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§TUDIA UNIV. BABES—BOLYAI, MATHEMATICA, XXXLIL, 2, 1988

A PROPERTY OF TORI 7¢ AND T® IMMERSED IN SPHERES

GHEORGHE PITI§* ~

Reccived : April 15, 1987

REZU:\IAT. — O proprietate a torurilor T* gi T3 jmersate in sfere. Se studiazi
variatia secundari a volumului unor subvarictiti ale unei varietdti Sasakiene,
Consideratiile ficute se aplici in cazul stabilitatii torurllor 72 §i 73, considerate
ca subvarietifi ale unor sfere dotate cu structuri Sasakiene.

Our purpose, in.this paper, is to study the second variation of volume for
some submanifolds in a Sasakian manifold. We give algebraic conditions for
stability (Theorem 3.2). The last section is devoted to the study of stability
of tori T%, 13, as submanifolds in S3 and SS.

1. Introduetion. Let M be a 2x <+ 1-dimensional C®-differentiable manifold,
endowed with an almost contact metric structure (F, », &, g), where F = 83(M)
7 € I*(M), £ € M) and g is a Ricmannian metric, satisfying the conditions

P=-1+7@% (8 =1 (1)
gFX, FY) = g(X, ¥) — a(X)n(Y) X, Y < (i) (@)
Then it is well-known that '
FE=0 noF=0 =n(X)=¢g, g (3)
Now, we suppose that M is a Sasakian manifold, and then we have
(VxF)Y = g(X, ¥)§ — n(Y)X 4)
where V denotes the Levi-Civita connection on M. In this case we have
§.i=—FX Xe®(il) (5)

2. Some lemmas. Let M be a n+1 — dimensional submanifold of the
Sasakian manifold #7. The Gauss and Weingarten formulas are given by

VoY = VoY + H(X; Y) * Vau=—4X + Vxt (6)

or X, v < %(M) and % € TML. Moreover, it is well-known that
g(k(X, Y): ﬂ) =g(AlX"Y) -(7)

NOW, SuppOSe . . ' .
(@) TM = D1 ® {&} FD! ¢ T.M* for each x € M.

. vu.-“ni& of By;:ig;y, Department of Mathematics, 2200 Bragov, Romanis -
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Obviously M is anti- -invariant, e,

4 6
the distributions D+ and, { (4], [6]. On the other hand,

&} belng orthogon

metric, ‘from (3) and " (4) it follows - al with respect Temark thy,

the mdqu
(VEF)X: [V IRYLHTH X e Dl
LEMMA 2.1. For cvery X eDL gnd v < TM we have ®
1 4 ‘el o ’
Vi (FX) = = F(VeX), X Y)E + dpyy + Fh(X, y)) ~0 o
e JIVEEX) 1] = [vx ) (10
Proof. Using (4) and (6) we obtain "
| Ve (FX) = g(X, Y)E + F(VX) + F(MX, Y)) + Ape¥ .
and by equahzm0 the com onents of same t it f .
(5) (e have P nlé ype 1t follows (9). Now, from (3),
s i 'ﬁ(V X) = (Vc,E: ) 0 o

R

'rl; e e,,,,e,,ﬂ = E} bemg a local orthonormal bas1s in TM. Applying (2)
we deducc
\

§F(V..X), F(V,)) = g(V.X, V.X)

‘\

An analogous comput'l’uon shows that
g(F(VeX), F(VeX)) = g(VeX, VeX)

Y,

and then (10) follows from (9). . , QED
LeMma 2.2. For each X, Y e DL, [[Y|] =1, we have
| Sy ! 7 1
R(FX, Y FX v) = R(X, FY, X, FY) (1
[P B B B 12)
R(¢, FX, rX 6 = Ri&, X, X, B = 1XIP (
Proof Applying (1) and (2) we get . 0
‘v . .. - R(FX, Y,FX,Y) —g( F(R(FX, Y)Y), X)
and by a direct computatmn using (4) and .(5) it follows N
F(R(FX, Y)Y) = R(FX, Y)FY = X = {g(FX, vyY) —g¥, Y "
. . s e(X, Y)Y
! _ ((FX, Y1, V)}E + n(Fy VIFX + 6% V)
Now, from (13), (14) follows (11_).. TS
[ I.A,""l Voo - )E X) (15)

X,
R, FX, FX, £)— R(& X, X, {)= —gFREX DT




A PROPERTY OF TORI T2 AND T3

and applying (1), (4), (5), (8) we obtain - = . . ;
F(R(FX,'8)8) + R(X, g)r < I‘![FX s!+F[x EJ—-O (16)
From (15), (16) we obtain o ; .
R(E, FX, FX, &) = R(e, X X, £) ¢
and taking into account (5), (6), (8 ), we have

RX, & & X)—-g(f(VEX)-I-Fh(X ¥ 1 Fa(x, &, X)—g(Fh(X £),X)
But A(X, £) = —FX and then R(X, & £, X) = ||X|. QED

By straightforward computations, we get the
LEMMA 2.3. For any X € DL we have

Arx | 2= EllkX 6.)|12+ nxie

i=1

3. Stability. If M is compact and minimal then the second variation of
volume with respect to the normal vector field # « TMZL is given by, [51,

v 1 12 i 2
(u)=H 19l =S R o, e 9) = (14| ]dV
M =1

where R is the Riemann tensor of M and dV is the volume element of M.

Suppose M compact, without boundary, minimal and satisfying the condition (&).
THEOREM 3.1. The second variation of volume of the submamfold M 1is given by

v = ({5 ndmu(smz s<ru Fu) - IIXIlz}dV
M

Jor any normal vector field u. L

Proof. Since dim M = n + 1 there exists X & D! so that « —-FX But

{Fe,, ..., Fe .} is an orthonormal local basis in TM* and, by applyi mg lemma
22, we obtain :

ER(u &, &, u) + R, & & u)= Six, ERX &, ¢, X) (17)

On the other hand, from the formula of Gauss we have
R(X, e, ¢, X) = R(X, ¢, ¢ X) — gu(X, X), k(e &) + w»(X e) P

(1) e”

and taking into account the lemmas 2.2, 2.3, the equality (17) becomcs

T(u) = 3(X, X) — (X X)+'IXII2—Il4mI

+ Y g(X, X), b (e, o)) + 80X, X), HE ) (15)
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By ustng A(E, 3) =0, (18) becomes

. I'(n) = S(X, X) - S(X, x) + [X ]2 — [ Apx |2

Qur statement follows from the known equality ([1) pe. 51) 9
SIX, Xyav =([X )
S ( )aV Hz Hd7\l|2+(37\)2—HVX[[2}dV
X M
where A is the 1 — form associated with Fu. QED

We recall that M i i e
in the other case. 1 stable if V"'(u) > 0 for any u € TM'L and unstap),

Now, we can state the following .
TIEOREM 3.2. a) If M has positive defined Ricci tensor and H'(M, R)
=0 tnen M is unstable. '
by If M 1s Einsteinian (S = og) then

(1) for o« > —1 and HYM, R) # 0 M is unstable,

(ii}) for « < —1 M 1is stable;

¢ If M(c) is a Sasakian space form then

() for ¢ < — 3+ 1 M s stable,
n+1

(i) for ¢ > =22 :l‘ and H\(M, R) # 0 M is unstable.
AT n , L

1 — form A and de

heorem 3.1 we have

(20)

Proof. Because HYM, R) # 0 there exists an harmonic
aoting by Y the vector field associated with A, from the t

viEY) = — (S, Y) + (Y 1214V
M

Now, a), b;) are consequences of (20).
by} follows from the theorem 3.1. ‘
¢) Denoting by ¢ the F' — sectional curvature of

lity ({11, pg. 98)
o+ D=1 QED
2

M, we have the known equa

A= (yn(X))?

