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KEZUMAT. -  o  formula asimptotică referitoare la funcţia sumă a divizărilor 
unitari. In  lucrare se stabileşte formula asimptotică (21) care reprezintă analogul 
unitar al unei formule a lm Ramanujan demonstrată in [8].

1. Introduction. I t  is well-known thnt a divisor d >  0 of a. positive integer 
n is called unitary  if n =  de and (d, e) =  1. Let a* (n) denote, as usual, the 
sum of the s-th powers of all unitary divisors of n and let of (») =  ®*(w) be 
the sum of all unitary divisors of n, cj (it) =  t*(«) be the number of the uni­
tary  divisors of n. .

In  this paper we establish an asymptotic formula for the sum E  a’2(w),
where s >  0, using an elementary method based on the convolutional identity 
of lemma 1. For s =  1 we obtain, as a corollary, the unitary analogue of 
R am anujan’s formula •

E  °2(«) =  ~  £(3)*3 +  0(** log2 *), (1)
n  < X  6

([5 ], eq. 19), where a(n) denotes the sum of the divisors of n and £(2) is the 
Riemann Zeta function.

2. Preliminaries. The unitary convolution of the arithmetical functions /  
and g is defined by

(/■$)(*) =  1 2 f ( d)s{e)
de - n

(<!,«) “ 1 • .

The unitary  convolution of two multiplicative functions is also multiplicative 
([2], lemma 6.1). Let U(n) =  1 and E,(n) =  «s for all n, hence we have 
of = U • Es and t* =  U • U.

LEMMA 1. ,

af[n) =  E  & T*(¿)
de = n 

(<*,«)“ 1

(3)

Proof. I t  is easy to verify th a t for any multiplicative functions /  
k we have ( /  ■ g)(h • k) = fh  ■ fk  ■ gh • gk ([7], theorem 2). Now, if /  -  A -  U

• Sir. N. Golescu 5, 3900 Salu Mare, Romania



4 L. TOTH

and g =  k =  E s 'we obtain

'<j*2 =  (U • Es)2 =  U • Es - E s - E 2s — E S(U ' U) • U . v  ' "  ,
which proves the lemma. * ,

Remark 1. A direct proof of (3) is the following. Both ‘h 
are multiplicative, hence it is enough to verify, it for n  — oi ^ is identity 
We have ^ * a Prime power.

£  dsT*(d) a t[e) =  ol{j>a) M p  t  (P ) =  P2as +  1 +  2p” =  fo«. i \2 <2/

(<*.«)- i  '•
We need the following familiar formulas: 
LEMMA 2. .

t" \  vS+1
E  >»■ =  ^ —  +  0 M .  !n^x  S +  1 ’ S > 0 \4)

£  0 (*> -), 0 <  s"<  1» n* - (5)

E 1  =  0 (log x)
«<* n (6)

s >  1 (7)

s >  1. (8)

L et 9 denote th e  Euler to tien t function and p. the  Möbius function, for which

rf I >1 rt

:;i (10)
LEMMA 3. (cf. [1], lemma 2.3). For s ^  0 .

«<* (s +  1)* 
(«,*)“  1

where r(k) denotes the number of the divisors o f k. 
- Proof. By (10) and (4) we have

£  n* =  Y n* I ((n‘ k)) = Y n° £  ,= £ ^  2  **

=ï^w{rh(Î/+'+C)Î=^St+°«^1)=

using (9) too. )
=  +  0 (*• T (*)).

(s +  l)k

(11)
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AN ASYMPTOTIC FORMULA

Let /,(» )  -  n* n  (1 -)> s >  0 denote the Jordan-type functions ([31, P-
147) where J f n )  — <p(w)

' . lemma 4. For s >  0

y  = y  *((»■*)) _ C(j + i)A yw (*) 
/L/ n*t «* + 2)/,„(*) (12)

Proof. For s >  0 the series is absolutely convergent because -2^ <s+a

^ _JL- =  —— , and the general term is a multiplicative function of n. Hence
„j+» n

the series can be expanded into an infinite product of Euler type ([3], §17.4):

J5. ?(») H (* . k)) — t r ( 'C~s -  i-r  h  _i_ t u l  _l. M  r J )  . l. 1 _
g - Ul f e S i ' wJ  l , ! l  +  * »  +  f1" « 1 +  ?®+5> +  " )

-j3(i+^(i+̂ +?^+-))-2(,+̂ (i-^n-
-n (' -^)/n (> -£)/?. (« -£)-«* + 2)#|i 

+ !)*/««(*) 
i($ + 2) 7s+j(A) .

LEMMA 0.

£  i (̂  =  0 (.r1-1 log *), 0 <  s <  1•00 
7£x «!

E  —  =  0 (log2 x)
n < x  n

Proof.

E ^ =  W  +  o l i ^ ) .  * > 1
n<x >»r ' * '

F*{x) s ^ =J?<, w =£ * £ * ■

.(13

(14)

(15)

•*?

Hence for

0 <  s < . : P . W - E i o ( ( ^ - )  =  o p - E A )  =

=  0 (**-* log *) by (5) and (6); F fx )  =  E  7  0 (lo8 7 ) =

=  0 (log ^ E  7 ) = 0 (los2 *) by : and for s > 1 :Fs{x) =

%
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■* TO +'o(£) +op| = TO) +0(fe) by (7) and
LEMMA 6 . For s >  0

_  Z(s +  1) t W  J s+i(fe)E m t \    ~ r  9 W  J s +  l W  ,  . i , f \  r A ,  v

. ,  °S “  (« +  1) «* +  2) 7m*(*) +  0 ^* (* ) TW)>

w tare As(x) =  xs, * log2* or * lo g  x according as s >  1 , S =  1 o r s < 1  
Proof. Using lem m a 3 :

7 2  (w) =  7 2  7 2  e* =  7 2  7 2  *  =
, »«*  » « *  d« = » d « *  *

(»,*) = 1 («,*) = 1 (d,«) =  l • (d,*) =  l « « 7
, («,*</) = 1

(16)

/  * \* + l

=  £
Xs+1 <f(k)

(s +  l)/< d
(d,*) = X

£  ?!i>+  <>[*•*(*) £ « 2 1  =
f e ;  <!•*' i i t ,  f  I*

*5+I <p(A) p  *w +  o [*•+■ £  — 1 +  »(*• t(a) £ ^ | .  
¿ (  <*s+* 1 dT̂  d’+’J V dV* * J' < ( « + d* a  ds+*

(d,*)=i

And now -by lem m a 4 th e  m ain term  is
C(t +  l )  T(fe) 7m (ft) r5+1 

. (S +  1) «* +  2 ) / l+t(fc) ' <
th e  firs t 0-term  is

. ° ( * ’+ l £ ^ ) = o w
b y  (8) and the  second 0-term  is 

0

for s >  1 :0 {x° x{k) ) ; for s' =  1 :0 (x  x{k) 7 2  — ) =  0 (* loS2 x ' M
i  . d*zx d )

and for s <  1 :0 (x* x(k) *1-s log x) =  0 (x log x  x(/e)) by lemma 5.
LEMMA 7. For s >  0 the series

”  t*(i.) ? („) / 2 m (n)

i ^ i  »>I+ l 7ss+*(»0

is absolutely convergent and its sum is given by £(s +  l).C(2s +  2) «*> " liere

’ (I7)
1 1 /■” ' 1̂S+! p-* --  >̂ss+a

the  product being extended over the  primes p.
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n‘ berice the general term iis
P r o ° / . ^ n ) J 2s+l(n ) IJ 2s+2in) ^ l for ^  . ■ ✓

4 *7i7" "  nS+11. .. . he SeriCS ls a b s °lutely convergent (cf. (15)). The general

“  ”■ “  —  c «  be e s p a W  1  an L j

“  **(») 9 (n )/ „ + , (»)

¿1 mS+1/ 2 i(w) V lfr . ) =
=  n f 1 +  — ~ l)[p2s+i ~ u  +  w p  - 1 )pis+i a?** _  i) \

P V PS + 1 {p2s+2 — 1) p2(s + l)^2j+2^ ,2j+2 _  JJ • • • j  =

= n  ( i  +  — ~  i ) ( * * + 1 - . i >  (l  . _ J _  , 1
V ps+1 (P2s+2 -  1) i +  Ps+t- +  +  • • • Jj =

-  n  ( i  +  2 (# - 1) f »  _  „  j!

and the lemma follows on factoring out

LEMMA 8 .

i(s +  l) C(2s +  2). -

22 = o (*>-* log3 x),
n <s * n1 ’ 0 <  s <  1 (18)

E  ^  -  0 (log* ,)
n * x  » (19)

E ^  =  o(i), s > i .  
«<* »*

- ’ (20)

Proof. The Dirichlet convolution of the arithmetical functions /  and g is 
defined by '

(/*«)(»)= E/M«M- .dt^n

We have t2 =  U *  U *  U *  |x2 =  t * *  -r by [4], hence

G.M » E  = E  -1, E  t*m  tM = E  ^ E  t4’»<* W* »<* >>s <fe-n d«,x d x 6
e< l

and for

0 < S <  1, G,W = E  ^ 0 ( ( f ) ; - ’ lo g f )  =  0 ( * ' - M o g * g ^ ) = 0 ( J:- - . lo ^ )  

by (13) and (14); for $ =  1

Gx(x) =  E  (log2 -j) =  o (log2 * £  =  0(log4 *) by (14);



and for

> i . c,w = e ; ^ o(i ) =  o (5 ^ ) = ° ( 1) by (15).
Remark 2. I t  is well-known R am anujan’s form ula ([5 ] ^  j

. ■ ¿ m = m i o I S > h  , , '
+ ,  C(2s) '

3. The theorem . Now we are ready to  prove th e  following 
t h eo r em . For s >  0

£  «:*(») =  + **+. +  o (B.(*)),
nsj* . 2 5 + 1 (21)

where as is defined by (17) and

B s{x) =  x2s, a;2 log4 a:, xs+l log3 x, x  log6 * or x*+' log4 z 

according as '

s >  1 , s =  1 , ^  < s <  1 , s =  ~  or s <  i  •

Proof. By lemmas 1 and 6,

E  ? :»  = E  <*s T*(i) E  <&(*) =»<* ’ ' d^x X
e * 7  

(•>,<*)=1

- 2 * T*w  I +  f i p  +  o U „ ( i ) , ( i ) ) \  =
- f e  |(2s + 1) C(2s +  2) / „ t , W W ) .  V H i  'I

£(2s +  1) C(2. +  2) ds+1 J 2s+2(d)
« 2.  +  ,) ,»+■ . ^  ’•W * 0  /».,<■<) +  0 ( g  ( i )  T*(i) T(i)l =

C T*(d) 9 ( d ) /2i + i(d) |
+  0 ( *2s+1 ds+ly2s+2 (¿ r )

_  t(2s + l )*2s+1 <2(d)72s + 1(rf) ,
, E  /i.s+*

+
</> X(2s + 1) C(2s + 2) . ds+‘ 72s+? (d)

" ,+0(S'*” (7)'’■»)•
Now by lemma 7 the main term is — 1—  £(s 4- 1) £(2s +  1) a, z2s + 1, the first
remain term  is

2s +  1

0 (*2s+1 E  ¿S i) =  0 [ z ĥ-. j =  0 (**+«. log z)
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by (15) and the second remain term is iusino . '
f x \ 2s ' 8  lemma 8): for sz> 1

O E ;  * '  ^ ( d ) )  =  0  ( * *  E  f W l  n /  •
, 1 ' 2 l f e  #  J =  °(* *) by (20); for s =  1

0 ( d ) (Q,)) -  0 [ ?  E  =  0(*2 l0g4 x) by (19). for J_

0 ( £  ( i f  *  ’W ) -  « ( * - £  & )  -  0(, „  „ *  „  by (18); i i  

0 ( S  7  log1 f ) ^  *«>) =  0 _  „ ( , ! loglJ

by (18) and for s <  i  it is
2

0 ( S  7  l0g (7 ) d* =  0 [* ]°Z * £  ~ ! )  =  0 (*•+'« log« *) ’

also by (18) and the proof is complete. ,
Remark 3. 1 his result is the unitary analogue of the following asymptotic 

formula reierring for 0,(11), the sum of the s-th powers of the divisors of n:

where
E  oi(») = + 0 ic■ wi

(2< +  I) «2s + 2 )  +  l

Cs{x) — x-s, *2log2;t, a 2 log2* or xs+l log x
according as

s >  1, a =  1, s =  — or s <  T and s — ([8], eq. (3.5)).
j- 2 • 2

COROLLARY (s == 1).

£  o*2(«) =  ** +  0(*2 log« *) (22)
n<* 18

where

a s  ax =
#*

r e f e r e n c e s

/
!• j .  C h i d a m b a r a s w a m y ,  Sum Junctions of unitary and semiunitary divisors, J .  Indian Math.

Soc., 3i (19 57;, 117-126 . , . . ,  . „ M ,h „
2- E . C o h e n ,  Arithmetical functions associated with the unitary divisors o f an integer, Math. Z.,

»• E. R D i / k s o n ,  «»story o / iAe of numbers, vol. I, Chelsea, New York, 1952.
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ON NONLINEAR JNTEGral INEQUALITIES OF TWO
in d e p e n d e n t  variables

SEVER S. DRACOMIR. .„d ,VIC0LETA „  m
IONESCU**

Jiectived: 9, 1989

două variabile. rega lită ţi de tip GronwaU pentru funcţii de

There exists an « tensive literature concerning various generalizations of 
the Gronwall inequality in the case of two or more independent variables (see 
for example the recent works [ l1]—[5]).

In  paper [2] we proved tha t if A, B are nonnegative continuous func­
tions defined on 11+ and I . : R+—*• R+is continuous and satisfies the condition! 
(L) 0 L(x, y, t) -  L(x, y, s) «; M(x, y, s) (t -  s) for all *, y  > 0 and t > s > 0, 
where M  is nonnegative continuous on R+, and verifies the inequality:

then

1 v .
<!>(*, y) < A [x, y) +  B{x, y) ^  L(s, t, 0(s, t)) i s i t ; x, y  ^ 0

o o

v) 5? A (x,y) +  B[x,y)
* y

exp A(s, t) 
0 0

is it — 1

,( 1 )

• (2)

where the mapping A is given by
A( x, y) : =  [ L ^ .y ,  A[x,y)\ +  M2(x,y, A{x,y)) B2̂ , y )]1/2

for all x, y  > 0. . . .
If d>, A , B are as above and D : R +—*■ R+ is a continuous function satisfying 

the relation
(D) D is differentiable on [0, oo)»( 8D(x,y,t)ldt is nonnegative on [0. co and 
there exists a continuous function P :R 3+ -* R + with the property dD{x,y,t)ldt <
^ P (x ,y , t) for all x, y  ^  0 and t ^ t > 0, 

then for every satisfying the integral inequality

v) < A (x, y) +  B(x,y) ( ( D{s, t, ®(s, <)) *  it. x , y > 0  (1')
0 0 .

•Secondary School, 1000 Diilc Henulane, RomaniaR°ma’" ‘l
•• Secondary School, 1612 Uehadia, Caraş-Sevenn County, Romania



12 S. S. DRAGOMIR, N. M, IONESCU

tlie following estimation holds

<&(.x,y) «S A{x, y) +  B(x, y)
x  y

exp J £ U{s, t) dsd t — 1 
0 0 * . y > o  (2)

where the  function U is defined in  wjjiat fo llow s:

U {x,y ) : =  [D'-{x,y, A (x ,y ))  +  P 2(x, y , A (x ,y ) )  B 2(x, y )]m  x , y

For the  consequences of these integral inequalities see [2 ] and [31 
Further, we shall point ou t another bound for ® (x ,y )  by  the  use of th 

following result due to Adrian Corduneanu (see for exam ple [1 ,]): 1 tbe
LEMMA 1. I f  the continuous function u  satisfies the inequality

x V

u[x, y) < /(* , y) +  J j  b{s, t) u{s, t) ds dt, x, y  > 0 (3^
0 0

■where f  is continuous and monotone nondecreasing with respect to each variable 
b is continuous and nonnegative, then it/follows fo r  x, y  > 0 : ’

•  t x y
1 + '  j   ̂b{s, t) exp 

0 ó

* y '

\   ̂b(t, Y]) d r d?¡
S t .

ds dl (4)

This result was obtained using the notion of resolvent kernel of the theory 
of Volterra linear integral equations. For generalizations of th is fact we send 
to  [1 ]. s

t h e o r e m  1 .  Let O , A , B  be nonnegative continuous on R +  and L  : 11 + - * - 11+ 
a continuous function satisfying (L). I f  d> verifies the integral inequality (1), then 
we have the bound: .

* v
y) < A (x ,y )  -f B (x,y ) U (x,y)  ̂^ L(s, t, A (s, /)) dsdt, x ,y  ^  0 (5)

where U is given by
0 0

_  * y . I x y \
U{x, y )  : =  1 + J   ̂M(s, t, A{s, t)) B(s, t) exp J J M ( t , yj, A (x, y¡)) B ( t , r¡)drdn

0 0 I  s t /

dsdt
(6)

* y
Proof. Let ¥(%, y) : =  j  J L{s, t, <I>(s, t))ds dt for x, y  0. Then

0 0 '
Y*y(*. y) =  L (x, y, $(*, y)) < L (x, y, A (x, y) +  B (x, y) T  (x, y)) < 

^  L [x,y, A{x,y)) +  M (x,y , A{x, y)) B(x, y)W(x, y) 
for all x ,y  ^  0. '

(7 )
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* y y. we get
xV(x, y) f \  L(s, t, A(s, t)) dsdt + f ( M(s , , ,  '

¿1  M {S> *' A(s’ 0) B(s, t) T(s, t) ds dt
 ̂ 0 o

for all x ,y  > 0. ,
* ^

Applying Lemma 1, for u lx ,y \- = \?(x . r?
• ' T(*’ y>> f ( x> y ) : =  \ J L(s, t, A (s, t))dsdt,

H*,y) ■■ =  Ai*-y)) B(x,y), , , n 0 , t deduce that*

T ( *
_  * y .

