f < g or f(z) < g(2)) if
there exists weEH(U,") with w(0)=0, |w(z)ll < 1, for all zEU,” and f = g O w.
Remark 3.2. If fis subordinate to g, then f0) = g(0) andf(U,") C g(U,").
But, if g is biholomorphic in U,”, then easily we show that f < g if and only if
0) = g(0) and f(U,") € g(U,").
Now applying the result of Theorem 3.1, we obtain the following result.
THEOREM 3.3. Let f € H(U,"), g be a biholomorphic in U", for some

p > 1, with f0) = g(0). Suppose that f is not subordinate to g, then there exist

STAECA FAQY[ 2SS
\Q>\ \\) L 7.[}./
CLUJ-NAPIGA
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an ry, € (0,1), the points z, € U, Izl s r,, ¢, € oU," and m, s be reul

numbers such that s =z m =z 1 and at z = z, the following relations are satisfied

) fz,) = &%), f(U") € gU");
- 5 o DB DG
Il =1 %
gw,) Q
where w,=gT), g'\wy) =| .. |.G=|-| and t, = 0 for each k
g,wy) ok

=1
%l =1

(iii) sIIDEEII'I™ s 1Df(z,) ()l s sIDg(C)I.

Proof. Since f'is not subordinate to g and £0)=g(0) thens(U,") ¢ g(U/,"),
hence we can get r, € (0,1) and the points z,€ U,", z,E (7:' L,E )", with
f(z,) =8(,) and f(U")Cg(U,"). On the other hand, if we consider the
mapping h(z)=(g '0f)(2), zEU,:', then hEH(U-::), h(0)=0 and 1=[lA(z,)l =
max {|h2)l: zE (7,:' }. Using the result of Theorem 3.1 and the properties of the
norm of a linear operator from C”, a straightforward calculation shows our result.

Now, we are able to define t‘he concept of "admissible class" in the ciase

of several variables. This concept is given in the following definition.

DEFINITION 3.2. Let D and L2 be domains from €” and C*, respectively.
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Let g be a biholomorphic in U,” for some p > 1, §, € aU," and m, t, positive

numbers, for each k, with m = 1, and ) ¢, = 1.
=1

Let us H,"(g) ={(u, ) EC": u=g(C), E tkan ,
ol =1 ?;'5'
8,(w,) %

where w =g, g '(w))=| .. |and T,=|...|. Also, let
g,(wy) o
H(g)= |J H,(g), and suppose that H(g) C Q and (g(0), 0) € L,
mal
respecti%gl;j.'n The admissible class (D, Q,g) consist of those continuous
mappings ¢ : Q x U," — € which satisfy
,(g(0),0;0) € D
and
Y (u,v;z) & D,
for all (u,v) € H(g) and z € U,".
Using this definition and from Theorem 3.3 we obtain the following
result.
THEOREM 3.4. Let f € H(U,"), g be a biholomorphic in U," for some

p > 1 and f(0) = g(0). Suppose that there exists € ,(D,Q,g) such that

(f(2), Df(2) (2)) € Q
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and
V,(f(2),Df(2) (2);2) € D,
for all z € U,". Then f is subordinate to g.

Proof. If we suppose that f is not subordinate to g, then from Theorem
3.3, we can get points z, € U,", § € aU,", and the real numbers ¢, = 0, for
each k, Y t, =1, m =1 suck that at z = z, the conditions (i) and (ii) are

Ical =1
satisfied. Let us u = f(z,) and v = Df(z,)(z,), then it is clear that
(u,v) € H,,;"(g) C H(g), hence using the Definition 3.2 we conclude that
Y (u,v;z,) &€ D, but this is a contradiction with the hypothesis. So, f is
subordinate to g.

Furthermore we suppose that D is a special domain in €, such that there
exists 4 a biholomorphic mapping in U,”, with A(U,") = D. But, it is clear that
this assertion is not true for all domains in C".

We denote the class (D, Q, ) by Y, (h, 2, g) and following the resuit
of Theorem 3.4 we obtain:

COROLLARY 3.3. Let Q be a domain in C”, let gh biholomorphi:
mappings in U," for some p> 1 and let f € H(U,") with f0) = g(0). Suppos:
that there exists a holomorphic mapping §, € y,(h,RQ,8) such thu
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¥,(8(0),0;0) = A0).
If
(f(2), Df(2)(2)) € Q
and
v, (f(2),Df(2)(2);2) < h(z), z € Uy, (3-2)
then f(2) < g(2), z € U,".

Remark 3.3. The biholomorphic mapping g is said to be a dominant of the
differential subordination (3.2) if fz) < g(z) for all f{z) satisfying (3.2). If g is
a dominant of (3.2) and g(z) < g(z) for all dominants g of (3.2), then g is said
to be the best dominant of (3.2).

The following result gives a sufficient condition that g to be the best
dominant of the subordination (3.2).

THEOREM 3.5. Let Q be a domain in €, let g h biholomorphic
mappings in U, for some p > 1 and let f € H(U,") such that f0) = g(0).
Suppose that there exists a holomorphic mapping ¥ € Y, (h,Q, g) such that
y,(8(0),0,0) = h(0) and g is a so{ution of differential equation

¥,(8(2), Dg(2) (2);2) = h(2), z € U)" (3.3)
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If
Y, (f(2), Df(2)(2);2) < h(2),
then f(z) < g(2), z € U," and g is the best dominant.
Proof. Using Corollary 3.3, we conclude that f is subordinate to g and
because g is a solution of differential equation (3.3), then from Remark 3.3

easily-we deduce that g is the best dominant of (3.2).

4. Examples. Finally we obtain some applications which point out the
usefulness of the above results.

If M is a positive number, let g: U,” — C, given by g(z) = Mz, for all
z € U,", then g is biholomorphic in U,” and is easy to show that in this case
the class H,"(g) consist of those (x,v) € C*, with u = MC,, u, = Me “ for
Ik =1, Yy tkvke_'e' = mM, where T, € 0U", 1, 20, 6, €R for all &,

Il =1
Y t,=1andm=1Let H(0) = |J H,(g), with g(z) =Mz, z € U,". Le

(el =1 mz1

U," .
D and Q be domains in C" and C*, re%f)gctlvely and suppose that H,(0) C Q. Let
us ,(0) the class of those continuous mappings ,; Q x U,” = €' such that
Y, (0,0;0) € D and y,(u,v;z) & D, for all (u,v) € H(0)and z € (/,".

An immediate application of Theorem 3.4 is given in the next result:
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THEOREM 4.1. Let f € (U,") with f0) = 0 and suppose that there exists
a mapping ¢, € y,(0) such that
(f(2),Df(2) (2)) € Q
and
Vv, (f(2),Df(2) (2);2) € D, z € U,"
Then | f(2)l <M, z € U,".
The following theorem consists a direct application of Theorem 4.1.
THEOREM 4.2. Let M, N be positive real numbers, let a and b functions
defined in U," which satisfy
o) + mb @] = -
forallm =1andz € U". Let f € H(U,") such that £0) =0 and
la) f(z) + b)Df(2) @I < N, z € U/,
then | f(2)l < M, z € U,".
COROLLARY 4.1. Let o be a function defined in U,”, which satisfies
Re ?:z_)] > —%, 2.€ U, Let f€ H(U,") with f0) = 0 and suppose that
I f(z) + a(z)Df(z) @I <1,ze U,
then | f(l <1,z € U
For a(z) = 0 in Theorem 4.2, we deduce:
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COROLLARY 4.2. Let M, N be positive real numbers, let b: U," — C be
a function which satisfies in U," the following condition |b(z)| = A—}\/J[’ z e U
Let f € H(U,") such that f0) = 0 and

16@z)Df(2) @I < N, z € Uy,
then | f(2l <M, z € U,

The final result is as follows:

THEOREM 4.3. Let f€ H(U,") and let g be a biholomorphic convex inU,"
with f(0) =g(0) =0 and Dg(0)=1. Let B, C be holomorphic functions inlJ,"
and E € HU,"), E(0) =0, which satisfy

Re B(z) = |C(2)-1 | -Re [C(2)-1] +allE(2)|l, z€E U,",
where o is a positive real number, with o. > 4. Suppose that
B(2) Dz)(z) + C@2)f(2) + E(2) < 8(2), zE U, (4.1
then f < g.

The proof is based on the following T.J. Suffridge’s result [10].

LEMMA 4.1. Suppose that h: U" — C' is a convex biholomorphi.
mapping, with h(0) =0, then there exists a nonsingular mapping T € L(C") ur.u
analytic convex univalent functions f,, j € {1, ..., n} of one variahle suc:;

fi(@) z)
that W(z)=T| .. |, forall z=|..|€U,".

'/;I(z") zn
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Proof of Theorem 4.3. Using Lemma 4.1 by easily computation we
deduce that there exists analytic and convex functions g; , j&{1, ..., n} of one

variable such that gj/(O) = 1, j&{l1, ..., n} and

g(z)) 2
gz =| .. |,z=|..|€U.
8.z, z,
. . _ (1+r,)
Since a > 4, there exists r, € (0,1) such that a = and
r

. 0
\2
a>_(l_+'_)_>4,forr0<r<1.

