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JoiA UNIV. BABES—BOLYAL, MATHEMATICA, XXXIII, 4, 1988

. D’AXIOMES POUR LES TR E ITS NG Py S
( ) ‘ _ CQMMUTATIFS .

GH. FARCAS*

[anyscrib 166 le 25 Mai 1988

REZUMAT — Sisteme de axiome pentru laticlle ’necom

. N utative d ;
ntr-o lucrare anterioard [2] au fost introdusesi studiate laticile, neZm:ita{is\k
de tip (S). In aceas'gé lucrare se prezinti 16 sisteme de axiome logic echi-
valente pentru aceastd clasi speciald de latici necomutative.

Le triplet (L, A, V), ot L est un ensemble et A et \/ sont deux opéra-
tions binaires définies en L, s’appelera de treillis non-commutatif de type (S)
si pour tout @, b. ¢ € L vérifie les axiomes:

w. [EAD Ae=eAb A
@V Ve=aV (Vo
(B). {a/\(aVb):a
a\/ (aANb)=a
(wwaAWVd=aAkvw‘
aV (b A)=aV (Ab).

Observons que, si (L, A, V) est trcillis non-commutatif de type (S), alors
pour tout a, b, c € L sont vraies les égalités :

@ [cALVa -
aV (b Aa)=a.
Les treillis non-commutatifs de type (S) on été introduits pour la premi-
Te fois en [2]. . 4
Dans ce fravail nous monterons que cette classe spe:cxale Qe ‘_crellhs non-
‘Ommutatifs peut étre caractérisée aussi par d’qutres systémes d’axiomes.
(1L1). Si(L, A, \) satisfait les axiomes (4), (B) et (C), alors powr fout
hoce L sont vraics les égalilés:
(). {a ANa=a
a\a=a
(m*“AbAa:aAb
a V b v a=a V b
awi“Ab=w/WM/wA@
aVb=(a\Vb) ADVa).

L) &l .
LInstitug d'Enscignement Supéricur Tirgu-Mures, 4300
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4 * GH, FARCAS

Démonstration. (i). En utilisant les axiomes (B) on obtient que, pour 4

nous avons a Aa=a A(aV (a Ab)) =a et aVa=a\ (aV (a
donc en (L, A, V) sont vraies les egahtes (i), ¢ ‘est-a-dire les lois de 113) o
tence. ' R

(#7). En utilisant les axiomes (B) et (C) on appercoit que, pour tout 4 b
nous avons a AbAa=@Abd) A@V (@Ad)=aAb ct “vasl
=@VHV@A@Vb)) =aVb. ‘

(112). En utilisant les axiomes (4), (C) e
que, pour tout a, b = L nous avons a A

b
=(@Ab)V (bA@Aa)N\Nb)=(Ab)V (b
et aVb= (Vb A((bVaV(VDd)=I(V
=@VHADVaVD =@V ADV a).
(1.2). Si (L, A, V) satisfait les axiomes (A), (B) et (C), alors pour iy
a,b, ¢c € L les suivantes 16 affirmations sont logiquement équivalentes :
“(*gl)_,.\a/\(bv d=a NV .
aV @ ANc)=aV (c AD)
(S,) {a_a/\b=>c\/b=cVa\/b
la=aVb=scAb=cAaAb
(Sa) {a:a/\betc:c/\d-—vb\/dzb\/u\/cvd
Y la=aVboetc=cVd=>bAd=bAaAcAd
(S) {a=a/\betd=ch=>de=bVa\/c\/d
4' a=a\betd=dAc=>bAd=bANaAcAd
'(55).{a::a/\bct'c-_:c/\d-—»bl\/d::b\/c\/a.\/d
"Ja=aVbetec=c\Vd=>bAd=bAcANaAd
[b:b\/aetc=c‘/\d=>b\/d-—-b\/c\/a\/d
']b:b/\a.etc~=c\/d=>b/\d-—=b/\0/\a/\d
(S,) {‘a=a/\bctd=d\/~cy=>de--—-b\/c\/an
Tla=aVbcetd=dAc=>bAd=0ANcANaNd
la=aAbctc=cAd=>b\/d=i\c\VdVa
la=aVbetc=cVda>bAd=bAcANdNa
(Sg)'!b:bVaetc=c/\d=>b\/d-=b\/c\/d\/u
ib=bAactc=cVid=>bAd=bAcANdN a
(S, fe=aAbctd=d\Vc=2b\Vd=bVcVdVa

¢/

le=aVbetd=dAc=>bAd=bAcAdAa

(S).{a=a/\betc i ANc=>d\Vb=d\VaVbVc¢
"la=avbetc=adycesd Ab=d AaAbAc

l



AXIOMES POUR LES TREILLIS NON:COMMUTATIFS DE TYPE (s)

) b=b\/'a'et,c=d/\,c=dvb=.d\,/-a\/’b\/'c'
(&r\b=hAa@?5dV0=dAb=dAﬂAbAd
S){a=aAbﬁé=dAc=JVb£dVaVch
(“'a=uvbad=ch=dA6=dAaAbAb
5 b=bVaetc=dAc=>dVb=d\Va\VecVb
(14"{b=b/\a_et c=dVe=d Ab=dANaAcAb

52 ‘a_—z.a/\b et c=d/\c=>dVb=chVa_\/b
B la=aVbet c::ch::-d/\b=d/\c/"\q/\b
5){b=bvaac=dAcsdvb=dv¢vavb
W ld=bAaetc=d\Vcad Ab=d AcAaAb.
Démonstration. Dans cette démonstration on utilisera les propriétés (i),
(i) et (i) de (1.1). Ensuite, perceque le systéme d’axiomes (4), (B), (C) est

autoduale, cela suffira a d}émontrer seulement l'une de ces deux -affirmations
qui apparaissent dans I'éeriture de (Sj), 1= 1,2, ..., 16. '

(S,) = (Sy)- Si les égalités (S,) sont vraies et pour @, b« L nous avons
a=a ADb, alors:
cVo=cV (bV (e AD)
cV ((bV (@ Ab) Alla Ab) VD)
cV (@A) VD A @V (eAD)
¢V ((a Ad) VD)
cV (@ Ab) Ab
=cVaVhb,
donc (S,;) est vraic aussi.
(S,) = (S;5). Si (S,) est vraic, alors dans I'égalité évidente:
@V A A AV =@V A AlADV DN
Ac Ad)V d A (dV (c Ad)) on obtient que pour. tout 4, b,c,d e L sont
vraie I'égalité : ,
bV (e AV A AEY € AD)=bV @V EAD) Alle AV )
En conséquence, si pour 4, b, ¢, 4 € L nous avons a =@ A bet c=c¢ Ad,
alors .
bVad=b\VdV(cAd)
=6V (@V AD) Allc AV )
bV ((cADVAA@YV €A
=bVcAdVd
=bV(@aAb VAV
=bVaVeVi,
donc. (S

3) est vraie aussi.

I



(Sg) = (Sy)- Si (S5) este: vraie, alor ‘des égalités gvide ‘

(CADV &) AWV (e Ad) onobtient b\ gy b\b,\b

=d En conséquence, si pour a, b, ¢, d € L nous avons (e /\ )
lors b\/ d = b\/dV(C/\d)—bV(c/\d)Vd-—b\/( /\b,
Vd—b\/(a/\b)\/c\/d—b\/“\/c\/d donc(s(vt)):

R O
% all o>
&

a .

=bV

o

4)=:, (S). Si (Sy)- este vraie, alors des égalités ‘évidentes b\b :‘
d)=(dV (cAd)V.(cAd)\d on obtient LAVE A Ab,
(c Ad)V d. En conséquence, si pour a,b,¢c,de L pnoys a‘
et c=c Ad, alors b\Vd=b\VdV (C/\d)—b\/(c/\:{)’"“
dVbyd= bV(C/\d)VbV(a/\b)Vd—-bV(c/\d)v(a/\,,)v
V d, donc (S;) est vraie aussi. Vi,
(Se). Si (S;) est vraie, alors des cgahtcs évidentes g =
d=(c.Ad)V A N@V (c Ad)) on obtient a \/ dV (c Ad)
)V d. En conséquence, si pour «, b, ¢, d € L nous avond b~bav
alors b\/d—b\/a\/d—l)Va\/d\/ (c Ad) —b\/“V(C/\d)W\
( dVaVd=>b\VcVaVd donc (S;) cst vraic aussi,
)= (S;). Si (Sg) est vraic, alors des cgalités évidentes b = b\by
Ad)=@V (cAd) A ((c A\Nd)Vd) on obticnt h\dy( Ad)=
' d. En conséquence, si pour a, b, c,d € L nous avous e=
d\/ ¢, alors de__b\/d\/( Ad)=0b\ (c Ad)Vi-
AV)VAd=bVeVd=b\ e\ bNVd=b\ c\ bV (a AbVi=
d=0b\ ¢V aVd donc (S;) est vraie aussi.
S;) est vraie, alors des égalités évidentes b=h Abe
¢ )) V(e Ad)V d) on obtient bV dV (c A=
En conséquence, si pour a,b,¢,d € L nous avonsi=
d, alors b\ d=b\ d\ (c Ad) = bV (c AdVi=
b=bV (AYVIVIV (@ A\b)=bV(AJVH
d\/ a, donc (Sg) este vraic aussi.
)A ost vraie, alors des dgalités ¢év 1dLnth h=h Abe

)V d) A (d V (¢ A d)) on obticent b\ dV (A
1

s
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(I
SIS 2

0w o
-

—_
%

[y
. o
—~=

[y
w»
ot
-

fl
=
5]
[
w

“Si (S,) “est -vraie, alors des. ¢galités ¢videntes b ’Ib\lll:\'
(c ANa)V d) A (@ V (¢ A.d)) on obtient bV dV (€ /\‘)’bﬁ
n conséquence, si pour a, b, ¢, d € L nous avons @ d" v
d=bVaV A =bV € Ad)V d=0bV ALY
VAV D=V N aV DY (e A =0V
V a, doiic (S;,) cst vraic aussi. i= _apid
o) st vraie, alors ‘des égalitds évidentes (@ U
b)) V ((a Ab) V b) on :obtient AVONS
conséquence, : si pour a, b c,de L nous Ab v b2
alors d\/b—-d\/ vV (a/\b)"dv(a Ab )\/bV
dVMAMVdeVMAd aVERt

V ¢, donc (Sy;) est vrie 2ussi..
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AXIOMES POUR LES, TREILLIS, NON,COMMUTATIES DE TYPE ¢§)- ... -

(S12)- Si (Syy) est vraie, alors des ¢
Ab) Vb
( v

%
y

o) alités évidemt

ABLV B A BV (€ AD) et.d=d ndon sbestsss (BAD VD

a NB)V I; /'\Ecn’gcl)(r;rsséql‘jieil‘/'c% si 'i)/éﬁr:?z]} b??,t ?Zt I:d' \rfo%svégoé}s blz
=d Ac, b=dVbV(@aAb)=dV (@ Ab

Va)Vb=d4dVayve=4 = Vv

Vavbvwqu=%vavgéizxf—dvavbvdv

. g (S12) est vraie aussi.
. Si (Syp) est vraie, alors des ¢

—
—_

TRT R
S<<<?