rd __n(c-l-3)+a—11 Xlg_
4. Stability of tori T2 and T3 Let S°® =1z € c? (FIZ l-qjai. g). It is knowt,

mensional sphere with the standard Sasakian structure
[3], that by putting ‘

ot = 4] = 18] = 1/4/3 :

. . {1 : % torus £4°

we obtain an imbedding of a 3-dunem1onalF§ % ormal t0

‘ot o T because
Moreover, £ is tangent to 7% and because bo0 = gy
go:wl to £, it follows that I9 satisly condition (4)

z= (24 7 7) inimal-
. M mit

.. Q5 wich 18 .

in 2% T3 for X ortho




A PROPERTY OF TORI T2 AND To S 7

The sphere S° is Einsteinian with « = 4. On the other h and, it is k
dim H{(T?, R) = 3 and then, from theorem- 3.2, b) follows tlhe ot that

PROPOSITION 4.1. The torus T3 is an unstable submanifold of S5 1
the standard Sasakian structure. fold of S°, endowed with

If (F, n, & g) is the standard Sasakian structure on the unit sphere S?
then with the structure

F*=F, n*=dn, B¥=—F g*=4g+127® (21

-Flt—

83 is a Sasakian space form of F* — sectional curvature ¢ = —2 (see for
example [1], chap. V). By the theorem 3.2, ¢) it follows that the sphere S3

admits only stable anti-invariant hypersurfaces. Particularly, S(1/4/2) x SY(1 2)
is minimal, hence we have the following . :

PROPOSITION 4.2. The torus SH1/\J2) X SY(1/3/2) is stable in S* with the Sasa-
kian structure (21). .
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BROWNIAN DIFFUSION IN THE AXIALLY SYMMETRICAL Jhy MIXy
. " OF AN INCOMPRESSIBLE DUSTY FLUID ~ - N0

. » frr

. " N, DATTA* and §. K. DAS*’

Received : June 20, 1987 L v A
REZUMAT. — Difuzia Browniana intr-un jet axial simetri¢ format dintr-un
. amestec de fluid incompresibil. In Iucrare se studiazi migcarea laminari a unui
" amestec format din particule de praf intr-un jet axial simetric prin considerarea
difuziei Browniene. Ecuatiile care guverneazi aceastd miscare, cuplate §i nelini-
are, sint rezolvate folosind o schemii cu diferenfe finite de tip implicit. Astfel,
s-au determinat caracteristicile migcarii §i transferul de caldurd in raport cu para-
metrii de ‘difuzie S,p (numirul Ini Schmidt) si al amestecului de praf «. Se
observd cd semi-adincimea jetului descreste cu cresterea parametrului a iar
pentru numere Schmidt mari particulele de fluid se indepirteazi de axa jetului,
producind concentratii superioare la suprafata liberd a jetului.

Yaminar mixing of an axially symmetric jct cf incompressible dusty fluid
has been considered by taking Brownian diffusion into account. The governing
egnations which are coupled and non-linear have becn solved using finite dil-
ference scheme of implicit type. The fiow and hcat transfer characteristics have
been studied: along with ‘the effect of the dust paramcter and the diffusion
parameter on them. It is observed that the half width of the jet decreases
with the increase of dust parameter « and for large Schmidt number the par
ticles spread away from the jet axis, giving higher concentration at the Jet
boundary. o . o icles

“ 1. Introduetion. Jet mixing of a fluid containing suspendcd solid pa}tlg (d
is encountered in various fields, viz. performance of rocket plumcs, pulverisc
coal combustors, diesel-engine sprays etc.

The Brownian diffusion in the jet mixing of dusty f]l:lid has be%:dézg
by Soo (1], Rhyming [2], Batchelor [3], Datta and Mishra (4] ¢ submi-
[1] studied the circular jet for highly dilute suspension of Pamdﬁs 2 fluids.
cron size, Rhyming [2] studied the plane laminar jet flow of 11? ir};ss ina
Batchelor [3] has shown the effect of Brownian motion on the 1()]1} dsthe plane
suspensicn of spherical particles. Datta and Mishra [4] have s'cul les the trans-
laminar jet of dusty fluid considering the Stokes’ drag as wel lla symmetric
verse force due to slip shear on the particles. The problem of ?;:;aby Datta and
jet mixing of an incompressible dusty fluid has been studie + ryon the flov
Das [5]. They have also investigated the effect of dust parame e
and heat transfer characteristic of the jet. Kking into

: o ing by ta
The present study considers the axisymmetric jet mnflilg bh};se. arthel
account the Brownian diffusion and viscosity of the particie P

* Department of Mathematics , Indian Insttiute of Technology Kharagpur, India




BROWNIAN DIFFUSION
O

the energy equations of the fluid and the i : Seei

sidered to study the temperature distributiolixaritnjc};eplrlsis:inha:z ?,;sp };e:ﬁ CPT
In all the previous studies mentioned above, either serie; eipang;iolil‘or . t]e .
pation meﬁhod has been applied to get an approximate solution of tohepe;vu;-
ping equations. The present study. uses an implicit finite difference sch : eeo;
Crank-Nicholson .type to solve the non-linear coupled governing e uat?én |

2. I\_Iathemahcal formulation. Taking z and 7 as co-ordinat sql a

perpendmu]ar to the jet axis and the origin at the centre of th: niz(;llleg ea:‘g'?

the dimensionl'ess governing equations for axially s . .
of a dusty fluid can be written using Saffman’s fnoﬁ I:setm steady jet flow

/] /]
— (7U —_{7V) =
5 )+ 5 ) =0 (1)
ou du ‘ 1 1 93 o
U — 49— =— — — ou _(up;u)
0z ar R r or (r ar) + %e» Ap '(2)'
oT aT 1 ( oTy' ; Ty —
u_+v_=__li(,£)+_2_ipfu . (3)
az o Per o\ o 3 Pr Ap ‘ :
de dp ¢ 1 a
Uy P Cp_ 1 " 9 (4%
? az + 'UP af - s;p . RP 1 4 -57 ( 77_ , (4)
o o
Ju du o1 -
Qp o) % 1 10 ( ) _ = ~
Mp 5 TV %% = Ry v o ") T T Aa )
Qv v 11 8| ) ‘
Cp e 110 (%) pzv) '
Up—s T U, Ry 7 or 4 37) A ©)
aT aT 2 1 ¢, (Ty=T)
Ty T 2L 5 Zp” ) 7y
Up oz gy 3 Pr ¢ Am ( )
where the dimensionaless variables are
3 7 P v up vp
==, = =—, V=—) U =—=, V="")
L’ L' "= v v’ P
T 7 ? onsi ur
T=__ 1,22 _ ®» . The dimensionless parameters are R= —,
Ty’ » = To’ Pr = Ppo ’

UL :
the Reynolds number for the fluid, R, = v—p , the Reynolds number for particle

Phase, Py — ¥» the Prandtl number, S;p = -Z—)’— _ the Schmidt number, Pe =

— -
?