-v) * U(x‘ y) j  J  L (s> t' A (S, t) dsdt, *, y ^  0,
o o

where U (x,y) is given in (6), what implies the bound (5)
The theorem is proven. . ' ■
No\n,> we shall give some particular cases which are important in appli­

cations.
cOROioLARY 1.1. Let A, B be us ubove and G : R^_ —*■ R , a continuous 

mapping satisfying the assumption • -

(G) 0 < G(x, y, t) — G(x, y, s) < N(x, y) (t. — s) for all x ,y  > 0 and t > s > 0

where N  is nonnegative continuous on lt+. ' '
I f  <I> verifies the integral inequality

* y '
<!>(*, y) < A (x, y) -j- B{x, y) | j  G[s, t, <t> (s, /)) ds dt, x , y >0 (8)

0 0

then we have the bound
* 7

i])(x, y) < A (x, y) +  B(x, y) V (x, y) ^  ̂G(s ,1, A (s, t)) ds dt, x, y  > 0
o o

(9)

where V is given by
x y I  * y

V(x, 3;) : =  1 +  C (  iV(s, t) B(s, t) exp I j  j  N(x, tj) B(t, y)) dxd'n 
0 0 / ' s 1

IL

dxd'f\ I dsdt

:
»2

fo r  all x, y  > 0. (
The second result is ‘ » £ * * . '" ¿ 1  „„ B’t  and

i f : RC° ^ i ^ ARa f unction satisfying the following Lipschitz s type condition ’.m y

■(H) 0 < W )  -  m  < W J - *> °' M >  °-
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I f 0  verifies the inequality •
J * ,v  ■

<S,(x,y) s -!(*,>) + S ( * ^ ) ^ c (s’ i)H (0 (s ' , ) > * ‘ii’ *•?><>  (10>

■ then it follows '
. '  . * y

+  B(x,y) W (x,y) | | c (s, t) H(A(s, ()) dsdt, <,n 0  (11)
0 0

where '

W (Xt y) : ==i  +  M C(s, t) B{s, t) exp j   ̂C(r, k))B(t, rj) drd-q j  ds dt

J ™  alRemark Li By the inequality (16) of [1 ] we deduce th a t

* y
U(x, y) < exp K  j  M(t, vj, A{r, -/))) B(r, yj) dr dri 

\o  o

for x, y  2* 0,

and then the inequality (6) implies
* y

0(*,y) < A{x,y) +  B { x ,y ) ^ L { s , t ,  A{s,t))dsdt  X 
. o o

X exp
* y

M{s, t, A (s, t)) B{s, t) dsdt (67

for all x, y  ^  0.
, The same observations are valid refering to the inequalities (9) and (11)- 

We omit the details. •
Now, we state and prove the second main result of our paper.
THEOREM 2. Let 0 , A, B be as above and D : 11 + -*- R+ a continuous function 

satisfying the condition
(D) the ■partial derivative BD[x, y, t)¡dt exists and is nonnegative on 11+ and there 
exists a mapping P :R + —*-R+ with the property

dD[x, y, p)ld,t < P{x,y, s) for x ,y  ^  0 and p  ^  s >  0. 0 -)
I f  <f> verifies the integral inequality

. * y ■
®ix’ y) A(x, y) -f B[x, y)  ̂j  D(s, t, tl>(s, t)) dsdt, x ,y  2* 0

o o

(13)



nonlinear integral inequalities
'  5 15/

then the following estimation is valid

^ , y )  ^ A ^ y )  +  B ^ y ) v (x,y ) ^ D^ AM)isil(14)
__ 6 0

where U (x,y) is given by

1 1dsdt

for all x, y  ^0.
Proof. By Lagranges theorem, for every ^  s ^ 0 and x ,y  ^ 0, there 

exists a (x <= (s, p) such that .

x y , /

g(*,y) :■= l-+  5 ) P <s' ' • '4M )  exp f f  P(t , , ,  X(t , ,)) S(T.,)  ¿T A,
• 0 LJ ,J

-  £>(*,% s) =  dD{x,y, y.)jdt(p -  s).
Since

0 ^  dD(x,y, (i )idt< P(x,y, s) 
we obtain '

0 < D(x,y, p) — D(x,y, s) < s)(p — s)

for all x, r  ^  0 and p s ^  0. .
Applying Theorem 1 for L[x,y, p) : =  D (x,y,p) and M (x,y, s) =  P (x,y , s), 

we obtain the bound (14) '
The theorem is proven.
The following corollaries are important in applications.
CORO p i, a r y  2.1. Let <$>, A, B be as- above and / :  t t + —► R + a continuous 

function satisfying the condition:
(I) the partial derivative dl(x, y, t)/dt exists on Il+, nonnegative continuous on 
R+ and ' ,

dl(x , y , p)jdt < dl{x, y, s)jdt for all 0 and > s > 0. (15)

I f  <& is a solution of the following integral inequality

* y  .
<b(xt y) < A(x, y) +  B(x, y) |  j* p, ^{s, p)) ds dp, , x ,y  ^  0, (16)

0 0

then we have the bound:
t X y

0>(x,y) < A (x,y)  +  B(x,y) V(x,y) s s  I(s. -b, A(s, p) dsdp {(17) .
o o

4
t
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where V is given by *
* y

y {x ,y ) : =  1 +  i  ̂d l{s,.p ,A  (s, p))jdt B{s, p) x  
60 ‘ ,

ds dtX  e x p  U  ^ BI[t, v))ldt B{x, \L)d- d\L

V* 1 J

f ° r corollary 2.2. Let <D,A ,B ,C  be nonnegative continuous and K :  R+ — R+

Jk )1 k \ s m̂onotone nondecreasing and derivable on H+ with the derivative dKjdt
monotone nonincreasing on R+.

I f  <i> satisfies the inequality:
X y

$(x,y) ^  i4(x ,y ) +  B(x, y)  ̂  ̂C(s, t) X (0(s, t)) dsdt, x, y  ^  0 (18)
o o

then it follows
_ * y

Q>{x,y) < A{xijp) +  B(x, y) W {x,y) ^  C{s, t) K{A(s, t)) ds
6 o

'where W-ts given by
■ . * y ’

W{x\ y ) : =  1 +  ^  dKjdt A [s, p)) C(s, p) B{s, p) X

dl (19)

* y
X exp |  ̂  ̂dKjdt (¿4(t, t))) C(t, t[) B(x, t)) ds dp, x, y  > 0.

u  p

Remark 2. By the inequality (16) of [1] we deduce tha t

U(x,y) < exp K  ^P(t, tq, A{x, tj)) B(t, tj) dx dy j for x ,y  5= 0

ind then the inequality (14) implies the bound
x y

< A{x,y) +  B {x ,y )^D {s , t, A (s, /)) dsdt X 
! 0 0

x 6X15 (i 1P(s> *’ A (s> ^ B(s* ds *  j* *•y * a
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The same observations are valid • a 

We omit the details. ' nng to the inequalities (17) and (19)
w Finally, we shall point out some nature ‘

atUral COnseqnenceS of the above corolla-ries
CONSEQUENCES 1. Let Q>, A B C ht»

M x ,y) >  0 al1 * •*  > 0 » d V  •  10, 1 ], i f T S j f e  t S b ^ t y T  K -

W x .y )  < A [x ,y )  +  B ix ,y ) ^ C { s ,m x ,y )J s jli x y > 0  '
% - ♦ 0 0

then we have the estimation

' Q(x, y) < A (x, y) +  B(x, y) R(x, y) J J C(s, t) A'(s, t) dsdt, x ,y  > 0 (21) 

where R  is given by
0 0

* y
R(x, y) : =  1 +  r - 

0 0

C{s, t) B(s, t)
d (i, t)~  “ P \ r

* y

hs t

C(t , 7)) B  (t , 7))

A(*. 1)) dsdt

for a l l  . v , y  2= 0 .
2. Let (b, A, B, C be as above. If d) verifies the inequality

* y
d>(*. y) ^  A (x, y)  +  B{x, y) J  ̂C(s, t) In (<h(s, t) +  1) ds dt 

then we l i v e  the bound

(22)
0 0

* y
d'( r. v) st A (x, y) +  B(x, y)\ Q(x, y) j J C(s, t) In (A (s, t) f  1) ds dt (23) 

where Q is given by
o o

x y * y

«*■»=-1+îj^ H îî£̂ H m
for all x, y 2s 0.

o o ij <
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4TPTTA CONVEX INTEGRAL OPERATOR AND STRONGLY- 
STARLIKE FUNCTIONS

PETRU T. MOCANU*

Rutivci: February 12, 1989

REZUMAT -  Operatorul Inleflral alfa-eonvex şl funcţii ture stelate. Rezultatul 
principial ¡1 lucrării este conţinut in următoarea teoremă.

teorema 1 . Fie a >  0, 0 <  P < 2 şi fie g o funcţie olomorfă în discul uni­
tate 17, g(0) =  g'(°) - 1 = 0 »  care satisface condiţia

- zg'(z) < f 1 +  U P | 2oĉ
, g(z) \ l  - z )  ^  1 - r *

Dacă / =  /«(g) este definită de^(l) atunci

z ^  U.

1. Introduction. Let A denote the set of functions f(z) =  z -f- a2z2 +  . . .  
that are analytic in the unit disc, U =  {z ; | z | <  1}. A function /  <= A is called 
strongly-starlike of order p, 0 <  p < 1, if | arg [zf’(z)lf(z)]\ <  Prr/2, for z e  U. 
Let denote by S*[p] the class of all such functions. Since our main result 
holds for all (1 e  (0,2], we continue to use the notation S* [(3 ] for p e  (1,2], 
although a function in this class is not necesarely starlike, not even univalent. 

For g e  A and a >  0, let /  =  Ia(g) be defined by

f i z) =  ^  £ *«•(») w~l dw j  , z e  U. (1)

This integral operator was introduced in [4] and in [3] and [4] it was proved 
that I«(S*[1])C S*[l], where S*[l] =  S* is the usual class of starlike func­
tions. The class Ia(S*) is the class of a-convex functions and Jj_(S*) is the 
usual class of convex functions. '

ĝ al result obtained in [1, Theorem l ] i t  is easy to 
show that /¿(S*[P]) C  S * [p ] , for a >  0 and 0 <  S < 1 .

If we denote •

J ( a , / ; z )  =  (l _ a) VŢ0 + a f l  z r m
m  \ m l

(2 )

•  VnivmUy . /  Cluj-Napoca, FacMy . /  » M cm tic s
and Physics, 3400 ClujNapoca, Romania
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then from  (1) we deduce

/ ( a , / ;  z) =  i£W  .
£(•0

ana the above mentioned result can be restated

. / e  A and | a r g / ( « , / ; a) | < p *
2 .

or, in terms of subordination, as

19

(3)
as

arg «/'(*)
m <  p ­

2

f  e  A  a n d  / ( a , / ;  *) -< [ I + i V 5^  !£if) n  +
U -W  /(•) i4)

the following resu lt^  w h k h “holds for ¿11 ^  impIication <4)
t h e o r e m  A. 7 / 0 <  p < 2  and a  satisfies

1 + * I M < | i ± i f  , 2Pz
m  l i - J  " '" T r?

1 + , 2pz

then
*/'(*) . (1 +J)
m  U - J

1 + *10

An equivalent form of Theorem A is given by 
THEOREM B. Let 0 <  p ^  2 and let g e  A satisfy

*g'(*) ^  f l +  A3 2pz
U - z )  +  1 -*»'gU)

If f  =  I \{g) is defined by

/( ,)  =  ( |W * ,,

, .  ’  ’ ■i/io; /  e  S*[p],
Bor p =- ] ( this result reduces to the „open door” theorem proved in [5, 

Corollary 2.1 ]
In this paper we extend Theorem B to the a-convex integral operator 7a 

defined by (1). Actually we obtain the following result. ,
t h e o r e m  1. Let a >  0, 0 <  p < 2 and let g ^  A satisfy

* g V ) .  ( ! ± i , ri ,
8(z) l - * *

f  =  h i i )  is defined by (1), then f  e  S* [p ]- 
Some consequences of this main result are obtained.
2. Preliminaries. In  some of our results we use the following restricted 

definition of subordination. If F  and G are analytic functions in U then F  is 
subordinate to G, written F < G, or F(z) < G(z), if G is univalent, 7(0) =  G(0> 
and 7"(i/) C  G(U).
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ThA nroof of Theorem 1 is based on the following lemma.
¿EMMA. Ld « >  o. 0 <  M .2  “" t  let P b‘ «» function euch that

, H  +  , -2aß* . . .
P(*) ■< (t̂ I  +  7- ^  s  A(*)1 - ,(6)

7/  ^ is analytic in U,p[0) 

■jjten

=  1 and satisfies the differential equation 

*zp'(z) +  P(z)p{z) =  1
(7)

The proof of this lemma is similar to  the proof of Lemma 2 in [6 ] and 
will be omitted. , .

The .domain h(U) is symmetric with respect to the real axis. Therefore, if 
z =  e'O, then in order to.obtain the boundary of h(U) it is sufficient to sup­
pose 0 < 6 ^ 7T. •

Letting ctg (6/2) =  t and h(ei0) =  u +  iv, we find
' u = aß

■ „ - w .  +  t f t j + a ,  < > 0 /  ' (8)
• 2/

where a =  cos (fbi/2) and b =  sin ((br/2).
If P =  l then u =  0 and v =  t +  a(l +  t-)!2l > J a(a +  2) and we deduce 

that h(U) is the complex plane slit along the half-lines u =  0 and
I v I ^  V a(a +  2). .

We note that « >  0, if 0 <  (3 <  1 and u <  0, if 1 <  (3 < 2 .  In the last 
two cases it is possible to eliminate the parameter t in (8) and to obtain v as 
the following function of u.

0 v = v(u) = — M
a

We also have

lim v(u) =  lim v(u) =  -j-oo.
«-»0 «->-±00

In all the above cases we deduce that h is univalent in U. 
3. lroof of Theorem 1. Let g « A satisfy (5), i.e.

Since (5) implies g(2)/z *  0, we can define

+ i?nLV,p +  iLl_,/0l /M>0,  if 0 <  ß <  1
2 LU) la) j ’ \u  < 0 ,  if 1 <  ß  ̂ 2 (9)

^  ~  .( g ' h  W ~X dw =  
Ô

1
( 1 0 )



. ^allpowers are principal ones. The fmirt-inn a • ,
J& *  <10> we easily deduce tha t * « ■ * * •

' ^ - c o n v e x  in t e g r a l  o pe r a t o r

• P{z) =. 2 1 ’} .
g(z)

Since P  satisfies (6), by Lemma we deduce

.equation (7) with 

( 11)

’ . m < (Sf' (I2)
The subor^ a t io M 1 2 )  implies p f t  *  0 in U, hence we can define the ana­

lytic function [p[z) ] 1 2 e  {/. Therefore the function /  defined by

/(*) =g(*) £#>(*)]“ (13)
is analytic in U and from (10) we deduce that /  is given by (1) i e /  =  I  (g) 
On the other hand, from (13), by using (11) and (7), we obtain °

m
Hence from (12) we obtain

iCW =  PW +  a ^ w 1
PM PM

zf'M n ' -
m 1 + *

which shows th a t /  <= S*[(3]. '
4. Equivalent forms of Theorem 1. By using (2) and (3), Theorem 1 can 

be restated in the following equivalent form. ,
theorem  2. Let a > 0 ,  0 < P  < 2  and let f  e  A satisfy

7 (a, / ; z)  h[z) = ( ' - r i ) li ' 2“P"1.-  **
(14)

Then
arg *TM

m
< P * .  i . e . / e  S*[P]•

If we let

k(z) = 2 CXP ^ ( —  , - l j - " (15).

then ,
J ( a , k ] z )  = h(z)

and we obtain the following symmetric equivalent form of Theorem 1. 
Theorem 3. Let a > 0 ,  0 <  (J < 2  and let f  e  A satisfy

J [a .f)x ) < J { * ,k ;z ) ,

inhere k is given by (15)- Then
J{0, f \ z )  < J {0 ,k ]z ) . .
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Remarks, (i) For « >  0 and p =  1, Theorem 3 reduces to  Co'rollary 2.2

m [5(ii) For « =  1 and 0 <  P‘ < 1. Theorem 3 reduces to  Example (c) in [2|]
(iii) For « =  1 and 0 <  P .< 2, Theorem 3 was proved in  [6,‘ Theorem 1 ,]’
c Corollaries. By choosing .certain subdomains of h(U), from the main 

we can deduce some interesting consequences, 
r n p  o l l a r y  1. T r f  « >  0, 0 <  p <  1 and let Y be defined by

22

<*P

(1 — p) cos
pTTi — )u  +  w

1+0
2

I f  f  e  A satisfies • 

then

|arg J ( « , / ; i ) |  < Y - j U,

arg zf'(z)
/(*) < p u .

■Proof. From (9) we deduce
v{it)E(u) =  ^  =  i  '+ [rt-'/e « i» -i +  a»» « - 1/0- 1]

w  « a 2 L
with a = cos (pw/2) and b=sin (Ptc/2). 

■ We have

(16)

(17)

£'(«) =  i  [(1 -  p) a—1/0 «1/0-2 -  (1 +  p)«i/0 « “ >»-*].

The equation £'(«) =  0 has the unique root

- ( £ ’,1
„ n + p\0/2Mft =  I----  I cos —

and

E(«0) = ±  +  i!
o 2a

l_-
2

l£i) +IHH)
i+p

2
1+0

, Pit ’ . 
=  tg 2 +

•f
Pn

(1 -  P) cos —
' (— !*] " • T \ 1 + PJ

is th^arP«S <^t h t  S-eC1t0r {w ’.'|a rg w | <  yit/2>, where y is given by (16; 
fl4i m-the ri ght hali'P lane which lies in h(U). Hence (17) implies
.(14) and the conclusion of Corollary 1 follows from Theorem 2. *

C0RCmi,Aiiv 9 ~r Zf ^ en Corollary 1 can be restated as .
analytic in V, with f t0“ i ?'  ̂< 1 m i l“ V hr */*»«■* b  (16)- V  t  “

\
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Example 1. If we take a =  1 and 0 =  1/9 •

1 +  (4/27)1/4 =  1.6204 . . hence L p  th^ w e  deduce tg (r */2)
0.6479.. • Therefore by Corollary f t  0btah,78 ' "  (58 32 • • •) and Y =

/  e  A  and arg i 1 +  Œ )
y m  I

we obtain 

<  1.0178 arg
m

<
If we take 0 =  1/2 in Theorem 2 , then we obtain 
COROLLAR\ 3. I f  a. > 0  and i f  f  <= A satisfies

.  1 I m / ( « , / ;  )̂ | <  8, 2 e  ^

where 8 =  8(a) is the smallest positive root of the equation

64a„r4 -f 32,t3 — 32a3*2 — 72a2* -  a(27 —-4a4) =  0.
Then

arg
/W < 7 ' Z e  U.

Proof. From (9) we deduce

(IS)

(19)

4

v =  »(«) =  « +  -  Î2«2 +  — I , M >  0.

It is clear th a t 8 =  min {v(u) ; u >  0} is the bigest positive number x  such
that

v(u) > x, for all u >  0. (20)
If we let '

//(«) =  4a«4 +  8 m3 — 8*«2 +  a,

then (20) is equivalent to H(u) > 0, for all « >  0. The equation H'(u) =  0 has 
the unique positive root

«„ =  — [^9 -f- 16 a* — 3]
4a

and
H{u0) =  min {H{u) ; u >  0} =

=  _L [(9 +  16 a*)3/2 -  32a2*2 -  72a* -  27 +  8a4]
8a3 '

The equation H (u0) =  0 yields (19) and we deduce that the strip {w ; |Im w | 
is the largest strip parallel to the real axis which lies in h(U). Hence (18) 
implies (14), with 0 =  1/2, and the conclusion of Corollary 3 follows from 
Theorem 2. ,

Example 1. If we let a =  1 in Corollary 2, then we obtain

f  <= A and Im */"(*)
/ '«

<  S =  1.114 arg
/to < 7 '



P. T. MOCANU y
2 4

where 8 =  1.114 • • • is the positive root of the equation
ft*4 4 -  Ax3 — Ax3 — 9x — 23/8.

This result is a slight improvement of Corollary 1 1 in [6] '
If we let p =  2 in (9), we easily deduce v > 2« and by Theorem 2 *e

0btaiC0R0LLARY 4. I f  a  >  0  and i f  f  *  A satisfies
| I m /( a , / ;  z) | <  2a,

then
arg

m
<  7t.

For a =  1 this last result reduces to Corollary 1.2 in [6 ].
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« * -  -
citatea soluţiei problemei lui Dirichlet (1.1), (1.2, ¡„tr-un spaţiu “ anach^Ace^tâ 
problemă este privita ca un caz particular al problemei lui Dirichlet (3.2) pentru 
ecuaţ.a funcţional-d ifeen ţiaă (3.1). Principalul rezultat referitor la existenţa 
soluţie, problemei (3.1) (3.2) este conţinut in Teorema 1, in care aplicaţiei din 
membrul drep t al ecuaţiei (3.1) i se cere să satisfacă o condiţie mai slabă decit 
aceea de a fi compactă. Această condiţie se exprimă cu ajutorul măsurii de necoiu- 
pactitate a lui Kuratowski. '

1. Introduction. This paper deals with the boundary value problem

«"W = / ( / ,  «W. «'(0. « M )>  ■ ■.. Mg,.(<))). t e  I, (1.1)
«(/) =  W )’ t e  / ' \ i n t  I, (1.2)

in a real Banach space X, where I  =  [a, b], F = [a', 6'], a' < a < b  < b’, 
j  is a continuous mapping from I  X Xm+2 into A', g,(i =  1, ...,»*) are conti­
nuous functions from I  into F  and <p is a continuous function from F \  
int 1 into A'. ' (

By a solution to problem (1.1), (1.2) we mean a function u <= C - ( I A )’Pj 
n  C(F : X) satisfying conditions (1.1) and (1.2). .

For it <= C(/ ; X) let us denote by it* (i =  1, • ■ m) the function from 1 
into X, «■(/) == »(&(/)) if g,.(0 e  1 and u‘(t) = i otherwise 

Bet us consider the mapping h  : I  X A X A X C(x , A ) —► a ,

1,(1, x, y  ; u) = f  (I, x, y, ul(l), . . . , u m(t)), (1.3)

for t e  / ,  x, y  
A function 

satisfies

s  A' and « e  C(I ] X). . .f
a is a solution to (1.1), (E2) if au(l only if

t e  I,

C2(/ ; X) and

(1.4). 