F<h NN

“
®
~ o
}
A2
«
S
-

galités évidentes b \/.(a A b) =
_OV @AV (@A) V) et d=d Ad : =
_ :(i \>/ (@ A'b) V-b.. En. conséquence, -si - p/;ur. 311,1 bo};)t ?12 L\d \;{oﬁs\;{a(vam/l\s b), =
—aA\b et c=d ¢ alors AN/ b=d\VbV (@ Ab)=d\(aAb) Vb=
,.:gv (@A VANVD=aV(aAb)VIV@A)Vb=aV(aAb)V (@Ac) V
o V-

dV aV ¢V b, donc (S, est vriae aussi.
= (S;y)- 'b(S 13) est vraie, alors des égalités évidentes (aAND) Vb=

= (Sw) Syy)- St —
= (@ ANOYVO ANV (e Ab) et d=d Ad on obtient d\/ bV (a A b) =
=dV (@ Ab)V b. En conséquence, si pour ¢, b, ¢, d € L nous avons b = b \V a
et ¢ -V- d))/\vc,b alo{;svd \</bb= dd\\//b Y/(s \//\ 12) = gv (@ A b) V'Z= iy (@ A
b ) = a = a = v a d c b =
Qfl\/ aV@ANe)Vb=dVa\cVD, donc (Sy) est \\r{'aievat(xssi/.\‘ Al
= (Si) = (S, ). Si (Sy,) est vraie, alors des égalités évidentes b\ (a A b) =
=00V (@Ab))V (e Nb)VDb) et d=d Ad on obtient 4\ bV (a Ab) =
=dV ((ia A b) V b. En conséquence, si pour 4, b, ¢, d € L nous avons a =a A b
tc=d Acalors AVb=adVbV(@aAb)=dV (aAb)Vb=dV(@AcV
V@A) Vb=dVcVa\b donc (S;) est vraie eussi.. o 4 '
(Sy5) = (Sig)- Si (Sy) est vraie, alors égalités évidentes (a AD)V b=
=((e AB)V D) AV (@ Ab) et d=4d Ad on obtient d\/ bV (a Ab) =
=d\ (a Ab)V b En conséquence, .si pour 4, b, ¢, de L nous avons b =
=b\a et c=4d Ac¢, alors AVb=dVbV(@Ab)=2aV (@A) Vb=
=dV(@AGVa)Vb=dVaVb=dV@AJVaVb=dVcVaVh,
donc (S;q) este vriaic aussi. .

S,.) = (S.). Si(S,.)estvraie, alors des égalités évidentesd V ¢ = BdVe)A
A (C(Vw;') C(t l(Z= a(\/le on obtient a APV O =a AV donc .(S,) est
VIale aussi. o o : . ;..,‘l i

En' conséquence, les treillis non-commutatifs de- type (’S) .petlwetnt .etrcu
finis. par les suivants 16-systemes d’axiomes logiquement cquivalentes-

81 = {(A):(B)' (Sl)} . , ‘

8‘ = {(A)’ (B), ' (C); :(Si)}g olt 1=2' 3’ ""’: 16 .
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STUDIA UNIV. BABES—BOLYAL MATHEMATICA, XXXIII, 4, 1988

ON THE IRRATIONALITY OF SOME ALTERNATING SERIgg

J. SANDOR*

Recerved : Felsuary 1, 7988_

REZUMAT. — Despre Irafionalitatea unor serll alternate. Obiectul acestei lucrisj
este de a demonstra citeva teoreme pentru iratiopalitatea unor serii alternate,
fn cazuri speciale rezultate de acest gen au mai fost gisite in [1], [3], [4),

[11].

1. The aim of this paper is to find some irrationality criteria for alternating

series. H. F. Sandham [5] bas provcd the formula C = Y, (—l)"w
"

n=1

where C is Euler’s constant and [«] denctes the integer part of the real numb
x. It is well-known that the old problam of the irraticnality of C is still open an
there are only a few results relatcd to this problem. In the light of the above
mentioned formula it would be interesting to prove thcorems on the irrationality
of alternating series. Some result of this type cn special series have been obtained
by A. Oppenheim [4], M.R. Spiegel [11], R. Breusch [I}P
Bundschuh [2]Jexrd N. J. Lord (3]

2. T1BEOREM 1. Lel (a,) be a scquence cf positive infegers such that a,(ay8, ...
[>o]

-ie @p)? = for n— 0. Then the serics ¥, (—1)=1 L s irationd
= Cas(ay ...a, )

Proof. This is bascd on the following result i} Fle )

_ Lemma 1. Let (r,) = (h, | k,) be a scquence of rational numbers satisfying:

O1sh<hkh<...<k,... (Mry,<ri<rg< ... <r.,<7'5<13<'1(’")

|h‘n+l ky — kln-i-lhn =1 fo n=1223, ...

Then the sequence (r,) 1s ccnvergent and s limit is an irrational number.

Proof. In view of (1) we have &, — 0 as # — o0, hence by (#if), written 18 the

form: |ra41 — 7,| = 1/R,kay1, we obtain: |#,4; — #,| — O (n — c0). Then “S:gﬁ
(%), it is well-known] (see e.g. [7]) there exists lim 7, = 0, where 0 is sitvd
| <

7=+ 0O

between 7, and 7,4, for all #=1,2,3, ... . This means that 0 < | 0 — ,"ute-
< Fass = 73| =T/kyhpsr. Surposing now 0 rational, ie. 0= afp With!
ge1s 4, b (b >0), the above written incquality yields: 0 < |aka— Moo,
< blkay1 <1 for sufficiently large # (because of k,— co for n — )
ak, — bh, is an integer number, a centradiction which finishes the prook.
“s where %~

. ' n i . ing 10
= (aa, ... a‘,',"_,).‘z, Y, = d,. Then the sequence (u,,/v,)+ils strictly decreis;nfg Z
zero, thus Leibnitz’s theorem assures the convergence of the series. Take 7o

For the prcof of the theoremi comsider the series ﬁ (=1

® 4136 Fortemi nr. 79, Harghita Cownsy, Romania



ON THE IRRATIONALITY OF SOME ALTERNATING SERIES ¥
‘9

_ ” —1)i-1 %ifv;, wh . - . R
= Bolk Z‘,l( ) / fvi, W ere k, 01 V2. Uy =4, ... 4, The equality
rog1 — Tol = Bnt1 [ Vnir = (@nss) ™ (@) ... @)% =1/} b ; :
vgéons assure the conditions of the applicability of lerin,x'la? 1. 'i‘lllais sémgfinf lr)sef
© . .. . S . : . o
_ E (—1)i= w;fv; is irrational.
',-l . N ,.I‘» P
THEOREM 2. Let (b,), (a,) be two sequences of positive inte, ;
: e " gers having the
llowing properties: (1) n | aya, ... a, for every n —
féb..<a,.for n=1,2, ,..Tz f 4 1’2’3"“.(2) b-+|/au+|<

-]
. _ by - . ..
Then the series Y, (—1)"=' —22_* 45 dprational. |
nel G,8y ... Gy

Proof. Condition (1) implies aya, ... a,— 0 (# — ) and by (2) we obtain
2, = boJayay ... a, < 1/aya, ... a,_; = 0. The left-side inequality of (2) implies
the monotonicity of (x,,}, so by the Leibnitz criterion the series is convergent.
Suppose that its value is a rational number m/k. Then by multiplication with
a,a, ... 4, we get:

A , b b
ma,ay ... Gy _ 18,84 ... 0 A+1 A
193 _Z(_])- IL__"b”+(_1)h(_+_4.+__,
k el GGy ... Gy . Byi1  Gipa0iyg )

This relation and (1) imply that a = the alternating series on the right hand
side, is an integer number. This series has its first, term a positive number
and the gencral term #, = bayn [ Grg1 - .. Gria. Using (2) we infer that #,4; <
< 4, and similarly, #, < 1/ay4; ... @Gpip—1 — 0 (#—0) so the Leibnitz criterion
implies that the above series is convergent, having a sum between byy1/ap+1—
— bry2 [ Gpp1@rye and bpyy/arsz (sce e.g. [7]). The incquality by4r > baiz [
/”k+2 yields 0 < byyy | axqr — br+2 [ Q41 Oryz = (br+10r42 — bh-*:z) | Gx318r12. On
the other hand one has by [ ax+1 < 1. Thus we have obtainde that for the
integer number « we have € (0, 1), a trivial contradiction.

THEOREM 3. Let f: N — R be an arithmetical function with the properly
Km nf(n) = 0. Further let (v,) = (ba/a,) a decreasing sequence of rational numbers
LY ]

with Yim b,ja, = 0. Suppose also that the incquality vpsy < f(@18z - @) ,h"lds

true Jor all k=1,2,3, ...

Then the series i (—1)-1 b s irrational.

ne=] an
Proof. For the fw d the following kncwn lemma [8]: )
. proof we nec . o
Lemma 2. If nf(n) — 0 and the incquality | — Plq If / (q),';sasnat:':{'a(t?oﬁz
 infinity of mutually different rational numbers p lg, them &
b

Rumber, , . . v

Take ojg, — bja, — bofay + .- + (—1)""bifas and 8= lim g Then WE
: X . < ay .- -

have 19 Prlan] = bagrfarsy — brag/mrsz oo < brfans = B < S0t

*+ @). Now lemma 2 implies at once the theorem.
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. THEOREM 4. Let (b,) and (an ) be two sequences of positive 1'nlegeys Salis
fyin

. ” b" - b
i1 =>a;- “. + a, - ptl for all large n. Suppose that here is no
UL by 'l ' e‘lualtl /
L R A T ' v.'- .
)
all n, suffzczently large. Then the series Z ( l a1 b is zrratzonal'
s =1 Gn .

Proof. We use the following theoremof H. Tietze [12] )

If the elements of a’ contmued fraction

bo+ E+Fj—+%+ .. (ay #£0)
are integer numbers such that for all sufficien‘_cly large # one has
by > ||
,,;lal-{—lfora,.+l<0 (4

then the’ contmued fraction is convergent-having an irrational value, with excep
tion when for all large # we have

a,<0,b,=la,| +1 (¥%)

In this case the continued fraction or is divergent or has a rational value.