P
If we set f7(z) = f(rz) and g "(z) = g(rz), for ry<r <1, then from (4.1)
we obtain that
B(2)Df"(2)(2) + C'(2)f"(2) + E"(2) < g"(2), z € U’ (4.2)
and ry<r<1.
If we suppose that /" is not subordinate to g” for some r € (r,,1), then
there exists an integer k{1, ..., n} such that £, (U,")& g, (U). Using Lemma 2.2,
we can get points z, € U,”, T, € oU, and a real number m, = 1 such that
K@) = &) and [DE)Y @) = mEel @),
If we denote by Y (2)=B"(2)[Df,(2)) @ +C ") f, @ +E/(2), z €U}

= w"(z")—__gk ©) , henReA, =m, ReB "(z,) +Re{[C (z,)-1] &%)

and A - —
Yot el @) t, 8/ (C)
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E k’(z 0 )
t.&r (©)

+Re

=mReB(z,) +Re[C"(z,) - 1] - |C(z,) - 1| - 4|E/(z))| = 0,

using the inequalfty from the hypothesis and also, from very known relations for
convex univalent functions in the unit disc U :
/
zg, (z
O o> — L seu
8@ | 2 (1+ |z])
Now, using the fact that T, g,,'l(Ck) is the outward normal to the boundary

Re

of the convex domain g, (U), we obtain that y(z,) & g, (U), but this is a
contradiction with (4.2). So, we must have /™ subordinate to g’, for all r, < r <
1, hence letting » — 17, we deduce f subordinate to g.

If n=1 in Theorem 4.3, then this result was obtained by S.S. Miller and
P.T. Mocanu [8].

If C(z) = 1 in Theorem 4.3, we obtain

COROLLARY 4.3. Let f € H(U,") and let g be a biholomorphic convex
in U," with £0) = g(0) = 0 and Dg(0) = L. Let B be holomorphic function inJ,"
and E € H(U,") with E(0) = 0 and suppose that

ReB(z) = a|EQ@)|, z € U/,

where o is a positive number, with o > 4.

60



PARTIAL DIFFERENTIAL SUBORDINATIONS

I

B(z) Df(z) (2) + f(2) + E(2) < g(2), z € Uy,

then f< g.

10.
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REZUMAT. - Sisteme parabolice cu nonlinearitate discontinud. Se studiazd
rezolvabilitatea problemei Cauchy-Dirichlet pentru sisteme parabolice cu
neliniaritate discontinua.

Let QCR' be a bounded domain with Lipshitz boundary 9Q. We

consider the Cauchy-Dirichlet problem

du
_at_' - Lu=f(Cu in D,=Qx(0T), i=1,.,N ey
U, (x| oo =0, 4, (x0) =9,(x) x€Q, i=1,.N 03]

where L, are second order linear differential operators with real coefficients of

the form

N n a y au_ N V 3
L =YY L la) 2| -Ya'u i=1.N €)
Jo1 kim1 0X, ox, =

and f,: Q% (0,7) xR — R are given functions.

Let

* "Babeg-Bolyai" University, Faculty of Mathematics and Computer Science, 3400 Cluj-
Napoca, Romania
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LAQ, R = {u=(u,.,u) | uy, €LYQ) i=1,.,N}

with the scalar product resp. norm

Wmy = [S e, Wham, = [Slufas
i=1 i=]

ou
Hy(Q,RY) = {u € LYQ,R") a_’eﬁ(g),u,, =0 i=1,.,N, k=1,.n)
x Q

k

with the scalar product resp. norm

(*)amy = 12 E—_‘dx Il o = ![ ) (5)

inl k=1

and H (Q, R") the dual space of Hy(Q, RY).
Besides these we need some other spaces too.
Let X a Banach or Hilbert space. We denote by C([0,77, X) the linear
space of the continuous functions u: [0,7] — X with the norm
leel om0 = ‘Z[L(l)glllu(t)ll X
Analogously if X is a Hilbert space let L%(0,7; X) the set of the measurable
T
functions u:(0,7) —X for which ! ||u(t)|lf(dt <+00. In L*0,73X) we use the
scalar product
r
V) xomn = J (u(t),¥(0))  dt. (6
If X’ is the dual space of X we can similarly define the spaces
CLI0,7], X', L¥0,75X7).
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We shall use the following notations:

v =L*0,T;L2QR") =LADRY), W=L20,T;H, (QR))
w'=L*0,T; H"(QR")), Z=C([0,1), L2(QRY))

(7

If the system Lu = (L,u,...,.L u) is elliptic and weakly closed [2] for allz € (0,7’)
or is strongly elliptic [13], the coefficients a,” satisfy some "sign" conditions,
then for all f, € L*(D,) (here £, does not depend on ) and for allgp, € L*(RQ)
there exists a unique weak solution « € W N Z of the problem (1) - (2) and an
estimate of the form

bull, = CA, + 19l,qu) ®)
is true.

For Cauchy-Dirichlet problem see [1, 6, 8, 14].

If the functions f, depend on u and satisfy Caratheodory type conditions,
then many existence results were obtained using various methods for nonlinear
operatos [6, 8, 10].

In the tehnical applications appear various problems for parabolic systems
with initial and boundary condition which contain discontinuous nonlinearities.
In the study of these problems usually the inclusions differentials are applied.
We use here a simple method propoSed by S. Carl [4].

In this paper we study the solvability of the Cauchy-Dirichlet problem (1)-
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(2) in the case when f, does not depend explicitly on x and ¢ and f, has
discontinuities in u,,...,u,. We assume in the sequel that a,/, a,’ € L*(D,) and

we build the bilinear forms a, : W x W — R

AR AT
a(uy,) = J Yy af —L L+ a) v |dxdt 9)
1 |k 0x, Ox,

DEFINITION 1. We say that u € W is a weak solution of (1) - (2) if
u € Z, 2" e w, <‘;’t‘ ) € L'(0,1), f(u) € L*(D,) and

T

!<%:.,v>-dt + iz:: a,wy) = f@WV)pp py YVEW (10)

u(x0) = @(x) ae onQ 11)
Here <?3t > stays for the pairing of the functional —— (t) € H'(QR) with
v(-t) € Hy (QRY).

We introduce in L2 Dy, RY) a partially ordering relation. One says thatu < v
ifandonly if v-u € L2 (D, ,R") = {w € L?(0,T;R") | w,(x)20 ae. on D, }.
Let W,=WNL? (D, RY).If u, u€eL*(D,R") and u=<u, we denote

[uul={u€ L*(D,,R") |ususu}.
DEFINITION 2. We call u € W a weak upper solution of (1) - (2) if in

deﬁnition 1 condition (10) is changed into

!(T v> dt + E a,(u,v,) 2 (V) w Vv EW, (12)

i=1

Similarly we define the weak lower solutions changing the sign "z=" n
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(12) into "<"
We assume that
al) The system (L, u,..,.L,u) is strongly elliptic or weakly closed
a2) There exists a positive constant M, such that for all M= M, the

Cauchy-Dirichlet problem

at S Lu+Mu=g in D, u(x,?)|c0=0, u(x,0=¢px (13)

has a unique weak solution u for all g€ L*(D,,R") and ¢ € L*(Q,R"). For
the parabolic operator .(% - L + M1 the weak maximum and minimum principle

are true in the sense that: u€ W, u(x,0) =0 on Q and

N

A, (u,v):= J(Gu >dt+2 a(u,v)+M [ Y wy, dedt=0 YveW,,  (14)
i=] i=]

implies u(x,f)=0 ae. on D, ;and from uE€W, u(x,0)=0 on Q,and from

A, (u,v)s0 'vE W, results that u(x,)<0 ae. on D,.

Conditions al and o2 are obviously fulfilled if L,u contains only the

function u,
9 i 0y, 1 .
Lu= —lay—|-ayu, i=1,.,N 15

and there exists 1> 0 such that

E ay(x, t)&kglzuz g for ae. (x,f)ED,, VEER', i=1,.,N. (16)
k=1
For the maximum and minimum principles see [3, 5, 7, 12].

1) There exists a positive constant M, such that the functions
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F () =f(t)y+Mt, t€R i=1_.N (17)

are monotone increasing for every M=M,, e.g.
F,)sF,@) if v st j=1,.,N

B2) There exist a finite or countable number of surfaces S, CR" for which
we have a representation

S, ={t=(t,..Ty) ERV|7, =y, ), ¥ =(1,.73,,) ER"}, (18
where ¢, €C'R"") and

Yy, @)> v, () VY ERV, Vk
The functions f;: RY —R are continuous on R \ | JS,, f; has one-side limits
k

on S, e.g.

S =1limfE,..E) , f(x) =limfE,..5E)
exist and are finite.

¥) The Cauchy-Dirichlet problem (1) - (2) has a lower solution u and an
upper solution % such that u < u.

LEMMA 1. We assume that the conditions B1), B2) and y) are fulfilled
and M = max{M, ,M,} is a constant. Then

1° For every u € [u,u] the function F(u) = f(u) + Mu belongs t
L*(D,,R").

2°1f u,v€ [u,u] and u =<v then F(u) < F(v).
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3° The set {F(u)|u € [u,ul} is bounded in L*(D,,R").

For the proof see [11].

Let M, = max{M, ,M,}, M = M, a constant, 9 €L?*(Q,R") a fixed
element and w € [u,u] an arbitrary function.