' (1.5)
u " { t )  =  h ( t ,  t i ( t ) ,  m'W ; »).

=  ?(«),«(£>) = '# )•  _
T , . , w,, » i n f  /  i =  l ........ w, by the continuity of

/  * £ ; ,o t  i S T i s  g g .  f i r s  ?  ^ i  : :

by us [ul under
more general additional conditions, on h.

* University o f Cluj-Sapoca, fa cu lty  of Mathematics
and Physics, 3100 Cluj-Sapoca, Romania
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t i n u o » r o Î / ’x ° x ”x'°XCX C (Î ; XI.' Nevertheless,
m, the mapping (1.3) may be

C(I ; X) : «(a) =  ?(fl), «(&) =  ?(&)},
T x  X  X X X C* where 

~ Cb =  {«
is continuous. The main result on the existence of solutions to  (1.4), (l.5), Theo 
iem 1 requires that h  be « - Lipschitz (« being the Kuratowski m easu red  
noncompactness). The proof of Theorem 1 uses the topological transversal*! 
theorem (Lenay-Schauder’s alternative) for condensing m appings,. which has 
been proved in [14] without using the topological degree In  addition, we ma£  
use of a priori bounds technique. Similar methods have been used by tr 
S c h m i t t  and R . T h o m p s o n  [17] R. T h o m p s o n  [18], A. G r a­
n a s  R. G u e n t h e r  and J .  L e e  [8 j. Theorem 1 m ay be compared with 
the results obtained by V. L a k s h m i k a n t h a m  [11] and J .  C h a n d r a  
V . L a k s h m i k a n t h a m ,  A. M ' i t c h e l l  [5]. ’

In particular, sufficient conditions for th a t the problem (1.1), (1.2) have 
solutions are given. These conditions are relaxed in case X  =  It".

The existence theorems are stated in Section 3 and the main result, Theo­
rem 1, is proved in Section 4. In Section 5 a uniqueness theorem is given.

2. Préliminaires. Let X be a real Banach space, X * its dual. We shall 
denote both the norm in X  and its dual norm in X *  by | • |. The value of 
x* s  X* at * e  X  will be denoted by (x*, x). In  case X  =  I t” the bilinear 
functional (...)  stands for the scalar product.

Denote ||« || =  max ( |» (/) |: / e  I) for u e  C =  C(I ; X), ¡|«||1 =  ruax
u( II u II, II u’ II) for m e  c1 =  0 ( 1 ; X) and 

for m e  C2 =  0 ( 1 ; X).
Let ‘J be the duality mapping of X, i.e. : X

<}* =  {**
Recall that

2 =  max ( « u « I!)

2 X \

X* : (**, x) = \ x f  == | x* |-}, x  e  X . 

( x * , y - x ) (2.1)

for all x,y  e  X  and x* e
Let us denote by a the Kuratowski measure of noncompactness; for each 

bounded subset A of a Banach space one has
a(A) — inf {8 >  0 . A can be convered by finitely many sets of diameter ^  8}.

«lrpkjf «IfT *° aV̂  any con ûs'0n we will denote by a„ the Kuratowski mea- 
T «  |l L  mS?ilMC|ineSS ° V n , l i anaCh SpaCe C"(Z ' X ) endowed with the norm 
measure o f ’ ' f ’ 11 uM I )• 0nly for the space C( I ; X)  the Kuratowski

o L t  T a T , C S^ 1 Simply denoted by a instead of «..
t -  /, whtfe Alt) 1  {»$“ “  ? x i c  ; X )  then «K M ) « « K ) for “uTVWi i iJ . t Moreover, we have

* ts a hounded equicontinuous subset of C(1; X) then
«(A) =  a (A(I)) =  sup (oc(A(t) ) : t <= I) • (2.2)

where A(l) =  {«(¿) A, t 7} C  X. '
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This result has been proved by A a m n .

the classical Ascoli—Arzelii Theorem. ' m b r 0 s e 1 1 1 [2] and generalizes

-where

Also

If ^ is a bounded subset of C»(Z; X) (» ^ i) then

*n(A) =  max H A ), x(A'), . . . , a(Z<»>)), (2.3)

AM =  {uM:u * A } C C ( I - X ), { = 0,1,

for i =  1. • ••> n -
Let Y be a closed convex subset of X  and Z 

A continuous mapping F : Z ^ Y  is said to be (a p) 
every bounded subset A of Z, F(A) is bounded-and

(2.4)

an arbitrary subset of X. ' 
— Lipschitz, p ^ 0, if for

<x(A(Z)) ^ pa(Z).

F is called a -  Lipschitz if there exists p ^ 0 such that F  be-(«, p) -  Lip­
schitz. F  is said to be condensing if for every bounded subset A of Z F(Z) 
is bounded and if <x(A) >  0 then ’

«(F(A)) < oc(A).

Let U C  Y  be bounded and open in Y  and let 61 (U ; Y) be the set of all conden­
sing mappings F -.U -+ Y  which are fixed point free on the boundary dU of V . A 
mapping. F  e  <3(U ; Y) is said to be essential if each mapping of &(U; Y) 
which coincides with F  on dU has at least one fixed point in U.

In this connection, the following lemma will be used latter (for the proof 
see Lemma 2.1 in [14]).

lemma 2. For each fixed x0 e  U the mapping,F: U-*-Y, Fx =  x0 for all 
x e  l/, -is essential. -

Two mappings F 0, F t e  g,(U; Y) are said to be homotopic if there exists 
FI: [0, 1] x  0 - + Y  such that =  .) e  a (0  ;Y) for all X e  [0, L],
H0 =  F 0L // ,  F l and //( ., x) : [0, 1]-*-Y is continuous uniformly with respect 
to x e. C\ ■

We also note the following topological transversality theorem (Leray  ̂
Sehauder's alternative) for condensing mappings.

LEMMA 3. Let F 0, F x e  a (U ; Y) be two homotopic mappings. Then F 0 is 
essential i f  and only i f  F 1 is essential.

The proof of this lemma can be found in [14]. I t  reproduces with some 
specificai changes tha t of the topological transversality theorem for completely 
continuous mappings (see [6] and [7]).

For other properties of measures of noncoinpactness and other results on 
condensing mappings we refer to the  ̂book^of R- R* A h m e r o v, ±
^  e n s k i  itig.

I T p o t a p o v ,  A. E. R o d  k i n  a and B. N. S,i
M. I. K a -
d o v s k i i
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3. Existence theorems. Let ns consider the problem
, U"[t) = h(t,u(t), u'(t); u), t e  /, (3 .1)

(̂a) == r, w(6) =  s, (3.2)
where r and s are two fixed elements of X.

Let Cb -  {u eC (/ ]X) : u(a) =  r, «(6) =  s}, CJ =  C6 f j  C1 and Cf =  Q fjC 2. 
We shall consider on Cb, C\ and Q  the topologies induced by those of C, Cl 
and C2, respectively.

The main existence result is 
t h e o r e m  1. Assume that
(i) li e  C(I X X X X  X CJ; X) and h is uniformly continuous on I  x A 1 x 

X X whenever A lf A 2 are bounded subsets of X  and A 3d  Cb is bounded 
in C1.

(ii) There exists p such that
0 ^ < p <  min (8/(6 — a)2, 2/(6 — a), V (3.3)

and
a(h(t, A x, A 2, A 3)) $ p max ( a ^ ) ,  a(.42), a ^ a ) ) ,  (3.4)

whenever t e  I, A x and A 2 are bounded subsets of X  andA3CZ Cf zs bounded in C1.
(iii) For each x e  X  satisfying \x \  >  M ^  max (|r |, |s |)  there exists x* e  °\x 

such that
(x * ,h ( t ,x ,y ,z ) )>  0, (3.5)-

for all t ]a,b\_,y ^  X  satisfying (x*,y) — 0 and z e  Q  with ||z |f =  |# |..
(iv) There exists a nondecreasing function

T :  [0, + ° o [ - v ] 0, +oo[
such that ,

lim inf t2p¥{t) > 4  M  (3.6)
/—► +’00

and
\h { t ,x ,y ,z ) \  <Y(|j>|), (3-7)

for all t e  / , x ,y  ^  X  and z e  Cf* satisfying \x \  ^ | |2 || ^ Af.
TAew equation (3.1) has at least one solution u e= Q.
Remark 1. If h: I  x X  X  X  X C£—* X  is completely continuous then con­

dition (i) in Theorem 1 holds, condition (3.4) holds with p == 0 and (3.5) may 
be relaxed as follows :

(x*, h(t, x, y ; z)) > 0. (3.8)
Indeed, in this case, for 1 ¡n <  min.(8/(6 — a)2, 2/(6 —1 a), 1) the mapping 
hn (t, x ,y \z )  =  h{t, x / y ; z) +  (1 ¡n)x satisfies the hypothesis of Theorem 1 with 
p =  1/wandY +  M  instead of Y. In consequence, by Theorem 1, the equation

u"(t) =  hn(t, u(t), u \ t) ; u)t t €= I  (3.9)
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has at least one solution un e= C*. Let be a sequence of solutions to
(3.9), where 1 ¡n0<  min (8/(j — a)2, 2/(6 — a), 1). As follows from the proof of 
Theorem 1, the set {u„}n>„t is bounded in C2. Hence {«„}„»„„ is equicontinuous 
in C1. On the other hand, if G„: 7 X 7 -► R is the Green’s function associated 
with the scalar problem y"  — (1 ¡n)y =  f(t), y(a) — y(b) =  0 and w" is the unique 
solution from Cf to the equation u" — (1 ¡n) u — 0, then we must have

b

*.(<)> l) h{V_uH(l), u'n{l) ; U„)dl +  «?(#). (3.10)
■ T  .

Whence, using the compactness of h we obtain that the sets {un(t)} and {u'n(t]} 
are precompact in X  for each t ^  I. Thus, by the Ascoli—Arzela Theorem the 
sequence {*u„} has a subsequence which converges in C1; its limit is a solution 
to (3.1) as follows also by (3.10).

As regards the existence of solutions to (1.1), (1.2) we have the following 
result 1

corollary 1. Suppose that
(i) / is uniformly continuous on each bounded subset of I  X  <X ’m+V g * e  C(I * / ' ) ,  

i  =  1, . . m and <p e  C ( / '\ in t  1 ; X).
(ii) There exists p satisfying condition (3.3) and

. <*(/(/, A lf A 2t . . -4»+2)) ^ P max (a^ -) : Z =  1, 2, . . w +  2), (3.11)
Whenever t e  I  and A it i =  1, 2, . . . ,  w +  2 ar£ hounded subsets of X .

(iii) .For ^  X satisfying \x \  >  M ^ max (|<p( )̂| • £ e  F \  int I) 
there exists x* e  ‘J# swcA that

{x* ,f(t,x ,y ,-x \ . . . ,* " ) )  > 0 ,  ’ (3.12)
/o r aZZ t e  i} a, #ZZ # ,y, a;1, . . xm ^  X  satisfying [%*,y) =  0 ¿mi |#*| ^

< \x\> i =  1 , . .
(iv) There exists a nondecreasing function

Y  : [0, +oo [—► ] 0, +oo [ satisfying condition (3.6) and
W , x ty , x \  . . . , * " ) |  ^ T ( |y |) ,  (3.13)

/o r all t e= I  and all x, y, x1, . . xm ^  X  with \x \  < jlf ¿mi | ^ i¥ , Z =  
=  1, . . m.

Then problem (1.1), (1.2) has at least one solution.
Remark 2. Theorem 1 and Corollary 1 remain true if we consider certain 

other measures of noncompactness instead of the Kuratowski measure of non­
compactness.

On finite-dimensional spaces some requirements of the hypothesis of Theo­
rem 1 may be lessened as follows. 

theorem 2. Assume that
( i) The mapping h : I  X RM X RM X Cb-+ Rn is continuous.
(ii) There exists M  ^  max (\r\, |s |)  such that

\xl h(t, x, y \ z) )  ^ 0, (3 .14 )
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R» with I x\ >  M, y  e R” wüh lx> y) = o and Z ^ qtfor o U t ^ I ^ x

fy i n g Z l  “  * T  : € (i . »} awá cííc/í M' > 0 there is a function vp 
ro J 5 ¿ 7 o  + ° ° í  « *  * * *  ¿s locally integrabl6 on [K’ +™\l * t r e
K =  |r  -  s\f(b -  a),

^  / Yy.iT '(<) *  > (3.15)

and | fy(¿. *, ̂ ; z) I < Y/.at (I y> D’ (3.16)
whenever t ^  I, x <b and z ^  CJ satfsfr 1*1 < IMI < M  and 3' e  R», 3> =
— (yv satisfies |y,-| < M ' for all i < ]• 1-

Then the system (3.1) has at least one solution u  «= Q . .
This result may be compared with Theorem 2.4 iu [8 ], chap. V. Its  proof 

follows easily by that of'Theorem 1 if we take into account Lemma 5.6 in [8], 
chap. II  and Remark 1. .

As a consequence of Theorem 2 we have 
COROLLARY 2. Let the following conditions hold
(i) /  e  C{I X (R")"+2; RB), g ie  C( I ; I ’), i — 1, . . . , m  and
• ( <p e  C ( 7 '\ i n t I ; R " ) .
(ii) There exists M  > max (| y(t) | : t <= Z ' \ i n t / )  smc/i that

\x,f{t, x, y . x 1, . . . .  xm)) > 0, (3.17)
/or all t I, x e  R» with |  x \ >  M, y  s  R” with (x, y) =  0 and all x‘ e  R* 
satisfying |* ‘| < | s | ,  i =  1, . . . ,  m.

(iii) For each j  «= (1, . . . , «}  and each M ' >  0 there is a function  :[0,
+°p [—*-’]0, -foo [ such that tfV^M-lf) is locally integrable on [K, + co[, satisfies con* 
dition (3.15) and •

I fA l> x- 3 x") | ^  Yy.^-d yt 1), (3.18)
for every t e  I, x, x1, . . . ,  xm e  R» satisfying 1*1 ^  M, | * ' |  < M, i =  1........ m
and any y  e  R» with \yt | ^  M' for all i < / _  1 .

• TVie» i/ie problem (1.1), (1 .2) has at least one solution.
.i 4‘ For the proof of Theorem 1 we need some lemmas referring to
the a priori bounds on solutions of equation (3.1).
anv s S Z n t  t SSr ™ f  tkat ,C0M¿̂ 0WS «  *nd '(iii) from Theorem 1 hold. Then any solution u Q  of equation (3.1) satisfies the inequality

I|m| | <M .  (4.1)

=  ¡ « Z Í u f  -  « S - í*  * ? ^ tÍO” , í  f3'1) and >« <» -  I  be such th a t || » II =
Let ' V l ~ bl  I ' *  ”  t hm  <41) f0ll0ws *>y M  > -tax  ( |r |.  |s |) .  t c t  <. -  X  i t  Then we have (*;, «•(,.)) _  0 for any »; -  }*(/,).
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by (3.5), there exists

Since his continuous there is 8 >  0 such that

(x'o, H t0 +  X. U(t0 +  x), u’(t0 +  X);«)) >  0 
whenever | X | <  S and /0 +  U J .  This implies that ’

K . * "  (̂ o +  ^)) >  0 for | X | <  S with t. +  X * L  
Hence, by using the Taylor’s formula

«(to +  X) -  u(t0) = X«'(/#) +  (X2/2)«"(/# +  
where ¡x =  (x(X) lies between t0 and t0 -f- x, we deduce that

(*o» «('o +  *) — «(<o)) >  0 for | X| <  S, X ^  0 with +  X e  /. 
On the other hand, since x\e }«(/„), by (2.i), we must have

(x*0,«(t0 +  X) -  «(/„)) =$ | u(t0 +  X)|2 -  - |« ( i 0) f <  0,

which contradicts the previous inequality. Therefore |w(/0) | < and the proof 
is complete.

The next lemma is due to K. S c h m i t t  and R. T h o m p s o n  [17'] and 
it will be used to derive a priori bouuds on derivatives of solutions of equa-' 
tion (3.1). , .

lemma 5. Lei XF : [0, +oo [—*- ] 0, +co [ a nc,ndc ft casing function satis­
fying condition (3.6) and let Mbe a positive number. Then there exists a positive 
constant Mj ( depending only on T  and M) such that, i f  u e  C2( I ; X) is such that 
|| « || *£ M and \\u"\\ < T ( | |« '| |) ,  then

| |« ' | |  (4-2)
Let G : I  x  I  —► II be the Green’s function associated with the scalar boun­

dary value problem y "  =  f(t), y(a) =  y(b) =  0. We have

C(t, l) =  -  -  -  —  for l
b — a

=  (/ -  a) (6 f()r 1>L  
b — a

Define the linear integral operator N : C —+C2,

We have 

for all u €=

b '
(Nu)jt)  =  -   ̂G(i, l) «(l) dl, t e  I.

A

|| jV«||2 max ((b -  «)2/8, (b — a)/2, 1), 

C having | |« | |  < L

(4.3)
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i. 7 . 7  V y y  X x C i - X  is continuous we mav „i If  we assume that &: I X a  X a  a 6 may also

define the operator F :C t-«-0, ^

. (Fu){t) =  A(i, #(0. M'W ; uf  * s
Let *  be the unique solution from Q  to the equation * "  =  0 and define 

the operator T : Cj-*-C|,
Tu =  NF« +  «j, « ® CJ. (4.4)

lemma 6 I f  the mapping N F :Q -+ C - is condensing and i f  there exists 
M >  0 'such that || «1|2 <  Si for any solution u •  Cf to tfo equation

, «"(t) =  X/i(i, «(i), «'(0 ; «). * e  1 (4.5)
and for all X e  [0,1], then the problem (3.1), (3.2) has at least one solution 

Proof. A'function u is a solution to problem (3.1), (3.2) if and only if
i

u(t) =  -  jG(f, l) h(i, «($), «'(£) ; u)d l +  ub{t), t e  I
ft

or, equivalently, if and only if it is a fixed point of T, i.e.
. u =  NFu +  ub. (4.6)

Similarly, u e  C| is a solution to (4.5) if and only if
«, — \N Fii +  ub. (4.7)

Let U =  {« e ,C |: H«i|2' <  M}. Clearly C2b is a convex closed subset _of the 
Banach space C2 and U_is open in C\. By Lemma 2 the  mapping I I0 : 0  — CJ, 
H0u =  ub for all u e  U, is essential.'Also, if we define : i / —*■ C*, Hx» =  
=  XNFw +  ub we see that Hx s  & {0 ; C?) for all X e _[0, l j .  Moreover, since 
NF is condensing and 0  is bounded we have that NF (U) is a bounded subset 
of C2 and in consequence the mapping H(. ; u) : [0, 1]—*- C\ is continuous uni­
formly with respect to u e  1J. Thus H 0 and H 1 are homotopic and by Lemma 3 
it follows that Hx is also essential. Therefore T{= H,) has at least one fixed 
point, as desired.

Proof of Theorem 7. We will prove first tha t the mapping I  : Cb —►C is 
(a,. P) -  Lipschitz. ,

First of all let us show that by (i) and (ii) we have

■ a^ Z’ A* A>' A*)) < P max («(Ax), a (4 2), a ^ ) ) ,  £(4-8)

rei T l V0 be’afhitrarw0r ^  an<̂  p» bounded in C1. To this end,
(i) it follows that fn y T ? '  ^ r en’ the uuiform continuity of h assumed iu(i), it follows that for each t e  I  there is a neighbourhood V(i , z) of t such that.

Ih{t> x> y  > z) ~  h [T, x, y  \ z)\ < z 1
for all N 7 ( i ;  e), * e  A v y  «= A\ and 2 e  A 3. Consequently

a(^(F(i; e), Ax, A 2; A 9)) ^  »(/;(/, A x, A2; A3)) +  2s. ’
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I' ,
This, by  (3.4) and the compactness of I, yieid s .

a(h(I, A lt A 2; ¿ 3)) ^  p max ( « ( ¿ j ; . ^  + ^

Now letting e—*■ 0 we get (4.8) as desired.
The^continuity of F  follows easily by that of h.
Let D be an arbitrary bounded subset of r** i t  , ..