In order to prove the theorem we shall use the fact that the series Z (=1)*-"bJs,

n=1
and the contmued fractlon Y + adty| adbsl 4 . are equivalent
la, - 185y — ayby lasby — asb,
Thls follows e. g from the known theorem ([6], p. 206) whtch asserts that tht
0. \
series Z Co and the contmued fractlon
PR "=0 Sl
L » Cg Cy

4:_..'\4:“ V '.-;co+'i'__. Cy . ét
T T ' v ll FRY ..c’ : cy

1+ = 1+ =

- 2} €

are equiv‘alen"ci, bly :putting o

o= (—1)3b,fan # > 1 and co = 0.

atity
On other argument which implies also this remark is based on the ide

1 ‘b;/"'
it Apply this relatlon for x = a,[b, v =1/ Z
¥ .0 , 2 . . . et BRI
oo g . . oo e o

YA : e o
and then for x = —a2/b,, v = I/Z( 1 -t b~/a.-; etc. o

I 23 o tl)’

In view of (*) one can write': " pyr b, — Za nbois = a,.b,.+1 which is €xa¢

.conV!
supposed inequality. Tietze’s theorem; 1mp11es (also. ‘using ( * *)) ,t»he W
gence of the continued fraction which. has an-irrational .value.: v




ON THE IRRATIONALITY OF SOME ALTERNATING SERIES B
I1

Finallv, we prove a theorem' for absgly ) .
by N. J. Lor d [3] bsolute convergent seies, using an idea

o THEOREM 5. Let (a,,) (b) be two uquenccs of znlcgers a # 0 b, ;e 0 (n
=1, 2 3, aes) sattsfymg (1) 2 |a, [<

for alln=1,2, 3 (2 | Bnyy

| , bpt1 :
n (i.c. (a,) 1s a 4 i i
.ﬁ;’sszw a( ( ) factonal sequencc see f9]) (3).cv¢\r_v mhgcr is a divisor
ne i ” - | |

[R I e

b
Then Z = s com)crgcnt and ils sum is irralional.

n=l an

-

bn+l

Proof. First remark that (1) implies |an4q] > [a[

. which, by the

n

ratio test, guarantees the ‘absolute convergence of the above sum’ to A say

Next note, that (1) implies also that |a,4x| > 2*|a,| - |bass| for all'm & =
=12,3,.... Hence ’
b b
nt1 "2 1 1 1
a, - + a, - 4+ . <=4+ —-—4+-—= ce. =
" e, " Gy, l 2+4+s+ 1 (%)
Now assume that A is rational. Then, by (3) a, - 4 is an integer for some #,
b bn ) . . .
Also a,,( a—‘ + ...+ ——) is an integer, by (2). Therefore S=|a,4 —a,,( b +
1 an
. . b
+...4 )| also is an integer. But a,,( nit 4 bet2 l_
an . “n+1
e b . b .. b
=|a, - 2! (1 4 n2 Byt1 + nt3  Ontt + )‘
%41 8yr2  buyi 8,43 Oy

1
Here the secons term < 1 + Tl [(Ont2/@ni2) Anir+ (Ons3/@nza) Gnprt- o .| =
n+2

=14+ ' . |E¥|<14+—1— <2 ie. S<1 by (l). On the other hand
Ibn+1| (x) [®nt1]
one hasl S’l <1 by (%) and [bpsr] 21

n+l
e an integer. This

contrad1ct1ox';+s:ho“s that A is irrational.
Finally, we mention without proof the following resu
used for proving theorems 2 and 5:
THEOREM 6. Let 1< a; < a, <43 < - be a sequence of inlegers with
the properties a, — o (n —o0) and n|ay @ - - for all n=1,2,3, . Let (by)
be a bounded sequence of integers such that b, # 0 for infinitely many valucs of n.

1t [10] based on ideas

o
Then the series Y is trralional.

nml Gy Gg...0n
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!

REZUMAT. — Generalizare n ecrlteriulul de univalentd al 1

: - >ralizare ul Becker. In aces
art_xcol se ob'tl'n_condltu suficiente de univalen{i pentru functii olomorfe in dai:cu}
unitate, utilizind metoda lanturilor. de subordonare. !

1 i PR

1. DEFINITION 1. Let f(z) and g(z) be two analytic functions inU={z:]z|<
< 1}. We say that f(z) is subordinale to g(z), written f(z) < g(2), or f< g, if
there exists a function ¢(z) analytic in U which satisfies ¢(0) = 0, |p(z)| < 1 and:

@) = glo(2), 2] < 1. (D)

DEFINITION 2. A function L(z,¢), z€ U, t eI = [0, +) is a Locwner
chain, or a subordination chain if L(z, ) is analytic and univalent in U for all
te I, is continuously differentiable on I for all z € U, and for all ¢, ¢4, € I,
0 <t <ty L(z,1)) < L(z, 1,). : ' .

It is known the next univalence criterion, due to Becker [1]:

THEOREM If f(2) is analytic in U, f(0) = f'(0) — 1 =0and:
| 3f7(2)
1— 2|22 <1, Vze U, 2
(1~ 11| L2 @

thew the function f(z) is univalent in U.
We will need the following theorem to prove our results.

THEOREM ([5], [6]). If therc exists 75 < (0, 1] such that the function
Lz, ) = q,(t)z + ..., ) #0, {lrg a,(l) = oo (3)

continuously differentiable on

b . R Itel,
¢ analytic in U, = {z: |z] < 7o} for a in U for any tl,

I for all z € U, and if there exists an analytic funclion p(z, )
continuous on I for all z € U such that:

Re p(z ) >0, (4)
and
oL@ _ LED  fop all ze U, te 1, (5)
ZT“P(Z'” at  f .

then the fumction Lz, t) is a subordination chain. ‘

2. In this note we obtain a sufficient cqndition for univalence (c)lf'tia;ln a(;lz.;
Iytic function in the unit disc, which generalizes the well-known c.o ndt
to Becker [1], using the motion of subordination chain.

—_———

L, : nia.
® University of Brasss, Departinint of * Mathematics, 2200 Brasov, Roma
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nroreM 1. Let f(z), g(z) be two analytic functions in U with f(0)
=f"(r0) “1=g0)—1= 0, g'(z) #0 Jor all z U, and 'X be a CO”(l}Zle 800)<

ber, Re x> 1. If:

% Ny,

g2 2 ()
o N7ECY VTR G Rp Ry .}
I'z' ( g ) £ 2|~ 2 U

Jor all z € U, then the function f(z) is univalent in U.
Proof. Let L(z, £) be the function defined by :
L(z, t) = fle7*2) + (¢¥ — 1) e~tzg' (e7*2) )
which is analytic in U for ¢ e I. _
We will prove that L(z, {) is a subordination chain.
Because f(z) and g(z) are analytic functions in U, L (z,¢) is continuously
differentiable on I for any z € U, (r, = 1).

We remark that L(z,¢) = a)(f)z + ..., where a,(f) = eA=1 q,(f) #0
for any ¢tel and |a,(f)] = eReA-1¢, We have Re A—1>0 and then

lim* |a, (¢) | = o0, hence lim a,(f) = co.
=0 t=00

From (8) we obtain:

JdL(z, ’
0 — oot frlemt2) (¥ — 1) et glemt2) o+ (¥ — 1) =¥z - g, ()
and
6L 2,1 ’
B0 — etz fleta) e et et 2) —
— (¥ — 1) [tz g/(emt2) + % 2 g (et 2)). (10
Let p(z f) be the function defined for z€ U, t I, by:
oz o

Replacing (9) and (10) in (11)[we obtain :

P(ZJ t) — ’ e“z[fl(g'—' z) + (eu — 1) (g'(e"‘z) + e—l :gll(e-l )] (12)
. el 2DeM g (e7a) — frleia) — (M — (g™ z) + ¢ 28"(e™" 2))]

In order to prove that the functi i " art
. lunction p(z, #) is analytic, with positive real P
in U for any ¢ € I and continuous on I for all z U,'it is SllljfﬁCient to prové

that the function

w(z, t) = 2&0 =1 0
. . 3 p(z, t) + 1

1s analytic in U, continuous on I, and

[w(z, 7) | <lforallze U. tel “
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From (11) and (13) we have:

Loy e

o) = % &
s OL(z,1)  3L(s, 1) ' :
- T o '
Replacing (9) and (10) we obtain:
2 2 f'(e—'z) 2 -t R
wz,t=——1+~[~—l = (M — 1)L _2-8") '
(2. 8) = < o e ]+ —~ l)\g'(,—t,) . (15)

For z =0 the inequality (14) becomes :
’3 - 1! <1,
A
which is equivalent to Re A > 1.
For z # 0 and ¢ =0 the inequality (14) becomes:
IE & — ], <],
LA
which is equivalent to (6).

For z # 0 and ¢ > 0 the function w(z, !) is analytic in U
because |e~*z| < |e!| < 1 for any ze U. Then:

|©(z, ) | < max |w(z, t)| = |w(e®, §) ], ’(16)
3| =1

where 0 is a real number.

It is sufficient that

lw(e®, t)] <1, Viel. (17)
M u= e e¢® uwe U, then || =¢"* t= —In|u| and from (15) we have:
1 A 10 s 16, *
wie, ) = 2 _p 4 2l [ 1]+ 20u] ( L 1) L y(f_:ra").
A Ao g(lule’®) A\ g'(1ule’)

The inequality (17) becomes :

. “(u) P 18
P [ 28— 1]+ (1~ lul’)%*‘l—ﬂs 2 (18)

akause e U, from (16) and (7) it results that [w(e, f)| <1 for any z& U
d fe 7, _ i

L Then, from Theorem B the function L(zt) is a subordination chain and
€ace the analytic function L(z, 0) = f(z) is univalent in U. A
& R_emarks, 1) For A =2 and f(z) = g(z), Theorem 1 becomes Theorem A,
3t is the Becker’s univalence criterion [1].
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| number, A > 1, then Theorem 1 follows from
ker’s univalence criterion obtained by Leway dowgem'
21. , sk
= 3) Theorem 1 from [4], for a =1 and m + L=< C becomes 1y,
. 3

1 from -this note. = ) ) . )
coroLARY 1. Let f(2), g(z) be two analytic functions in U with f£(0) < 0
=fr(0) — 1= gl(O) 1= O, gl(z) # 0 fO)’ all z = U, and X\ be a real ”im)b;

A> L If:

2) If A is a rea
ralization of the Bec

e _ A X
() - 2.< 2 (1
and
'_'{_gl(i). .—_k. <_}. 4 .
g’(z)+1 2‘\2’V“GU' (%

then f(z) is an univalent function in U.
_ Proof. From (19) and (20) it follows that the conditions (6) and (7) x
sgtlsfled. Hence, by Theorem 1 it results that f(z) is a univalent functiong
Geometrically the conditions (19) and (20) show that [ anq 294
g g
belong to the disc with the centre in the point —2 aud with the radius -}

If A— 4 oo this disc becomes -the right semiplane. In this case it resuls
(COROLARY 2. Let f(z), g(z) be two analytic functions in U with f(0) =g(0)=
=f0)—1=g0)—1, g'(2) #0 for all z= U. If:

Rell 5 0 U
8'(2)
and

3e%?+1>0f0r all ze U, @

then f(z) is a univalent function in U.