THEOREM 1. If the hypotheses al, o2, B1, B2 and vy are satisfied, then

the Cauchy-Dirichlet problem

2-Lu+Mu=f(w)+Mw on D

ot T (19)
ux,N| o =0, ux,0) = @(x)
has a unique weak solution u€[u,u]. If 9€H, (Q,RY) then u €
WNL20,7,H*(Q,]Y)) and % eV
Proof. By Lemma 1 F(w) = f(w) + Mw € L*(D,,RY). In this case the
unique solvability of (19) results from al) and a2). Let u the weak solution of
(19). The function u is a weak upper solution of (1) - (2) with the same
¢ €L*Q,RY), thus we have

N
A, v) = [ Y Fw)vdxdt YVve W

i=1
T

N
A, u,v) = JE F,(u) v,dx dt Vv e W,

i=]
-

u(x,0) =u(x,0) = @(x) ae onQ
For the function # - u we obtain then
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A,G-u,v) = J[F,(Z) - F(w)]v,dxdt 20 YvE W,

T

and (% - u)(x,0) =0 .

Applying the maximum principles the last two formulae give
u-u=z0 ae. on D,. Simillarly we obtain » -u<0, and then yusu=<u.

If ¢ € H (Q,R") then u € L2(0,T, H*(Q,R")) and f’a_’t‘.e V (see
ap.

Let M, > M,. We consider the family of the cauchy-Dirichlet problem
(19).when w describes the interval [u,u], M € [M,,M,] and ¢ is the same
function for all problems. We denote by _,, the weak solution of (19).

THEOREM 2. There exist positive constants C, and C, such that

lu,, M, = C, Vw € [u,u], VM € [M,,M,] (20)

9 B :

’;:M“ s C, Vw € [u,u], VM € [M,,M,] (21)
W/

Proof. F(w) = f(w) + Mw € V so from conditions al) and a2) results
that there exists a constant C > 0 such that for the solutions u,, of the

problem (19) we have

lupdy = CUFMII, + 19l0 ) YW € [u,7] (22)

According to Lemma 1 { [F(w)ll, |w € [u,u]} is bounded, @ is the same for

all M, therefore there exists C, > 0 such that (20) is true. The estimate (21) is
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a consequence of (20) and

T

9 ul -
!( ;:M’V>dr+z al(uwM’vl)+M(uwM’v)V-JE F‘(W)v'dxdt VVEW

i=] i=l

LEMMA 2. Let u',u?,..,u*,.. a bounded monotone sequence
(increasing or decreasing) in W for which I% | k= 1;2,...} is also
bounded. Then (u*),, is weakly convergent in W, strongly convergent in
L*(D,,R) and f<% , v>dt—~'f<%'_:. , v> dt Vv EW (u=limu*).

Proof. The monotonicity of (u*), , means here the monotonicity of the
components of u*=(u,", ..., uy). Then .Lcmma .2 results from [4].

THEOREM 3. Let u,u € W be one lower resp. upper solution of the
Cauchy-Dirichlet problem (1) - (2). Assume that the conditions al), a2), pl),
B2) and v) are ﬁdﬁlled and f*(v) = f(t) (or f(t) =f(x)) for every tEUS,‘.
Then there exists at least one weak solution u € [u,u) of problem (1) - ("2).

Proof. We use a constructive iterative method proposed by S. Carl [4]
solving an infinite sequence of problems. Let mEL’(Q,i”) be the given

function in (2). We chose an M € [M,, M,] and start with the problem

1
U _ LU+ MU' = (U%) + MU® in Q% (0,T)
ot : (23)
U(x,0)|eo =0, U'(x,0) = @(x)
where U°=1u.
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(23) has a unique weak solution U'. Thus we have

N N
AM(U°,v)zJ'5_:f,(U°)v,dxdz +M (Y U'vdxat VvEW,

i=] i=1
T

N N
AU, v) = Ejj(U°)v,dxdt+MJEU,°v,dxdt W e W

2 i=l i=1
The last two formulae give
A,(U-U",v)=0 WeEW,
In the same way we get
A,(u-U',v)s0 VYvEW,
Using the maximum resp. minimum principle we obtain
usU'sU%=1u .
In the same manner the sequence U',U?,..,U*,... is built solving the
Cauchy-Dirichlet problems

auhl
- LUhl + MUlul ’f(Uk) + Muk

UM, 1) g =0, UM(x,0)=0@) x€Q

It is obvious that
usUMsU's .. =sU'sU=u.

= C,. Then

k
By Theorem 2 the sequence (u *),_, is bounded in W, and |%

|4
from Lemma 2 results that (u*)_, is strongly convergent in V and weakly
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convergent in W. U* is the weak solution of (24), thus

T
UM N e 3 a (UM vye [3° U v ded
‘[< = ,v> t+Ea,(U V) an; , v,dxdt

i=1

N N (25)
Y LU v dedieM [ Y Uy, dxdt

i=1 i=1
T T

But according to Lemma 2 U, converges strongly toan U€E L 2(DT ,RY),

k
U*— U weakly in W, 3_EW' and ! aU >dt - J<%Lt/ v>dt

Consequently after passing to limit the left side of (25) is

J<_5_ v>dt + Ea(U,v,) + M EU,v,dxdt (26)

We shall show that the limit of the right side of (25) exists and is equal

to

N N

!Ej;(l})v,dxdt + MY Uv,ar
i=1 i=l

U*(x,t) converges decreasing to U(x,?) a.e. on D,, f, is continuous on

R"’\U , f(®)=f(®) on S, thus f(UXx,n)—f,(U(x,1)) ae. on D, and

from Theorem 2 results that
Jf.(U"(x,t)) v, dedt | s WUy W, = C

where C is a conveniently chosen constant. Thus we can pass to limit in the

right side of (25), too, and we obtain
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T

U N N
J(..a.t_,v)dt*rza,(U,v, =[!’Ef‘(U)v,dxdt VWwwew
1 P

which means that U is a weak solution of problem (1) - (2).

If f(r) = f;(x) on S, then starting with u® = u (lower solution of (1) -

k

(2)) we can build a convergent sequence u',u?, ..  u*, .., u, is the solution

of
ou' - Lu*' + Mu*' = fu*) + Mu* in D
ot T 27
ub, g = 0, u*'(x,0) = @(x)

For the solution » = lim u#*! we have then

Ususu .
REMARK 1. For both cases f,x) = ffx) and f,(x) = f;(x) we may
start the iteration method with any U, u® € [u, u]. The sequences built by the
method (24) resp. (27) may converge to an element different from U resp. u
obtained in Theorem 3. We have the following
THEOREM 4. a) If in Theorem 3 f(x) = £7(x) <© € |S,. then the
solution U of the Cauchy-Dirichlet problem (1) - (2) obtained :n the proof of
Theorem 3 is maximal in the sense that Jor all solutions w € [u,u) of problem

(1) - (2) we have w < U.
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b) If /,(x) = f7(x) < € |JS,. then the solution u obtained by algorithm
k
(27) is minimal, that is u < w for any solution w € [u,u].
For the proof see [11].
REMARK 2. using differential inclusions we may weaken the assumptions
about the operator L and functions £, [9], but in this case we can not apply the

simple constructive method offered by the monotone iterative technique.
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REZUMAT. - Interpolare lacunari prin functii spliné cubice. In aceastd
noté se studiazd o problemd de interpolare prin functii spline cubice. Se di o
metoda de construire a solufiei §i se evalueazi eroarea aproximini.

As a generalization of polynomial Birkhoff interpolation, 1.J.Schoenberg
[22] had initiated the studying of lacunary interpolation by spline functions.
Next, involving the values of a given function and of certain of its derivatives
it was studied different particular cases of lacunary spline interpolation
problems.

The goal of this nq_t_e is to study such a lacunary spline problem and to
give a method to construcl:'t; éonespondjng solution. Also the approximation error
is evaluated.

Let S,(3.A,) be the set of the cubic splines for the partition
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.Napoca, Romania
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Aa=x<x<.<x=bneNn>l, (1)

ie.:
1) Sl[x,...x,] EP,,
i=Tn )
2) s€C¥a,b]

For a spline s € §,(3,A,) we can write

M-M
s"(x)=M, +.;_L‘(x ) for all xE([x,_,,x], i=T,n 3)

xl i-1

where M, = s (x,), k = 0,1

For f € Cla,b] one considers the conditions
s(x,) = f(x,)

s'(x)=m,

i =0,n. 4)

As a solution of the differential problem (3)-(4), one obtains [24]

M-M,_, ), 5
S = T (rmx P = (X P rm (mx )+ f(x) (9
60r-x,,) ,)
for x€[x_,x] i=
In some supplementary conditions [24] the solution s of the above
differential problem can be unique determined.
Now, one considers the folldwing lacunary spline interpolation problem:
find the cubic spline s € S,(3,A,) that interpolates the data
S(x),....f'x,)
V) "), (€ (x.x), i =T (6)
S (x,)
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Without lost of generality, it can be considered the interval [O,i] and its
uniform partition A, given by the nodes
x=L, i=Tn
n
with the norm h = 1/n.
The points ¢, can be written as
t, =x_ +oh with a€(0,1), i=Tn @)
THEOREM 1. Let £ [0,1] — R be a given function for which there existf" (0)

and [" (1)), t, € (x,_,,x,) for all i = T n. Then, there exists a unique cubic spline

s € S,,(3,A,,) such that
ey -
n n
s”(0) = £ (0) ¢
S” (ti) =f// (t‘), i = T,—n
and s(x)= f‘()“:')‘,_,) (x— 1'-1)3+ A (x- i-1 )2+ [n(f(_’) _f(l;l)) i
6 " p

n 2 n
) 7\.'+2)\.,_,](;.'._ i—l) +f(i_1), xe(ﬁ__,_i.), i=Tn ®)
P n

6n n n

with N\, some paramelers.