¿ 2< & i*  “  D V )  “ 4 *  ■- ■D *  -  i

<F{D)) ^  pa2(Z>). (49)

S ’bytimSi tw T hfvr d D' “  •*
a(D) =  sup-(a(D(0) : N i ) ,  a(D') =  sup (a (D'(t)): t e  /). (4.10)

Moreover, the equicontinuity of D and D' together with the uniform continuity 
of A assumed in (1), implie that F(D) is also an equicontinuous family of func­
tions. Thus ’

*{F{D)) =  sup (*{F(D)(1)) : t 
Eut, by (3.4), (2.3) and (2.4), we have

!)■ (4.11)

a.(F(D){t)) =  a ({h(t, u(t), u'(t) ; u) \ u e  £}) < p max (ot(Z)(f)),
a(O '(0). ax(D)) =  pai(D) ^ p«2(Z)),

for all l e. / .  Whence, (4.9) follows by (4.11).
Therefore the mapping F  is (a, p) — Lipschitz as claimed. 'A 
Further, by (4.3)^ andj_(4.9), we get

x2(NF(D)) < p max ((b -  «)-/8, (b -  a)/2, 1)«2(D),

whence we may claim that NF  is condensing. '
Now, according to Lemma 6, we have only to prove the boundedness in 

C2 of the set of solutions to equation (4.5).
For each x e  ]0, 1 ] the function \h  satisfies the hypothesis of Lemma 4. 

Thus || u || < M  for any solution u e  C\ to equation (4.5) and for all X f  ]0,L]. 
In addition, since M  ^  max ( |r |, Jsj) we see that ub, the unique solution in C* to 
equation (4.5) for X =  0, also satisfies | | m4|| < M.

Further, according to assumption (iv) and Lemma 5, there exists a constant 
M , such th a t Ü « ' || 4 M , for any solution « e  C; to (4.d) and all X e  [O, 1 J.

Finally, if we put 
D =  {« e  d  : u is a solution to (4.5) for a certain X ® [0,1]}

and we apply (4.8) to A ,=0(1), A2=D'(I), A3=D, then we obtain that the set 
0 "(I)  is bounded in X.  Hence, there exists a constant M 2 such th a t \\u || < M t
for any solution u 
is now complete.

i Q  to equation (4.5) and all X e  [0, 1 ]. The proof of Theorem l

3 — Mathematic# 2/198S
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, 5. Uniqueness. We " i l l  e s tab lish  the u n iq u e n e ss  o f s o lu t io n  to  eq „alion

n"(t) =  h(t, u(t), u'(t)) +  A{t, u), t  e  I , ^

together with the boundaryomditions (3:2). where h m aps I  X X  x  X ^ x

and  The" unfqueiess‘ ¿Established under some ; m onotonicity conditions. 
theorem 3, Suppose that the following conditions are satisfied:

(i) (#*, h[t, x + x1, y  +  y1) — W r %1> y 1)) >  ® ^  0), (5 2)
for all t e  ]a,b[, x, x ^  X  with * # 0 , * * M *  and all y , y i  €  X  satisfying
(**, y) =  °-

(ii) (x*. A(t0, Uj) — A[t0, u2)) Z 0 ( >  0), (5 3j

for all ult u2 e  Cl, «i ¥= u2, t0 e  ]«, 6[ such that |« i( i0) — “ 2(̂ 0) I =  || ut — ti2n 
and all x* e  cl(u1(t0) — u2(t0)). '

Then problem (5.1), (3.2) has at most one solution u  e  Q .
Proof. Let ux and u2 be two solutions to (5.1), (3.2) and let u =  u 2 — u2. 

If «i + m2 then it whould exist t0 e  ]a, b[ such th a t | u(t0) \ =  || u || > 0 .  This 
would imply that (x*, «'(<„)) =  0 and

(*.*,.«"(/0)) ^  0, (5.4)
for all x* s  <JM(i0). On the other hand, by (5.2) and (5.3) we should have 

•(**» u (<„)) =  (%*, h(t0, Wj(/q), wx(<0)) h{J>Q, u 2(l0), u2(i0))) +
+  (**, A{t0, Uj) -  A{t0, u2)) >  0,

which would contradict (5.4). Thus Uy =  ii2 and the theorem is proved.
As an application we will establish the uniqueness of solution to problem 

(1.1), (1.2) in the particular case when equation (1.1) has the  form.
tn

u"{t) = h(t, u(t), u\t)) +  q(t) U(t) +  £  qft) u(gt(i)), (5.5)
«-1

where q and qit *.= 1, . . . ,  m are real functions defined on I .
. COROLLARY 3. Suppose that h satisfies condition (i) from  Theorem 2 and

for all t e  ]«, &[.
?<(i) < 0, q(t) -f <]i{t)

j w #r “ r  & 5)> (1-2)Proof. Apply Theorem 3 to one

0 ( > 0),

solution.

(5.6)

m

A(t,u) = q(t) u(t) +  ¿ ^ ( ¿ )  Ui{t)

[15].tC that Theorem 3 and Corollary 3 generalize Theorem 6 and Theorem 7
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, N, „ p l ic a t io n  o f  f r y s z k o w s k i  s e l e c t i o n  t h e o r e m  t o  t h e
DARBOUX PROBLEM FOR A MULTIVALUED EQUATION ‘ ^

GKORGETA TEODORU*

Ranvtd: Stpttmbtt, 20, 19S8.

«P7r\IVT -  O anllonţie n teoremei de selcc-JIc u Iul Fryszkowskl la prohlcma 
lul D.ri.oux pentru o ecuaţie multlvoeă. în  lucrare se consideră problem a lui

Darboux pentru ecuaţia hiperbolică multivocă V’

D =  [O a l X [O b) unde Feste o aplicaţie inferior sem icontinuă ale cărei valori 
sint submulţimi închise, nu neapărat convexe, ale lui E». Teorem a de selecţie a 
lui Fryszkowski şi teorema de punct fix a lui Schauder stn t folosite pentru  a 
demonstra existenţa unei soluţii locale a problemei considerate.

1. Introduction. The Darboux problem for; the hyperbolic multivalued 
equation ' ’

-i-L -e  F{x,y, z ) ,F : Dx  R»— 2«", =  [0, a] x  [0, '• .
dxdy ^  '■mm --------  '■

and the notions of the local and global solution were defined in [15], [16], 
Under the hypotheses of Caratheodory type, F  haing convex and compact 

values, using Kakutani-Ky Fan fixed point theorem in [15], [16] we prove 
the existence of a local solution for the posed problem. In [17] it is proved, 
under the supplementary restrictions, that the local solution may be prolonged 
in D, obtaining a global solution. In view of the characterization theorem of 
the global solution [7], [15], [18] and the existence of a sequence of functions 
/ » : -D-*- R" uniformly convergent on compacts to F  [6 ], [7], [15], [19] we 
consider in [15], [19] a sequence of- approximating equations and we obtain 
a global solution of the Darboux proglem as the uniform limit of the  sequence 
of the solutions for the approximating equations.

In [20], [21] we prove selection theorems, namely the existence of some 
continuous selections for every function (xy)— z (x, y)),(x, v ) e  D, rela- 

. tively to a given family of continuous functions {z(x, y)}, (x, y)-*-'z(x, y) under 
root f1S a  ̂^  t abes compact not necessarily convex values, F  continuous
exii’enorth in rlCOndi 10nS °f C*rathdodory type [211], As Corollaries, we obtain
and the exktenrS °f tr.me ^ s°hitions, via Schauder fixed point theorem and the existence of the continuous selections

; ? ,S iSS ' o f thS T  0i th,e global solu,tionS/ ° rFt Fbeine Linsehitviar. Tne case of not necessarily convex values for F .r
method-of the successive^ W ^ ,resP?ct to *-"Tiie results are obtained by the 

• ____________ pproximations, using two selection theorems [10]»
• A »** ./ u}i.Dtparlmnl #/ 6000 /4ji>

Roman U
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[11 ']. In f23J under the assumption that F is LinsrV.it- • '

. to ^  with possibly nonconvex values, ,we bta f  T , mapp^ withresP « t 
boux problem, using the contraction princinil S  % global solution of the Dar­

in  this paper in a manner used in rn  ri31 romVl tZ and N a d i e r ,  [8]. 
tence of a local solution, using the FryszkowsVi J  v ’ we obtain the exis- 
Schauder fixed point theorem, unde/,he asXm*  i “ T l. ^ 7 ™ ,  P»- [ « i  and 
tinuous, taking not necessarily convex values P* that F 1S lower semicon- 

2. Preliminary results. Let U be a +nTwi' •>. , 
and let F : £ / -  V  be a nonempty ,Tnd closed S h Y firmetric Space 
is lower semi cont inuous (l.s.c) on U if £ -!(# ) =  {„ t  ^  F
whenever B  is open, [2], [11], [13]. *• U tw) 0  B ^  0} is open ^

A nonempty and closed valued mapping H ' TO Tl_.. oy j ,.
measurable if H ~ \B )  =  {t s  [0, T] \H (t)n B  + cS' £ v  f  13 Called Weah} l  
whenever B  is open, [11], [13], J ' ( ) °  B *  0} 15 LebesSue ^ s u r a b le

The next result is an instance of a general selection theorem due to K u r a -  
t o w s k i  and R y l l - N a r d z e w s k i ,  [12], [13], <■

THEOREM 2.1. Let X  a separable real Banach space and let H: [0, T]-*- 2X 
be a nonempty and closed valued mapping. I f  H is weakly measurable then it 
has at least one measurable selection, i.c. there exists at least one measurable 
function h: [0, T ]—*- X  such that h{t) e  H{t) a.e.fort <s (0, T), [13], [5¡Theorem 
III 6 , p. 65]. •

corollary 2.1. Let X  be a separable real Banach space, let C be a nonempty 
and closed subset in X and let F : [0, 2'] X C—► 2X be a nonempty and closed 
valued mapping which is l.s.c. on [0, 2’] X C. Then, for each continuous function 
u : [0, T  j—»• C, the mapping F o u : [0, 2']—*■ 2X, (Fou) (t) = F(t, u(t)) for each 
t e  [0, T], has at least one measurable selection, [13]. ’

Proof. Obviously F ou  is l.s.c. on [0, 2'] and hence it is weakly measurable 
Thus Theorem 2.1 applies and this completes the proof, [13].

Let K  be a nonempty subset in C([0, T ] ; X) and let &: K —+ 2z-,<t°'T] ;'Y> be 
a nonempty and closed valued mapping. We say that 9  is decomposable if for 
each u e  K t each f,g<= &(u) and each measurable subset £  in [0,T ] we have

/ •  ’/ £ +  g • '¿io,n-e e  ^(M)»

where ‘LE is the characteristic function of E, [3], ,[13].
In the proof of our existence result it is used the following specific form 

of a selection theorem due t o F r y s z k o w s k i ,  [9]# [ldj.

‘" l l K  iV T S T “function f :  K-*- L1 ([0, T ] ; X) such that /(«) ® *(«) M  each u *  K , [13].

(H.) closed valued mapping » h id  -  U.c.
« n i x  R".
(Hj) There exists M  > •  0 such that • .

sup {It ^II I t
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D, | |z || < C, C > 0 .

condi-for every T <= AC([0, b] ; Rn) satisfy the(H3) The functions c ^  AC (LU, “1 > lx >’ v ue

“ “  S L r J r i o m  (HJ it results that the function a : D -  R- defined by
a(*,y) =  a{x) +  T(y) -  a(0), (x ,y) e  Z>, (l)

is absolutely continuous in the Caratheodory sense on D ; « -  C*(D ; H-). [4]. 
a definition. [15], [16]. The Darboux problem for the equation j

dxdy
F{x,y.z), (x, y, z) e  D X R \

(2)

consists in the determination of a solution for (2), i.e. of absolutely continuous 
in the Caratheodory sense function on D, z e  C (JJ, J| ), L̂ J» which satisfies 
the equation (2) a.e. for (x,y) e  D and the conditions

[*(*,0) =  o{x), 0 < * < a, .
\z(0,yj = x(y), 0 < y  < b. a{ ) t (  )- <3)

Let K  be the set of absolutely continuous functions z : D-+  Rn, [4] which 
satisfy the inequality

||z(*,y) — <t{x,y) || r, where r >  0, (4)

and the conditions (3). '
The relation z e  K  implies z e  C(D ; R”). We observe th a t -^-L. exists a.e.

d x d y
(x ,y ) e  D, as z £  C* (D;R"), [4].

' . d%zIntegrating ----  and using (1) and (3) it follows
d x d y  -

* y
z(x, y) =  «(*, y ) + \ \  d \ dr,, [x, y) 6  D. (5)

0 0
THEOREM 3.1. Let be the hypotheses (H i)-(H ,) satisfied.

Then the DarboUx problem (3) +  (4) has. a local solution on [0, x 0] X [0 ,y oj £  D. 
Proof. Let us defme 9: K-+ 2 ^ :« ") by L 0j L ^ 0J

- ff(z) =  -e  L^ D • R”) l/(*. y) e  *'(*, y, z(*. y)). a.e. for (*, y) e  D) (6)
2°1 T h a s  °f thj hyPothc‘ses (H,), (H2), of (4) and of Corollary
too. In addition ffkdlV closed Jellies. Since F is l.s.c. the mapping 9  is l.s.c. 

‘  “ “‘tauus it follows tha t there

Let ^ Z t ' y ' ^ y]) f°r ^  ? '  *  “ d f° r ™  <7)
K, the continuous function defined by 

*(*)(*' ^  =  ^  y) +  ( \f{z) (?. l)  d l dr,, (X, y) e  D. (8)



AN APPLICATION OF mSZK0W SKI
SELECTION THEOREM

tions
B y  the hypothesis (H,) and .
s [14, p. 328], we have Pr°perties of absolutely continuous func-

«W  =  <.(0) + j „ - (5)a5j '

*(y) •= T(0) +  J t '(t)) dr,, o Z y ' s b ,  - .
(9)

hence
* y *

h(z) ( x , y )  =  \  $/(*)(5. *i) dU-n +  l  ¿ { l ) . d i  +  +  c#>
o « A • fife»- .'(* .*) e  z),

where CB =  o(0) =  t (0 ). v

Then /i( )̂ «= C*(Z) ; R-) for each z e  * , i.e. /,(*) is absolutely continuous in 
the Caratheodory sense on D, [4], One obtains h(z) e  K  hence hlK) C  K  Indeed 
we have - ' ' ’

(S')

its

in

II h{z)(x,y) -  a.(x,y) || =  
•■V -V-

* y * y
Y) ^ f f  ||/(2)(^7l)||dU7J <

0 0 g -  m  • 0 0J .
«$ M xy  ^  M x0y 0 < r, for * < x0, y  ^  y 0. (10)

Choose (x0, y 0) e  /)  such that the condition

M x0y 0 < r (11)
holds. ' '
___Since h is continuous and K  is compact, from Mazur’s' theorem [13], [24,
Theorem 1.2.9 p. 8 ] it follows that the set K 0 =  conv h(K) is compact and 
convex. Using the  Schauder fixed point theorem, it follows that there exists 
2 e  K 0 such th a t 2 =  h(z), i.e. h(z) (x,y) =  2{x,y), (x ,y ) e  [0, x0] x  [0, y0].
Tliis implies from (7), (8) tha t = f{z){x, y) e  F(x, y, 2(x, y)), a. e. for.

bxdy
\x,y) e  l), 0 ^  x  < x0, 0 < y  < y0 and z(x,0) =  a(x), 0 < x < x0, 2(0, y) =  
=  r(y), 0 ^  y  < y 0, therefore (2) and (3) hold for 2, consequently 2 is a solution 
of the Darboux problem (2) +  (3). The proof is complete.
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" v  MONOTONOUS PoI y n Om S w o  V A ^ S

SO IU N  G1I. GAL*

HtctiTti: January 6, 1989

hile prin şiruri mono.onTae po“mo!”me.CS c o p ra S e i " S î  « te  TcdaTe ̂

1. Introduction. Let A — [a, b] x [a, b] (~ R2 be a bidimensional compact 
interval (a, b e  R) and for p  s  jV (J {0} == N 0 let.’s dfenote by 0(A) the linear 
space of real-valued functions f(x, y) defined on A, with all partial derivatives 
(c'+1fl(Sx'8yi))(x, y), i, j  ^  0, i -f- j  < ft, continuous for (x, y) <= A. Also, for 
r =  (», j) e  N 0 X N 0 let's denote by \r\ = i +  j  and [D'f)(x, y) =  {8^fl(8xidyi)) 
{x, y), (x , v) e  A.

Regarding the approximation by polynomials in 0(A), the following 
Bernstein’s theorem is well-known (for a more general variant (see e.g. [40, 
p. 104): -

theorem 1.1. (Bernstein) I f  f  e  0(A), then there exists a sequence of poly­
nomials in two variables (Sm{x, y)),„ such that (D'Sm)(x, y) -*• (D'f)(x, y) uniformly 
for (x, y) e  A, for each r e  N 0 X N 0 with | r |  *k p.

The aim of the present note is to extend the results of [1], [3] to the 
case of two variables, obtaining thus an approximation result by monotonous
sequences of polynomials in two variables. ___

2. Preliminaries. Let's consider the numbers s> e  {—1, 1}, * =  0, p fixed 
and the polynomial

( 1 )R(x) =  'Y^2p~i ■ s’ • x‘/i\ , x e  [0, 10-

LEMMA 2.1. There takes place :s ( ■ R"(x) > 1 for any x *  [0, 1] and any

*' =  °> 1..........P- P-i . . .
Proof. I t  is easy to show that R{,) (x) = ' ^ ^ p 1 +,) ’ s'+i x M 

+  - , <+I x>-<l(p - i )  l • Then, because 2^ -  -  1 =

=  2^ -i- i  +  2p~'~2 +  . . .  +  2 +  1 =  | j 2>-<i+'> and | s< • &-«+»■ si+j ■ x f  (j\)\ C 

< 2P-V+J)' Vi =  o fp ;  V; =  oTSF7». v  * s  [0, 1], we obtain :

• .JnfrStirca" Calculation Office, Tuiiroiclor Sir.
’no. 20, 3700 Oradea, Romania.



42
a ppro x im a tio n  o f  c o n t in u o u s l y  d iff e r e n t ia b l e  f u n c t io n s

.. . 2?(0M =  2p~' +  Si • 2P~'~X ■ Si +r X  + ; . . . +  sr sp ■ xp~ f{ p ~  i) [ = (2^-1-,
! 2P- ' - 2 +  . .. +  2 +  1)+  l(si ' 2p- ,~1 -si+i - x +  . . .  +  Si • sp ■ xp- ' / ( p ^  ¡»

_  2R- ' -1 +  si ■ 2p- i~1 +  s.+i • *) -f ••• "M 1 + s i s f • x p~‘l(p  — »)!)
V*S [0, 1], Vi = 0 , p ~  rn ’

3. Main Result. For simplicity, we will consider A =  [0, 11] x  [0, 1,]. '
There takes place: . •  . __
THEOREM 3.1. I ff* =  C*(A) an& s! \  Sy e  1» + 1 }  * =  0, p, j — (p? 

are fixed then there exists a polynomial sequence m  two variables P H{x, y )t n 
such that for each k * { 0 ,  1, . . . ,  p}, k =  t +  ], we have:

" ckp.n- 4  - 8 f -  uniformly on A and sitj ■ 8 Pn+ ^xj  y) <  S{. . I f  *(*■?_)  ̂yQr 
ex' o f  dx' o f  d x d y 3 d x 'dy3

n =  1, 2, . . . ,  and any (x, y) e  A, ' where fs fJ =  si°, s f \  i  =  Qfp, j  =  q^ J  ~
Proo/. Let / e  C,(A) be. If we denote 111/| 11 =  max {sup (| Dr f ix ,  y) \ •

(x,y) e  A}} it is biown that 111 • 111 is a norm on Cp(A).
In this case, the previous Bernstein's result (theorem 1.1.) may be formula­

ted also: "if /  e  Ĉ (A) then there exists a sequence of polynomials in two 
variables (Sm(x, y))m such that

I Sm — /111 —► 0, when m-> oo
(2)

From (2), follows immediately that for each n e  N , there exists an index 
mn such that

’ 11 I S - . - / |  11 < 1/«2.