Remark. : . '
functio:’:sar [2]‘%) This result was obtained by Kaplan for the close-to-con'®
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BOUNDARY VALUE PROBLEMS WITH DERIVATIVES IN THE THEORY
OF FUNCTIONS. OF TWO. COMPLEX VARIABLES

MIRCEA DRAGANU*

Ruceived : March 25, 1988

REZUMAT. — Probleme la limit§ eu derivate In teorla funefitlor de doud
varlablle complexe. In aceasti lucrare problemele la limit% de tip Riemann—
Hilbert pentru doud variabile complexe studiate ijn lucrarea (1] se extind l1a
cazul cind in aceste probleme apar limitele derivatelor de un ordin anumit
al unei functii olomorfe de dou# variabile complexe. Se enuntd gi se rezolvi
problema la limitd omogend de tip Riemann— Hilbert §i se enunti o problemi
neomogend de acelasi tip, ambele pentru cazul a doud variabile complexe.

1. Introduction. In a previous paper [1] we have formulated and solved
a homogeneous Riemann—Hilbert boundary value problem for analytic functions
of two complex variables. A non-homogeneous Riemann—Hilbert problem has
been also formulated, but yet not solved. ‘

Our purpose is to develop in what follows analogous boundary value
problems containing this time the limiting values of the derivatives of a cer-
tain order of a function of two complex variables toward the considered boun-
dary. In order to carry out these problems we take into account as in [1}
a space of two complex variables z, and z, and denote it by D = D, X D,
which we assume to be bounded by the contour L = L, X L,. Here D, is a
simple connected domain in the plane of z, and L, a closed smooth contour
surrounding D,, while D, is an analogous domain in the omplex plane of
7, encircled by a closed smooth contour L, in this plane. The contour L =
=L, x L, is supposed as built up by a finite number of closed sr'nooth non-
intersecting contours L{", LY, (=0,1,2, ...), where LY or L‘z”. (=012,

..), are contours in the z;-or z,-planes respectively. It 1s assumed that

) s o O
the contour L encircles all the contours LY, =1, 2, .+-), while L;" in
its turn encircles all' the contours LY, (=1, 2, ---): In tf}IS manner the
contours L (j =0, 1, 2, ...), divide the domain D, in an inner domanin

D{" and a series of external domains Dy, (j =0, 1._ 2, . --~). while ﬁ.‘S Cfl’)“;
tours L) (j=0,1,2, ...), divide the domain D, in an inner domains Dz
and a series of external domains D§~, (=0, 1, 2, '.ﬁ).tot?xe uis:r?elelry gf)‘g:’:i‘;s
3 positive sense on the contour L = Ly X Ly, §u°h that the DF fies at the
D'+ lies at the left of the contour L, and the inner domaiu:i u:aix::SD‘i" o
' H o 1
left of the contour L, In these circumstances the externa o . the
at the . right of the contour L, while the external domains LU;

\'\:—— s ',‘ ) )

De Tof M 3400 Ciwj-Napocs, Romanis
* Unitersity of Cluj-Napocs, Depariment’ of “Math

chalics ‘and  Physics,

2~ Mathematica 4/198.
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right of L,. We always have here j = 0, 3, 2, .... We also denote the to4,:
of the external domains by Dy and Dj. tality

In this complex space, using the same notations as in [1j, 3], 2y
lytic function of two complex variables may be represented by a double C’Lana,
integral _ chy
— L S S ‘o(Ty, Te)dT dr, ,

472 (z2 — Zl)(T’ — 2,) (IIJ
L1

®(zy, 2,) =

where ¢(t;, T,) is a function of the two complex variables <, 7, which satisfi
a Heélder condition on the closed contour L =L, X L, and z,, z, Tepreseles
some points of the two complex “variables space, but not on the'c(’“to;t

Let be ®**(t, &), @~ F(, L), ®*7(4, L), and ®T7(4, 4,) the limit,
values of the integral ®(z;, z,) when z, and 2, aproache some points T :g
on the contours L, or L, along any paths entirely in one of the dom;in;
Dit x D, Dy x Dff, Di x Dy or Dy X Dj respectively. These limiting valuy

2

are given by the generalized Plemelj— Sohotskii formulas or Kakicsev formg
las, as we have called them in [1], and which are of the following form [I]

[2), 4

O, L)1
q)——(t:, ,:)} =~ (? £ 5:9E 59 + Spo)s (1.2)
Ol Bl — 2 (— 12
e A= (— 9 £ S0 F Sip + Suo) (129
where
Sip =L (M'dﬁ' (13
LU SR Y
S2¢ — _l_ S oty Ta) de, (14)
k34 Tg— by
S
Spp = — L S (v, Ty)d7, dry (15
129 =? S (Tr— 1)) (3 — 25)

A (]

We must point out that in all the above formulas (1.2a) — (1.5) the infe
grals are understooud to be Cauchy principal value integrals. 005

It is immediately seen that by suitable combinations of the 7elat?
(1.22) — (1.2b), the following new ones may be deduced '

| . \ : b
N (9 L) £ O+ (4, ) + @ THh ) + @t t) = ixz o0
S S o 1.6)

o ¢++(t}’ L) F (‘D+- (ta 1) £ CI')”"»'*(tl, L) — Q=7 (t, tz)_ = {.g;: (
. ' R . c . o and
Thus, in - conclusion ¢ (21, z;) is a sectionally' holomorphic f ul:;?gz,. )

vanishes at infinity, while the limitin ++ +=(4,, )
€S | ) 1 g values O+, 1,), @1 (4, 22) .
and ®-—(,, 1,) are functions fulfilling a Hoslder con(&_iti%)n on L =11 x Ls
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2. Derivatives of Kakiesey formulas for: two complex

var .
take the partlal denvatwes of the e.‘PI'ESSlon (L1). We obta::ble's Let. nol“‘,‘.
[@ (21, zz)](m ")—__Q(iﬂ '_’_':m!”'__SSV #(=1. “z)dfld"rz o .
Fad s N mm g et (2'1) '

We apply then the same operatlons to the formulas 1. 2
[0+ +(ty, 1) Jm n)} {1-24) and (1.28). 1t follows
[~ (4, L) )"

[O=*(ty, )]0 ™ )
[(D+‘(tll t:)]("' ,,)} - (—cp(m ):;: [S, @Jimmp [qu,](m -.)+ [S,gqo]("' "), (2 26)

el "’:t [51 olmm F. [5 cP]"" " + [51 I ), (2.24)

where
( n)
S (m, n) — (74, t) .

(5: %) S e 2.3
,0)

(m,n) (1, a) : :

[S: 9] S - —:)"+' 2 (2.4)

(m, n) — minl S ?(m, T,) dr, d=,
[Siz ] j’ S (2.5)

Or, we have assumed from the flrst that L, and L, are closed smooth con-
tours, so that by performing in (2.3) — (2.5) the integrals. along the contours

L, and L, one obtains respectively

(m, n) g
[Sy)mn = = { =28 gr, = 5, ptm, (26)
b1} 7 Ty — ‘l . L. o
1 o™ ™ (¢, =) o
mna) — | —— = - S (m ) 3 (27)
. [S: o] g s —— df e o .
. L o
m ({8 n) o e, = Sy gm0, 28)
[512‘?]( ‘.)=—;7 gs (71— 1) (7 — 1) ,‘1 2 12
LL,
Then again by taking partial derivatives of the relations (1.6a), we get
m, n, - (m, n) pa—
[O++(t, ) Jmm £ [@+=(t, £)]im") £ (7, &) )m " + (770 )]
[Sipl™™, . (2.9a)
l?"‘ ")

ity 1)) = [0, )N =

@+, ¢ )]("' " [P (tl tp) )" £ [ .
{[s L@, (2.95)
™, »)
Seel™ (2.3)—(2.5) or by

{; ;hls formulas the right members are given either by
1£.6)—(2.8). o
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. 3 Extension of the formula of S.N.APper am! .{u: S. Cserskom, SN
and Ju. I. Cserskom have proved that for the limiting values of an-’l Al
function @(z) of a single complex variable on th.e contour L surroyp, dinanalm
main D in the complex plane of z, the following relation holds 3] 824,

[@m()]= = [D*(5) 1™,

where ¢ is an arbitrary point on L.
We will show in the following that a similar relation also exists f
of an analytic function ®(z,, z,) of two complex variables z,, 2,

In order to deduce such an extended relation, we begin by establishiy
particular one, i.e. B

(3

or th& Q*

(@00 (1), &) ] = [®FF(,, £) ]9 (4
First of all, we introduce the notation
H(zy, z;) = Oz, 2,), (3
where
1 (71, 72) dry dr,
OO (7. 2,) = __S-(q’__;z
( 1 2) 4n? (v = 4) (s — ta)
_ 1 S’S <P(l'o) (71, 7p) dr; d=y , (34)
4t (r1—t)(ra — &)
L,
so that’ we may write
(D00, 1)1+ = H*+ (1, 1,). &
Now we will prove the equality .
_ [D+4(4, 1) 00 = H+4(;, 1), o

But, according to the basic definitions, [D++(¢,, ¢,) ]9 is continuous insid

the domain D = D, x D, and fulfil 5 e
sa H ntour
= L, X L,. Thus, we haée ‘ 6lder condition on the co

[(D++(t1, fz) ](1'0). = lim @+'+(‘x +'Afl, L) — OFH(,, 4) (37]
At, -0 A‘l

On the other hand, by virtue of Cauchy’s theorem, fhe integral

Oz, 1) = S H** (), 1)) dr, o
is independent of tt " . , . .7 and®
simgle-valued. go Evi c}?ao‘llcée of the path of lntegration in the domain Dy 2

l|+Ai| (39’

DL+ AL, ) = 5 H**(z, 1) d=,

fie
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and
e, L) = s H++ ("v ty) d"l (3.10)
he
Inserting into (3.7) from (3.9) and (3.10), we may wrlte succesively
1,441, [}
1 Y -
O+ )10 = lim b B o, e — (B4, 1) de| =
he he
h+AL,
= lim —— f H**(xy, ) dry. @11

Let us consider the always positive expression

Oty 4 A4y, 1) — OHH(2,, 1)

Mty + Aty 1) = Al
)

—E* )| e

Introducing here the expressions (3.9) and (3.10), then taking mto account
that

h+As,
Aty = S d, (3.13)
4
we get, if Af, >0,
. H+A,
Mt + Ay, 1) = -lZf_l— S Ht¥ (1), 8) dry —
! he
5 1, +AL

- ﬁ 5 H4(zy, )de, — W T S H+4(t,, 1)) dr, (3.14)

1

‘IO
t,+A
= — S H* (m, L) — H*(ty, 4,)} dr,
|t |
< -——l—— max |H++ (1'1' tl) - H++(t1» tz) I |At1
|42, | 1,8, 4+81)
Hence . o15)
Mty 4 Aby, 1) = max [H**(m,t) — H* (4, t) |- (G
1 12 Y2 Yy L § L

However as H+*(t,1,) is a continuous function on the contour, L = L; 1

we ave !
: 3.16)

fim o1 (tx+At1 t,)= lim "‘leax H++ (e ) — H ¥ )1 <o

An—0- 184
1, &(y, Hh+AL)
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. iti ber approaching zero j
; is any small positive real num L o, if (
;_}(;:e ceoming back to the formula (3.1_2),_‘ we may write < Nlﬂ
i ,'~."- Lr ¢++(i1 + Aty, t;) — O, t)
Vs = - H++
l‘lmoM(tl + A4, b)) = i}f}o |8 | ¥ Aty (t, L) <
= , 7€ (ft +44) . :

egtoe
ol e

- . th
We conclude. therefore that (3.6) holds and by comparing (3.3) with 35,
become (3.2). The foregoing demonstration folows that one given in (3] md -
for an analogous formula to the formula [3.2], but for the case ¢ §

£ only o,
variable. -
‘In the same manner we can prove the relation
[(D++(t1: tz](o' D= [(D“' o (tp tz) ] t (3.18

By repeating the same operation, we can also state the more general relyg,’

O U [(D++([1; l.‘) ]l.("" ").= [@tm. (ll:_tz)]++ B (35

It is obvious that we may deimpnstrate by the same procedure the relatis

R R e N o . o : )

[@77(y, L) 10 = [Dm (2, 1)) ], {3

[@F (2, ) Jom™ = [tme 1y, )]+, (32

(@, £,) Jomm = [Bimm (1, 1,)] 7. B2

4. An alternative form of the derived Kakiesev JYormula. The ress

expounded formerly permnit us to write down the Kakicsev formulas (2.24) i

(2.20) under the fol]qwiug _fox;..m v ' : D '
[(D(m, n)(tl’ t2) ] ++
[(D(m, n):(gp 12)]—— .
x._":' f’} "‘\- : ‘:\ e e el SN

[Q)(”'-")(Ll"t;)\']"‘""" ..1. E S TR . o "

@ B m, n m,n m, n) | ™, 4
[q’("""’(ln t")]+—l - ; {:=_<P( , 1) + Slgp( , n) F Sch( ,n) qu;( )} (

i ..