Proof. We look for the function s as a solution of the differential problem

AN - i~
s” (x) = ‘h"‘ (x—lnl)+7~,_,, xe(’_n%) (10)
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s(_’) =f(i), i=Tm . )
n n
We have
AN i—1\3 A i-1\2 e
sry = -] ALY P +Clx--'_l +C,,
6h n 2 n n
x€E ('__1__') i =T n, where the constants C, and C, are obtained from the
n n

conditions (11). One obtains

o)

C =n d -f il _)»,*27»,_, i=Tn
) ) =T

and (9) follows.

To find the parameters A,, i =0,n, there are used the interpolation conditions

8.
One obtains the follow ng system
Ay =f"(0)
- )
A+l -1,) (z, - ’_l) =" (), i =T (12)
n
Using the relation
r=21ial aeq
n n

the system (12) becomes

A =/"(0)

ah, +(L-a)\_ =f"(t), i=Tn, a€(0,1) )

This system has a unique solution, so the theorem is completely proved.
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THEOREM 2. If f € C*[0,1] and f € Lip,[0,1], with L the Lipschitz
constant, then for the corresponding cubic spline interpolation s, we have:

i) Is(0 -/ = £

ii) |s'()~f'()| sL + 6_1n[3 Al + 201 +6L 0+ (14)

“f5) 1 ()

iil) [s” (@) ~f" @) s AN | + A, | +o (1)

Mol I 2h ]+ 30 |]

f” _1)

where (oj(l) is the modulo of continuity of f%, j = 1,2 on [___!.,_'} i=Tn.
n n n
Proof. Taking into account that
Py P Al S xe[l'_],i], i=TT,
n n nl| n n n
| /) -fW = Llx-yl,
and (9), one obtains:
. n 1 ALl 1
i) [s(x)-Ax)| s'gl)"i—)‘;ql';-j' +'—£'l— 2 +nL|x,-x,_ 1| ;
A +2N
+l.l_____’;‘_|__]- +L|x_-x|s
6n n
s"-."i.)’\"i—)\'l—ll + Ao + A+ 20, | +£‘
6n? 2n? 6n? n
A +2N
i) 157697/ £ 2 Ayl o oL g e PPl
2 n2 n

6n
S )] S a [N A |+ [+ |+
2n i i-1 6" 1 -1

rl 1"1
"\ n

+.l|)\,';l|+L+ <
n

-1 (’—1) .
n
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<L +m](_’11) +F‘5[3|x,-x,_,| + I+ 20,1 + 61, 1]+
/ 1"1
s
i) 15" () -f" ()] s, x,,lfv 1 () f”( )

a2

and the theorem is completely proved.
' ‘ Xt X, .
Remark 1. If oa=12|= —5— from (13) it follows that

+

and

N+

A, =2f"(t) - \_, and the inequalities (14) becomes:

)

+

2n

i) Is()—fn)) = 25« [
n

+3|n, ]

i) |5/ /') < L + [ | f”( )—2%-, .
6n: 2n
sz// (21 1),,‘_)\‘-1 +6 |}\'H|]+wl(_l)+
n
iii) |s” (x) f”(x)|szf”(2’ 1) “oh, |+ A, |+co( )

Remark 2. If N,z \_ 20, i =T n then

7 (-’n—l)‘ (147)

)

) s -9l s 2L+ L)
n 3p?
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ii) Is'@)-F')| sL+ L@\ +50 ) + o, (l) .
6n n

(-1
"

% (’—n‘-)‘ (147)

iii) |57 (0~ ()] s\, + o, (%) R

n n

for all xe[ii,i], i=TH.

10.

11.
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1. Introduction. In recent years functional differential equations have
been applied in various fields of science and consequently, a large number of
papers on the theory of functional differential equations has been published. The
divergence of higher degree spline function methods arises from the enforcement
of the continuity requirement on the spline functions. It is possible to generate
convergent higher order mgthods by relaxing the continuity. This type of method
will be considered in this paper. Here a spline approximation for the numerical
solution of neutral delay differential equations has been introduced with degree

m = 3 and continuity class C"™2.

2. Description of the spline collocation method. Consider the followm
second order initial value problem for neutral delay differential equations:
y" () =f(t,y({),y(g(t)),y’(g(t))), tE€[a,b]
ROELOX y’(t)’=cp’(t), t€[a,b], asa<b (20
The function g, callgd the delay function, is assumed to be continuous on
the interval [o,b], and to satisfy the inequality o < g(¢) <¢, 1t € [a,b], and ¢
C™'[a.,a], where m > 2. Asstme that the functional
f:[a,b] x C''[a,b] x C'[a,b] x C[ar,b] = R
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satisfies the following conditions H, and H,:

H,. For any x € C'[a,b], the mapping ¢— f(t,x(£),x(),x'(*)) is
continuous on [a,b].

H, The follbwfng Lipschitz condition holds:

1/ x,0.,(),2,()) ~f (X0, ,(), 2, (D
JACREN MPR N 7AW NANE S EAEA ]
*Llz, -z, ,

with L, 20,0 < L, <1, 8 > 0, for any ¢ € [a,b], x,x, € C'[a,b],
WNiVaZ1,22 € Cla,a). Under conditions H, and H,, the problem (2.1)
has a unique solution y € C?[a,b] N C[a,bl; see [1,2].

As it is well known, jump discontinuities can occur in various higher
order derivatives of the solution even if f,g, are analytic in their arguments.
Such jump discontinuities are caused by the delay function g and propagate from
the point a as the order of derivative increases. We denote the jump
discontinuities by {3}, which are the roots of the equations g(&) =E,,; §, = a
is the jump discontinuity of ¢. Since in this paper g does not depend on y, we
can consider the jump discontinuities to be known for s ifficiently high order
derivatives and to be such that
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By <E <..<By <E<.,Ey

We shall construct a deficient polynomial spline approximating function of
degree m = 3 and deficiency 2, denoted by s: [a,6] — R.

Consider the interval [E.E;,], j = 0, ..., M-1, subdivided by a uniform
partition by the knots

B =1, <H<.<<f, <.<iy=E,,

where #, = t, + kh and h = (E;,, - §)/N. The spline function s approximating the
solution of (2.1) is defined on each subinterval [t,1,,,] by

s@t) = E (l)( k) i, a

-t)
o ! ) (m -1)!

where s%(t,), 0 < i < m-1, are left-hand limits of the derivatives as t — 1, of the

- ""+b - 22
(t-1) Tn—(t " (2.2)

segment of s defined on [t ], and the parameters a, and b, are determined

from the following collocation conditions:

s"(t, +hI2) =
Aty +h2, 5@, +h2), s(g(t, + h2)), 5" (g1, + h2)) (2.3)
5" () =t 50,10, (8 (140, 57 (8(1, 1)) 2.4)

In this way, we obtain a spline function of degree m = 3 and class C™?* over the
entire interval [E,E,], with tie knots {tk}f_o. It remains to show that, for /
sufficiently small, the parameters a, and b, can be uniquely determined from
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(2.3) and (2.4).
| THEOREM 2.1. If f satisfies conditions H, and H,, ¢ € C™'[a,a], a =
g(h) st t € [o,b], and if h is sufficiently small, then there exists a unique spline
approximating solution of problem (2.1) given by (2.3)-(2.4).

Proof. 1f is sufficient to proof that a, and b, can be uniquely determined
from (2.3) and (2.4). Substituting (2.2) in (2.3) and (2.4), we have

a,

R e Pyt 22 By,

m-1 bk m
ER

p +h . a h m-2+ b h B m-1
Ak(é(tk 3) ( _2)' (g(k tk) ( 1)' (g(k —2‘) t/;) )

_2m-2Ak//(tk+_l;_)

2m-2f[t + 2’ k([

A (g, + g» N

(! —*, @ty

f(k+1’ k( +1) ( 1)'

b
A (g(t/;+l)) (g( k*l) - )m : +7‘;(g(tk+1) _tk)m,

~a,
( -1)!

A (g + (&(1) ~ )" + g(t.) =) |+ A4 (4.)

a, b,
(m -2)! (m-1)! (TR
e 22

e+ 2
m!

f[tk«pAk(tm) N
=)
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b
Ak(g( k+l )) (g( k+l) ) —m—’;'(g(thl) - tk)m,

(m-1)! 1)‘

/ b n"
Ak (g(thq)) (g( kq) - ) ( 1)' (g( kq) t)m- ] Ak (’kq)

a,
(m-2)!

—2""3f(t * =4, +—) (my™ +-11‘;-(h)",
m!