Uz

=Pr. R, the Peclet number, & = 'P'Ei the concentration parametef, Am=—T

t i i

he I';‘lomcntum relaxation time. T tively th
The reference velocity U and the temperature T, are respectively tae

um.hsf‘urbed velocity and tgmperature at the core of the jet and L is a charac-

teristics length.
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The equations (1)—(7) can be solved under the following entry and boun
dary conditions '
u(r, 0) = to, Up(r, 0) = tpo

T(r, 0) = To, Tp(r, 0) = Tso, £ (r, 0) = ppo @®)

u(r, 0) =0, uy(r, 0) =0
T(r, 0) =0, Tp(r, 0) =0, py(r, 0) =0 )
20,9=0 0 =020 9=03023=0
(0, 2) =0, v,(0, z2) =0 (1)
u(c0, z) =0, uy(0, z) =0, T(o0, z) =0 (12)

Tyloo, 2) =0, pp(cc, 2) =0

3. Numerical solution using finite-diiference method. The equations (1) -
{7) satisfying the boundary conditions (8) —(12) have been solved numerically
using finite difference schemes of Crank-Nicholson’s type. We sub-divide the
(r — z) plane into a set of rectangular grids of sides Ar and Az, such that any
representative grid point (r;, z) is given by 7, =1 - Ar, 2z, =7j - Az withi=0
corresponding to the z-axis and j = 0 corresponding to the nozzle exit. While
formulating the finite difference scheme the differential coefficients have been
approximated in such a way that the unknown quantities appear linearly
giving a linear difference equation. The various terms and their derivatives
‘have been approximated by the differences of the form given below.

u,-,,-+, jad 2“;'1' — Ui -1 (13)
(a_“) SO LS Ui ¥ B (14)
oz Jij+1 2. Az
(ﬁ) ~ Kid1, 1T %, g (1)
or [s, j+1 24r
(3_'“) O S i W2 S T A (16)
ot )i i1 (Ar)

Using (13)—(16)
'e&atxon (2) red

oy~ Aiu‘—l"""r + Biui,i+1 + C“uj-}.l' i+l = D‘-' i= 1, 2’ “ e N — 1 (17)

where 4. B. C. ~ ..
(i, —1) géi’dc;;o?ntd D; are expressions containing entities at the (i, 7) a‘ﬁ
tions (3), (4), (5) [(165 (which have bzen omitted for saving space). The equa_
‘tions for T, ’p u ) and (7) can be transformed into similar difference equ 1
{17) is not va{i'd fc,)rvp' and 7, respectively. It may be noted that the equati®”
gularity at *=0, ie, at the axis of the jet, since eq. (2) has 2 sun
7=0 due to circular’ symmetry. The term ~ 2% assumes inde
r ar’

. ’ .
and similar expressions for terms involving v, #, and ¢ e
uces to the following form
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terminat‘;’ fotrimbyatusrin=g 0. Taking the limiting value as 7 - 0, this term has
been repiace
1 ou Ntu
r—0 r Or ort r=0 ‘18)
Using S})rn}me!:ry reb}ation %1.j+1 = %-1,j+1 at + = 0, corresponding form of (17)
at ¢+ = 0 1s given Dy

By, j+1 + Coth, 41 = D, (19)

where B,, C, and D, are known from the conditions at { = 0.

The difference equations corresponding to (3), (4) and (5) also have sin-
gularities at » = 0, which has been removed and corresponding difference equa-
tions valid at ¢ =0 grid have also been derived but not shown here. Since
at 1 = 0, v and v, are known from the boundary conditions, therefore, computa-
tion of v and v, at the jet axis becomes insignificant. Instead of that we use
the symmetry condition of v, at the outer edge of the boundary layer.

Now, the finite difference analogue of the entry and boundary conditions
(8) to (12) are

w1 = UHo, Upi,) = Upo, T." =T
AT Tl T SR T e at 7 < 1 (20
Tpin = Thos ppig = Pro, Uiy = Vpi1 = 0 ’
Ui = Upi) = T.‘,x = Tpi,l 1 - Ppig = OI
’ at 7, > 1 21
Vi1 = Up;) = 0 ‘> ( )
at 1 =0 ,i.e. at the jet axis
Ul j41 = By j41, Ypr,j+1 = Up—1,j+1
Pr1i+1 = Pp-1,5+1, Tl.i+t = T—l,i+l (22)
Yo,j+1 = Upo,j41 = 0
at 1 = N, i.e., at the outer edge of the boundary layer we take
Up N-n, 41 = UpNa1,541°
and (23)

UNjv1 = tUpn jp1 = Tnjer = Tpnj+1 = Ppnjst =0

The difference equation (17) for # and similar equations for #,, T, Ty and
Py Zive rise to systems of simultaneous linear algebraic equations which can
¢ solved for  at the grid points across the boundary layer. Thomas algoritbm
(6] has been used to solve the unknown pivotal values in terms of the known
Plvotal values derived from the finite difference analogue of the entry and

undary conditions.

4. Discussion of results. To have an insight into the flow and heat transfer

characteristics, computations have been made by taki‘}‘eg vallt(x)es Igf f_hg g’ arji\oxf,
l:lram(‘-ters and entry conditions as: Pr = P¢ %=0-1'Z’20: A p:o 1 The results

0, «=01, 02, 03 and u, = %0 = To
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pave been presented in Figs. 1—6. We start with prescribed initial values at
;=0 and then the unknowns w, w, T, T, o, v and v, are calculated at
;= Az 1.6, at = 1. The above procedure is followed recursively for j =2,

.. etc. We have assumcd that the mesh is sufficiently small so that the
co-cfficients 1n the difference equations vary slightly and are considered to be
constants. Because of its implicit character the scheme is linearly stable fos

Az . .
finite values of p, where 2 = In particular a constant step size Az =

—0.625 and Ar = 0.25 have been chosen for computation.

Fig. 1 exhibits the profiles of the axial velocity of the carrier fluid andi
of the dust particles at different sections of the jet. It is seen that the velo-
city of the carrier flulc_l is greater .than the velocity of the dust particles throu-
ghout the mixing region of the jet. It is also observed from Fig. 2 that the
centre line velocity of the fluid and particle phase decreases with the increase
of large particle Schmidt number (say S., = 300) and for small Schmidt num-
ber (say Sc, = 1) particle velocity is greater then the fluid velocity. The half-
width of the jet shown in Fig. 3 vary linearly with respect to the distince
from the nozzle exit and it decreases with the increase of dust parameter a.

From Fig. 4, we notice the distribution of radial velocity v of the carrier
fluid and that of the dust particles v, at different sections of the jet. It is
clearly seen that near the jet axis » and v, are same and at large radial dis-
tance ¥, > v iu the mixing region, whereas v > v, in the far downstream. Both
the velocities v and v, decrease with the increase of concentration parameter a.

Fig. 5 shows the temperature distribution for the fluid and the particle
phase. The thermal interaction between the two phases is indicated by the
transfer of heat from the particles to the carrier fluid. The fluid and particle
temperature decreases gradually along the axial direction and finally both the
temperatures attain the temperature of the surrounding stream in the far
downstream, Further, T and .T, decrease in both the cases as « increases.

_ The effect of Brownian diffusion is characterized by Schmidt numbgr S_:p
which is the ratio of the kinematic viscosity v, of the particles and their dif-
fusivity D,. For S, =1, the Brownian diffusion of particles is insignificant.
It is observed that the particle density for S, =1 is greater than that for
the case S., = 300 when the Brownian diffusion is significant. Fig. 6 shows
that for larger values of Schmidt number (S, = 300) the particles spread
avay from the jet axis, giving higher concentration at the jet boundary.
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Tk CONHARMONIC CURVATURE TENSOR AND 4-DIMENSIONAL,
SRR ST . CATENOIDS

..., F. DILLEN*, M. PETROVIC-TORGASEV** and L. VERSTRAELEN®*
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i {

1Raceived: July 20, 1987 W

REZUMAT. — Tensorul de ecurburi eohnrmgnic si '(-x?tenele quatredrice. In
sectiunea 2 se prezintd o caracterizare a spatiilor euchdlepe conha_rmonice din
punct de vedere al tensorului conformational de qurburé. a lui Weyl si al curburii
scalare; In sectiumea 3 se dau citeva aplicafii ale cirqr rezultate se combing
cu studiul general al hipersuprafetelor de revolufie in sectiunea 4, ccea ce ne da
o noui caracterizare intrinseci a catenelor quatredrice in spatii euclidiene
_pentaedrice.