KRS

1 o .
] = :"{.(P(m, ny + Slcp(m, ) + Sch(m, " 4 512(?(;», n)}' (-U}
BN ‘ . :

(EERY

1

Alike, we may urite . downt the formules . (2.92), (2.96) in the folo™®

manner i . :

[Dm. n)(, PRLTYN . ‘ 512‘?(-,."
e TR O, L)) 00 s 11 (001, )] = | o

. T N i (42‘])
(7:&){;} lf-i‘ AT ) . - _ S ?(-.-l
m; n) iyt o) (2 N T o . R LA LLE
[ () J*4 (Dt e, )17~ [DOmm(g, 1))+ — [Dm m(E,, L)~ = S qa""]
e R N N L T S S EIT S S . - | ’ 2(4%)

. . N o der
(\,él;;is‘j%ncl;?gg)g@PeO% Riemann-Hilbert boundary value problem wlmmooth
contour I _‘ T 'u'UIf.he“Space of two.complex variablés 2, Zo the CIOSed Zflmtc

= &1 X Ly, such that the contours L, and L, are built up from
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ber of closed smooth noninteractin, contours () o . .
1.";"10, 1,2, .... The other definitions agd notaltlirgnf lar: I;geéiz;zsg:cit;ve]y o
viously cited paper 1 1, -as well as that explained aboye o our pre-
All 1_the5e points being settled, we can formulate thé followi
of thIe Rlem;nn-Hjl_lbtt:;t hom;lgengous_ t;;l)undary value problem :
« In a space of two complex variables z,, 7, lot b % G
L= L, X L, dividing the space into a domain st situatedaa; Z’Zoztfﬂ (Z;fie‘zi'n:: ’;lt(;:r’
domain S~ situated at the right of this comtour; Sind then 4 function Oz z,)
possesing m partial derivatives with respect to 2 and w partial deripatives with
yespect o z, denoted here by @im "z1, 2,), these partial derivatiyes being assumed
sectionally holomorphic with a finite order at infinity (that is when B, — )
and fulfilling on the contour L =L, x L, the boundary condition ’

(01 es 817 (B Ve, 6] = Gty [0ty 1)+~ (im0, 1]+ (5.1

where G(ty, by) 1S_a given function on the contour L=1L, XL, which fidﬁls on
this contour a Holder condition and do not vanish on this contour. Here t, 1s
variable on L,, while t, s a variable on 2. ' !

We can also write (5.1) under the form - - ... Qo

(O™ "ey, 1) 3+ (@™ Mg, 1]~

= Gy, ¢ 5.9
(0™ "ey, 1))+ [0 "t t)]~F (s 2) 62)

" By virtue of (3.19) the condition (5.1) may be written as
[PFH(ts, 1) 10 W[ (2, L) J0m ™ = Gty L) [DF(t, £) Jm M [® (e, 1) J(mm) (5.3)
and (5.2) under the form
“ 3 Yy q(m, n= t - - m, n) s .
[+, )™ " 0=t &))" ) _ Gl 1. L (54)
Ol )7 M I

In order to solve the foregoing formulated ARiema:nn-Hilbért ho nogeneous
undary value problem (5.1) we introduce the notations

- F(ty, t,) = @mn(t,, 8,), i+ Tied RN %))
X (b b)) =™ b by), oot e

FHH{ty, ) = [0 (e, 1)+,
fH ' F—_Uj‘.n tz) = [(D(”' ”,(tlt 12)|]-‘:-" e
Felt ) = [0, )17
Ftty, ty) = [0, 6175
Then, the formulas (41a) alld (41b) become o
F+(t,, 4) } = %{X + S £ Sex + Six} N (57“)
F——(tp tz) N T T
ol FH, t) }= Lt £ S F S+ S,
Ft=(t, t)] 4

§th that.
* {5.6)

L (5.7)
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while the formulas (4.2a), (4.2b) take the following form

FrH ty) £ Fr= (b o) £ F e ) + F~~(t, 1) = [ Siux .
- x ’ .&;

Ft(t, 8) ::F Fr=(t,, t) + F—»#(tl: t)) — F~—(¢,, t) = { Six.
‘ Sax” b8

These last relations- (5.7a)— (5.8b) are no other than the Kakicsey formulyg
d

the function
' _ _l_ X(7y, T5)dT, dr,
F(Zl, 22) - xt LS Yt — 2)(rs — 25) (59}

With the notations (5.5) the boundary value problem (5.1) may be reducy
to the boundary value problem previously investigated in [1], that is

FHi, )F~~(t, &) = G (b, &) F*~ (4, 1) F~H(ty, 1y). (5.10
As we have shown there, by defininig the new functions

(z)) I, (25) F (24, 25), in Df'. X D;,

Q (z,, 2,) = Z’x"nz(zzz F(zy, z5), in D_{ X D{. (5.1
l I1,(z,) 25°F (2,, 2), in Dy x Dy,
27, 22°F (zy, z,), in D; X D;,
and
Golt 1) = 6711, (1) Ty(t) G (8, 1), (5.1

where %, and x, are the indices of the function In G(#,, ¢,) with respect to the
contour L, or L,, the problem (5.10) may be replaced by the nmew one
(5.9

Q¥4 1) Q7 (b t) =Golty, 1) Q™ (1, 1) Q™1 1)
Taking here the logarithm in the both parts of this relation, we obtais
[ € (6, )1** + [ Q (4, 4)]7~ — [nQ (6, )] — (0@ (6 W17
= 1nG, (t, 1), &4
ggitseformula corespond to the second Kakicsev formula (4.6a); hence we 13/
0 (2, z) = — L 5 S In Go(ry, T)dmdry (5.9
4n? ("'1 — 5)(7s — 2)
o ah (5.16

- Q (2, 25) = e¥0u m),

where we have set

(5 U

Y(zy, 3;) = — _:;_' S S h: Go(T1 'r‘)d‘rld;r,.
’ —L. i, Ty — I(Ty — 2

i
i
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However, if we wish to return to the orje;
ve W e ori i
ntroduce the derivatives of the density cp(zrgl;ml i
rential equation "

unction: @ (z,, z,), we
defined by thel pi)rtial ttinifl;zt
@ Mz z,) =y (20, 2) =m! n! ln Golty, t,). (5.18)

Then the secgnd formula (5.84) receivés an analo
(4.2a), that 1s

[0 [t 1) 1+ — (D02t )]+ — [OOmt,, )]~ + [Om oy, )]~ =

gous form as the second formula

= (,)(ﬂl, u)(tl, tz). (5'19)
On the other hand, the integral (5.17) becomes

v(2y, 25) = 5™ (zy, 2) = — 1 S S o™ % (2, m)dr dvy _
4n'min | P (3 — 3)(% — 22}
— 1 w(t, 15) d, dr,
™) ! 5.20
4n? S s (n— :,)"'" (ts — 22)" H ( )

LL
such that we may write (5.16) under the form

(m, »)
0 (2, 2) = ", (5.21)
the first formula (5.5) and the ex-

Now, by using this result, together with
z,) a canonical solution

pressions (5.11) we get, deoting by Xom )z,

(L ""es, in D x D,
,(5) Oy (24).
1 go"wa in Df x Df, '
() 522
Xm ® (2, 23) = { 1 ' euw in Dy X DI
e M, in Dy X '
x’l" H.('a)

(m, #) . - -
1 erof' (s, 'l.)' in Dy X D, .

PRS-

\ 1

6. Evaluation of the boundary value funetions.

(Xt w(ty, 15T, X (0 817
[Xtm (4] (X2 17
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By v1rtue of (5 22) we may wrlte down 1mmed1ately
‘ ! AT0 Pty
(o)t ¢ - \
’[X ._ ( 1 b) ‘]\ I, () T 6
v (X (g 1) ] = Lt Dt
FEERS PO : ) ERS Hl(tl) ’;' (62)
S ; - 1 (m ”) —
' (m,n) (£ "4 Y -+ - — B[F (2, 1)) ’
2. 7
o 1w,
m, n - [P (WA
[X™ " (2, &) L= £ g . (6.4)

Or, if we come back to the expression (5.20), and then we take into account
the derived Kakicsev formulas (4.1a) and (4.15) and the formulas (2.3)- -8
too, we deduce

DCE (Deme(ty, £, ‘ { o™ " 4, 1) :t' 1m S @@ (2, 1) P
[F("' ) [l,t ! minl e (71 — 1)1 1
1 ”l I'e (m, o (¢, 1‘,) (m, n) 63
, :t:t. ml S (s _,)n-H dv + Lo (63
e T, 1)) ] 1 {_"m""i’" ot | 1 mt o al® (5,0 b, F
[P(M ”)(t1,tz)]+ 4 mlnl _om nl i (ra — )" m+1
1 l (m’ 0) * .
F -;% S % d‘rz} + Djmm, (68)
(ra — &) .

we g;sgféng these éxpressions in (6.1);'(6.4) al?;‘:l fecalling the definition (5.18)

[Xm 0 (8, 8,) 1+ = _‘L FORPLY "’v-, ) (67
W@ TE),
(XAt 1) ] 7 = = ) 0 ) (63

I0, (1) \‘/G.,(r,..t.)

[X(m ")(t tz . 1 e (m »)(’l ") 0 (,‘ ,_) » - .-(6.9)
Ha (‘z) VGoltr 1y

| 0
[ Xl "t ¢ )]“ VG°(‘1 V6ol &)l ’(t. B Q4lbu ), 610

txl ‘x. .