If we denote by Tn(x, y) =  S„„ (x,y), n =  1, 2, . . . ,  (x, y) e  A, tabng 
immediatdy ̂  de în t̂ ôn norm 111 • 111. from the above inequality we obtain

r »(*. y) _  dhf{x, y) 

dx' dy3 Sx' Sy* <  1/»*, (3)

t a  any „  -  1. 2.........a„y (*, y) « A alld cach * a  {0> , ........... p y  with k =

-  Æ : r  i n  i ■o - n  -  i> T .D’T*+11- from. (3) we obtain

__ dkT n + l[x , y)

dx> • w  ~d7sf

.+, J ^ J D ' r rt - Z > / |  +  I D 'f—

<  V«2 +  !/(» +  1)* <  2/»*.
Taking into account that k- .1 ~  i • ---- . ___
hty, we obtain * ,J * *’ % ~  0, p, j  =  0, p,

« . . .  dkT n( x ,y )  ¿*7. , ,S.,/ • ------ ^ - ¿ L  _  S; , . <TTn+ ,(*. y)
‘J :---:---

from 'th e  above inequa-

dx'dyr <  2/» a,
« - I . ? ,

(4)
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Let's introduce the notations: *  (x) _  A  0i .

U y )  =

a„ = 2  v , a n d ] ) ; ;  •

We have : yt  =  j ! l ^ L  ■ ^
dx'dyi dxidyj +  *<• • fii (*) • R?(y), from where, taking

nto account (3) and a„\0, there results immediately
a » erf . . JdkP»(*. y) 

3*’V  
Then,

d x  ’5 /
3*

uniformly on A, for each k {0, 1, . . . .  p}, k = i + j .

, su 1 - ^ -  -  —i>n+0  =  s. ( ?Tn __ a*rB+I \
U v  & &  J  ̂ y  l dxidyi •:(>-)•

• f c  -  *.♦.) -  +  4» • s ! V ) . ,)» .  &  w  .. (2/„«).

„ B, f  2 l  W  have *?’ ' *?’<*) * 1. fo' any x «  [0, Ij
and^ f>  • *<% ) ^  1 fot any y  e  [0, 1], In conclusion, according to (4), we obtain
~  (  d kp „  d k P „ +  i | v  f  Sk T n dkT aJ. , \

Sij ■ \ 1 7 Z  ■  w ) » S,J f c v  “  I # ) + 2 /”! >  ° ' for “ y <*■y) * * •
any « = 1, 2 , . . . .  and each k «= {0, 1,. . . p}, with k = i + j.

ht-mark*. 1). The theorem 3.1. may be extended without any problems 
in the case of functions with more than two variables. .

2) . The case when /  is a function of one variable was proved in [3] (see
also f 1 j ). *

3) . In spite of the fact that in general, the construction of the polynomials 
P»(x, y), n <= ,V, is an open question, in certain particular cases, they may be 
made up, exactly as in the case of a one variable (see £2>]).

4) . In the particular case p =  0, for constructively obtaining monoto­
nous sequences of polynomials in two variables, we can use for instance the 
bivariate Bernstein —Stancu operators (see e.g. [5i] p. 270 — 271 and [6]).
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REZUMAT -  O teoremă abstractă de tip Korovkln şl aplicaţii- în  lucrare se 
obţin teoreme de tip Korovkln pentru spaţiul C (X ), unde X  este un spaţiu  
metric compact (Teoremele 2 şi 3). Se aplică rezultatele ob ţinute pen tru  cazul 

• cînd X  este o submulţime compactă a unui spaţiu prehilbertian şi se dau delimi­
tări ale diferenţei || B „ ( / ) - / l | .  unde B n este operatorul lui Bernstein-Lototsky- 
-Schnabl.

The well known Korovkin’s theorem (see e.g. [1]) asserts th a t if {L„)n1sl 
is a .sequence of positive linear operators, acting from C[a, b~\ to C[a, b] and 
such that {Ln{ek))n>i converges uniformly to ch, for k =  0, 1, 2 , where ck{i) =  t \  
i e  [a, b], then the sequence {L„(f))n>i converges uniformly to / ,  for every /  <= 
eC[ a , l ] .  . .

This theorem was extended and generalized in many directions. One direc­
tion is to replace the above mentioned system of test functions by oilier sys­
tems of functions, which led to the theory of so called Korovkin subspaces. 
Another direction is to consider functions defined on more general compact 
spaces than the interval [a, 6], first of all on compact subsets of i lm.

The aim of this paper is to give Korovkin type theorems for the space 
C(X), where A, is a compact metric space. As application, supposing that A' 
is a compact convex subset of a Hilbert space, one obtains evaluations of the 
order of approximation by the Bernstein — Lototsky — Schnabl operator, similar 
to those given in [4]. -

If (A, d) is a compact metric space, denote by C(A) =  C (A, It) the space 
of all real-valued continuous functions defined on A and by Lip (A) the sub­
space of C(A)* formed of all real-valued Lipschitz functions defined on A. 
^ “ ped, as dually, with the uniform norm | | / | |  =  sup {| f(x )  | : * <= A}, /  s  
e  C(A), the space C(A) is a Banach space.

Our first result is a density theorem : -
uniform°wm Th* Suhs^ ace LiP (-Y) is dcnse in C(A), with respect to the

strasf fw , ^ e  assertion of the theorem will follow from the Stone—Weier-
the e r n ^ m ^ ^  T  Sha11 show that LiP (*) is a subalgebra of C(X) containing the constant functions and separating the points of X.

If /> g e  Tip (A) then ‘

I ( / -g)(*) -  ( / • g)(y) | ^  | f(x) | - 1 g(x) _  g^,) | +  | g{y) | . ]f{x) _  /(,.) | < 

_____________^ ^ 1̂ 11 ’ +  llgll • K/) • d(x,y),
• O n i u m , y  o f  C lu j-N apoca, F acu lty  o f  MatHcnuUics

P h y s ic s , 3 4 0 0  C lu j-N a p o c a , R o m a n ia
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for all x, 3 , -where K’ Ta n i . ^  are Lipschitz constants for /  and g, res-
pectiyely. + w  t l w y V ^  S W  and siuce Lip (X) is a subspace ,of C(X) It . follows th a t Lip (X) is a. subalgebra of the algebra C(X)
1 T ? hvi0Usly in W  to the proof wehave only to show th a t the algebra Lip (X) separates the points of X. For
* . y e X > x * y  let / :  X — R be defined by f(z) = d(z,y), z e  X. Then 

l/(*i) —f i z2) I =  I d{zv y) — d(z2,y) I ^ d{zv z2), zv z2 e  X,
which shows tha t /  is in Tip (X), f(y) =  d(y,y) — 0 and f(x) =  d(x,y) >  0. 
Theorem is proved. . J v ' v

A Marfcov operator L on C(X) is a positive linear operator L : CfX)-v C(X) 
such th a t L(c0) =  e0> where e0{x) =  1, x e  X, i.e. L preserves the constant 
functions. • (

In the following we shall need the following simple lemma: 
l e m m a  1. I f  L is a Markov operator acting on C(X) then || L || =  1.
Proof. Taking into account the positivity of L and applying L to the ine­

qualities — ll/H • e0 ^ f  < ll/ll . e0, we obtain — ||f | |  • e0 < L (f)  < | | / | |  • e0, 
so tha t || L[f) || < ll/H , for all • / e  C(X). As || L{e0) || =  || c0 || =  1 it follows 
!| L |i — 1. Lemma is proved.

If (/'„)»> 1 is a sequence of Markov operators acting on C(X), le t'
=  L„(íí(., x) ; x),

(U*) =  *): *)>
for all x <= X and n — 1 , 2 , . . . .

Our first Korovkin type theorem is the following:
THEOREM  2. Let (L„)n>i be a sequence of Markov operators acting on C(X). 

I f  (a„{x))„>\ converges to zero, uniformly with respect to x <= X, then (/-„(/))„>! 
converges uniformly to f ,  for all f  e  C(X).

Proof. Let /  e  Lip (X) and let Kf 5= 0 be a Lipschitz constant for / ,  i.e.

I / W - / b ' )  I < K f d ( x ,  y),
lor all x, y  e  X. Tliis inequality can be rewritten in the form:

-  Kf • d{., x) < / ( • )  - f { x ) . c 0 s: K} ■ d{., x),
for all x e  X. Applying to these inequalities the operator L„ and taking into 
account the positivity of Ln and the notations (1), one obtains.

- /< ,  • «„(*) < I  „ if; *) - / ( * )  < 7i/ • «»(*)
for all % e  X, or equivalently, 1

| !„ ( /; *) - / ( * ) l  * ^/l *»(*)!• ^
for all a e  X. Since, by the hypothesis of the theorem the sequence K W U  
tends to zero, uniformly for x s  X, the inequality (2) implies that (L„\fj)n>i
tends uniformly to / .  . „ .v , •

By Theorem 1 the space Lip (X) is dense m C(X) with respect Ao the uni­
form norm on C(X) and by Lemma 1, || || =  1, n — 1, 2, . . .  so that by the
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-Steinhaus theorem, the sequence (!„(/))„*1 tends uniformly t o / ,  for
46

^  r r't v\ n'Up theorem is proved,
all /  e  be a sequence of Markov operators acting on C(X\
u  ‘hefsequen/e « > .« ) .» . < « *  ‘0
/ ■ i ’r n m  t  * « X. then- the sequence (!.(/)).»■  tm is  unifdrmly t„ / ,  for *
( e  C(X).

I f  f  e  Lip (X) //««», furthemore _____

II ¿»(/) —/II, ^  A/ • V || M l » .(3)

for all n =  1, 2, .. • •
. Proof. We have I „ ( 0  =  eo aud

' 0 $ Ln((t ■ f  -  c0)>) = t>Ln(P) -  2t ■ L n(f) +  c0 .

for all t e  R, implying
' [!„(/) P .<  £.,(/2).

for a l l /e  C(X). Applying this inequality to the function / =  d{., x), one obtains :
’ ' {Ln{ i{ . ,x ) \x ) f  ^  Ln(d2(.,x)-, x), (4)

for all x e  X. Taking into account the notations (1), it follows th a t the sequence 
[aH(x))n>i converges to zero, uniformly for x e  X , provided th a t the sequence 

converges to zero uniformly for x ^  X . The first assertion of the 
theorem follows now from Theorem 2.

The inequality (2), obtained in the proof of Theorem 2, implies

II £ . ( / ) - / II < K ,-  ¡|a„| | ,
for all /  e  Lip (X). By the inequality (4), || <x„ || ^ J  || (3„ || , so that

II L„(f) - f \ \  < Kf ■ -f || | | , _
which ends the proof of the theorem. '

Now, let H be a real pre-Hilbert space with inner product . >. For 
H fixed let the function et : H—v R be defined bv e,(x) =  <.r, t ), x e  H, and 
s: H -vR  be defined by e{x) =  <*, *> =  || * ||i 'x e  H.

t e
let e

theorem 4. Let X  be a compact subset df the pre-Hilbert space H and
\K )n^ be a sequence of Markov operators acting on C(X). I f  (LJe))n>, converges 
uniform y o e and the seqitence (Ln(ex; x))n>l converges to e(x), uniformly for

ProofC W e'havr^”^  L̂n^ n>l converSes uniformly to f ,  for all f  e  C(X).

■ \ \ t - x \ \ *  = c( t)— 2ex(t)+ e(x).

hty oSe1 oitains - °Perat°r U  ^  ^

P"(at) =  Ln{ 11 • ~  * II2; *) =  : *) -  2L„(ex ; x) +  e(x) =  ,
~ L n( e ; x ) - e ( x ) ~ 2 [Ln[ex -x) -  e{x)]. (5 )
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.Taking into account the hypotheses of the theorem it follows th a t'th e  sequence 
converges to zero uniformly for s  X, and Theorem 4 follows from 

Theorem <3.
Remark. If /  €  Lip (X) then -

I! LJ J ) - / | |  ^ Kfsl  || an — 2bn | | , (6)
where an(x) =  Ln(e; x) — e(x) and b„(x) — Ln{ex; x) — e(x), for and

t t  =  1 » 2 , . .  • . • /
COROLLARY 1. (Korovkin’s theorem). i a sequence of Markov

operators acting onC[a, b] such that ¿.„(«j) JL ev LH(e2) 2^. e2, where e1(x) = x and 
e2(x) =  *2. x  s  [rt- ft], ¿hen {L„(f))n>l converges uniformly to for all f ^ C  [a, 6],

Proof. In Theorem 4 take H  =  R, [a, b] and the inner product be 
the usual multiplication in R, <x,y> =  • Then e(x) =  e2{x), e,{x) =

=  l-x  =  t-ej(a') and L n(e,; x) =  t-L n{ex; x).By hypothesis Jk
The corrollary will follow from Theorem 4 if we show that L„(ex ; 
uniformly for s  [«, 6], By hypothesis LH{ef) eu so that if e >  0 is given, 
there exists »t <= AT such that | L„(^ ; — | <  zjM for all' n ^  ns and all 
x  e  [a, b ], where M  — max (| a |, | b |). Consequently | L„(e2 | =  |
- | LXei i x) — -x| <  e, for all n ^  ntand all x and t in [a, b] . In particular
for / =  x ,one obtains |L„(e,; x) — xi \< z ,  for all > and all x «  6],
which shows that the sequence (Ln{ex \ x))n>i converges to e(x), uniformly for 
x e  [a, />}. The corollary is proved.

If Ln Bn, where B„ denotes the Bernstein polynomial operator defined 
by

B ,( / ;* )  =  ]Co( ^ ) ( l  x e  [0,1 ] , /  e  C[0,1  ], •

t h e n

B .fo ; x) = Cl(x) and B„(*2; x) =  e2(x) +

The delimitation (6) gives

II B . ( / ) - / I I  « ^

for all /  e  Tip [0, 1].
Applications. 1 °. In the Hilbert space R” consider a compact convex set X  

■with nonvoid interior. For /  e  Cl(X) (the space of all real-valued continuously 
differentiable functions on X) and u e  R", denote by V/(w) the gradient vector 
of f  at the point u, i.e.

v/(») =  ( | m ........ £< *> )• ■

l e m m a  2. I f  fe CHX) then f  <= Lip (X) and K ,  =  max || V/(m) | | .J J itrnX
Proof. Let x, ye  X , x/  y. The mean value theorem implies the existence
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of a point u 
that

48
.  A' (which is an  internal p o in t o£ th e  se g m e n t jo in in g  *  a n d  yj  snck

m  - M  -  S I  w  •
Applying n o w  th e  Schw arz inequality , one  o b ta in s

|/(l) _ /(y) | -  IIV/MII • II * -  y II < (“aJ II V/<“> II )• II * -  A ll.
COROLLARY 2. I f  (■£»)« >1 

where X  is a compact convex
is a sequence of Markov operators acting on C(A) 
subset of R”‘ with non-void interior, then "

I £»(/■•; x) -  f{*) I ^  max II II ’ V-M II • — x  II2 > x)> (7)

for all f  s  CX(X). . . f a t -
Proof. By Lemma 2, the inequality (7) is a consequence of the inequality

(3) (see also (1) for the definition of p„).
2°. The Bernstein-Lototsky—Schnabl operator. If X  is a compact space, 

S is a subspace of C(X) such that e0 e  S (remind th a t e0[x) =  1, x  e  X), f  
is a Markov operator on C{X) and * is a point in X  then a Radon probability 
measure v, on X  is called an L{S) — representing measure for x  if

! ( / ;  *) =  f fd'tx,
x

for all /  <= S. •
Suppose from now on that X  is a compact convex subset of a pro-Hilbert 

space H and let A(X) be the space of all real-valued continuous affine func­
tions defined on X. Let V = (V„)„^i be a sequence of Markov operators on C(X) 
and let M(V) =  {vv, : n ^ 1, x <= X} be a set of Radon probability measures 
on X  such that v*.,, is an V„{A{X)) — representing measure for .r, for all 
* e  X n =  1.2, . . . .  Suppose further that the family d/(l ' )  is such that 
the functions E„ : X—*■ R defined by E„(x) =  vTI1((i), x e  A', are continuous for
a 1 ? !f 2> • • ••. -P =  (Pn,j)nj»i be a lower triangular stochastic matrix i.e. 
an infinite matrix such that pn>j > 0 for all n , j  > 1,

■ !CA>./ =  1 and £”■> =  0

n =a l' H ^defi~ *s a seclueuce °f continuous functions p„ : X —+ [0, 1 ],

where t, denotes the Dirac 
: X n-+- X  be defined by

P»(*) x̂.n +  (1 — pH(x)) t x O V„, 
measure on X  centered at t e  X . Let also x n,p-

A n » A Xl. X2l

for (*» x2........xn) e  X ”.
Xn) — ' X},

J = 1
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The Bernstein — Bototski—Schnabl 
p is defined by­ operator with respect to M{V), P  and

x) _  [ f o n HPd (g) v ^ ,
*■ '

for all x  s  X  and all /  e  C(X). I t  follows that B„ is a Markov operator on 
C(X) and straightforward calculations (see [5,]) show that

B„{ey ; *) =  YlPn.j ■ pj(x) <x,y> +  ¿ p n,} - (8)
. J=I y~i

(! -  ?j(x)) <x,y> =  <x ,yy  = ey(x), 
for all x ,y  e  X  and f

B,t{c ; .v) =  E  p lj  [Pj(x) vxfe )  +  (1 -  Pj(x)) • 7,■(«;*)]+ ( 1 -  £ * ( * ) ,  (9>
• 1 V >=i /

for all -v e  A'. Here, the functions e,., c : A'-*- R are defined as above by ey(x) =  
=  <.v, v> and e(x) =  <x , *>, * s  X. .

As a consequence of the general convergence theorems one obtains the 
following result :

TJIKOKHM 5. I f

lim E  l>li P,(-v) • Ky(c) -  V}-{c ; *)) +  £ & ( * >  I *) ~  «(*)) =  Q. (W>"—*• ; 1 J  = 1
uniformly for x e  A', thin (B„(f))n>i converges uniformly to f ,  for all f  <= C(X). 
7/  /  e  I,ip (A’) //?<’« furthermore:

J i f f )  - f || ^  Kt E  P».i P> £;• -  W  +  S to W -« )
1/2

( 11)

where Ii,(x) -- v, ;(f), # e  X.
Proof. The convergence result follows from Theorem 4. Indeed, by (9)„

ft tl
Bn[c ; .r) — e(x) =  E / ’«.;fP>(*) v*j (c) — *)) +  E^«.;(^y(e i x) ~~ e(x))>

i J=1
and the condition (10) of the theorem implies that (£„(e; *))«»i converges to- 
e(.r), uniformly for x & X. The equality (8) gives for y  = x, B n(ex, x) (x, xy  
=  e(x), for all r  g  I  and n =  1,2, . . . .  The hypotheses of Theorem 4 are all 
fulfilled and, consequently, the sequence {Bn(f))m>i converges uniformly to / ,  
for all /  e  C(X).

4  — M athematics 2/1989
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. *,e\ if nr T -  B )  (8) and (9) g iv e :The equalities (5) (for Ln — £>»)> \ )

_  ¿ A M * )  +  ( ' -  p'w )  • V,te ; 1)1 +
y-i

+  ( i - E / !. j ) ' W - 2e(’j:) +  ‘w  =
n

=  ¿ & - [ p y ( * )  +  (1 -  Pyt*)) V& ‘ - T ' P * ' i e (x ) =
y=i

' »
=  ¿^ .y p y W  [£,■(*) -  Pyl«; *)] +  *) -  «(*)]•

I t follows that the delimitation (11) is a consequence of the delimitation 
(3) from Theorem 3. .

COROLLARY 3. I f  vx,j =  v* for j  — 1 , 2 , . . .  and P/M 1, x e  
— 1,2, . . .  ¿/i.w the condition (10) from Theorem 5 reduces to

;  =

lim i 2 p \ i  =n~*-oo y=l
(12)

a«i the delimitation (11) takes the form.