=
m-1 b m
As( s ) Tt 1),(g(k 2 t,,) +Tn§(g(t,+-’2’->-u),

PHEORES S C = (g( ) ) - ”l), CORARS ]2A 2
where
A1) = 22 U)( Do)

Thus we have

a,=G(a,b,)

b, =Gya,,b,). 2.5)
Using assumption H, for _S-Ir:n}i(fnﬂj—ls)_}l)' <1 the application G: R* — R? defined
by

@,.b,) = (G\(a,,,),G (a,.b,) (2.6)

is a contraction mapping and has a unique solution (a,5,), which can be found
by iteration. This completes the proof of the theorem.

In order to make a connection between the spline method and discrete

90



DEFICIENT SPLINE APPROXIMATIONS

multistep methods, we present the following theorem, which gives the
relationship between the value of any spline function s € S,, and its second
derivative at the knots.

THEOREM 2.2. [3] For any spline function s €S, sEC™?a,b], m =
3, there exists a unique linear consistency relation between the quantities s(t,)

and s” (t,), k=0,1,..,m-2, namely

m-2 m-3
Y a”s@t,,)=h*Y b™s"(t,), OsvsN-m+1, (2.7)
Jj=0 J=0
where
a:=m-1)[0,,(+1)-20,,(0)+0, (-1
b™:=(m-1Q, . (+1), (2.8)
and

1 : k (k-1
= — =D -0)) .
0= G5 2 (D) (,)( )

THEOREM 2 3. The spline approximating values s(t,), k =0,N of the
above procedure are exactly the values furnished by the following multidiscrete

method

m-1 m-1
Y a™y, =h?Y bV, 0svsN-m+1, (2.9)
J0 -

v
J=0

where the coefficients af"') and bj(”') are given by (2.8), if the starting values

Vo =S (), s Vs =5(L,_,) (2.10)
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are used.

Proof. For h small enough, only one set of values {y,}, is satisfying the
relation (2.9) with the starting values (2.10). But obviously the spline values
{5}, are satisfying (2.9) on the basis of the consistency relation (2.7) and also
the starting values (2.10). That means the spline values must coincide with the
values given by the discre_te multistep method (2.9).

In the sequel, we shall be concemed with estimating the error in the
approximation of the solution of (2.1) by splines as well as with the
convergence of the approximation s to the exact solution y as h — 0.

We now define the step function s™ at the knots {tk}:’_‘ l' by the usual
arithmetic mean:

sy = Lsm, - Lnyssmg, + Ly @.11)
2 2 2

We need the following iemmas:

LEMMA 2.1. Let s:[a,b] — R be the spline approximating function and
y be the unique solution of problem (2.1). If

Is(t,) - M) <Kh?, |s(g(t,)) - MU <KR?,
|s'(g(t,) - y' (&) <Kh?,
where K is a constant, then there exists a constant K, such that
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|s(t) -t <K h?, |s”(@)-y" ) <Kh®.
Proof. Using the Lipschitz condition H,, we have
ls“ @) -y" @)l
= £, 5t 5(2(2).5 ©) ~F (1, 1) & (). M),y (&t
= L{Is(t,) - Mt + Is(g(t)) - ¥(&t)| + 1" (@) - ¥' (8,1}
L{Kh?+Kh?+Kh?} =3KLh®.
If K= max{K, 3KL}, then we have
|s(t) -yt | <K, k2, |s” (g(2)) -y (@) <Kk .
LEMMA 22. [4] Let yEC™[a,b), and s be the spline function of
_degree m and class C™? with the knots {t,}, Suppose that the following
relations hold:
ls @) -y =0k"”), |s(g,) -y gt )| =0h™),
O<rsm-2, 0sksN,
|s ™) - y™(0)| =O0(h), t,<t<t,, 0=sksN.
Then it follows:
Is( =O| =0 *), p:=min{p,1+p,...(m-2) +p, .},
p, =1, ViE€]a,b]
and
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s ™) -y ™(O)| = Oh), tE[a,b).

3. Cubic spline function approximating the solution. By Theorem 2.3
for m = 3, the cubic approximating spline function of degree 3 and defficiency
2 yields the same values at the knots as the discrete multistep method based on
the following recurrence fqrmula:

h? h?
Ve "2 Ven = Ve V] = M * ] G
where
L=t 70). 180" (1)),
if the starting values y, = s(#,) and y, = s(¢,+h) are used. The discrete method
(3.1) has degree of exactness three provided that the starting values y, and y,
have third order accuracy.

As in [3], it is easy to prove that the starting values y, = s(,) and y, =
s(t;+h) have the same order of ‘cxactness as the recurrence formula (3.1);
therefore we can conclude that

|s() - t)| =Oh?), |s" 1) -y" (1) =0,
The second relation follows from Lemma 2.1 for p‘= 3.
THEOREM 3.1. If f€ C*([a,b] x C'[a,b] x C'[a,b] x C[a,b]) and s 1
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the cubic spline function of degree 3 and defficiency 2 approximating the
solution of (2.1), then there exists a constant K, independent of h, such that, for
h sufficiently small and t € [a,b],

|0) - @) <Kh?, |y'(0) - s"@O1 <K%, |y™ () =s" ()] <Kh.

Proof. The proof is similar to the proof of Theorem 3.1 in [5].

4. Numerical Example. Consider the following neutral delay differential
equation.
y" (f) = cost —%y(t) +%y(t -m)-y/(t-n), t20
=1, n<t=<0
The exact solution for this problem with the given initial function is:

Nt) =1-2cost +2cos

@ t), for t€10,mx].

Table I shows cubic approximations and Table II shows deficient spline

approximations of order 3 and continuity class 1, for 4 = %
Table I
k 8y s(t) Y e(t)
0 0.369943 1.000000 1.000000 2.0161678549E-07
1 -0.208136 1.000002 1.000000 1.3896369637E-06
2 -0.015305 1.000004 1.000000 3.2549742173E-06
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k ay s(ty) y(t) e(ty)
3 0.231232 1.000006 1.000001 5.7729739638E-06
4 -0.385548 1.000010 1.000001 9.2825812317E-06
5 0.429349 1.000015 1.000001 1.3213615603E-05
Table I
k a by s(ty) y(t) e(tk_)
0 3.206419 | 0.013867 .| 1.000396 | 1.000000 | 3.9586596358E-04
1 2.790963 | 0.012070 | 1.001532 | 1.000000 | 1.5321755618E-03
2 2.429338 ' 0.010506 1.003313 | 1.000000 | 3.3129796484E-03
3 2.114568 0.609145 1.005655 | 1.000001 | 5.6547611457E-03
4 1.840582 | 0.007960 | 1.008486 | 1.000001 | 8.4848242204E-03
5 1.602096 | 0.006928 | 1.011741 | 1.000001 1.1739892165E-02
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REZUMAT. - Miscarea radiald in cimpul Maneff. Se studiazi migcarea
radiald in cadrul problemei celor dou# corpuri in cadmpul gravitational post-
newtonian nerelativist propus de G.Maneff (caractenizat de un potential
cvasiomogen). Pe baza integralei prime a energiei, se stabilesc traiectorii de
coliziune sau evadare pentru toate valorile §i pentru cele dou orientiri posibile

ale vitezei inifiale.

Proposed in 1924, Maneff’s post-Newtonian nonrelativistic gravitational
law [5-8] proved itself able to describe accurately the secular motions of both

perihelia of inner planets and Moon’s perigee. As showed in [4], Maneff’s law
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provides the same good theoretical approximation for these phenomena as the
relativity. Reconsidered recently (starting with F.N.Diacu’s researches), Maneff’s
potential appeared much less commonplace than at first sight, showing
interestihg and surprising properties (see [1-3,9]). This field has implications not
only in physics and (celestial) mechanics, but also in astrodynamics, cosmogony,
astrophysics [10], even in gtomic physics (see [1]).

In this note we shall consider the radial motion in Maneff’s field, more
precisely the rectilinear motion in the framework of the two-body problem with
the potential function (e.g. [1,3,9])

;. Gmm, [1 . 3G(ml+m2)], o

r 2¢%r

where m,,m, = the masser, r = distance between m, and m,, G = Newtonian
gravitational constant, ¢ = speed of light.
It is easy to see that, with the potential function (1), the relative motion

of m,, say, with respect to m, will be described by the equation

pe-Br_g(RYr )
r3 Cc r4
with p=G(m, +m,). In polar coordinates (7,u), (2) transforms as (see [9])
Forare b3 WO o 3)
r2 r3
rii+2ru=0, (1)
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system to which we attach the initial conditions
(r,u,ru)(ty) = (r,,u, V, cosa, V, sina/r,), &)}
where V' = velocity, a = angle between initial radius vector and initial velocity
(remind that we study the motion of m, in a frame originated in m,).
The force field is central, so the angular momentum is conserved and (4)
provides the first integrai
r*u=C, 6)
where C =7,V sina is the constant angular momentum. The first integral of
energy can also be easily obtained by the usual technique
V2=r2+(ru)2=27“+3£ﬁ+h, %

r

where the constant of energy A results to have the expression

2
h=vi-2 B 3oy ®)
r, %

In the following we shall consider only the rectilinear motion (o = 0 or
a =x, so C = 0). In this case (7) leads to V?=r2, but the integral of energy
explicited by (7) and (8)
2
ve=p2eop|d o Lles(BY (L 1) ©)
r rO C r2 r02
keeps the same expression as in the general case.
We shall study the motion for all values of V. The domains in which the

TECA FACULT S
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motion is possible, featured by the condition 2 = 0, will be pointed out, and the
characteristics of the motion as well.