'._..l ;
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G N 0. Y - e
st = STt g ey LTy
wal) TRy 1k - — ﬁﬁdr, 6.11)
If we introduce in (6.7)—(6.1:0)‘ the expression (5.12), we obtain
(X (b, )] 7+ = [ Clotd W,
> pgmne| ORI, 6
. . [ o ojus - :
[X Oy, )] =[ - S ] -0t (6.13)
oo HOIR () L ()G, ¢) o
. G - .. “[x' ‘I‘ U o
[)L(m, ")(.ll' 12)]—4- = [ 2 ] cr‘(’m, n) (fa )40 _(t, 1) , (614)
T e mee, ol -

s © [ T (e) 1T, G A ) i .
(X0 (5, 1)) =’l _x(tl) 2(t) G(ty, l)]‘/“ eL™ ™) (6, 4)=0, (h 1), (6.15)

BTN

g
+ - The sign of the above functions must be given by the relation

Vo m [ 1 PHlaw ol L dwenw g
I1,(¢,) T1,(t,) IT,(¢,) y(t,) ey I () (%)

7. A nonhomogencous Rieman-Hilhert houndary value problem with deri-
vatives. By a consequent extension we may also formqlate in the space
of two complex variables a nonhomogeneous Riemann-Hilbert problem with
derivatives as follows: .

Let be in a space of two complex variables a smooth contour L = L, X L, which
divides this space in domains D and D=, the do'mamlD+ being situated at the
Ieft of this contour and the domain D~ at ils right. It is uuderstood that a posi-
tive sense was chosen on the considered conlour. Find a fzmct_wn"b(zl. ?e) ]5033“;
sing m partial derivatives with respect to z, (yzd n partial d(i;u';')atwes wtt{zdre;fsélf_
to z,, these partial derivatives of ®(z,, z,{) ‘bemg dcnalc(_l b)j (D ) d(z,, z;) :‘,:1 on the
med as sectionally holomorphic with a fw.u.te order abt infinity and verifying
contour L = L, X L, the boundary conditions

[Bm (1, 1)1+ (O ey, )] 77 =
= G(tlﬁ lz) [(’D("" ")(‘1: tz)]+- [(D("" "’(‘1' tz)]-+ T g(‘l: 12)' (7-1)

. = Ifillin,
here G(t, ) and glt, 1) are given functions on the contowr L= L 5 Ll B6
on this contour a Hilder condition; it is also assumed that zea i [11» fok
4o not cancel everywhere on the contour, while t;, and i, are v

respectively. ; i e, that
i Bf' takien}é into account the relations (3.19)—(3.22) one immediately se

the boundary condition may also be written under the form
[+ (1, 1) ] [@ (s ty)
= Gty 1) [@* (b, L) I™" @+t 1))

]("‘. n —

(m ™ + gty L) (72)



used in [1] for the case m = 0, n = O are here also to be taken int

As for the solution of this boundary problem the same remarks as tp,; o

o Considera.

tion. :

1.

2.

o N O @ s W
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A

REZUMAT. — Asupra unor leme de tip Gronwall. In aceas r .
. . . ti In

doud lemtta dg tip 1Gronv;all §i se stabilesc o seami de cazuri particc:laarri rns::

tante in teoria calitativd a ecuatiilor diferentiale si a i i

ot . fiale §i a celor integrale de tip

Introduction. In qualitative theory of differential and Volterra integral
equations the Gronwall type lemmas of one variable for the real functions play
a very important role. :

The first use of Gronwall lemma to establish boundedness and stability is
due to R. Bellman. For the ideas and the methods of R. Bellman see
[3] where further references are given. '

In 1919, T.H. Gronwall [9] proved a remarkable inequality which
has attracted and continucs to attract considerable attention in the. literature.

LEMMA L. (Gronwall) Let %, §, x be real functions defined in [a, b] and con-
tinwous, x(t) = 0 for t € [a, b]. We suppose that on [a, b] we have the inequality :

]

2() < 40 + | x6)x()ds. M)
Then o \
2(l) < @) + 5 x(s) &(s) exp[ S x(u)du] ds @)

in [a,b] (sec [1] p. 25, [10] p. 9). _
COROLLARY 1. 1. If § is differcntiable, from (1) it follows that

%(f) < Y(a) exp (5 x(u)du) + § exp(é'x(u)du’ ' (s) ds 3

a H

for all t < (a, 5], |
COROLLARY I.2. If { is constant, from
. i1 .
Cier t "
#(0) < =+ [ (368 B “
—_— .
© * Secondary School, Bailé Herculané, 1600 Bil

e Herculans, Carag—Severin Counsy ‘Romanis
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follows

¢
ST Rl < Yexp (S x(u) du)_. SN .
Another well-known generalization of Gronwall lemma is the following ¢
to I.Bihari ([4], [1] p. 26). . e
rEMmMA II. (Bihari) Let x: [a, b] — R, be a conlinuous Sfunction which sali
fies the inequality : o -

rc.*’Ar\"lv a
HERREE

t ST M

il

Cxll) s M+ Sa,(s) m(x('s))'ds, te [a,b]

o

where M 2 0, ¥ (a, b]—-R, s continuous and o : R, — R s continuous and i
monolone-1ncreasing.

Then the following estimation holds :

v t

() < 071 (@(M) + { $(s) ds), ¢ < [a, 2] 0
where ®:R —+R is given by:
d)(u):ES—b%,MER. @)

_ Finally, we shall presenf another lemma of Gronwall type which is ven
important in qalitative theory of differential equations for monotonc operators
in Hilbert spaces ([1] p. 27, [5] Appendice).

LEMMA III. Let x: [a,b] = R be a continuous function which satisfies
Jollowing relation : T .

22 <Lae [46) 26 ds, 1= [a,0] o

where o€ R and ¢ is nonegative continuous in [a, b].
Then the following estimation holds :
%01 < I%| + { 4(5)ds, ¢ < (e, 8], \ o

functlirgxrl oghers Tesults in connection with Gronwall'é lemma for the rea‘ly

6], M i{o %evanable we send to P. R. Beesack 2], C. L CandlIO
’ ila;i;l .resul(:sn fr;a ; tl.n ov [11], and B. G. Pach p’a tte [13"’1?]'&“

ation of GTOD}vail 1s section is devoted to the study of some integral ¥

type e (1), (14), (16), (189 and (112)) 080 F"
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e lemmas of estimations for the nonnegati -
ve
mtegfal inequations which are 1nterest1ng in %hemselc\?;nn
The author belives that the inequalities is i
e ature. q established in this section are new

s 11, Let A B: [a B)~R,, L: [qp) X Ry =R, be continuous

uous solutions of these

and '
0 < Lit#) = L(t,0) < M(L3) (6 =), i [u,8), w3030
where M is monnegative continuous on [«, B) X R +- B - (L)

.Then Jor cvery momnegative continuous solution of the Jollowing integral ine-
qualwﬂ N : o G

x(t) < A(t) + B() S L(s, x(s)) ds, ¢ < [a, p)

(L

we have the estimalion
t

x(t) < A(t) + B(Y) j L(u, A () exp (S M(s, A(s)) B(s) ds)du' (1.2)
for all t [, B).
Proof. Let consider the mapping y: [«, B) = R, given by y(}): =

‘ .
= SL(S, %(s)) ds. Then y is differentiable on («, ), ¥'(f) =

— L{t, x(t) if t « (a, B) and y(a) = 0.

By the relation (L) it follows that:
y() < L@, A@) + B(’)J’) 1) < L{t, A(¥) + M(l A@))B@Yy ® 03
for all e (a, g)

Putting z(f): = y(t) exp (—— 5M(s, A(s)) B(s) ds), t € [a, B), from (1.3) we

v

Obtain the following integral inequation:
$

2'(t) < L(t, A(f)) exp (— S M(s, A(s)) B(s) ds), te [« B)

@ o

By integration on [«, ], we have:

2(t) < g L(u, A( u)). evxpv (__ S.M(s{A(s))sz(is) :dsl))’du.
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what implies e Lo

S () € S L(u} A (w)) exp (S M (s, A(s)) B(s) ‘is) du, t< [a,p)

1
_ R L
from where results the estimation (1.2)
The lemma is thus proved. o
~ Now we can give the following two corollaries which are evident by fh
lemma. ¢ aboy,
COROLLARY 1.1.1. Let suppose that A, B: [«,B8) = R_,G: [«
be continuous and * [, £) x R, !
_ 0<Gt,u—Glt,v) <Nl)(w—v); t=[x,B), u2v20
where N 1is nonnegative continuous on [«, B). (0
Then for every nonnegative continuous solution of the following integral in.
quation
) s

#() < A() + B() (6. #(s)) ds. ¢ <= [x,8) (i
we have the estimation
x(t) < A(t)-+ B(2) S G(u, A(u)) exp (S N (s)B(s) ds)) du (13

for all ¢ € [«, B). L

. COROLLARY 1.12. Let now A, B, C: [, ) =R, H:R, —R, bor
t?nuous and H sqhsfwg the following condition of Lipschitz type:

0 < Hu)— H@w) < M —v), M>0, u>v >0, (®
T/zen Jor every momnegative conmtinuous solution of the integral inequali®
IR o oy .
6
x() < A() + B(I)SC(s) H(x(s)) ds, t < [a B) (
we have the estimation
e € ~ : [ 0]
x(t) < A(t) + B() S C(w)H(A(u)) exp (MS C(s)B(s)ds) du :

for all t ) B

| [«, B). »

Remark. Putting H: R, — R,, H(x) = % one gets Lemma 1. of (7]

glves a natural generalisation of Gronwall lemma.



ON sSOMe GIONWAI:L TYPE LBMMAS

A very important consequence
is the following lemma : * of Lemma 1.1,

LEMMA 1.2‘. Let A, B: [«, B)
and the following condition holds :
D s differentiable on domain («, é) X (0

» ©), 1S nonmepats
X (0, c0) and there exists ; ) * gtive om
(o, B) a function P - (@, B) x R+ “’R+

aD(t, w)
such that —-— < P, v) for any te(a, B) and u > o > 0.

aD(t, x)

continuons
(D)

tnec-

Then for every monnegative continuous solution :
N on .
quation of the following integral

¢
#() < AW + BO) { D, #()ds, t< [, 8) (18)
we have the estimation:
1 s . C-
x(t) < A@t) + B(t)s D(u, A(u)) exp (S Ps, A(s))B(s)dstu (19)
for all t € [«, B).
Proof. Applying Lagrange’s theorem for the function D in domain =

= (a, B) X (0, 0), for every #>v >0 and ¢ < («, p) there exists p € (v, %)
such that

D(t, u) — D(t, v) = L’;‘}*" ( — v).