I|b , ( / ) - / i i < jJ e & h e -, Vy=i

\l/2
<11J • (13)

where E : X-+ R is defined by E(x) =  vr(c), .x e  X. » .
Proof. The first assertion of the Corollary follows from the following deli­

mitation for the expression involved in the condition (10), for pAx) =  1 and 
v*M =  v,(*) = E(x): V 7 7

E K y [£ (* ) -  Vj(e; *)] +  ¿ ^ [ ^ ( a ; *) -  e{x)]

* H E ~  VAe) l l + E  P li || Vj(e) - . | |  <
y=i ,

* (II E\\ + 2\\V,(e) | | +  I l f l D S ^ ^ K H E i H -  3 ) f ^ p l j .  .
y=i

E' =T£  (W) follows im m ediately  fro m  (U ) , t a k ia g  „  =  l  a a d
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REZUMAT. — Asupra rezolvării aproximative a unor eeua|ll operalorlulo. în  
lucrare este prezentată o metodă convergentă pentru  rezolvarea aproxim ativă a 
ecuaţiilor operatoriale in  spaţii Banach. în  algoritm  nu in tervine derivata, iar 
domeniul şi codomeniul operatorului care intervine p o t fi d in  spaţii distincte.

0. In order to solve the operator equations in Banach spaces, A . S . S e r -  
g h e e v [4] generalized the well-known method of chords. This method presents 
the disadvantage of a small rate of convergence. For avoiding this short-coming 
some authors had studied the generalization of classical Steffensen's method 
([1 ], [3 ], [5 ]), where without the using the derivative, the  same rapidity as 
in the Newton method is obtained. But this method is applicable only to the 
self-mappings of Banach spaces.

The aim of the present paper is to give a quadratically m ethod convergent, 
where the derivative is not used in algorithm and the domain and the range 
of the mapping can be in distinct sets, evidently with the studied operators 
having peculiar properties.

1. Let X  be a Banach space, Y  a normed space, the mapping P X  —> Y, 
and the equation

P{x) =  0. ( 1. 1)

We suppose that there exists a e  R, 0 <  a <  1, such th a t for every x in a 
neighbourhood 7  of a point x0 e  X  the inequality

|| P M  || < a || P(x) || (1.2)

holds. We remark that if 0 e  V, then this inequality implies P(0) =  0. We 
show the existence of. mappings satisfying this property.

Exemplc 1. Let X  be the set $!t„(R) of the square matrixes of «-th order 
denned on B, Y =  R, and the mapping P : X -* -Y  given for everv M  s  ^ « ( ‘*) 
by P{M) =  det (M). We have || P(aM) || =  a"| det (M) \ < a \  det (M)  I *°r a11 
M  in X  and a in ]0, 1 [. , '

Exemple 2. Let be A e  e>H„(R) the matrix of a given quadratic form. We 
consider the mapping P : R »_ * R  given for all x  in AT by P(x) =  <A *’ Xh  
Obviously P{ax) = (A(ax), a x } = a \A x ,  *>, and for every x  in R" and a in JO, U' 
we have || P{ax) || =  | a2(A x , x }  | =  a* | (A x , x )  | <  a || P(x) | | .

U n iv e rs ity  o f  C lu j-N a p o ca , F a c u lty  o f  M a th e m a tic s  a n d  P h y s ic s ,  3 4 0 0  C lu j-N a p o c a , R o m a n ia



\

/

APPROX1MAT1VELY SOLVING CERTAIN OPERATOR EQUATIONS 53

Exemple 3. L et X  be a normed space, Y a Hilbert space and the mapping 
f : X -+ Y  w ith  /(0) =  0. We define the mapping P : X-*- It by the equality 
p(x) =  V i f { x),f{x)'} =  \\f{x) || for every a: in Ar. If the inequality (D2f(x)h2, 
f(x)y > 0, then P  is convex, hence P(ax) =  P(ax +  (1 — a) 0) < aP(x) +  (1 —
_a)P(0) =  aP(x), and. this implies for every x <= X  and a in ]0,1[ that
|| P{ax) || < «11 P(*).|| • ' '

Exemple 4. L et be P : R \{0}—*- It,

' m  =  $ { ' - £ - }  ‘

T h e  infinite product is convergent, which is implied by the absolute con­

vergence of the serie £  for every * e  R\{0}:

Un + l
V,

v/2
2" x

2̂
2»-l x

=  i  <  1, x e  R ,’ r  î4 0.'

We ha ve :

1 _
X

' ( i - H n l ' - Æ W ' - ' - i )  

H H I - ! 1 '

2a/2

2^2
X

• ! P{x) !

1 -  _  i  < 1 -  —— O
9

3 * 2V2
-----  — ‘ n ;

9 X

2 -J’i 1

3x  -  4 ^  q

* _ < 
* -  ^ 0

X

X e  ] 0, 4 *J2]

H ence for

satisfies condition (1.2) -
Remark. More generally, putm g _

« / *»x" lt
p(*) = n  1 t )n*lV '

X

with x*>0
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•we have for all X e  P> 1 [

■PM  =  (1 - £ ) ( i “ 7 ) ( 1 “ V x) " -

< | l  - i ^ l  < *I *(**)! 
I P(*) I

1 _  i!  I < X o  — x < . 1 — — < X o
*X

' l x

1 -f  X 2* —*X

1 — X < -
x l

f(l +  X)Xar — ** 
----------- —  Si 0

I (1 — X)Xat — x*
^  0

[* •  a °tu [^rb? +c0[ o  X ^

\x e  ] 0, —  1- X)xJ

[—L>-(1 + i)

So xn
1(1 +  X) (1 -  X)X

quality (1.2) holds for every X
[■and x0

]0 , 1 [.
x(i +  X) ,(1

x* r
------ , the ine­
-  x) >. L

2. Let X  and Y be normed spaces and the mapping P : A'—* Y, and let 
denote t(X , Y) the set of the linear and continuous mappings of A in Y. The 
mapping [«, v ; P ]  e  t{X , Y) is a divided difference of first order of P in 
the distinct points u, v <s X  if [u, v ; P](u — v) =  P (m) — P(v). We consider 
the symmetrical divided differences, i.e. [u, v ; P ]  =  [ v , u \ P ]. For divided 
differences of the second and higher order the symmetry is supposed too. We 
use for divided difference of second order the equality [u , v, w; P] (u — v) =  
=  [«, w) P ] — [v, w\ P ] (see e.g. [1], [2], [4]).

Supposing the continuity of the. mapping P  and the completeness of X, 
we prove the quadratical convergence of the sequence given by .......... _

' ' ^ ( 2.l]*«+» =  * • -  [*». ax„; -P J^P fo ,): =  xn -  r ,,P{xn), n X
(with x0 in X  given, P(x0) ^  0) to a solution of the equation (1.1).

THEOREM. We- suppose that there exist x0 e  X , a e  ]0, 1 [ and the real, 
strictly positive constants B 0, 7)0 and M  such that the following conditions are satis­
fied :
(i) The mapping [x0, ax0 ; P ] - i : =  T0 exists and || T0 |( < B 0 ;
(ii) I l f  X )  II < flo and || P{ax) || < a ||P ( .r ) || for every x in the closed sphere

S[*o> r] = {x s  x  : || a; -  *0 || ^ r), where r =  2J50t]0(1 +  a) ;
(hi) for every u, v, w of S[*0, r] we have || [u, v, w ; P] || ̂  M ;
(iv) h0 =  B\M{1 -f rt)vj0 ^ I .  '

3 .
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Then the. e1uf l°n (L l) has a solution x* in S[x0, r] which is the limit of 
tfie sequence given by (2.1), the rapidity of convergence being given by the inequality

where

=s(r' (!i2".(2*-l - 1)

Proof. By hypothesis (i) we can construct the approximation xu and by 
the conditions (i), (ii) and (iii), considering the formulas (2.1) we obtain for xl \

¡ | ^ i  x o 11 =  I 11 ^  B 07)«; .
I l-̂ i a x o II 11x o a x o PoP(-*'o) 11 =  II a x o ’ -P](*o a x o)
— r oP(^o) 11=1  | r 0 {[^0 . axo > P ]( x o — axo) — P (xo)} 11 =
=  I |r*o[-P(-,'o) P(aXo) P(*o)] I I ^ Bo I \P{axo) I I ^ BofllJo B07)0 ,
I |®^i ®*o 11 ^  ®BqT)o -Bô lo > . . -
1|®*i — xo 11 =  I l«*o — x0 — ar0P(x0) 11 =  i I r 0[*„ ax0 ; P][ax0 — x0) —
-  « r oP(*0) 1 1 = 1  i r 0{P(a^0) ~  P(xo) -  «P(xo)} l l '< B07)0(l +  2a );
1 1 * 0  — axo 11 =  I | r o[*o. axo ; P](*. — axo) 11 < B0 I) 0 ( 1  +  a).

These inequalities show that ax0,x l,a x l belong to S[x0,r]. The hypothesis 
(j)_(jv) are satisfied for aq, when the constants B0, tj0 are replaced by the 
Bi, t)i which will be established,

a) Indeed we have

1  — r 0 [* i.  ax,x ; p ]  =  I  ~  O o. a x o ; P ] _1I>I. a x i  > p ] =
=  [x0, ax0 ; P ] -1[*0, ax0;P ]  -  [x0, ax0; P]~l [xu ax,) P] =
=  r 0{ [x0, ax0 ; P ] -  [xv axx; P]} =  r 0{O0, axx; P] -  [ax0, xt ; P] +
+  [ax0, x t ; PJ — [xv axx; P]} =  r 0{O0, ax0, *, ] P]{x0 — +
+  [ax9, xu axt ; P](ax0 -  axt)}

It resu lts: i
111 -  V0[x i, «*i ; P]  11 < B IM [  1 +  »too =  ho < 7

and so we obtain

\\Pq[xi > axi ’ 1 _ A,1 < *

Using the equality *_
{ r0K , a*x; P ]}-1̂  =  K . «*1 P ^~l =  11

we obtain tha t the mapping r*i exls ŝ an<̂  .

Iir.ll ,B"<Bl)
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b) The definition of the diveded differences and th e  reccurent {0T̂  
(2.1) give for n =  1 . a
[x0, ax0, *x; P]{x, -  «*o)(*i -  x0) =  {[x0, x . - P } -  [*0> «*0 ; PJ}(*X -  *o) ^  ' 
=  [*0, *1 ; P](*i - J o )  -  ixo> axo ; p Kxi ~  xo) -  p (xJ  ~  P (x o) +  P (x0)^ P (Xi) 

and it results that
I \p (xi) 11 — 11 ixo. axo> xi » P J(Xi axo)(xi x o) 11 ^

< ATM*! -  a*o i l '  I l*i “  *o 11 < MB*arf0 =  <  h0v)0 =  tj1 ^  '

c) We have

Jh =  B\M (\ +  aU, =  (T̂  (1 +  a) V )o =  < ( f  =  1  <  J.

Using the result a) and formula (2.1) we can define the  approximation * 
which by the results a)—c) has the following properties: 2'

1 1 * , * i  11=11 I W . )  I U  I |I \  11 • | |P(%) 11 < B 1-rt l =  < 1  B .

11*2 ~  «*i 11 =  1l*i -  «*i -  p ip (xi) 1 1 = 1  IFiU*!, ax l ; P ](xx -  axt ) -  
— ^(^i)} 11 =  l i r ^ P K )  ~ P ( a Xl) -  P {Xl)]\I < Z?1 | |P(«A-I) | |  < B la-0l <

^ — B q'Oo ’

I lax2 axi 11 =  a 11*2 *1 11 ^ aBl v)1 ^  — B 0y)0a <  — B 0't]0 ;
- 2 2

11«*2 — 11 =  11«%! — x1 — a l^ P fo ) | | =  I | I \  [xu aXl; P]{aXl — x j  —
-  a ^ P ^ )  | |  P , | |P(aXl) -  P(Xl) -  aP{x1) 11 < 5 ^ ,( 1  +  2a) <

^  j  Bo^oi1 +  2a) <  1  B 0rj0 -f- i?07)0fl;

I l*i ~  «*r 11 =  I ¡Pdx,, axj ; P](xx -  a x j  11 < £ ^ ( 1  +  a) < -i P 0/)0(l +  a)

or., “ eq^ alltles show that the points axu x2, ax., belong to the sphereo pt0, r j. Indeed we have 1 * ~ b

ll*o — a*r 11 .< B0̂ lo(l + 2a); ' .

11*. -  **l1 <  1 I* . -  * , 11 +  11*. _  I s  | l  + 1 |  <  2 B 0 ri0 ;

II*» — «*»11 < II*» — «*,11 +  I ¡aXl — «»¡,11 < £„>]„ 1  +  25»%« *
_  3 D 2
~  2 Bor>o + 2B0y,0a <  2B0V]0(1 -f a)

/
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Replacing the Constanta B , . , , 'with B, =  and „  =  the
conditions (i)_(iv) of the Theorem are verified"^ , , ’ w« have

i _ ~ Ty iX-' ■f’ 1 = /  -  [*1- «*1 ; -P]-‘ [*2. «*,; PJ =
I r ’i  h ' ' P ] ^ [ A , « * , ;  P I ­
-  IM IX, *2, P ] ^  -  x2) +  [«*„ *2> fl*2; P](a.ri -  rtAT2]}

wliich implies /

1 ax-i; P ] 11 < BfM(l -f- =  /?! .< —
and so

I |l \[* 2. «*2; P j “l | | < ——  < -. 1 — hi 2
By the evident equality

(i\[> 2, ax2: P ] ) - iI \  =  [x2, ax2; P ] - i  =  r 2 
it results the existence of the mapping T, and

I l r 2 l l < i 4 r  L,2 < 7 ^  < f i ) 2B0 (B1 < B2)* 2 { 2 ,
As above we obtain

P(*2) =  Ol> aXl. X2 I P'](*2 -  a*l)(*2 — Xl) ‘ '
and it results '

I IP i^) I I =  I I [Xl> aXl> X2 ’ B 1(X2 aXl)(X2 xi) 11 ^
«S M  | |.r2 — axj 11 • 11** — xi 11 < M Bl arll == —

and

We have

“  7,2 <  î 711 * ( Î )  7)0

B2t\2 ^ B0 y)o

7/2 =  P;M (1 +  a) 1), =  M( 1 +  a) M i  =

-ir^-(!)■■-««(imr-w- .
By induction we can prove tha t the point *. given by (2.1) exists for every 

» e  ]V and it satisfies the inequalities

| |x. — 11 < B»-i *)»-i < ~ ^ \  B o Vo ’

M * . 1 1  < a B . _ , n . i . < ^ B . ' i . i

11«*. -  11 < B . . t K!— .<1 +  2«).< * ¿ 1  +  2‘ >
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„ an(i ax„ belong to S [x0, r] . The hypothesis of tv. 

Which show that satisfied and the following relations hold:
Theorem for x„ and axH are ^

=  - B 0;B.r j i -  hn-1

| \ P{x„) I «S //,,_! Yl.,-1 =  71>* ^ 3„ (2.2)

By the relations (2.2) it results that

P * .

\\Xn+i -  x„\ \ ^  Bn t\„ < B 0tjo

(2.3)

Using the properties of the norm by the relations (2.3) we obtain successively 

I |*,+J) — «»II < I K — *»+l I I +  I K +l — X«+2 II +  • • • +  I \X»+P- 1 ~  *»+/> I I < 
^  B ,  Y)» +  B»+1 Y)»'rf 1 +  • • • +  B n + p - 1 ^

« 3 B .„ ( |) - +’ - ( i f  • ( 3 W - [ l  +  i ( i f  • (3/.„)=- +  • ■ •

. ■ • +  ( i p  • ( i p ' - ' -  " . <

where the series ’ .
y v  f 2 U -1  / 3 '»2,,(2fc—l —l)1

f e u )  U J

evidently converges, and its sum • s is. majorized by the sum of the series

- V ' i M *-1 /3\2* + 1-4
f e  1 3 ) ‘ 1 4 ) '

For all p  e  JJ We have hence
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and for »-*■ 00 ^ e  ^ ave I !*»+/> *» 11-*- 0 independently of p, i.e. the sequence
Ba“aCh SpaCe' tt «¡** «* A  2 .  X%Vlt̂  y *or P—* 00 we obtain the rapidity of convergence.

We can prove tha t and x* are in S[*0, r ] :

\ \ x , — xn\ \ 11*9 *i 11 +  ll*i -  *2|| +  . . .  +  11*»_ i — *» 11 <

< B,>lo +  | ^ 0 +  ^ 01 0 +  + ^ B 0-no< 2 B 0-no

11*0 fl*« II ^  11*0 axi I I +  I |«*i — ax211 +  . . . + '  | \axn-\ — axn 11 <

< B0r)o(1 +  2fl) +  7  Bô o B0y)0 +  .. .•+  ~  B0rj0 < '
\ . “ 2 

=  2B 0v)o “H 2rtB0-i)0 =  2B0t]0(1 +  n)
The divided differences [*„, axn-, P] are bounded in S[*0>r]:

[*». rt*H ’ P ] [xh> axn» P ] [n*»i *«_! ; P] -j- [tixn, xn—\ ; P ] —
— [*h— If *« — 2 ». PJ "1“ (*n —1» *f» — 2 » PJ [*n—2» xn—3 » P ] +  * • •
. • ■ +  [*i, *0 ; P] +  [*i, *0 ; P] =  [*—!, *„, «*„ ; P](*„ — *„-i) +
+  [ * » - 2 » * n - l .  <lXn '> P ] ( f l* n  * 11- 2) +  [ * n —3» * » - 2 > * n - l  '» P ] ( * » - I  —  * » - î )  +  • • •

• • • +  [*0. *1. *2 I P](*2 ~  *0.) +  [*1, *0 ; P]
11 [*,,, axn ; P ] 11 ^ M{ \ \x„ -  *„_i 11 +  a 11*„ -  *„_i 11 +  | \axn̂ x — xn- Z 11 +
+  I |*»-1 — *»-2 I I +  I |*n —2 — *» —3 1 1 +  +  I 1 * 2  — * 1  I I +  I 1*1 — *0 I I) +

+  ll[*0. *1 ; P ]  11 ^ M [2B0y)0 +  B07)0 +  ^¿2 B01)0(1 +  2a)] +

+  l | [*0. *1 ; PJI I  < K
Taking in account this fact, in (2.1) for n—*-00 we obtain that x* is a solution 
of equation (1.1). 1 ..

Remarks. 1. Condition (iii) of the Theorem can be replaced by (iii') For 
every u, v, w e  S[*0, r] we have •

• 11 [n, v ; P ]  — [u, w , P ] | |  ^ M | \v — w 11 •
without the change of the conclusions or of the proof.'

2. The sequence (*„) given by the formula
*n+i — a Xn r„P(«*„)

is the same with the sequence given by (2.1). Indeed we have

xH+x — x„+i =  *„ — a*» — [I\|P(*») I\iP(a*»)l =
=  r„[*„, ax„ ; P](*„ -  «*„) -  r„[P (*B) -  P(a*„)l = '
=  r„[P(*„) -  P(ax„) -  P{xn) +  P(a*n)] =  0

3. If x* 0 is a solution of equation (1.1), then anx* (n e  N) are the
solutions of this equation and lim anx* =  0.

»—► 00
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BASIC PROBLEMS OF THE METRIC FIXED POINT THEORY
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Rcttivcd: February 12, 1989

n E Z l ’M A T. P ro b le m e le  do b ază  a le  (eorlcl m c lrk e  n p m u lu lu l ilx  rev lzltn le
(I). In ly /9  jn lucrarea [45] am formulat anumite probleme deschise, in legă­
tu ră  cu metoda aproximaţiilor succesive, probleme ce în opinia autorului sint 
fundamentate în teoria metrică a punctului fix. în  prezenta-lucrare se reiau 
aceste probleme din perspectiva rezultatelor obţinute în perioada 1980—1988. 
Prima parte a lucrării se referă la aplicaţii univoce.

■ 1. Introduction. In 1979 in the paper [45] we formulated some basic pro­
blems in the metric fixed point theory. The aim of this paper is to analyse 
these problems from the perspective of the results given in 1980—1988. In 
the first part of the paper we refer to single valued mappings.