’ i

1. Introduction. In Section 2 we give a characterization of the conharmo-
aically Euclidean spaces in terms of the vanishing of Weyl’s conformal curvatu-
re temsor and of the scalar curvature. As an application, in Section 3, we
obtain the specific forms of the shape operators of conharmonically Euclidean
hypersurfaces. In Section 4, we make a general study of hypersurfaces of revo-
lution' which, . combined with the result of Section 3, yields a new intrinsic
-characterization of the 4-dimensional catenoids in 5-dimensional Euclidean space.
In a similar way, a characterization of the 3-dimensional catenoids in 4-dimen-
stonal Euclidean space was given in [1], in terms of Weyl’s projective curvature
tensor and the Ricei endomorphism of the hypersurfaces. Finally, in Section 5,

we determine which _conformal transformations of any Riemannian manifold
Preserve the harmonicity of the real functions.

‘ fd‘z. The conharmonie curvature tensor. Let M be a Riemannian manifold
Ol dimension # > 3, with metric tensor & Riemann-Christoffel curvature tensor

R, Ricci tensor S and i i
! _ scalar curvature t. nharmoie
curvatur? tensor K by - e = hen, Lohil defined the 0

— {g(&, W)S(Y, Z) + &Y, Z)S(X, W)

n—2
—&(X, Z)S(Y, W) — g(Y, W)S(X, 2)}, (1)

where . .
under :lf:e Xétf,’n Wf ?:re arbitrary vector fields tangent to M»; K is invariant
certain sense rea? h e conformal transformations of M* which preserve, 11 2
conharmonic tyg armonic functions on M®, and which therefore are calle
: bransf ormations [2]. M~ is related to the Euclidean space E* by #
and only if g — 813'1510‘1' and then is. said to be conharmoenically Euclideah,
= % le. when K vanishes identically. :

KX, Y2, w)=rx, v,z W)

T SN
o Katholicke Uniyepsiteis 1.0
** Universigy sl{.'::::um Lauven,

o i i v
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1 Markoyig”, Dep

";'md Wiskunde, Colestijnenlaan 200 B, B~3030 Lewves, Belgivm,

coslatié:
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‘We recall that the conformal curvasure tensor C of M* is given by '

C(X. Y3 2, W)= RIX, Y; 2,W) = yx, wsv, 2) +

+ (Y, 2)S(X, W) —glX, Z)S(y, W) —g(Y, W)S(X, 2)} + (¥4}

t T hm =g BX WY, 2) —g(X, 2)g(v, W)).
By a theorem of Weyl, M* is (locally) conformally Euclidean if and only if C = 0.

THEOREM 1. K =0 C=0& 1 =0, ie.M"* is conharmonically Euclidean
if and only of M* 1s conformally Euclidean and has zero scalar curvature. :
Proof : From (1) and (2) it follows that '

KX, Y;Z W)=CX,Y; Z W) —

<

T e = B WY, Z) — (X, Z)e(v, W)}. ®

Consequently, the implication < is .trivial. ‘Conversely, assume that K = 0.
Then (1) implies that

RX, Y: Z, W) =——{g(X, W)S(Y, 2) +g(Y, 2)S(X, W) —
” : .
—g(X, 2)S(Y, W) — g(¥, W)S(X, Z)}. (4)
By contracting (4) with respect to the first and the last arguments, we obtain
Sy, Z) = ! {nS(Y, .Z) + (Y, Z) = S(Y, Z) — S(Y, Z)}.

n—2

Thus, tg(Y, Z) = 0 for all Y and Z, and therefore also © = 0. Together with
(3) this ends the proof. '

8. Conharmonically Euclidean hypersurfaces. Let M* be a hypersurface of
dim:nsion # > 3 in a Euclidean space Ertl. The second fundamental tensor or
shape operator of M* at omc of its points p will be denoted by A(p)- .

PROPOSITION 2. M» is a conharmonically Euclidean hypersurface of Es+t if
}nd only if at each point p of M» the shape operator has one of the following
orms :

0 0
A(p) = ."o (e <1, ©
0 wl
or
_)‘ 0 =
: J ] e rgoy. (6)
A(p) = N , (ve RN\{0}).
0o A

Mathematica 211088
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n theorem of Cartan, M~ is conformally Euclideay i;
bilical, i.e. if for each p = M*, A(p) has an Eigenvalulel.
or-still, if: A(p) has .the following form:

A, 0

ey B {ir o
- L ‘

Proof. By a well-know
and only if it is quasium
with multiplicity. 2# = 1,

B

) S am=| o, | oeem o

1R Lo, ‘. 0 - 4 y. .
Hence, by Theorém 1, the hyi)'rers'ilr"féées of E#+1 for which A =0 are preciscly
those for which (7) holds together with 7= 0. From (7) it directly follows.
that the scalar curvature t of a quasiumbilical hypersurface is given by

T=(n— 1)A[(r — 2)x + 2u], (8)

since, by the equation of Gaﬁss,' the sectional curvature at p for a plane sec-
tion spanned by tio eigenvectors E; and E; of A(p) with corresponding eigen-
values or principal curvatures X; and 2; is given by AA;. Thus = =0 if and

only if A=0 or =§—-—2,)\, which 'amounts to the fact that A4(p) has the
@ 2 .

form (5) or (6). o

4. On hypersurfaces of revolution. rrorosiTION 3. M* (n > 2) is (a part
of) a hypersurface of revolution in E"+* whose profile curve 1s congrucnt to lhe
&aph of a function ¢ of one real variable which satisfies the differential cquaticn

99" +a(l + ¢7%) = *)
sf and only if, at.each point p of M», A(p) has the form
A 0
o A , (7_‘ < R\{0}), (4
0 RN B )

i £ s < vl cmtont 1 i, M s o g f) o it
o . o] revolution with a catenary as profile curve, if and only if.
b each point p of Mn, A(p) has the form > a5 rof a4

A 0
' ';\
0f{. —x

0 for at least ome point p of M.

tion be the x.-ay; yPersurface of revolution in Er+1, et the axis of revolu-
*1-ax1s and let the profile curve be given %y %, = @(%) whereby

9 satisfies the differept _ _
given by the equaticfx?tlal €quation (*) for some real number «. Then M"1%

where ) € R is non 26y

Proof. Tet M» be 5 1

Pla)F =2+ 254 ... 4 a2y,
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Xy, +.', Xye, are Cartesian e i in E 1as the ' i
e SRS e s et
( X =u Cow
=) cosf
X3 = ‘P('M) g ;siﬂ 02‘ 005031 R T L PR TR S T
: o s | L
% = o(u) - sin 0, - ... .sin0;_, - cos 6,

p .

6(u) - sing, - .... sin_e‘,,_ 1- cos 6,

:R P
i

Xpty = 0(u) - sin 0, - .. . sin 0,_, - sin 6,.