Since
0 < 2248 < PG, v)
ax
we obtain
0 < D(t, w) — D(t v) < P(t, v)(# — v)
e 2 e follo (.5 ment similar to that in the proof

The proof of lemma follows byil an argu
of Lemma 1.1. We omit the details. 0 ), B: [ 5 R, e xR, =

COROLLARY 1.2.1. Bet A: [a, B) — 2
~R_ be continuous and I satisfies the relation .
ﬁ) X (Ol CX)), a ¥

I is differentiable on domain (&
2 are, w) o o162 for any % >v>0

d we have e

M. B ;o pommegalive com-

Yinuous on («, B) X (0, 00) an

and t < («, B).

3 — Mathematica 4/1988.
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o Then'for cvery. Hommegative “continuious "solution™ of ‘thesponyi ..
inequation : . ! S ”.“‘_.Y" o g
NPT\ PSS | BTN SR EHRS L \ SRRSO A
x(t) < A() + B(t) j Is, 2(s))ds, 1 < [, ) ’
. S v S, ity e g .]0’

i'l;eg, "

v

- v~'t"v,‘:;-.“ o ol o R a’
.. . Cer o P e e Y oo . .
we have.:- fe G ' - oo
Wby Py ' "
3 v

x(g)sA(l) ; B(_‘)\S I(w, A(%),)«*QXP-‘_{'E'{% B(S)deJ,dﬁ.. .» (L

“

b

in the inlerval [a«, B).
.. Finally, we have .- ey e b "
" coroLLARY 122, Let A, B, C:[a, )= R,, K:R, - R, be continy
A(t) > 0 for all t € [a, B) and K satisfies the relation : '
K is monotonc-increasing and differentiable in domain (0, co) with ":i{ (0, )5
x
— R, is monolone-decreasing and continuous in (0, c0).
. Then for every.  nonnegative - continuous solution of integral inequation

[}

%(f) < A(t) + 'B(t)s C(s)K (x(s))ds, ¢t < [a, B) - (L)

we halvv;’t}w,est,ihdﬁo"’; P )
x(t) < A(t) -+ _B(t-) S C(”)Y{(A(u)) exp (Sc;i: (A (3))B(S)C(s)ds) du (].13)

in the interval [a, B).
. Applications. In this section we shall apply the main result

1n the first to obtain some Grotiwall type lemmas for particular integra

tions which are important in applications.

, 1. Let 4, B, C: [«, B) — R, be continuous and A(f) >0, 7
<€ [«, B). Then for every nonnegative continuous .solutions of 11

s established
1 inequ¥

0 €1 for
tegral inequ¥

tion ’
. o g

. t X S M N ;_,,i
' e "t PFRR .. el e . .. . . . . ' - .
Y I = LT o _ N U P (()
SR () < A(e) + B(t) S"C(s)x(’s).'(s?ds’,j}"'t' s [ @);,’(5:‘:,; RN
L S R

we-’ have the eSti'rn'atio]J~ o A ."\ JERS -‘ A "!';\".','.‘. 5 ' F UL PRRA MR e *
v . A
ot ' o AT S (2,1)
#(s)C(s) B(s) dS) du R

LA

v

foen e L o F TR S
x(t) < A(_Q + B() S C(w)4 (uy® exp ( j

te N

for all ¢ e [q, p).
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\
o

=P éfﬁc“’{éﬂ)’ if 7/ is’ constant then e 35"
T . .. » - " o ;.,;_;j J,I;[,_./‘,__l‘l:.‘ R
) x(t A o "".:'," ST o
- 0 < (t) + B(z)g ()26 ds e [a ﬁ)
implies e ‘f e e
’ . t .' . ,*' ‘ 4
x(f) < A(t T L

- A() + B(l) S C(u)A(u)" exp (T,SC(s)B(;) 2 d C
[ PN . o8 A(s)l" ) 20 ) B :;,”A.,. (2.2)

i the interval [a, B). :
- The proof is evident by. Corollary 121 for I(t x)‘ ' i .o
= x' ZE [a ﬁ) Z >.4

> 0
2. Let A, B, C: [,
is. coutmuous and satEsflgs) ;Iu? relgetlcontmuous on [a, B). If X : [«, B) R

e BT '_b +

2(t) < AW + B [ COaa(s) + i)ds, 1< o, 5] " ,.,.:_(ln)“

thet we have the estimation

x(l) < A(t) + B(t)S C(s) In(A(s) + l)e;\p ii")B(“’d }ds '(23)
a ) ‘

for all t € [a, 2).
;‘hexsls)rool) follows by Corollary 1.2.2. for K(x) In(v—l- 1), z 2 0.
ume that A, B, C are nonnegative continuous in [a, p). Theu for

every a: —
o, B) =R, a solutlon of the following integral inequation

¢
x(l) < A{) + B() f C(s) erctg(x(s))ds, ¢ < [a, B) (arclg)
we have the estimation
t 1
(1) < A() + B() 5 Cls) arctg(A(w) exp| | j—’%%’-l asjan @24

' the interval [q, p).
The proof results by Corollary 1.2.2. for K(x) = arctg %, % 2 0.
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THE PICARD PROBLEM ASSOCIATED WIT
~ - H A LIP

GEORGETA TEODORUy*

Ruccived : May 26, 7988

REZUMAT. — Problema lul Pleard asociatd unel ecu
afll multivoce h
Lipschitzlene. In lucrare se consideri problema lui Picard asociat;p::::l;li?i

'z
Itivoce hiperbolice —— & F - n
multivoce hiperbolice o < Flx. 9, 2), FiD 1" 5 2%, D = [0,a] x 0,2),

unde F este Li]_)schitzian.’; in raport cu z §i F(x, y, z) este multime neconvexi.
Pentru aceasti prgblemi’n sint demonstrate trei teoreme de existentd folosind
metoda aproximatiilor succesive §i teoreme de selectie,

1. Introduction. In this paper we consider the Picard problem, [1], [2],
associated with the multivalued hyperbolic equation a—a:;— e F(x, %, 2), F:D x
x8y

X R* — 28" D = [0, a] X [0, b}, F is Lipschitzian with respect to z, F(x, 3, 2)
is nonconvex set. For this problem we prove three existence theorems by the
successive approximations method, using two selection theorems, [3], [4]. The
method was applied by A. F. Filippov [5], H. Hermes (3], C. J.
Himmelberg and F. S. Van Vleck [4] for the equation % € F(t, ).
The obtained results are similar to those contained in [3], [4], [5].
2. Existence results. Let be satisfied the fp]lowing hypotheses : ' .
(H) The curve y:x = ¢(y), 0 <y < b, is defined by the function ¢ € C
([0, ); R) with the properties . |
$(0) =0,0 < Y(y) <a 0<y<h _()
(H) F: D x R»— 2% js the multivalued application with the values contained
in the ball of radius 7 centered in origin of R"i‘"
fgz) F(x, y, z) is compact Dfor ;‘very (x,y,2) € D X R
F is continuous on D X W% . : .D—R,,
(H:g_ F is Lipschitzian with respect to z; there exists a function k:D +
k e LY(D), such that ) e Re @
WE(x, 3, 2). F(x, 9, 7)) < kx)l—21l ®)<€ D, z 2
where } is the Hausdorff metric, . ") satisfy the com-
@#,) The functions P = AC((0,a]; I )'.Q]:j: C(t[}?é bs]p'ace Z)f absolutely coR-
dition P(0) = (0), AC([ax, @] 'aR ) dowc% with the norm
tinuous functions f: [a;, @] — R, en

_ +{rona,
|1f11 = sup /11 S

12 [a;, & as

ics. 6600 Jag, Romania
® Politecknic Institute agi, Depariment of Mathemsics, ’
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absolutely continuous in the Carathéodory g .
%ggygﬁf?pqn»EEHWIMsmhwu W“Mm
R sup P(a:»:(x y) ¢ (x s g(x y))) M <+ o, for sorne M >0 iy
(s,9)€D 3% 8y ° (31
Remark 1. Such functions, £ exist; for example, if € is constant, j -
be taken 7. . §
(H,) The functions «:D — ", a: D—R" defined by
a(%, ¥) = P(x) + Q(y) — P(s’l(y)) (¥, y) € D, U
and [ TR I el it PR N
ao(x»»y)-‘=:r2(x 0) T E(0(), ) — c(v(y) 0), (x, ¥) €D, 6
satisfy the condition . R
Ha(x ) ~ ao(x V) < Ml, for some M, > 0. 0

Remark 2. The functions « and «, are absolutely continuous in the Cap.
théodory sense on D, [6]; «, «o& C*D; R").

DEFINITION [1} [2] ’l‘he chard problem for the multlvalued h) perbolic
equation
oz

0x0y .
consists in detérmination’ of a solut1on {or (7), which is an absolutely cor
tinuous "in’ thé Carathiéodory .sense function [6], z: D — R, ze C¥D; R
\.vhic_h'satis‘fies_a_.’e'). (%, y) € D the equation (7) and the conditions

(o5, 0) = P(x), 0 <2
P ), ) =Q(\’) 0 <y <0
7

N TH:EORJ:)I 1. If the hypoﬂwses (H,) —( ) are sa!zsfwd tlze Pward problen
(7) + (8) has a solution in D.

%5 Proof. We consider. the r-.ectaugle D(x, v) C D, (x, )€ D dcfmed by
e e s B y) = {(w, v)iv()) S#<%0<y <y} () D
Integrating aa

\

EF(xy,)(xv )EDXR" 0

s a,
y.

(3; \) in the rectangle D ('\, 1')' we. have
y '11 T BN . .
5V“”ad_g (i NS
o pad. Gudv ? . _( S W‘i“—Z(x 5) — Z(x 0) = Z(V(..V)"-'J"
E o TR N Y

. +Z(’~:’(y) 0) —z(x y) — P(x) — Q(y) + P(L,J(v)) (o) D
‘from We Obtam for (x 1;) & D AR ST

""" Fep? ,:""."F’ x;‘.} 'v,'... «r
#(r, 3)re P<x>+@(y> P(v(y))+S g::‘_"'id wdv= &g )+
L Do(’;))v:uav (9)
+ 55 200 i,

x, e st it
el 0( 7)- P R T T LTI SN evtcgetasd ot R I
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We define the sequence of succesive approximations {ziso; let  uat
i$i>0; AL

W AED = EEhinyeD, (10)

Axccordmg to the Lemma 1.2 3] there ex1
_ t» such that sts a measurable function 7\0 D

. ,..