Throughout the paper we follow terminologies and notations in [47].
We begin with some old results
2. Results. The following are the principal results of the metric fixed point 

theory in 1922—1979:
t h e o r e m  2.1. (Picard, Banach, Caccioppoli). Let (A , d) he a complete metric 

space and f :  A —*• A an a-contraction. Then
(i) Ff =  {**}, .
(ii) f n{x0)-+ x* as n~+ °°-

t h e o r e m  2.2. (Bessaga). Let X  be a nonempty set and / :  X-+ X  a map­
ping such that

F, = F/a =  {x*},

for all n e  \ .  Let a e  ]0,1 [. Then there exists a metric d on X  such that

(i) (A", d) is a complete metric space,
(ii) / :  (A', d)-+ (A, d) is an a-contr action.

THEOREM 2.3. (Janos). Let (A, d) be a compact metric space and f : A 
a mapping. We suppose

11)
12)

f  is continuous,

n /-(*) = {**>

A

•  University of Clvj-Ntfoco, F»cutty o f Uothsmotus
mod Physics, 3400 Cluj-Nofoc», Somoni»
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Then fo r  each a -  ] 0 , 1 [ there « > '*  * m etric  p on  X  ouch that.

(i) d and p are topologic equivalent,

(ii) / :  (A, p H  (x ’ p) is an a-coniradlon- •
theorem 2 .4 .  (Meyers). L r f  (X , t ) be a m etrizab le  to p o lo g ica l space a n i

f : X - * X  a continuous mapping. We suppose

(1) F , =  {**}. . '
(2) f n(x\-+ x* as w.t *-00' f or M  xo ^  X,
(3) there exists an open neighborhood U of x* such that for any open neighbor­
'  hood V of x* there exists an «(F) >  0 such that f  (U) C  I .

Then for each a e  ]0, 1 [ there exists a metric d on X  compatible with t 
such that f : ( X, d) - +(X, d)  is a n  a-contraction. v

theorem 2.5. (Banach). Let A be a Banach space and f . A-*- X  an a-con~ 
traction. Then \x — /  is a homeomorphism.

THEOREM 2.6. (Caristi). Let {X, d) be a complete metric space and f \ X - + X  
such that for some lower semiconlinuous <p : A —*-R +

¿(*./(*)) < <?(*) -  ?(/(*)).
for all x e  X.

Then f  has a fixed point. I f  f  is continuous then (fn{x0))n*u converges to a 
fixed point of f.

theorem 2.7. (Dugundji). le i (X, d) be a complete metric space and f : X - * X  
such that d(f(x)),f(y)) ^ d[x, y),for all x, y  e  X . I f  the mapping g : X  X A -*U + 
\x,y) -*■ d(x,y) — d(f(x),f(y)) is positive definite mod A (A), then f  has a unique 
fixed point x* and f n(x0)-+ x* as ,«-*oo, for all x0 e  X .

From these results the following definitions arise.
3. Definitions, definition 3.1. (see [47], [49], [50]). Let (A', d) be a 

metric: space. A m apping/: A —►A is a (strict) Picard mapping if there exists
x e  A such that Ff  =  {x*} aud (f”(x0)nsN converges to x* (uniformlv) for all 
X0 e  A.

definition 3.2. (see [47], [49], [50]). Let (A, d) be a metric space. A 
mapping /  • A —*■ A is (strict) weakly Picard mapping if (/"(.v'n))»ex converges 
point* of /  °r 3 X° S X  au<̂  tlae limit (which may depend on x0) is a fixed

d e f i n i t i o n  3 .3 .  ( s e e  [ 4 7 ] ,  [ 4 9 ] ,  [ 5 0 ] ) .  
J •**■—*■ A. is a Bessaga mapping if there 
for all n <= N.

Let A be a nonem pty set. A mapping 
exists ** e  A  such th a t Ff„ =  {-«*}»

p m g /* 1X ™ i s 3a4> i w  ifE5n / . ^  5 ( ^ . }a  n 0 I ie m p ty  s e t - A  map'

f : X — X h ^ B a n a c h  t^ D L e t X b c a  Banach space. A mapping

(i) f  is a Picard mapping,
(ii) 1 ¿f—/  is a homeomorphism.
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b a sic  problems o f  THE

The following problems are the basic problems of the metric fixed point 
theory. • , .

4. Pro blcm 1. P r o b l e m  l a .  P et (X, d) be a com plete metric space. 
W hich generalized contractions / : X - * - X  are '

(a) (strict) Picard mappings? '
. (b) (strict) weakly Picard mappings ?

(c) Bessaga m appings ?
(d) Janos mappings? . 1
For some results for the Problem l a  see: [9],’ [121, [181, [19], [231, 

[27], [28], [32], [36], [44], [45], [47], [54], L
P r o b l e m  l b .  L et (X , d) be a bounded com plete metric space. W hich 

generalized contraction  f : X - * - X  are
(a) (strict) Picard mappings?
(b) (strict) weakly Picard mappings?
(c) Bessaga mappings ? . '
(d) Janos mappings?
The main results for this problem a re : .
THEOREM  4.1. (see [46]). Let (X,d) be a bounded complete metric space, 

f :  X — X  and 9 : 11+ — lt+ „ We suppose that •
(i) 9 is a comparison function (i.e., 9 is increasing and <f”(t) —► 0 as n —*- 00 

for all t >  0),
(ii) 8 (/(^ l)) ^ 9(S(^)), for all A C . X  stick that f (A ) C  A (i.e., f-is a (8, 9)- 

contraction).
Then
(a) /  is a Picard mapping,
(b) /  is a Janos mapping.
Proof, (a) Let A , :  =f (X) ,  . . . .  A m+1 = / ( / ! „ ) , . . .  We have A u+l C  An, 

A , = A n, and f(A„) C  A n, n s  N.
On the other hand

M - n )  =  8(f(An)) =  8(f(A„)) < 9 (8 M  
we have A : — f )  A„ — {x*} and / ( ^ œ) C  A e

< 9"(8(X))-«- 0 as n 
i.e., F/= = {**}.

co. Thus

Let .r0 s  x  and Bn: =  {/”(*„),/n+1 (*„). •• •- **}■
From /(£„) -  B„ M C  B,„ and 8(£„+,) <?(8(B,)), it follows that H Bn)~* 0
as n —*- co, i.e., f" (x0~* x* as n —*- 00. 1

(b) x* s  n/"(A r) C  A m =  {a*}.
theorem 4̂ 2. Let* (X, d) be a bounded complete metric space and f .  X  *■ X  

a mapping with the property that there exists n s  N* such that f n ts a (8, 9) 
contraction. Then

(a) /  is a Picard mapping,
(b) f  is a Janos mapping. .

\ Proof, (a). +  (b). From the Theorem 4.1. we have
1 p  =  {**} and §(fHi( X ) ) 0 as A-*-co.

1
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t o t h e 0 t h X D / W 3 - ' O W 3 - - - ^ ‘(X) =  -- -d / W

' th" SFr o t t ? r S d U  foj'the Problem l b  see [11], [18], [36], [44], [ 4 5 ] , ^

[47], [58]. j c Let (X, d) bc a compact metric space. Which g en era l^

contractions '} : X-*- X  are -
(a) (strict) Picard mappings?
3  (strict) weakly Picard mappings? .
(c) Bessaga mappings?
(d) Janos mappings ? >

theorem 4^ L e ^ f X ^ )  be a compact metric space and f :  X  a cott-
t i n u ^ p i n g s u c h  tfa i J m )  < HA), for all A C  X. for which f [A) C ,
and 8(a4) ^  0.
■ Then :

(i) . /  is a strict Picard mapping,
(ii) /  is a fanos mapping.
Proof, (ij +  (ii)- We remark that card Ff  ^  1.

On the other hand by a lemma of Martelli [30] there exists a nonempty closed 
set Y C  X such that f(Y) = Y .  This implies 8(Y) =  0. Thus Y  =  {,r*}, i.e., 
F} =  {%*}. Let A a : f ) f ”(X). From the continuity of /  we have (see [29]) :

(a) f (Aa>) = Aa,. This implies (S^® ) =  0, i. e., Aa, — {**}•
'(b) S(/"(X)) — 0 as w—*• co.

From (a) and (b) we have (i) and (ii).
For other results for the Problem 1 c. see: [18], [29], [36], [44], [45], 

[47], [48]. _
, 5. Problem 2. Let (X, d) be a complete metric space, (Y, t) a topological 

space a n d / : X x Y—*• X a continuous mapping. We suppose th a t Ff[.,y) =  {*y }• 
Which are the generalized contraction f ( . , y ) : X — X , y  e  Y, sucii that the 
mapping P : Y—1► X, y  >-* xÿ is continuous?

Let us consider some results for this problem.
. , THEOREM 5.1. (see [47]). Let (X, d) be a complete metric space, (Y, t) «

opological space and let f :  X  X Y—*• X  be a continuous mapping for which there
exists a strict comparison function © such thatT 6

d(f[xi>y),f{Xi,y)) ^  r 2))
for all xlt xt  e  X  and y  e  Y, •

Then the mapping P is continuous.

he a continuous ma^ ing- lf

d(f(*i.y),f(xi,y)) $ ad(xlt x2) +  bd{xt, f(xv y)) +  d{x2, f (x2, y)) , for all xv xae *  
and y  e  y, then the mapping P is continuous.
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For other results for the Problem 2 see [17], [18], [27], [36], [45], [47i] 
[48]. . :

6. Problem 3. P r o b l e m  3a. Let (X , d) be a complete metric space and 
f j n : X - + X ,  n  e  N, be such that:

(i) /„  converges uniformly to /,
(ii) F/ =  {**}, ■
(iii) Ffn #  0-
Let x'n s  Ffn. Which are the geueralized contractions /  such that (x'n )neK 

converges to x* l ■
We have -
t h e o r e m  6.1. (see [47]). I f  f  is a strict ^-contraction then x*-*-x* as «—*■ oo 
d e f i n i t i o n  6.1. Let (X,d)  be a complete metric space and f , f n\ X —*-X, 

n e  X. The sequence (/„)„«= n is asymptotical uniform convergent to /  if for each 
e >  0 there exists nQ{z), m0(e) s  N such that d(f”(x),fm{x)) ^  s, for all n 3s 
>  h 0( s), m  ^  m 0[z),  and all x e  X.

If the sequence (/„)„«>• converges asimptotical uniform to /  then we denote

/ . = * /
a

Example 6.1. If /  is a contraction and / „ z j / ,  the /„ z £ /. ■
Example 6.2. Let (X, d) be a bounded complete metric space. If /  is a 

, <?
Hannan mapping and /„ z £ /, then /„ =>/.

Now we can give. ■
t h e o r e m  6.2. ([49]). Let (X, d) be a complete metric space and / , / „ :  X - + X ,  

n e  X. IIV suppose that-
(i) /  is a Picard mapping {Fj =  {a;*}) ^

(ii) f , z X f
(iii) Fin *  0(a;  e  Ffn) for all 11 e  N.

7 7 z c »  x j —► a.'* a s  w —► c o .

Proof. From (ii) and (iii) we have

d(x* , x*) =  ¿(/;-(<  ),/*(**)) < ). / ”’(*<*)) +  )- /"(**))■

Let e >  0, and w0(s), w0(e) be sucb t '1£d  .

' d(fZ(x*), / ”(*;)) <  - j ,  for all n 5= m0(£)> ,w > mo(s)- 

From (i) we have that for each n > »„ (s) there exists m( n ; e) e  N such that 

¿(^m(-;.)(*;), /»(«;«)(**)) <  i  -

The proof is complete. v .

5  —“ Mathomatica 2/1989
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Problem 3 b. Let (A, d) be a complete metric'space and / , / „  : X X , n 
We suppose th a t :

(i) ft  /» are geueralized contractions,
(ii) (/„)..*>• converges pointwise to f 0,
¡iii) Ffn = W , F f = {**}’ ” '

■ CO ?

<s leN.

N

Does x* as «- , ,
Problem 3 c. Let (X, d) and (X, d„), n N be complete metric spaces We

suppose that *
(i) / .  : (X, d„)-+(X, d,), / :  (x, d)-+ {X, d) are gen eralized  contractions,
(ii) dn ^ [ d ,

(iii) f» f
(iv) F f. =  {*:}, Fj =  {x*}, n e  N

d . ^Does x* —► x* as n —+oot
For some results for these problems see : [9], [16], [18], [32], [36], [46],

[47]. '  , . ’
7. Problem 4 . Let / :  (X, d ) ( X ,  d) be a Picard mapping. Let g: A — X 

be a mappiug which approximates the mapping f .  More precisely we assume 
that

d(f(x), g(x)) < y), with given yj e  K+, for all x  e= X.  Let y„ =  g"(x0). The 
problem is to give an estimate for d{x*,y„).

For some results for the Problem 4 see [45] and [47].
8. Problem 5. Let (Ar, d) be a complete metric space and / :  A'-*- X  a Lip- 

schitz Be^saga mapping. A problem of practical interest is ,,to construct” an 
equivalent metric p on X  such that / :  (A, p)—*• (A, p) is a. Picard mapping.

For some practical results for this probleme see: [8], [6], [18], [241, 
[36], [45], [47], [49], " ‘

9. Problem 6. Let (A, d) be a complete metric space, V C  A  a closed 
subset of A a n d / : Y —*■ X  a mapping which satisfies a “boundary condition” 
(i.e.,/(3Y) n y  i Leray-gchauder (if X  is a Banach space and Y =  Z?(0; r)), etc.). 
Which are the generalized contractions / :  Y -*■ X  such th a t Ff  ^  0 .

Now some results for this problem.
> t h e o r e m  9.1. (see [43] and [52]). Let X  be a Banach space and f -  B 

(0; r)—  X  a weakly inward contraction mapping. Then Ff  =  {**}. ;
t h e o r e m  9.2. (see [18]). Let X  be a Banach space and f \  B(0 ‘, r)-*-X be , 

a contraction such thatf(x) =  - f { - x )  for all x  e  dB(0 • r) Then (  has a unique j 
fixed  point. v ’ ' J \

For other results for the Problem 6 see: [1], [2], [18], [43], [52]. 

« r J L / t - S :  X  £  Banach ^  ’W1,k*  !

Mure^an S T f  [ S f [I8 M 2 2 m T ] S' X °k m y ’ D' ^ i ” d G" ” “ ; H*' * “  I
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11. Problem 8. Determine* -m '
(i) Ff  r \F g =  {**}. generalized contraction p a ir/, g such that
(ii) Ff =  Fg =  {a;* } . '

(ill) /  and g are Bessaga mappings
(iv) /  and g are Picard mappings '
(v) f  and g are Janos mappings.
We have '  • -
THEOREM  10.1. (see [45]). Let (X , d) be a complete metric space and f ,  g ■ X — X  

two mapping for which there exists a s  ]°- - |  such that * -

<*(/(*). SOO) [d(x,f(x)) +  d(y,g(y))l 
for all x , y  <s X. Then

(i) Ff = Fg =  {a*}.
(ii) f  and g are Picard mappings.

™-TF^ 7 ° w - c 7 CSUltS f°r this ProbIem see t14I. [15], [33], [34], [38]; [40],[ 4 / J, [OoJ. „ '
12. Iloinarks. Remark 12.1. Three technique of proofs are now available 

in the metric fixed point theory:
(i) the method of successive approximations, .
(ii) the method of maximal elements. [4], [11], [17], [18], [37], [48], 

[55 J, [56], (
(iii) the method of Dugundji [18], [47].
In this paper we refer to the method of successive approximations. 
Remark 12.2. For some results and problems in the coincidence point theory 

see: [18], [47], [7], _ . .
Remark 12.3. For some results and problems in the fixed point theory of 

nonexpansive mappings sec: [43], [21], [26J.
Remark 12.4. For the fixed point theory of expanding (dilatation) mappings 

see: [20], [14], [25J, [41], [45]. .
Remark 12.5. For the fixed point theory in generalized metric spaces see:

[471, T45 j. [27], [37 J, [42]. . "
Remark 12.6. For some application of the metric fixed point theory see: 

[3j, [5], [6], [8], [9], [10], [18], [39], [47].
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r»NT THE SEMI-SYMMETRIC AND QUARTER-SYMMETRIC • 
ors i h a  A* CONNECTIONS

P. JÎNGHIŞ*

Rcccn-ed: Marck 20, 19S9 „

HF7TIUAT -  Asupra conexiunilor seml-slinelrlce şl sfert-slmelrlce. în  lucrare 
se stabilesc'niai multe proprietăţi în spaţii cu conexiune sem i-sim etrică sau sfert- 
-simetrică.

R Let A„ be a space with affine connectipn. Noting by  Tj* the  component 
of the affine connection, in a coordinate system and by Tjk == — PJy the
components of the torsion tensor, one say [7] th a t the connection T is semi­
symmetric if there exists a covariant vectorial field S,- so t h a t :

Tjt -- Sy8i
( 1 )

and quarter-symmetric if there exists a covariant vectorial field S,- and a tcn- 
sorial field t) so th a t : '

T)k =  Sj tk — Sk t) (2)
if we apply in (1) a contraction in i and j  it follows

Tk = T i  =  S*(l -  ft) (3)
where Tk is the torsion vector or the Vrinfceanu vector.

Taking count of (3) in (1) it follows
\ . '
• ' n  =  - i -  [Tk 8} -  Tj 8i] (4)

f t  — 1

p r o p o s it i o n  1. In  a space A„(n >  1 ) with semi-symmetric connection, the 
torsion is determined by the torsion vector.

' p r o p o s it i o n  2. In  a space A„ with semi-symmetric connection, the torsion 
beeing determined by the torsion vector as in "the case o f the spaces A.,, the rezults 
from the volume I  of "Lessons of Differential Geometry” one extend oner these 
spaces too. '

If the space An, is of recurrent torsion

Tkr =  T , Tjk s <5)
where comma denotes the covariant derivation with respect to  V, i2], by con- 
tractingm i and j  it foollows ,

' Tk,  =  y r Th ®
th a t is the Vranceanu’s vector is also recurrent with the same vector.

• University of Cluf-Napoca, Faculty of Matkonatlcs and Pkysics, 3400 Cluj-Xapoca, Ronutnu, -
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Let us notice now f57 that it the . .

the converse is also true, because from 4̂1 co”nectio”
taking count of (6) and (4), it follows (5) ’ gh v^riant derivation and

„ J f  " *  **”  T» ~ T» ’ «> r  c o n a tio n  is a E-con­
S  7 o m  (3) it a r S“ Vre [8]' In thU S' “  P I

Remark. In a space A n with semi-symmetric connection, the Vrânceanu’s 
vector is gradient.

I t  is known [7] that in a space A„ with semi-symmetric E-connection- take 
place the relations :

4 .*  +  7y*.i +  =  0 ' '(7)
In the case of T-recurrency the relations (7) become :

VF* T l +  T,- Thjk +  Yj Tt, = 0 (8)
which are Walker-like relations [10]. From (8) contracting in h and k and 
taking (4) into account, it follows:

(2 — n) xYh T l =  0 (9)
p r o p o s i t i o n  3. In  a T-recurrent A„ space, (n >  2), with a semi-symmetric 

E-connection, the vector of T-recurrency is solution of the system (9).
It is known [3] that the T-recurrents A„ spaces, with T-recurrency vector 

the gradient of a function 'Fare metrizable, the metric tensor beeing g# = e~2'v Tijt
where T„ =  T[* Tk,j. . .

p r o p o s i t i o n  4. In the spaces An, T-recurrents with semi-symmetric E-con- 
ncction, one attach to V a metric connection between them, taking place the relation:

rH*l +  Sj si -  gjk S‘, s ;' =  gih s , ( 10)

and for these spaces are valid the results obtained together with P. Stavre [6], 
From the quarter-symmetric spaces (2) Jet us consider those for which 

the tensorial field is covariantly constant and S* is gradient. For these spa­
ces, it follows immediately the relations (7). So:

p r o p o s i t i o n  5. In a space An with quarter-symmetric connection in which
the tensorial field l) is covariantly constant and the vectorial field Sh, gradient 
relations (7) take place. .

For these spaces, if in addition the field S* is recurrent of vector it 
is known [5] that they are T-recurrents of vector F,. Teking count of this m 
17) it follows (8) and therefore.

PROPOSITION 6 . In a space A .„, T-recurrenl with quarter-symmetric connec­
tion in which the tensorial field l) is covariantly constant and S* gradient, rela­
tions (8) take place. .