Let us first introduce the following abridging notation

2
V=i_+\/§ll’ V2=J2£+3(u/c) ) (10)

: ‘/37 cr, r, ,.02
Suppose that ¥, > V,. In this case A > ¢*/3. If a = 0 (radial motion outwards),

m, will follow an escape trgiectory on which ¥ decreases continuously, tending
to \/7; when r tends to infinity. If o = = (radial motion inwards), we have a
collision trajéctory with continuously increasing velocity srch that V' — oo for
r—0.

For V, = V,, we have h = ¢*/3. The possible scenarios are the same:
escape path with decreasing velocity (V — ‘/ﬁ = c/ﬁ when 7 — ) for a =0,
and collision path with increasing velocity (V. — o when r — 0) for a = =

Let now consider V, < ¥, < V,, which means 0 < h < ¢*/3. All is like
previously: the motion directed outwards is decelerated but leads however to
escape, while the motion directed inwards is accelerated and leads to collision.
At 'limit.s V tends to the same values yh and o, respectively.

For V, =V, we have h =: 0. The scenario is identical: a = 0 means ¢scape
trajectory with ' — 0 for r —» o, while a = n leads to collision (with }* — =«
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when r — 0).
Lastly, consider V, < V,, meaning h < 0. If a = 0, then m, moves

outwards with decreasing velocity, such that for
3ulc?
~1+y/[1 +3uhcr)P - 3(V,lcP

¥y =

(1)

m, stops, then it starts inwards and collides with m, (V' —> o for r — 0). If o =
n, we have a collision path with continuously increasing velocity, tending to
infinity when r — 0.

Notice that V; has no physical, but only mathematical importance (this
value of ¥V, annuls the discriminant of the second degree polynomial function V'
= V(1/r) given by (9)), while 1", has a precise physical significance (this value
of V, annuls the constant of energy).

Concluding, in Maneff’s field the radial motion has no other end but
escape or collision, just like in the Newtonian field. By analogy with this last
one (and by abuse of language), we shall call V, (for which A = 0) "parabolic
velocity". So, the "hyperbolic/parqbolic-type" (V, = V,) rectilinear motion
directed outwards in Maneff’s field leads to escape with decreasing velocity

(which tends to the corresponding value ‘/ﬁ- = 0 when r — ). The "elliptic-
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type" (V, < V,) rectilinear motion directed outwards cannot lead to escape; m,

stops at a finite distance (11), then reverses the sense of motion and directs itself

with increasing velocity to collision. As to the rectilinear motion directed

inwards from the beginning, it ends in collision for any value of the initial

velocity.
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Profesorul universitar dr. Vasile Ureche s-a ndscut in 7 decemrie 1934, in satul Poiana
Ilvei, comuna Migura Ilvei, localitdfi situate pe mioriticele plaiuri nisiudene.

Crescut intr-o minunati familie de romani harnici, buni gospodari, a cunoscut de mic
valoarea si seriozitatea muncii, calitate care a cultivat-o tot timpul.

Ajuns la vérsta gcolard, in perioada 1941-1945 urmeazi gcoala primarj in satul natal,
dupi care se inscrie la Liceul "George Cosbuc" din Nis#ud, pe care il absolva in anul 1952
ca gef de promotie.

fn conditiile campaniei de distrugere a firanului mijlocag, pe care se baza economia
agrard a {Ari, prin sistemul de cote §i impozite citre stat, era extrem de greu din punct de
vedere material, pentru un copil provenind dintr-o astfel de familie, si urmeze studii
superioare.

De aceea profesorul Vasile Ureche si-a permis un rigaz de doi ani (1952-1954) in care
a functionat ca profesor suplinitor de matematici la scoala din Lésu Ilvei §i gcoala generald
din Ilva Mare.

fn anul 1954 devine student la Facultatea de Matematici-Fizici, secia Matematici de
la Universitatea "Victor Babes" din Cluj. Dupi absolvirea facult#tii (1959) este numit pentru
cinci luni, profesor de matematici la Scoala generala din comuna Rebrisoafa, judetul Bistrita-
Nisdud, dupd care, la propunerea profesorului Gheorghe Chig, devine asistent universitar la
disciplina Astronomie de la Facultatea de Matematic# a Universititii "Babes-Bolyai" din Clu;.

fn perioada octombrie 1965 - aprilie 1966 beneficiazi de o specializare la cele mai

prestigioase observatoare astronomice din fosta URSS.

* "Babegs-Bolyai" University, Faculty of Mathematics and Computer Science, 3400 Cluj-
Napoca, Romania.
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Ca urmare a sustinerii cu succes, in anul 1968, a tezei de doctorat cu titlul "Contributii
la interpretarea curbelor de lumini ale sistemelor binare stranse", elaborat sub indrumarea
profesorului de. doc. Gheorghe Chis, devine lector universitar, functie pe care o define pani
in anul 1990.

in anul 1990 ocupi prin concurs, ca misuri reparatorie, direct postul de profesor
universitar si devine conducitor de doctorat in specialitatea astronomie. Incepand cu anul
1992 este si geful catedrei de mecanica §i astronomie.

Toti cei care i-au fost studenti cunosc claritatea, rigoarea §i bogitia de informatii a
cursurjlor, seminariilor §i lucrénlor practice conduse de profesorul Vasile Ureche.

Sub conducerea domniei sale a fost susfinutdi o tezd de doctorat (lector dr.
A M.Imbroane) si au fost sprijiniti mai mulfi tineri in elaborarea tezelor de doctorat.

Activitatea stiintificd a domnului profesor Vasile Ureche, concretizeazi in peste 100
de lucrin publicate din care peste 30 in strdindtate, este orientatd pe urmitoarele domenii
principale:

- teoria sistemelor stelare binare stranse §i interpretarea curbelor de luming;

- teoria relativitdtii, modele de structurd a stelelor relativiste;

- fotometrie stelard, stele variabile gi teoria pulsaiilor stelare.

Dintre rezultatele mai importante obtinute imi permit s& scot in evidenti cateva:

- modelul elipsoid-elipsoid construit pentru interpretarea curbelor de lumini aie
binarelor stranse;

- studiile privind teoria pulsatiei stelelor in rotatie §i pe.turbate mareic;

- studiile privind proprietitile structurale, conditiile de stabilitate, geometria continuului
spatiu-timp §i cdmpul gravitational la stelele relativiste;

- modelul stelar liniar relativist;

- 0 noud clasi de modele stelare relativiste de tip "stepenar”;

- clasa de modele stelare barotropice al ciror autor este;

- 0 noud clasd de modele analitice pentru stelele pitice albe.

Aceste cercetiin cu deschiderea largd in astronomie au fost comunicate la numeroasc

congrese §i simpozioane nationale gi internationale. De altfel, prof. dr. Vasile Ureche a fost
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intre an:.  »78-1990, presedinte al subcomisiei nr. 5 "Stele duble" din cadrul comisiei de
‘colaborare multilaterald a academiilor de stiinte din {irile est europene pe tema "Fizica gi
evolufia stelelor". In aceasti calitate, in anul 1982, a organizat conferina internationala cu
tema "Obiecte relativiste in sisteme binare stranse".

La toate acestea se adaugd contributii la 30 de contracte de cercetare stiintifici dintre
care la 15 a fost responsabil de contract.

Fiind recunoscut ca o autoritate in domeniu, prof. dr. Vasile Ureche conduce seminarul
‘stiingific cu tema "Structurd §i evolutie stelard" la care pe langid cadre didactice, participd
studenti, doctoranzi §i cercetitori de la Observatorul Astronomic.

Pentru a veni 1n sprijinul bunei pregétin a studentilor si cercetitorilor in domeniul
astronomiei, a scris singur sau in colaborare, sase cirfi dintre care mentionim manualul
universitar de Astronomie (in colaborare cu prof. dr. Pal) i prestigiosul tratat in dou volume
intitulat "Universul", distins in anul 1990 cu premiul "Ghéorghe Lazir" al Academiei Romane
pe anul 1987.

O mirturie a recunoasterii nafionale §i internationale de care se bucur# profesorul dr.
Yasile Ureche o constituie alegerea domniei sale ca membru al Comitetului National Romén
de Astronomie (din anul 1990 face parte din biroul acestui comitet), membru al Uniunii
Astronomice Internationale §i membru fondator al Societdfii Europene de Astronomie. Revista
"Romanian Astronomical Journal" il are ca membru in colectivul siu de redactie si mai multe
reviste stréine il au ca recenzent.

Mergand pe drumul luminat de ilustri sii inaintagi George Cogbuc, Liviu Rebreanu,
Grigore Moisil, care s-au ndscut pe aceleasi mirifice meleaguri nisiudene, putem afirma ci
profesorul dr. Vasile Ureche a devenit o stea de primd mérime care dorim s striluceasci

multi ani pe firmamentul astronomiei roméanegti.
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LISTA LUCRARILOR STIINTIFICE
publicate de prof. univ. dr. VASILE URECHE

L. Cérti: cursuri universitare, culegeri de probleme §i monografii

. "Astronomie generalid", curs multiplicat (xerografiat) la Universitatea "Babes-Bolyai",

Cluj-Napoca, 1975, 365p.
"Astrofizica - azi" , Ed. $tiin;iﬂcé st enciclopedicd , Bucuresti, 1978, 134p.