Thus, a basis for t1_1e tangent space of M* at the point with parameter values
u, 0, 0; ..., 0, is given by y

i / o - U

= (1, ¢'(u) - cos 8, 9'(u) - sin B, - cos B, ..., ¢'() - sinh,..... sin®,)

? : . ; . :

P (0, —p(u) - sin 0,, o(u) - cos 6, - cos 6, ..., @(%) - cos By ... sin,)
( ' |

a—ol=(0, vy 0,—(u) - sinb, - ...-sinb, ..., p(#)-sinB,- ... -sin 6;-...-sin@,)

d . . .

P ©,...,0, —p(u) - sin0,-...-sin8, ¢(u)-sinb, ... cos6).

Hence, at this point, a unit normal vector to M* in Er+! is given by
. , ' 1 1 . L.
4 ={_9_(“)_,_.'cose,.,.,—-smez-...-sme,.),
®) L

Vhere N2 — 3 () 12 ' h ing one of the two possible roots for N
+ [¢() P, and choosing ormal vector field ¥ on M" in

3PPropriately, thi defi it
y, this formula. defines a unit n in
B, Next, we compute the corresponding second fundamental tensor 4 of M*:
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. Er+1. Since (*) holds, we fing tha
‘ rd_ connection of
where D is the standa d\” , l')
P = = af — ’
Nt eNs Ne

is of the form (**). , :
which Provfst.thit 01: tl;eoordinary differential equation (*) are the following,
The solution

=b ¢: b, ceR. ' .
O e =(;) ’tlt::inqjx(;): j:;‘ Ix + b), where bR, ce R} and g.. is defined by
(i) f e <0, y
Leal®) = hc-.-a'(x)r x>0,
1
gt,.‘l(o) = _C' )

g;, (%) = hig (—2), x <0

;vheréby .
heal(z) = S

1fc

/ ¥ d g, is
(i) f «> 0, then o(x) = £gq(x + b), where b € R, ¢ € R} and g
* defined by

at

—_—, X € ]'l" )y © [
(e ™% — 1] ‘

8ea = h:al(x)' x <0,

1
8ea =

g‘,ﬂ = ;‘l (—x), X > 0-
whereby
r dt ) 1
hea(%) = 5 ———, z<]0,=[.
(%) ) [(ety~ 25— 1]V2 c

.. . - <0
is defined on the whole real line R if and only if —1 <«
occur when « =1 or « = —1. If « = —1, then

Note that 8en
Special cases

BN

&e,-1 (%) = L cosh cx,
! ¢
. . ) ' i P . =l, then
Le. the profile curve is a catenary and M* is a hypercatenoid. If « ‘
| geal®) = 111 — (cx]oe,
v ‘ N

ie. the profile curve is the

Converse]
and hence 3 g
one, we cap

upper half of a circle and M= is a sphere.

. bilical'
Y, « =1 and 4 has the form (**), then M~ is toufﬂltﬁeu;lrevioﬂs
phere. Therefore, to prove the converse statement o (¥*) every”
assume that o % ].. So, we assume A has the form
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re. Moreover, without loss of generality, we may tak i
:‘L}Ze distributions T; and T, defined on Mn» by y e 2> 0. We consider

T\(p) ={X = T,M»|4X =X},

Ty(p) = {X € T,M*|AX = aaX}.
since dim Ty =7 —1>1, we can apply Prop. 2.2 and Prop. 2.3 of [3] to
c;nclude that A determines a differentiable function, that T, Ia:.nd T, ar[e ]qif.

ferentiable and involutive;, and that X - A =0 for any X €T,. By means of
the equation of Codazzi, for X € T, and Y € T,, we find that

VyX €T, ©)
and
(A —aX)VxY + (Y - )X =0, (10)

where V is the Levi Civita connection on M». Since T, and T, are orthogonal,
it follows, for Y and Z belonging to T,, that VyZ & T,, i.e. that the integral
curves of T, are geodesics. Next, we choose an orthonormal local frame field
E...., Ea, E,y, of E*+! along some open piece U M" such that E,,..., E,_ e
€T, E, € T, and E,;, is normal to M". Then

VE"E,, = 0,
and because of (10),
Vs, B, = =0 E, )

’

Let M,(p) be an integral manifold of T, passing through some point p  U.
Then the normal bundle of the submanifold M,(p) ot.E"+1 is spanned by the
vector fields E, and E,:,. We denote the corresponding second fundamental
forms by 4, and Au+q, Tespectively. From (**) and (11), we obtain that

Agsy = Ad
and 'A“-'
RRCEE
" l—a .
“here 74 is the identity transformation. Consequently ,M 1(p) is totally umbilical

. " 1
W E*+1 and h irt of a sphere S”~!(p) in a linear subgpaa: E*(p) of E*+
Passing thmu;;l]c;.a ’lglfe n?ean crt)lrvature vector H of M,(9) mE + Is given by

g = [E V] E, 4 AEasy

1]—a
Therefdfe
N H L {[En-ﬂ'”]E.+zE.+;}
Y TEn nEnL 1-e >
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is the unit inward normal: of S".'-‘(;I? ) i'n E."(p ) e‘md.
N -1 {—lE,, + [E“‘——“" - (o )')] En+1}

N, —
“UHHITE
is a unit vector normal .to E?(p). The center m(p) of S»=1(p) is given by
e o " — iv_l.(ff)_ .
M=t (12)
and the radius of this sphere is 7(p) =m If v, is an integral curve of
T, passing through p, then ;
Yr = E,,

Y; = D, Ey=urE,,,,

t

oy = D, («ME,1) = o[E, - MEnir — (aAVE,.

bl

and” ¢ il

So, we observe that Y» 15 a plane curve, lying in the plane E%(p) spanned by
E,(p) and E,, (p). Because of (12), m(p) belongs to this plane E*(p). We aiso
know that E2(p) and Er(p) are orthogonal. For any point ¢ & M i(p), diiferent
from p and different also from the antipodal point of p on S*=1(p), we have
Er(q) = E*(p), m(g) = m(p), and hence, the intersection of the planes E*(p) and
Ex(g) 1s a line orthogonal to E*(p), passing through the point m(p) and going
1 the direction of N,(p). We denote this line by ¢(p) ; (whatever point g choosen
In M\(p), one always obtains the same line). Next, we choose a chart
T (1, 20) U(p) o )—e, e[* C R», where U(p) is an open neighbourhood
of . p in-U, such that the integral manifolds in U(p) of T, are given by
gq < U(p) 14"(q). = a*}. where a* & ]—¢, e[, and the integral curves of T, by
q s V(P) le( ) _—T’al' “hpe, x”—l(q) — au—l} \i‘hcre (al' ..., an—l) = ]—8, e[n-l’
and such that x(2) = (0, 0, .. -, 0). Let ¢ be a point in U(p), put x(g) = (¢, ...
i ;;% )deﬁ?& 7 =270, ...,0, ) and ¢” = x-i(g. ... o1, 0). The)n
etore 0 = M(0"), My(g) = My(q"), M,(p) == 2 (" and M,(p) = My(g")-
all'the seac) i O 1 ) B (Y Ry o h e P crude” o
€ Spaces E*(g) are paraile] to E"(p). Finally, Ict v be defined by

o p{]l—e, e[ U(p)_:!t» 2740, ...,0, ¥,

?;;g ‘ziinMnbe the hypersurface ot e+t obtained by révoiving. y around ¢()-

='x‘1(0 P.roxge t}at M' .C-U(p);- To. do so, put g = x~Ic, ..., ¢”) afld ¢ =
oo Uyoon), Smce__Ml(q) = M(¢) is a part of a sphere S*-1 in E*(9),

orthogona.l.to e(p) with |
. . "= " t ®
obtained by Tevlving q,Fﬁg?éﬁ(’l”(g%ﬁ )E G.(P),:< ar:ld q' = y(c®), we see that ¢