In (8) contracting in i and ;  we have :
(T l  +  Th 8‘, -  Tr Si) T, =  0 ( 11)



p. enghis

riv 7  In  a space A„, T-recurrcnt with quarter-symmetric COtl 
p r o p o s it io n  /•  J r  a .s COV(iriantly constant and Sk gradient ii 

tion in 'which the ens _ 0f  the system {H)- • ’ e
T-recurrency vector is *°l J  condition for a space A„ with quarler-Synm
coJ ^ T w T t h e  tensorial field « c ^ i a M ly  constant and Sk gradient io be

T-recurrent is that
f„  -  T , s; -  T, Sill <  ».

72

rank
TKo cnaces A r-recurrents with 7-recurrency gradient beeW 

m e t r S e ’ it follows that for those spaces with quarter-symmetric connect»!! 
“ f t ,) covariantly constant and S, gradient, proposmon 4 is true.
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REZUMAT. Asupra anei metode pentra obţinerea transformării eonexe generale»
în  această lucrare se dă o clasificare a transformărilor conexe aplicînd teoria 
punctelor fixe ale aplicaţiei / q . *

1. The map in. Let M  be a C00 — differentiable; real n — dimensional 
manifold, (‘If, <?) =  (*U, <?(x) =  x') a local chart on M  and g(gij) a tensor field 
of type (0,2) symmetric and nondegenerate. We consider the Obata’s opera­
tors

W ) ;  ö ; - { ( s i s ; + « ,« ”)• ' «

dkptnition (1.1). The m ap /n : 3l(M) given by

fa  : Xj* -  Y ‘k =  f a (X**) Xs,*; VX e  (2)

is called a Cl-map.

If ‘ .
, =  {A‘kIA% ^  3 \ (M) ; 0$ AU =  0} - (3>

we have:
p r o p o s i t i o n  (1.1). The set of all fixed points of fa  is given by 3\(M). 
Example (1.1). If x\(M) is the set of the tensor fields t e  3\{M), with 

properties x')k =  — and

Y)k =  +  gt' g*> *i' (3>

then fa(Y)  =  V e  S\{M).
Example (1.2). If D is a linear connection on M  and

Yjk = ^ g itt(gakli- gJkla) ' (4>

where (/) denotes the covariant derivative with respect to D, then Y  is a fixed- 

point of f a .

• University of Craiova, 1100 Craiova, Romania
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E,„«plc 0-3). «  » =  v t *  is * 1 -  iorm’ OT M ‘ and
Y}k = ^ j - g ^ :  ^  =  giara

'  3

t h e n  / o ( V )  =  Y(Y  ¡s  a  f ix K i  P ® “ 4 o f  /<■>

Evidently, V e  map » : t i W  -  » !W  P™ 11 ^  '

9  : tJ* -*• 9  (T>*)

(5)

(6)

is a bijective map. .
DEFINITION (1.2). I f  X, y  e  $\(M), X  is Q -  equivalent with Y  (or X  « y»

iü fa(X) =fa(Y)- • '
This relation is a equivalence relation. Let S\(M)j  2 be set of all^equivalenee 

class, and 0 , _ = { 4 l I e  ; *>* =  4 *  +  &}Ysrk} where Y e  A
is fixed (A e  If A =  0 we have

Ç0 =  {X}* | X e  S\(M) ; X)k = S%YU} VY e  Si h (Ad).
If A x ï  A2 then QÀl #  and O Q a, =  (I>. We have ;

j p r o p o s it i o n  (1.2). 'The sets Sh\(M)j^ and S\(M) are equivalent (x\(M) *-> 
<-» ¡¡l(M)) by map

hn : A - + Q a ; V i s  S \ ( M ) .  (7)

We obtain : t*(M) A  ̂ (M ) ^  &l(M)l and gn ^  Ân • <P : t\(M) <-+3l(M)p 
From (3) we have "

■ ■ (8)

We have :

t h e o r e m  (1 .1 ) . 7 f  e  x\(M) is given, then the lensorial system

has a unique solution in t 1(A/T\ • • v  .
^  Ca. ^  -  Z  ^  =  »M

(9)
&1{M) ; *  is Y =  I  <p(<u) or.

o 2

=  ^  (%  +  g'agà-Vbia +  g* g^V*,) (10)

t2(M) is given then the lensorial system :
&yXstX -  Q"z;y =  2*4 (11)

<p(x) is given by (3) (t). The general solution is <* j
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We h av e : .
f Q (x) =  x o  g ' f r  +  =  o ; Vxe f t (M )

THEOREM  (1.3). The general solution of system (9) is given by Y}k =  xj* +
+  Vjk where x,* =  — and V)k is an arbitrary symmetric tensor (Fj* =  V\y).

If V  0 then fa  (V) ^  V. The solution Y)k is solution in Sl\ (M) i ff :

v » =  Siagbf l  +  r g bly l .  (13)
We o b ta in : . ,

THEOREM  (1.4). The general solution of system (9) is,

=  Y ‘k +  Sj* (14)
o .

where Sjk is an arbitrary symmetric tensor (S*;- =  S)k).
2. The set ST. Let D =  (T)*) be a linear connection with the torsion tensor 

Tjk =  r;* — T/ty and a general transformation T : D-*- D, given by.

T <jk =  r jk +  Y ‘k ; Y}k =  ? l (M ) .  (1)

d e f i n i t i o n '  (2.1). The transformation, T : D -*• D is called a Cl-transfor- 
mation if Y}k is a fixed point of f n .

d e i x i f t i o n  (2.1). The transformation T  is called a non Q — transforma­
tion if y  cannot a fixed point oi fa-

Let &n the set of if — transformations and 2Tuon a the set of non — il — 
transforniations.

LEMMA S (of Separation). We have 37, f) S'nonn =  Sn U^nonn =  S', where 
& is the general group of connection transformations.

From (2.1) we have ' •
Y)k -  Y i j  =  2tjk, (2)

where rik =  ±  (Tjt -  T)k) e  xJ(M).
From theorem (1.1) and (2.2) we obtain:
t h e o r e m  (2.1). A necesary and sufficient condition that a transformation 

T  e  $  be a i2 — transformation (T  e  3Tn ) is given by
Y  =  9(x) (3)

or
Y = f a (X) (4)

where X  is arbitrary in QA =*(T)-
From theorem (1.4), and (2.2) ve have: .
t h e o r e m  (2.2). The transformation T  e  & is a non Q. — transformation 

(T  e  S-uonn), i f f :  •

( 12)

75

or.
Y  =  <p(x) +  S, VS ^  0, S‘k "= SI/

Y  = f a ( X )  +  S, VX  «= QA=9iT)

(5)

(6)
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t h e o r e m  (2.3) (of 3 S ^ ° 2  i) {respectively (2^)).'1) ani $3)

Sin« (where (//) denotes the covariant derivative with respect to g,

' =  Stilk -  (Y-‘ ^  +  Y'jk 8's) (7)
T s  S’a, we have; Y" =  9 (T) an<f’ Still* ~~ Stilk ■

Conversely, from (2.7) and (2.8) we have Y =  9 «  and Y »  i*(Ai). He„. 

CE t h e o r e m  2.5. A necessary and sufficient condition that a transformation T,
be a Cl — transformation is .

G i= t  rteai,,* +  z°kn> -  W  =  2 +  Saki; ~  8jkla) =  (9)

from

(Gjk is an invariant of T) . .
Proof. From (2.8) we obtain (2.9). Conversely, from (1.1) and (2.5) we have;

- Sijllk =  Stilk Sjk gis gsj (10)

since <?(t) e  One obtains
• Gjk — Gjk — Sjk- (11)

From (2.9), (2.11) we have Sy* =  0 and Y -  <p(x). We obtain : T  = Ta. 
From (2.5) and (2.11) we have: . <
t h e o r e m  (2.6)., A necessary and sufficient condition that a transformation T, 

be a non Q — transformation is given by g,,//* ^  £,//* .
The general theorem. Every f e f f  is

i f f  Sank =  gnik, or

iff  Sunk # gufk 'where 
is given by

rj* = .rj*  +  9 (t**) (12)

fj* =  IV* +  <P (Ty*) +  G}k — Gjk (13)

= — ( T —.T),  T  is the torsion of fixed  connection D,G 

G}k =  — gia(g ... 4- g — p ) (I'l)2 ° 'ba)lk < bakjj Sjklal’

T  t 2(M ) is arbitrary, and Gjk is an arbitrary simmetric tensor {G)k =  G\j)- 
For a fixed (D, D), T  is the torsion of D and G)k is given by,

2 b team +  Sakjlj — Sjk/Ia)
(15)
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The classical results, a). The set of all metrical connection transform a 
tions (gijuk =  0 ; gim  =  0) is given by (2.12) • _

b) if  q  _  0, from (2.13), we have the set of all metrical connections gene­
rated by D. ■

c) If A  =  T a ____ —  (S;- Tk -  Si Tj) then the set of all transform ations,

X  «= S', characterized bj' Schouten’s invariant I  =  I  is given by

TJ-* =  T j* +  S i  v . j  —  g jk  a* +  G jk  G jh

suice '
<?("*) =  Si aj — gjk a*'; a*' =  gir«, (17)

. - \

d) The set of all conformal transformations is given by (2.13) where

G‘k -  Gjk =  Si Xj +  s} X* -  gjk x*: X*' =  gia Xa (18)

since gijik= 2xkgijl gim =  2<o* gsj and G — G is given by (2.18) where X* =
— T* — O) • k

c) If D is the Levi — Civita connection then the Weyl transform ation is 
given by t =  0, G =  0 and gim ¥= gij/k — 0, — G)k = - Sj p* +  Si [Ay. We have 
T  e  given by, f _

' r;* =  {)•*} +  sy ft* +  si y.j. (i9)

f) If gijuk — gtj/k, r  is a semi-symmetric connection <p(r%) — Si ay — gjk«.1 
and r  is given by the Weyl projective tranaformation,

A* =  0*} "H Sy p* +  Si py. (20)
from (12), we have

iy* =  {jk} +  8y pk +■ Si py -j- Si ay — gjk a*. (21)

I t  is the transformation obtained by S m a r a n d a  [4].
From (2.4) we have, if g,Jllk =  gijlk,

* • A* =  A* +  Q'j Xlk (22)
where X  is arbitrary. For a fixed (D, D) X  is arbitrary  in Qa~v(4).

From (6) we have, the general transform ation;

3 * =  I ^  +  Q ^  +  G k - G j *  (23)

where X  is arbitrary and G)k =  Giy is arbitrary. For a fixed (D, D) X  is a rb it­
rary in Qa- m  and G is (2.15). '

From (2.18) and (2.23) we obtain the transformation of R. M i r o n  [3],
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R E C E N Z II

Nonlinear Analysis mid Applications, E dited  
by V. Lakshmikantham, Lecture notes in pure 
and applied mathematics vol. 109, 1987 Marcel 
Dekker, Inc. .

The volume consists of the proceedings of 
the seventh International Conference on „N on­
linear Analysis and Applications” held a t the 
University of Texas at Arlington in the summer 
of 1986. I t  contains 82 papers which show the 
main trends in theory and applications of N on­
linear Analysis; in the list of contributors one 
finds the names of many well-known scientists 
in the field.

The book opens with a dedication signed 
by K. Deimling to Professor V. Lakshm ikan­
tham  on the occasion1 of his 60 th  birthday and 
of this seventh conference organized by him and 
his team . The preface contains the aim of the 
editor ..to put together the works of a wide 
range of mathematical scientists” .

Indeed, both pure and applied m athem a­
ticians will enjoy the proceedings, some of which 
reflect the joint efforts of mathematicians, bio­
logists and engineers. A set of papers deal w ith 
modeling of combustion problems, neutral n e t­
works, ecological and biological systems, popula­
tion dynamics and other applications. Coulrola- 
bility and optimization problems, Ham iltonian 
systems, ill-posed problems, scattering theory 
and Navier-Stokes equations are considered in 
several papers. Various kinds of nonlinear ordi­
nary equations (with and w ithout delay), as 
well as partial differential and integro-differential 
ones are the subject of a great number of papers. 
One finds also recent results on fixed point 
theory, dynamical systems and numerical methods 
using finite element and iterations.

The reader may use the final index to  find 
directelv the works related to  his field of activity.

This outstanding volume will be of great 
help to pure and applied mathem aticians working 
in nonlinear analysis, biomathematicians and 
engineers.

M f RA-CRISTIAXA ANT SI U

. v. T ‘ M 1 8 3 **e,mle,rIc Meusuro Tlieorv.
19H7 pp Acadtmic p ress. New Voric

desrr;i?e?metriC measure the°ry  can be roughly 
described as measure theory dealing w ith finite 
dimensional not necessarily smooth m aps and

surfaces. Combining m ethods from  m ultilinear 
algebra, differential geom etry, topology an d  
measure theory, geom etric m easure th e o ry  is an  
im portan t and relatively  new dom ain  of research, 
w ith sub tan tia l applications to  ellip tic  v a ria tio ­
nal problems, including area m inim izing problem  
(P lateau 's problem ). As a spectacu lar app lica tion , 
one can m ention the original proof of th e  posi­
tive mass conjecture in cosmology by  I-G bchoen 
and S —T. Y au, Comm. M ath. P hys. 65 (1979), 
45 — 76. As a sta rtin g  po in t for th e  m odern geo­
m etric m easure theory  th e  au th o r quo tes th e  
fundational paper of IT. F edere r and  W . F le ­
ming, Annal of M ath. 72 (I960), 458 520, cu l­
m inating w ith  th e  m onum enta l trea tise  of IT. 
Federer, Geom etric M easure T h eo ry  (GM T), 
Springer Verlag, 1969 (R ussian tran s la tio n , 
Moscow 1987). B u t i t  is n o t easy  to  read  F ed e- 
re r’s trea tise  and it is th e  aim  of th is  m arvellous 
book to  make. F edere r’s te x t  m ore accesible
and to  provide the new com er w ith  th e  basic 
m aterial needed to  confront th e  lite ra tu re , to  
understand  and con tribu te to  th e  sub ject. T h e  
author achieves m asterly  th is  ta sk .

N o t all th e  proofs are given in d e ta il (some 
are om itted a t all and  are referred to  GMT, as 
a basic souce) b u t th e  au th o r m arks th e  m ain  
steps of the  proofs stressing on th e  ideas w hich 
lie behind, th e  technical and  form al aspects. F o r 
a better understanding  of th e  su b jec t th e  book 
is provided w ith num erous excellen t illu s tra tio n s  
(drawn by J .  B red t). ,

The basic tools used in th e  book are re c ti­
fiable curren ts and H ausdorff m easure H ,„. A  
rectifiable cu rren t is an in-dim ensional surface 
S  in Ji», where the  re levan t function  / :  R ”' —. R n  
need n o t be sm ooth b u t m erely L ipsch itz . B y  
in tegration  on S sm ooth  d iffe ren tia l fo rm s <p, 
tile se t Ü m ay be viewed as a cu rren t, i.e. a  lin ear 
functional on d ifferential form s. V ia S to k e ’s 
theorem  — (¿IS) (<p) =  S (d<p) — one defines a  
boundary operator d  ac ting  from  m -dim ensional 
rectifiable cu rren ts to  (m -  l)-d im ensional c u r­
rents. I he use of rectifiab le cu rren ts  has som e 
advantage concerning restric tions of th e  ty n e s
a n d 'th e 1 arit ieSf and  0,1 to Pül°Kical com plex ity  and the  lack of com pactness, w hich  occur in  th e  
sm ooth case. I t  is in te resting  to  no te  th a t  

le solution of th e  area  m inim izing problem  in 
in rectifia,jle m -dim ensional cu rren ts-
2 < m < «  ? r ° ° th emb«lded m aniion s
2 <  m <  6, bu t, in higher d im ensions, singu la-
rities can occur.
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nţ — exactly on the contents. The

«as =.“r S = £
3 LioschiU functions and rectifiable sets, • 
N o r m a n d  rectifiable currents; 5. The com­
pactness theorem and the existence of area­
minimizing surfaces; 6. Examples of area-mini­
mizing surfaces; 7. The approwmation theorem 
8 . Survey of regularity results; 9. Monoton - 
city and oriented tangent cones; 10. The 
rity of area-minimizing hypersurfaces; 11. F lat 
chains modulo v, varifolds and (M , e, S)-minimal 
sets; 12. Miscellaneous useful results. Each 
chapter is endowed with a set of exercises, com­
pleting the main text, whose solutions are given 
at the end of the book. A basic bibliography, an 
pdex of symbols, a subject index and a name 
ndex are also included. •

In conclusion, this is a remarkable book 
which can be warmly recommended to all inte­
rested to learn and to apply the powerful methods 
of geometric measure theory. In reviewer opinion, 
the book is also useful to  the specialists in the 
field for a better understanding of the subjects 

’and for numerous illustrated examples.
-  S. COBZAŞ

' C. B e n n e t t ,  R. S h a r p 1 e y, Interpo­
lation ol Operators, Academic Press, New York 
1988, 465 pp.

The modern theory of interpolation of ope­
rators is an important branch of functional ana­
lysis with many applications to approximation 
theory, Fourier analysis, partial differential equa­
tions etc. At its foundation lie three classical 
theorems: M. Riesz convexity theorem (1926), 
its complex and operatoriul version proved bv 
G.O. Thorin (1939) aud J. Marcinkiewicz inter­
polation theorem (1939) (J. Marcinkiewicz announ­
ced this theorem in Comptes Rendus -  Paris 
and a proof was published only in 1956 by A. Zygl 
mund). Thorin’s technique has given rise to the 
complex method of interpolation and Marcin­
kiewicz s to the real method.

taT+inîh f prese!lt book is about the real method Erring from its origins, that is, through t ta  
heory °f spaces of measurable functions which 
s developed in the first two chapters of the book :

1. Banach Function Spaces, and 2 » 
ment Invariant Function Spaces. Th 63 
function spaces are defined by a funct' banih  
on the space of all measurable nnd l°n n°rri

ment Invariant Function Spaces. Th earratlge.
t>n*

real valued functions on a o-finite_mea '̂e'
o r «  n a t u r a l  U le a SUTe Sn , .and they  are na tu ra l extensions o T ^ sp.a<*

Lebesgue space L p , 1 <  p  *Zoo. Am0C aSSlCa| 
topics treated  in  these chapters we 
absolute continuity  of the  norm, dualit*1*'0111 
reflexivity, separability, the  spaces L l  4 . %  and 
I-1 fl L " .  measure preserving tra n s fo rm s!  aad

The study of the interpolation of 0De °S' 
begins in Chapter 3. Interpolation of Oneratots 
on Rearrangem ent — In varian t Spaces 
the general definition of interpolation spade! 1111 
continuity with the interpolation between n  3n<1 
L” and the H ardy-Littlewood maximal onor f 111 
The H ilbert transform , which plays a decl/ 
role in questions concerning norm-convertRi! 
of Fourier series and Fourier integrals, and /* 
motivates the weak-type interpolation theory h 
treated by a direct real variable approach (indu. 
diug existence and iA boundedness). A t the end 
of chapter, the general results and methods are 
brought together to  prove some norm-conver­
gence theorems for Fourier series in rearrange­
ment-invariant function spaces, b

Chapter 4. The classical Interpolation Thco-
rems, deals with Riesz and Riesz-Thorin con­
vexity theorems, analytic families of operators 
Zygmund spaces L  Log L  and weak-type 
theory and Orlicz spaces.

The last chapter of the book, Chapter 5. 
The if-Method, is devoted to  J .  Peetre’s method 
of /  — and A'-functionals, w ith applications to 
Besov and Sobolev spaces, Re //> and BMO, 
B M O  and weak-/.“ and to  interpolation between 
I .1 and B M O  and between I I 1 and H m.

Each chapter is endowed w ith a set of exer­
cises, completing the base te x t and ends with 
a section of notes containing bibliographical 
comments and references for further investigations.

The book is clearly w ritten  and very well 
organized (a list of notations and an index are 
included). The included topics are carefully ehoo- 
seu and well m otivated, helping the reader to 
understand the subject bringing him to the fron­
tiers of current research.

We recommend it  warm ly to  all interested 
in interpolation theory  of operators and its appli­
cations.

S. COBZA?

MuTS Nc iu T  POLIGRAFICA CLUJ, nicipiut Cluj-Napoca, Cd. nr. 396/1989
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