3. "Universul", Vol.1: "Astronomie", Editura Dacia, Cluj-Napoca, 1982, 272p.

"Astronomie", Ed. didacticd §i pedagogica, Bucuresti, 1983, 228p. (in colab. cu A.
Pal).

. "Astronomie. Culegere de exercitii, probleme i programe de calcul" (xerografiat),

Universitatea "Babeg-Bolyai" din Cluj-Napoca, 1985, 348p. (in colab. cu T. Oproiu,
A. Pal, V. Pop).
"Universul", Vol. 2: "Astrofizicd", Editura Dacia, Cluj-Napoca, 1987, 336p. + XX VIII

planse color.

. "Astronomie. Culegere de exercitii, probleme si programe de calcul” (xerografiat),

editia a II-a, Universitatea "Babeg-Bolyai" din Cluj-Napoca, 1989, 348p. (in colab. cu
T. Oproiu, A. Pal 51 V. Pop).

"Culegere de probleme de astronomie", Editura "Libris" Cluj-Napoca (sub tipar)
(colab. cu A. Pal si V. Pop), 300p.

II. Articole si studii stiintifice

10.

11.

"Binara fotometricad V Trianguli”, Studia Universitatis Babes-Bolyai, Mathematica-
Physica, 7 (1962), No.1, 107-116 in colab. cu G. Chig).

"Orbita preliminari a’binarei fotometrice V Trianguli", Studia Universitatis Babes-
Bolyai", Mathematica-Physica, 9(1964), No. 1, 89-97.

"Observatii vizuale ale satelitilor artificiali ai Pimantului efectuate la statia 1132
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.
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de la Observatorul Astronomic al Universitiitii Babesg-Bolyai din Cluj, in anul
1962", Studii §i Cercetdn de Astronomie, 9 (1964), No.1, 113-120 (colab. la lucrare
colectivd).

"Cefeida scurt-periodici TU Comae Berenices", Studia Universitatis "Babes-Bolyai,
Mathematica-Physica, 10(1965), No.1, 73-81.

"Observatii vizuale ale satelitilor artificiali ai PAmantului efectuate la stafia 1132
de la Observatorul Astronomic al Universititii Babes-Bolyai din Cluj,' in anul

1963", Studii §i Cercetdri de Astronomie, 10(1965), No.1, 127-134 (colab. la lucrare

_colectiva).

"Visual Observations of Artificial Satellites made at Station No. 1132-Cluj, in
1965", Babes-Bolyai University Cluj, Astronomical Observatory (multiplicat), 1965,
19p. (colab. la lucrare colectivi).

"Elementele fotometrice ale cefeidei SY Piscium", Studia Universitatis Babes-Bolyai.
Mathematica-Physica, 11 (1966), No.1, 73-78.

"Predvaritelnie rezultati poiskov tefeid-vozmojnih cilenov rasseiannih skoplenii”,
Astronomiceskii Tirkuliar No. 367, 1966, 1-3 (in colab. cu G. S. Tsarevsky i Yu. N

Efremov).

"Novie peremennie zvezdi”, Astronomiceskii Tirkuliar No. 367, 1966, 3-4(in colab
cu N. B. Perova gi P.N. Kholopov).

"Metod dlia opredeleniia momentov maksimumov gefeid", Peremennie zvezdi, 16
(1966), No.1 (121), 74-81.

"Issledovanie novih peremennih zvezd SPZ 1500 i SPZ 1501 v sozvezdii Telja"

Peremennie zvezdi, 16 (1966), No.1 (121), 82-87.

"Observatii vizuale ale satelitilor artificiali ai Piméantului efectuate la stafia 1133
de la Observatorul Astronomic al Universititii Babes-Bolyai din Cluj, in 1964"
Studii si Cercetiri de Astronomie, 12 (1967), No.l, 93-121 (colab. la lucriic
coiectiva).

"Contributii la interpretarea curbelor de lumini ale sistemelor binare strinse’

tezd de doctorat (dactilografiat), Universitatea din Cluj, 1968, 241p.
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22.

23.

24.

25.

26.

27.

28.

29.

30.

31

32.

"Contributii la interpretarea curbelor de lumini ale sistemelor binare strinse.
Forma componentelor", Studia Universitatis Babeg-Bolyai, Mathematica-Mechanica,
14 (1969), No.1, 73-81.

"Contributions to the Interpretation of the Light Curves of the Close Binary
Systems. I1. The Projections of the Components on the Plane Perpendicular to the
Line of Sight" , Studii. si Cercetdri de Astronomie, 14 (1969), No.1, 53-61.
"Contributions to the Interpretation of the Light Curves of the Close Binary
Systems. III. The Loss of the Light during the Eclipses", Bulletin of the
Astronomical Institutes of Czechoslovakia, 20 (1969), No. 6, 312-317.

"Contributii la interpretarea curbelor de lumind ale sistemelor binare strianse"
(rezumatul tezei de doctorat), Studia Universitatis Babes-Bolyai, Mathematica-
Mechanica, 14 (1969), No.2, 144-146.

"Contributions to the Interpretation of the Light Curves of the Close Binary
Systems.IV. The ellipticity Effect and the Reflection Effect", Studia Universitatis
Babes-Bolyai, Mathematica-Mechanica, 15 (1970), No.2, 67-74.

"Contributions to the Interpretation of the Light Curves of the Close Binary
Systems. V. The Theoretical Light Curve and the Method of Element
Determination”, Studii §i Cercetini de Astronomie, 15 (197)), No.1, 9-16.
"Contributions to the Interpretation of the Light Curves of the Close Binary
Systems. VI. Application for the Ecl;psing Variable Star Al Draconis", idem,
No.2, 187-201.

"The Secondary Period_‘ of the Variable Star SW Piscium", Information Bulletin on
Variable Stars, No. 532;-1971, 1-2.

"Studiul cefeidei scurt-periodice SW Piscium", Studii si Cercetdri de Astronomie,
16 (1971), No.2, 141-149.

"Asupra reducerii observatiilor I_'otoelectrice la sistemul fotometric U, B, V",
Buletinul stiintific al Institutului Pedagogic Baia Mare, seria B. Vol 1lI, 1971, 227-231
"Fotometrul fotoelectric al Observatorului Astronomic din Cluj. Determinarea

coeficientilor de extinctie si a constantelor de trecere la sistemul B, V al lui
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33.

34.

35.

Johnson", Sudii i Cercetdri de Astronomie, 17 (1972), No.1, 33-43 (in colab. cu I.
Todoran, V. Pop si D. Chis).

"On the Napier’s Method for the Photometric Reflection Effect in Close Binary
Stars", Studii §i Cercetin de Astronomie, 17 (1972), No.2, 213-220.

"Natura sistemului binar VW Cygni", Studia Universitatis Babes-Bolyai,
Mathematica-Mechanica, 18 (1973), No.1, 87-93.

"Ellipsoid-Ellipsoid Model for the Interpretation of the Light Curves of the Close

Binary Systems.VIL. Reccurence Formulae for the Functions D/J(x)", Studia

. Universitatis Babeg-Bolyai", Mathematica-Mechanica, 19 (1974), No.1, 89-94.

36.

37.

38.

39.

40.

4].

42,
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"Asupra modelului sferi-elipsoid. Aplicatie la sistemul binar strins XZ
Andromedae", Studii §i Cercetiiri de Astronomie, 19 (1974), No.1, 67-77 (in colab.
cu H. Minti).

"Some RR Lyrae Variables with Blazko Effect" (Abstract), in Sherwood and Plaut
(eds), "Variable Stars and Stellar Evolution”, D. Reidel Publ. Comp., Dordrecht,
Holland, 1975, p.553 (in colab. cu G. Chis).

"Ellipsoid-Ellipsoid Appr-oximation for Close Binary Systems" (Proc. 2-nd Europ.
Meeting in Astron., ed. L. Gratton), Mem. Soc. Astron. Ital,, XLV (1975), 825-829
"On the Adiabatic Pulsations of the Rotating Stars with a Constant Temperature
Gradient", Bulletin of the Astronomical Institutes of Czechoslovakia, 26 (1975), No.2,
116-119 (in colab. cu N. Lungu).

"Rotational Angular Momenta of Close Binary System Components" in P
Eggleton et al. (eds), "Structure and Evolution of Close Binary Systems" (Proc IAl!
Symp. No.73), 1976, 351-363.

"On the Limb Darkening of the Close Binary System Components" Contributions
of the Astronomical Observatory, Babeg-Bolyai University of Cluj-Napoca, 1976, 13-
26.

"Ellipsoid-Ellipsoid Approximation for Close Binary Systems with Elliptici
Orbits" (Summary), Contnbutions of the Astronomical Observatory Cluj-Napoc..
1978, 18-22.
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43.

44.

45.

46.

47.

48.

49.

50.

51

52.

54.

"On the Adiabatic Pulsations of Tidally Perturbed Rotating Stars", Bulletin of the
Astronomical Institutes of Czechoslovakia, 29 (1978), No.3, 185-188 (in colab. cu N.
Lungu).