A j i
THEO - : Onseql;‘]e?ce of Propositions 2 and 3, we have the following.
if amliu?:ly 'ifAz't 4_—'dzlmensionalv hypersurface of ¥s s conharmonically E“did&q;
Remark, B ,:? ocally a linegy subspace, ‘@ hypercylinder or a hypercatenoié-
Position 3 generalizeg g Tesult of, D. E. Blair [0].
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5. Conformal t_ransformations preserving harmonie funections
a Riemapaian manifold of dimension » > 2, with metric g and corresponding
Laplace operator A. Let g = e*°g be a conformally related metric on M* with
corresponding Laplace operator A: In case 5: M*— R is a constant function
the conformal transformat.zon g = €% is said to be homothetic. ’

Then, for any function ¢:M* >R, a straightforward computation yields
the following. ’
pexnia 5. A = e [AY + (n — 2)eh). e
Here, 3 and o, are derivations of ¢ and ], Trespectively, with respect to a
local chart {x}, (k',t =1,...,n), of M", o = g0, where g are the local
components of the inverse matrix of the matrix g, of g with respect to the
tangent basis {_éi—,.}’ and whereby we use the Einstein summation convention.

From Lemma 5 we immediately derive the following.

THEOREM 6. (i) On any Riemanwian surface§(n = 2), every conformal transfor-
malion preserves the harmowicity of real fumctions. -~ - :

(ii) On any Riemannian gmanifold Yof dimension n > 2, the only conformal
transformations which preserves the harmonicity of real functions are the homothetic
traisformations. :

Here, we say that a conformal transformation g = €%g preserves the harmonicily
of real functions, if any function ¢: M»— R whichis harmonic with respect
to the metric g(Ay = 0), is also harmonic with respect to the metric g (_An‘/ = 0).

Iet M® be

Vo 3
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SUR LES TREILLIS NON-COMMUTATIFS DE TYPE (S)

: GH. FARCAS®

-

Marusirig vegu le 27 November 1987

REZUMAT. — Asupra laticelor necomutative {Ie tp (S_). Iptr-o lpcrare ante-
rioard [2] au fost introduse laticile necomt_ltntn'e dp ll]? (S) cu a]utolml unui
triplet (L, A, V. ), unde L este o multu}le nevxfli.i', far A si V sint doui.
operatii binare definite in L supuse la anumite cond_:tn concretizate sub forma.
de axiome, Observiun ci in mulfimea L se pot defini relatiile binare p, §i py.
astfel :

i

ap,b{-}a:a/\b
apdb@®a=0b0Aa

care, in lipsa comutativititii, sint distincte.

In aceastd lucrare se studiazi proprictatile relatiilor ¢, §i ¢, consta-
tindu-se cii acestea sint asemiinitoare cu cele intilnite in teoria laticelor. Evi-
dent, dacli (L, A, V) este latice, atunci ¢, §i ¢, sint relatii de ordine in mul-
fimea L si p,=p,. Aceastd afirmatie nu este adeviratd in cazul cind (L, A, V)
este latice necomutativi de tip (S), deoarece in acest caz, desi ¢, este o rela-

tie de oridne, ¢, este numai o relatie de preordine s§i ¢, 3¢ g,.

Le triplet (L, A, V), ci L ¢st un ensemble ¢t A et \/ sont deux opéra-

rations binaires défines en L, s’appelera de treillis non-commutatif de type (S),
81 pour tout ¢, b, ¢ € L vérifie les axiomes :

mx{@AMAC;ﬂA@AQ

(avb) Ve=aV@pVe

(B) {“M"Vb)”
e V@Al =a

) ‘a/\(bV¢=)=a/\(c V b).
aV(b/\c):aV(c/\b).
En [2] on montre que, si (

S), al L, A, V) est treillis non-commutatif de type
{S), alors pour tout 4, b, ¢ & L sont vraies les égalités :

. a/\a=a

2 ‘a Va=g

(i) ‘“/\”=(“/\b)V(b/\a)
\“V-b=(avb)/\(b V a)

® L'Ingityg denge
ENSEign cmeny Supériény ¢ 1‘{,‘., Mures 4301 trew May R
* 7 Q. Roumanys,
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o [aNBAC)=aA(cAD)

(iii) {aV(ch):aV(c\/b)

. aAbANa=aAd

(iv) {a VbVa=ua\b

’ s e . . .
Observons que dans 'ensemble 1. peuvent etre définics les relations binaires

b (i=1 2, ..., 8) engendrées par les opérations A ¢t \/ & savoir:
apbesa=aAb apsh<ssa=a\b
ap,b <sa=>b0Aa apgh >a="5b\a
apsb <=>b=0bAa ap:b=b=>bVa
apb eb=aAb apb «<b=a\b.

Dans ce travgil_ on étudie les propriétés de ccs relations dans le cas oin
(L, A\, V) est treillis non-commutatif de type (S). Cest pourquoi, on observe
que py = pi’l, py = pz' et que psest la duale de p,, pg est la duale de p,, p,
est la duale de p; et pg est la duale de p,. Donc, en tenant ccmpte que les.
systémes d’axiomes qui définissent le treillis non-ccmutatil de type (S) sont
autoduales, on peut se limiter uniquement A I’étude des propriétés de relations.
Pr et py.

(L.1). Si (L, A, V) est le treillis non-commutatif de type (S), alors pour:
tout @, b, ¢ € L la relation binaire p, posséde les propriétés:

(1) p, est une relation de préordre en L
(2) a A bpa et a A bpb
(3) apa Vb et bpa Vb
(4) cpa et cpb = cpa A D
(5) cpa = cpa Vb
(6) bplc =a/ bpxc
(7) apic ot bp,c = a \/ bpye
B) app =aAcpbAcet oAapcAb
(9) apb = a \/cpb Vet cVape Vb
’ : iété flexivité de la relation g, est une
Conséz::gz;t?rf:zgdigt)é 314: lgr?girsle?e ?%d;ifx%:tlgga ((11(; Iléa’}nsuite, si %logn:_ a, b,
;\s(bl' on a apb et bp,c alors a=aAb et b=>bA c,.nclti)nc a -:ss(;({: al-l_ssia{;,
Pr0pr/i\é:35 ?e(i r/\ b)'t/'\ i =a/c¢, c'est-a-dire ap,c et ainsi gy P
n°u.s(2)' En util:;:::xtl ‘;ései)ropriétés (iv) et (i) on obtient q*;x.e ggtez;tto:t/\ al; i;‘: /{,
Apa2vons aAb=aAbAa=@AbAa et respectiv
bAD) < (@A b) A b, donc a A bp,a et @A beb. Can@VD et
= ?)' En utilisant les axiomes (B) ett (Sz :nbol;tlin;cmt‘tl ALY
® bhﬁ\\‘/bb\./ a) = b A (a Vb), donc pour tout &,
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a et cpb, alots c=cAaetc=,
. Poll;u= a(;: }7\’ 2)7\12) ?——nca/\citlz A b),plc’est—é-dire cp2 A b. Ab,
done 50 =Sf Aour a, c <L on a cp@, alors ¢ = cA,a, d\01(11<_; c=cAa= A
AN @V =CAA @ VI =CcAl VD), ceta e opa Vi
"(6). Sipourd, ¢ « Lonabpc alorsb =bAc, donc e Ab=aA(BAQ)=
= (@A b) A¢, c'est-a-dire a N bpsc. A