Ao(%, y) € F(x, y, zo(x y)) a.e. (x y) s D . (ll,)

..... | n) \1
and

0%6(%.Y)  Tofa h) 5 [ - - Przy(x,
o (st Tl 2l ) = | hals, ) = 2ot ]] A y)eu 2

The second apprommatlon of the solutxon 1s g1ven by

205 9) = ofe9) +f [ 2 s (x y)eD M
Dz, ) AR . ’..i;‘
from which it follows ' 4
o “1\%, A L o S Vi
| T = 24(5,9) < F(x. 3, 25, 7)), 2. (5.3) < D. (14)

Again applying the cited Lemma, it follows the existence of a measurable
function A;: D — R*, having the properties

M(%,3) € Flz, 3, 2% 9)), de. (7)< Dy
and . L
ot . z(2, y) )
p(Z2L, F(x, 3, 4(% 9) = jux 9 = B wa e D (12
We define the third approxmlatlon of the solution by
s aln 9) = aln )+ {§ 1o, vdudv. (%, 5) & D, (13)

Dc(’ 7)
which implies Do
t2o(x, y) 7~1(" y) e F(x, 5, (%, 9)), 8¢ (x,y) = D.
3x8y
(x y}.ao. (M=, y)}->o. (x,y) D~

In this way we obtam the sequences {Z.
With: the properties:’- (113

(%, ¥) € Fix, 9, 5% J) e (49 =D,

(14,)

i=0, 1,2,

and % ) Pa(xi) (x, y) e D, (12)
weBL (az.(x N F(x"y‘, 2%} y))) ” W 9) ox 0y ﬂ

i=0, 1, 2,

LAY
1" * -
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where
z(%, ) = a(%, ¥) + sl g Ai-1 (%, v)dudv, (%, y) € D, |
Dy(%, %) ( 3')
s=12, ... ‘
¥rom the precediﬁ.g relation it follows
Zulny) A%, y) € F(%, 9, zi-1(%, ), a.e. (x,y)eD, 1
a1 2y (14
s=12 ....

The functions {Aj}i»o are integrable from (14;) and the hypotheses (H)
and (H,). Indeed, from (2) taking into account (14;) it results

p ( a’:(;‘ ) , F(Z, ¥, z‘.(x, y))) = p()\;_](x, y), F(x: Y, z,'(x, y))) <
% 0y
< p(hima(%,9), F(%, 3, za(%, ) 4+ ME(, 3, (2, 9), (1)

F(z, 3, 7(%, ¥))) < k(x, 3)||z-1(%,5) — 2z (£, 9) ||, (% 5) =D,
= 2,' 3, .

and for + =1 we have (3) and (10,).

After some standard calculation, using the inequality

S‘§ k(s, t) Ssg R(sy, 1) §I§l R(sy 2,) ... ‘n—(lslu_lk(sm t,)ds,dt, ... ds,dt,dsdt <
@0 00 00 ‘00
< l [”’ k(u v)dymiv'”“H (x,y) e D (16)
(» 4+ 1)! gos ' J s Yy :

we obtain the following basic estimations :

(5, 3) = 2ima(, ) || = || Foialed) _ T2 | <

9x dy 9% &y
xy i—-1
M, + Mab o 17:41)
< k(x, y)T_'lTM k(, v)dud”J , (x ) =D, (e
00
i=12 ...
and
| ay s . 1& i)
Haia(% 9) — 2;(%, 9) ] < Lﬁ&, ﬁk(u, v)dudv]. (w3 €D
]
00

3=0,1,2, ...
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17; ‘ . .

toa fI:;:CTio(n A +% v:.eﬁc:’n acx];:idfe’rgla?lg?e ;"ﬁufenee (%, 3)}in0 com;erges in Eg (D)

is unifo‘.""y.°°“"efge?t2 o a function 7: D oo g " 1 Squence (2(z, 5]}
Letting 7 — o0 in (12), (13;), (14,) and usine + o _

it follows that z is absolutely con‘t)inul:msu?;]ngcttig; h};;POtheses (H,) and (H,)

satisfies the Picard problem (7) + (8). lon, [6], z« C¥D; R%) and

We obtain
(2, ¥)
, F(x, y, z(x, y))): HA _2x9)| . ,
( 923y (%, 3) Tosdy ' (*,y) € D, (12)
and
2(x, y) = a(x, y) + Sg Au, v)dudv, (x,y) € D, (13)
Dy(z, )
and .
*z(%, ¥)
Ty = A%, 3) € F(x, , 2(x, y)), a.e. (x,3).« D. (14)

The function z given by (13) satisfies the equation (7) taking into account

(14) and z satisfics the conditions (8).
THEOREM 2. We suppose satisfied the hypotheses (Ho) — (Hy), (H,) and
(Hy) There exists an absolutely continuous function [6] £: D —R*, £ € C*(D; R7),

such that
P (M F(x, v, (=, y))) <e (%,9) €D, 3)
dxdy
or some ¢ > 0. o
olution z: D — R* of the problem (7) + (8) satisfying

Then there exists a s
zy
|le(x, 2) — (= 211 < M+ eab>exp[ M v>dudv}' (ny) <D (19
0

0

of Theorem 1. We obtain

b[§§ k(u, b)dudv] , (xy) €D, (18i41)

The proof is similar to those
M] + €

a
il

|1zig1 (%, ) — 2% 3) 1] <

P e the elementary inequality
Using (187,,) for i=0,1,2, -~ 71 and

- F e 120,

0 nl

it follows for every j=0, 1,2 ---
. xy

.. 4 . ‘ (x, y) € .D- (18;)
iz, 3) = £, 21 < (M F 20) P [5 |

k(» ,v)dudv] )
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_ The conclusion (19) it results from (18j) letting j — o0 usj
sk, y), unifomily in D and ¥ 'is a solution of the problem (7} (%))
oo paEoREM 3. Lef be satisfi¢d the hypotheses (Hg), F: D X R —'ome ;o )
valued_application. with the. properties; . . . o .o A &
2) Fld 9, 7). i closed for every (%,3,2)-€ D X'Re: 70 0 *7 a
b) F(:} %, 2) is measurable for each z € R*, = A
¢) F(x,y,) is Lipschitzian with respect to z; there exists a function k:.p
k € LY(D), such that

L hy(E(x,y,2); F(x, yz')) < k(x y) ||z — 2|, (.)€ D,z ;"‘e—;nn, @

where hy is the (gemeralized) Huasdorff pseudomelric [4], and (H,) (Hy), B
. Then, the problem (7) + (8) has a solution in D. r e &)
The proof is similar to thoseé of Theorem 1 and use the Proposition 1 apg
the Corollary 1 [4] to ensure the existence -of -the measurable functions v;:p.,
—R", =0, 1, 2, ..., with the properties: B

- Rh

V' vz, y) € Flz, y, 2%, 9)), ae. (1,9) <D, | (m
1= 0, 1,2, et Ty o
and N , :
i s T T ey |
—_ F B I, il ) = ; —_— _—y. g i
(Gl Fly aln o)) =| vtz ) = 2522, (x3) < D (12
and
zi(x, y) = a(x, y) + 55 vi—1(#, v)dudv, (x,y) € D, (13)
n ~, T A Do(fr‘ ¥)
1=12, ...

From (13]) it follows .

[ .
& i NS

3’2{(}: y')i__ . ) v {
dxdy = :vi_l(’f' J’) € F(x, v, zi—1(x, y)) ae. (%, y) € D, i (H.)
i= 1’ 2) .. ;]‘.‘(A' o ' B : . ' ' : ".-»ItA.‘_-:} e
. The sequence {z(x, y)}i»o is.uniformly ,convergent to z:D — R* and the
sequence’ {vi(¥, ¥)}i»o|converges in' L%(D) to v: D —R*. = =
Letting ¢+ — oo in (13}) and (14} we obtain
IRt §
by T ¢ e :
and o ‘y). .
3*2(x, y) _ S v - r_:‘-",:., 1 4/)
9xdy = V(x, y) € F(x, ¥, z(x, y)), ;a,g‘, (xf y) E‘.? . .;;3')‘.:)(; .
. . [ h M IR esu]ts

For the relation (14') we- use th o
on ) e hypoth nd ¢) from It .0 of
zlﬂat the graph of :F, js closed} The, fun.c»tioj;pcz,ﬂ;‘s'zi agiﬂa(*‘” is 2 solut”
e problem (7) 4 (8), taking Jinto account (14'). A
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ON THE ASYMPTOTIC BEHAVIOR OF THE SOLUTIONS OF A CERTY| !
IMPLICIT VOLTERRA INTEGRAL EQUATION N

MARIAN IVANOVICI®

Recoived : June 1, 1988

REZUMAT. — Asupra eomportérli asimptotiee a solufillor unel ecuafli Integrale
Volterra Implicite. Considerind o ecuatie Volterra implicitd se stabilesc con-
ditii pentru ca oricare ar fi § o solujie stationard a ecuatiei si existe o soluie
x mirginiti a ecuatiei astfel incit #(f) —» § cind ¢ — 0.

0. The problem which we propose in this paper, concerning the asymptotic
behavior of bounded solutions of an implicit Volterra integral equation, has as
premise some works in which their authors study in what conditions the boun-
ded solutions of a such equation approach at infinity the set of stationary
solutions of the equation (or in other terms the set of the states of asymptotic
equilibrium or the set of strong states).

In the year 1974 S. O. London, ([7]), studying the convergence of
the bounded solutions of the scalar equation :

x(2) +5 a(t — s)h(x(s))ds = f(t), ¢t > O, (E)

showed that if fe AC(R,, R), f'e LY(R,, R), lim f(!) = f,.
=0

’lim ess_sup If'(x)| =0; ae LYR,) is nonincreasing; /% € C(R), then every
—e 0O €T<®

bounded solution of the equation (E) approach at infinity the set of the stater
of asymptotic equilibrium :

feerie+ ) f a(s)ds = fo}

Such an asymptotic behaviour for the scalar functional-delay equation
a(t) = Flt, (1), ..., x(m(1)), j at — s)g(s, x(s))ds), 20
was discussed by G. Karakostas i; 1981 ([4]) and for the equation :
z(t) = F(t, x(a(t)), § a(t — s)g(s, x(s))ds), t =0
in 1982 ([51]), using causal oper:tors.

® Uniowsity of Craievs, Faculty of Mathematics, 1100 Craiovs, Romanis
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The problem is taken again and developed in (6]

Also, V. M. Popov in [9] studi
convolution type g es the same problem for the system of

%+ Pg x h(x) + f =0,

using @ comparison system as model an introducig
systeln.

1. In the same background established above i i
the bounded solutions of an implicit Volterra equa:io(r,lf ?vsey ?Etot;zcrtgetl;w?ruof
wing, problem, modified in comparison with the problem'of the mentioned afxtk? o
in what conditions, for every stationary solution § of the equation, ther:rf'
a bounded solution x of the equation, so that lim ) = E? ' :

t=®
At first we solve this problem for the nonlinear system in implicit general
form:

g the concept of mutable

H [
x(t) = F(t, x(1), Sal(t — S)hy(x(s))ds, ..., S ar(t — s)(x(s))ds), t > 0, (SN)
0 0
after that we refer to the particular case of equation (E) studied by Londen
(173)-
The conditions on the system (SN) are the following:
F:R, X R* X (R"* — R" is continuous with respect to (%, Yo -, ) € R* X
X (R")* for every ¢ > 0 and locally integrable on R, for every (%, Yi, - 00
F(t, %, 9y, - -, ya) = Fo(%, Yy - -1 4), as ¢t —=00; a;€ LR, ,); hi < C(R),
I<igk i
Let X be the set of the strong states of the system (SN), which is com=
posed from the solutions of following equation, called the equation of stationary

solutions :
) £ = Fo(&, Am(E), --- An(E)) (S¢)

where A; = S af)dt, 1 <i<k
0

: try to

As to have sense t