"Ellipsoid-Ellipsoid Approximation for Close Binary Systems with Elliptical
Orbits", Bulletin of the Astronomical Institutes of Czechosovakia, 29 (1978), No.6,
361-367.

"A Sine Law of Limb Darkening for Close Binary System Components. 1. Partial
Eclipses", Studia Universitatis Babes-Bolyai, Mathematica, 23 (1978), No.2, 59-65.
"Rotational Angular Momenta of Close Binary System Components.IL. Anaiytic
Models" (Abstract), Rezumatele Lucririlor prezentate la a IV-a Adunare Europeani
de Astronomie, Uppsala, Suedia, 1978.

"Momentele cinetice de rotatie ale componentelor sistemelor stelare binare
stranse.Il.Modele analitice”", in "Progrese in fizici", sesiunea de comuniciri a
ICEFIZ, iunie 1979, VII. 32. VII. 33.

"Structure of Relativistic Stellar Configurations. Linear Stellar Model in GRT",
Revue Roumaine de Physique, 25 (1980), No.3, 301-310.

"Critical Radii of Relativistic Polytropic Stars", ICEFIZ preprints, A-5, 1980, 1-10
(in colab. cu N. Lungu, T. Oproiu).

"On the Relativistic Homogeneous Stellar Model", in "Einstein’s Centenary in
Romania; General Relativity and Gravitation Proceedings", ICPE Bucharest, 1980,
369-374.

" Virial Theorem and Limiting Radius of Relativistic Stellar Configurations",
idem, p.381-386.

"On the Structure and Stability of Relativistic Polytropic Stars", idem, p.375-380
(in colab. cu N. Lungu i T. Oproiu). 53. "Relativistic Stars in Close Binary Systems
and Masses of Neutron Stars", in "Ejection and Accretion of Matter in Binary
Systems" (Meeting of the 5-th Subcommission "Double Stars", Tatranska Lomnica,
Czechoslovakia, Apnl 22-24, 1980), VEDA, Bratislava, 1982, 71-92.

"Critical Masses of Relativistic Polytropic Stars", in E. Schmutzer (ed.), "Abstr. of
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55.
56.

57.

58,

59.

60.

61.

62.

63.

64.

65.
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Contrib. Papers, 9-th Intemnat. Conf. on General Relativity and Gravitation (GR 9)",
Jena, 1980, Vol .2, 297-298 (in colab. cu N. Lungu §i T. Oprotu).

"Relativistic Linear Stellar Model ", idem, p.299.

"On some Numerical Methods in the Study of Relativistic Polytropic Models",
Studia Universitatis Babeg-Bolyai, Mathematica, 26 (1981), No.3, 19-23 (in colab. cu
N. Lungu §i T. Oproiu).

"Cosmosul si energia”, Stiintd §i Tehnicd, No.8, 1981, 12-13 (in colab. cu G.
Ureche).

"Space-Time Continuum of Relativistic Linear Stellar Model", Revue Roumaine
de Physique ,27 (1982), No.1, 93-98.

"Properties of Relativistic Linear Stellar Models", in Z. Kopal, J. Rahe (eds),
"Binary and Multiple Stars as Tracers of Stellar Evolution” (Proc. IAU Coll. No. 69),
D. Reidel Publ..Comp., Dordrecht, Holland, 1982, 73-78.

"Energia in Univers", in "Investigatii in domeniul energiei”, vol.l din seria "S$tiinta
modernd i energia" (sub red. I. Ursu), Ed. Dacia, Cluj-Napoca, 1982, 249-262 (in
colab. cu A. Pal).

"Gravitational Packing CoefTicients for Relativistic Polytropes”, in V. Mercea et.
al. (eds), "Structural Methods and Models in Physics and Related Fields" (simpozionu’
din sept. 1981), Universitatea Babeg-Bolyai Cluj-Napoca, 1982, 139-142 (in colab. cu
N. Lungu si T. Oproiu).

"Radiatia gravitationald: prima evidentii astrofizicd", Stiin{3 §1 Tehnicd, No.12,
1982, 9 (in colab. cu G. Ureche).

"Structure of Relativistic Stepenars”, in B. Bertotti, S. De Felice, A. Pascolini (eds).
"10-th Internat. Conf. on General Relativity and Gravitation (GR 10)", Padova, July
4-9, 1983, Contributed Papers, Vol.2:"Relativistic Astrophysics” , Univ. of Padova,
Italia, 1983, 740-742.

"Gravitational Energy of Relativistic Polytropes”, idem, p. 743-745 (in colab. cu
N. Lungu si T. Oproiu).

"Stele relativiste omogene in rotatie lentd", in "Direciii moderne in Astronomite si
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71.
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Astrofizicd", Sesiunea stiintifici a C.A.S.S., Bucuresti, 9-11 noiembrie 1983, 46-47 (in
colab. cu A. M. Imbroane).

"Diagrame de imersiune la unele modele stelare relativiste", idem, p.48-49 (in
colab. cu N. Lungu si T. Oproiu).

"Relativistic Stepenars ", Babeg-Bolyai University, Faculty of Mathematics Research
Seminaries, Seminar of Stellar Structure and Stellar Evolution (Proc. Meeting
"Relativistic Objects in Close Binary Systems", Cluj-Napoca, June 8-10, 1982),
Preprint 4, 1983, 15-23.

"Coefficients of Gravitational Packing for Homogeneous and Linear Relativistic
Stellar Models", idem, p. 46-51.

"Gravitational Energy of Relativistic Polytropes (Numerical Results)", idem, p. 52-
60 (in colab. cu N. Lungu si T. Oproiu).

"An Absolute Limit for Relativistic Linear Stellar Model", idem, p.96-101 (in
colab. cu A.M. Imbroane i T. Oproiu).

"Slowly Rotating Relativistic Linear Stellar Model", Abastumani Astrophysical
Observatory (Mount Kanobili) Bulletin, Vol. 58 (Proc. Meeting of the Subcommission
No.5 "Binary Stars" of the Problem Commisston of the Multilateral Cooperation of
the Academies of Sciences of Socialist Countries on the Problem "Physics and
Evolution of Stars", dedicated to Close Binary Stars and their Evolution, Tbilist,
August 20-25, 1984), Tbilisi, 1985, 227-230 (in colab. cu A. M. Imbroane).
"Relativistic Stellar Models with Power Law Density Distribution. Some
Numerical Results", Babes-Bolyai University, Faculty of Mathematics Research
Seminaries, Seminar of Stellar Structure and Stellar Evolution, Cluj-Napoca, Preprint
2, 1985, 4-13 (in colab. cu T. Oproiu si A. M. Imbroane).

"Immersion Diagrams of some Relativistic Stellar Models", idem, p.14-23 (in
colab. cu T. Oproiu st N. Lungu).

"Slowly Rotating Relativistic Homogeneous Stars", idem, p. 36-43 (in colab. cu
A M. Imbroane).

"Angular Momentum for Slowly Rotating Relativistic Homogeneous Stars", idem,
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p.44-49 (in colab. cu A. M. Imbroane).

"Relativistic Linear Stellar Model. Inluence of Boundary Conditions", idem, p.58-
63 (in colab. cu T. Oproiu).

"The Relativistic Homogeneous Model. Variational Method", idem, p.105-110 (in
colab. cu N. Lungu, A. M. Imbroane si M. Muresan).

"Orizontul se lirgeste prin lansarea telescopului spatial” Stiinti si Tehnicd , No.2,
1985, 27 (in colab. cu G. Ureche).

"Momentul unghiular pentru stele relativiste in rotatie lenti. Modelul liniar", in
"Progrese in Astronomie", Sesiunea stinificd a C.A.S.S. organizatid cu prilejul
implinirii a 100 de ani de la nagterea astronomului Gheorghe Demetrescu, Bucuresti,
25-26 octombrie 1985, p.85-86 (in colab. cu A. M. Imbroane).

"Energia gravitationali la stele relativiste de tip stepenar" idem, p.87-88 (in colab.
cu T. Oproiu).

"Mathematical Models in Astronomy Governed by Differential Equations", Babes-
Bolyai University, Faculty of Mathematics Research Seminaries (Proc. Conf. on
Differential Equations, Cluj-Napoca, nov. 1985), Preprint 3, 1986, cca.20 p. (in colab.
cu A. Pal).

"Gravitational Energy of Stepenar-Type Stars” (Abstract), in "Proc. 11-th Internat
Conf. on General Relativity and Gravitation (GR 11)", Stockholm, July 6-11, 1986,
1p. (in colab. cu T. Oproiu).

"Critical Radii and Maximum Masses of Relativistic Stepenars”, Studia
Universitatis Babes-Bolyai, Mathematica , 31 (1986), No. 4.

"Immersion Diagrams for Stepenar-Type Relativistic Stellar Models", Babes-
Bolyai University, Faculty of Mathematics Research Seminars, Seminar of Stellar
Structure and Stellar Evolution, Preprint 6, 1986, 3-10 (in colab. cu T. Oproiu).
"Angular Momentum of Relativistic Stellar Models (Stepenars and Polytropes)”
idem, p.19-26 (in colab. cu A. M. Imbroane).

"The Trajectory of the Photon in the Vicinity of a Magnetized Spherical Body"
idem, p. 27-34 (in colab. cu 1. H. A. Sass).
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