. ‘e L on a apc-et bpc, alors a=aAcetb=pA,
oS \I}o(tzr/\a;)b’zccv(a o) =0 Vg eto— V(EAD) =0V (bA)~ |
.—ch cest-a-direa Vo= (@ VO A (e V) Ve)=(a VA V@V
Z@VHA( VO VO =@ VALV =(eVbAc en consiquen
a '\ bpgc. A

.Si pour @, b L on a apb, alors a=aAb, donc aAc=(aAy
NEAD =S AR GAD e = CACADABAYN = @AIABAS
cNa=cA@Ab) =CcAAb=(cAaA)ANb=(cAa)A (c b Cest-a-
dire a A cp.b A c et ¢ A ap,c A b.

o Si ,belL b, alors a =a A b, donc b =5V (bAa)=
o\ AR = Ve, Costadine s Ve (2 \ DA (6 V) ¥ 8) (@ VO
ANGV(@Ve)=@VIA(bVaVe)=(@Ve)A (V) etecVa=(V
VaA(leVa) Vi) =( VaAleV(eVb)=(VaAlV{Va)=
={c Va)A(c Vb), en conséquence a \/ cp,b V¢ et ¢ \/ ap,c \V b. o

(1.2). Si (L, A, V) est le treillis non-commutatif de type (S), alors pour
tout a, b

,» b, ¢ € L la relation binaire p, posséde les propriétés :
(1) p, est une relation d’ordre en L

(2) a A bp,a

{3) cpaa et cpyb = cppa A b

{4) apyc = a A bp,c

(5) apb =>a AcpbAc et ¢ A apyc A b.

Démonstration. (1). La propriété de réflexivité de la relation p, est aussi

une conséquence de la lois de I'idempotence. Ensuite, si pour @, b, « € L on
a ap,b et boy, alors a = p ‘

Aaetb=cAb donca=bANa=(CcAbAs=
=C¢ABAa) =cAa, cest-a-dire apype, en conséquence p, possede la propricte
de trapsitivité. Enfin, si pour 4, b« L on a ap.b. et bp,a, alors a =bA8
Gre SN dome a=bNa=(GABNa=a \BAG =2 A= b, cesth

re ( 292.. gossede la _proprié;é »_d’;antisyméfcrie. ) . L . b)
done 2'/\ g::a.t.m.-‘.?‘ % b <L nous avons aAb = (a A ) Ab=aN @A\
- (3). si 0p24 et cp,b, alors.c ‘ac ' . = ¢=
_ » €= et . ¢=bAc¢, donc c=2aA
=aABAC)={a N b) A ¢, c’est-a-dire Cpa A b, . /\ ;

donc a Ab=(cAa) Ab=cA (a-/.\lb)_, clest’

N dir-(:);; Si :P;;zcc., alori?_ = /\ a; '
— . (5)' St a‘pgb, "alors a=1yp : doi N _ b »’(a /\”c) ’n
TINEADZIA AR S S ne ol ng LR DRSS ARG -
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ADAG=CANACADAG=CADACABAS= _
(CAD) A (€ Aa) cest-a-dire .a Acpb Ac l{\c /<\a(92ﬁ\ /{l)b- (cAD)AcAa=
(1.3). Si (L, A\, V) est le treillis non-commutatif de t S) al

tout 4, b, ¢ € L les relations binaires p, et p, possédent l}els epr(og'rigt;};s; pour
(1) ap,b = apb

(2) cpa@ et cpib = cppa AD.

Démonstration. (1). Si ap,b, alorsa =b A a,donca=>bAa=>A _
=bA (@A b) = (bAa)Ab=aAb, cest-a-dire ap,b. A ACAe) =

(2). Si cppa et cob, ‘alors c=aAc et ¢c=cAb, donc c=cAb=
_-_(a/\c)/\b =aA(CAb) = a/\.’(bl/\c) = (@ A b) A ¢, c’est-a-dire cpya A b.

On constate que ces propriétés sont pareilles & celles obtenues dans le
cas ot (L, A\, V) est treillis.

Evidement, si (L, A .V) est treillis, alors p, et p, sont relations d’ordres
en L et p; = pa. Cette affirmation n’est pas vraie dans le cas olt (L, A, V)
est seulement treillis non-commutatif de type (S).

"(
=

g
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ON ABELIAN Q-GROUPS

RODICA COVACI*

Reseived : November 30, 1987

.— Asupra 01— Grupurilor abeliene. Lucrarea trateazi unelfa aspecte
:\elfzgg:::el‘la noﬁ‘rgea de ,,Q-grup abeliz}n", iptrodusi. de P. J. H'lg.gin.s
in [2). Se d4 o noui definitie Q-grupului abelian, echivalentd cu definijia din
[2] si se studiazi idealele unei sume directe (de Q-grupuri abeliene. Rezultatul
principal stabilegte o conditie necesari i snflc:el_iti pentru. ca un ideal al unei
sume directe de -grupuri abeliene si fie o sumi directd de ideale ale sumanzilor
directi.

Preliminaries. In [2], P. J. Hig g ins introduces a universal algebra
called “group with multiple operators’ or ““Q-group”, generalizing both groups
and rings. Some special Q-groups, like ‘‘abelian Q-groups”, are also defined in
[2]. It is the aim of this paper to give a novel definition to the notion of
“abelian Q-group”. It is shown that our definition is cquivalent with that from
[2] and some basic properties of abelian Q-groups are given. Finally, conside-
rations on direct sums of abelian Q-groups, particularly a theorem giving a
necessary and sufficient condition for an ideal of a direct sum of abelian Q-
groups to be a direct sum of ideals of the direct summands are treated.

We give below some definitions from [2], which will be used in the next
sections. )

DEFINITION 1.1. A triplet (G, +, Q) is said to be an Q-group if

(i) (G, +) is a group (let 0 be the zero element) ;

(if) Qis a family of finitary operations on G such that any o € () satisfies
o0, ...,0) =0.

The subalgebras of an Q-

dition are called Q-subgroups.
Tings.

group which are subgroups with respect to ad-
They generalise both the subgroups and the sub-
DEFINITION 1.2. A subset A of an Q-
(i) Ais a subgroup of (G, +);

(ii) for any o € Q, holds

group (G, +, Q) is an Q-subgroup if

a
vy .., @ 4= ofa, a, e, a,) €A,

. The normal subgrou i
notion defined in [2g]r asp?oﬁggst'he l
Zotion defined :

® Unitereity of Claj
ij-Napoce Feailly of Mg i
hadel] athcma i .
| 4 tics and Physics, 30 Cly-Napcaa, Romanim

deals can be generalized in Q-groups by 2
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perrNITION 1.3. Let (G, +, Q) be an Q-group and 4 € G. 4 is said to
pe an ideal of G, +, Q) if
(i) A is a normal subgroup of (G, +);
(i) for any @ €Q, a4, 4G (j=1, ..., n), we have

—o(gy - 8n) F o8y gy, @+ 8i» 8ity -+, 8) € A4,

1=1, ..., n

It is easy to see that any ideal of an Q-group is an Q-subgroup.
We also need: ;

pEFINITION 1.4. Let (G, +, Q) and (G, +, Q) be two similar Q-groups.
An homomorphism f: G — G’ is a map which is an homomorphism between the
corresponding universal algebras, ie. a map with the following properties i

(i) V& &2 € G, flg1 + &) =flg) + flga);
(ii) Vo € Q, Vg, €G (1=1, ..., n), we have
flo(gr -, &) = o(f(g), ..., flgw)

2. Abhelian Q-groups and basic properties. We first give a novel definition
of the abelian Q-group and prove that it is equivalent with that from [2].

DEFINITION 2.1. A triplet (G, +, Q) is said to be an abelian Q-group if
(a) (G, +) is an abelian group; o o .
(b) any opecration w € Q of the family Q of finitary operations on G satis-
fies, for any g, gi €G (1 =1, ..., n), ' )
gy + &0 &+ 8 - 8n + 8) = 081 8 - 8a) T 081 B2 o8l
Examples 2.2 a) Any abelian group (G, +) is an abelian Q-group with

b)-A ring (G, +) with the multiplication defined by
| Ve, h G, g - h=0 (1)

is an abelian Q-group with Q consisting only of one binary operation, defined
by (1).

In the following, let (G, +, Q) be an abelian Q-group. From 2.1., some
basic properties can be obtained.

PROPOSITION 2.3. For any o € Q.
. N o(0, .., 0 =0.
Proof. By 2.1. (b),

©0, ..., 00 =w0+0, ..., 0+0) =00, ..., 0) + (0, ..., 0).
HenCe

(0, ..., 0)=0.
PROPOSITION 2.4. For any o € Qand g, gl €G =1, ’, n). holds(z)
gy — &, -1 s — &) = 0l8n - &) — 08 A
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Particularly, o i
O(=gl o &) = —0(g1 - &) 3)
Proof. Since, by 2.1. (B), . o
@y ) =0l — G H Gl — T &) =
 =olg =88 — &) oG &)
it follows ‘(2)'.'151;"c'ting'in 2) g,' =g, = ... = g» = 0and using 2.3., we deduce (3)
From 2.1.(b) follows obviously
PROPOSITION 2.5. Forany w € Qand g, h, g€ G (7 =1, ..., n) we have
W) w0 +..,0,g+40 ...,0 =00, ...,0, 2 0, ..., 0+

+ 0, ..., 0,k 0, ..., 0),

1=1,...,%n;
(ii) “‘)(glr ,ga' Y] gn) = w(gp 0; T 0) +0)(0, gz. O: veey O) +
4+ ... 400, ..., 0, g,).

In [2], the abelian Q-group is defined as an Q-group satisfi ditions
. - ab . yng condition
2.5. (i) and 2.5. (ii). The following theorem shows that definition 2.1. is equi-
valent with that from [2)].

THEOREM 2.6. Let (G, +, Q) be a triplet such that (G, +) is an abelian group
:;t‘iz_ zgl;;tf Sfamily of finitary operations on G. The Jfollowing two conditions are
(1) (G, +, Q) is an abelian Q-group ; ,
W) G + Q) is an Q-group satisfying conditions 2.5.(1) and 2.5.(ii)-
{i'ovf- (;)_ implies (ii). Follows from 2.3. and 2.5.
= 11') 1m}) :ze)s (i). We verify condition 2.1.(b): Let w €Qand g, & €6
+ 0w&+fL“"&+gQ=“@r+5.Q~u0%+n«+f
(t)( [ 0’ &n +g1’|) = [w(glﬁ 0; se ey 0) + w(g{r 0, A-;- o5 O)] + " . +

T [0, ..., 0, 8) + 0, ...] 0, gl = [w(g, 0, ...,0) + ... +

el 0 )]+ 0 0, .. 0) + ... w0, L, 0, g)]=
=gy, ..., g) + olg, ..., gl). i
PROPOSITION 2.7. For any m « Z. ¢ < Q and g € G hold
' 4
o, ..., 0, mg 0, ..., 0) = ma(0, ..., 0, g, 0, ..., 0),

i=1p e 0y n. 4)
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00, <2 08 0, 0) = al0; 2, 0, gk . hg 0 L gy
=00, .:., 0,80, ..., 0)+ ... +'c;)(0,i-,».:., 0,00, '0)= L

=mm(0 Oé' 0, ...,0).
If m =0, we O»btfli_n: by 2.3., o

o

w0, ...,0,0-£0, ..., 0) =, ,:._.j;.\,',(‘T)'='0‘=!

. . ;0-m(0',...,6,g,6,-..-.,6).
where 0 denotes: in this case only, the zero element from G, +).
If m <0, since (4) hqld for positive ‘integers and by 2.4., we deduce
mo0, ..y 0, & O oeey 0) = —[(“m)6(0, ....0, 4,0, ... 0)] =
= =00, ..., 0, (=m)g, 0, ..., 0) = —w(0, ..., 0, <mg, 0, ..., 0) =

=00, ..., 0, mg, 0, ..., 0).

PROPOSITION 2.8. For any m € Z, o € Q and g € G(j =1, ... n). we
have the equalities : , :

ogy -y Gimty MGy Gixs ovy Ga) =081 -y Bicty G Biv1, - &) +
+im—1)00, ..., 0,0, ..., 0). i=1 ... n

Proof. Using 2.7., we obtain

gy, .., o, &b Git1y - &) F M =100, ..., 0,80, ..., 0=
=08, .., Gicr &b Bitty -oor &) F 00, ..., 0, (m—1)g, 0, ..., 0) =

=gy, ..y Bioty &t (M —1)80 Givrs -, Ga) =
= (81 s i1y MGis Lits s Bn):
Definition 1.3. becomes in the case of abelian Q-groups as follows:
DEFINITION 2.9. A subset A of an abelian Q-grcup (G, +, Q) is an ideal if.

(l) 4 is a subgroup of (G, +);
(11) for any w € Q and a € A4, hold
o)(O,'v.'.., 0,40, ..0¢€ A, 1=1, ..., n
. PROPOSITION 2.10. In an abelian Q-group, the ideals and the Q-subgroups:
Corncide, '

the ‘idea]s are Q-subgroups. Conversely, It A be
G, +, Q). Condition (i) from 2.9. is
1ds. If @ € Q and a € A, we have,

an (f 700f. In any Q-group,
obyiSubgroup of the abelian Q-group (
lously verified. Let us prove that (i) ho
‘4use 0 « 4 and A is an Q-subgroup of (G, +, Q),
=1, ..., %

00, ..., 0,40 ...,0s4, i=
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~ Lt (G, 4 Qand (G', -, Q) be b0 Similar Ogroyp
and Pfl}'o(l':(-)frgoinlg)m{);af(ﬁhism. If (G, +, Q) s an abelian Q-graup ’ ”‘f”
‘ ’ ; abelian Q-group. .

l(f‘(G):Pr-c*;o’f-QI)t1iss ac?ear that (f(G), +) is an abelian group. Let < Q and f(g),
f(%) € f(G), where i =1, ..., n. Then

= (! : 1) oo (g”+x"))=
w (gl) +f(x1)' v f(gn) +f(x»)) )(f(gl + x ) f
=£ff(w(‘~’x F %y eees Bt %) =flo(gy - B F (2 .o, T)) =
=f((‘)(g1' ) gn)) +f(‘°(xln o X)) =
=a(f(g), ---» flga) +olfx), .., [(xa)).

i of abelian Q-groups. The main purpose of this section is to
:giveaa. gélc.?;;asr;mand sufficient ?:Qndi.tion for an ldgal of a direct sum of abe-
Tian Q-groups to be a direct sum of ideals of the dlrec't’ summands.
‘ The notions of “direct product” and ‘‘direct sum” of Q-groups are these
dfrom the universal algebra theory. . o
pEFINITION 3.1. Let {(Gi;, +, Q)}ies be a family of similar Q-groups.
a) We call the direct product of the family above, an Q-group (T'lG. +, Q)

sl
whose operations are defined by
(@ier + (&)ier = (& + &)ier;
o((ghiers -, (@)ier) = (g}, ..., £8))iar

where @ € Q and (g)ia; € [ G, j=1, ..., n
te]

b) The Q-subgroup of the direct product defined by

@lGe = {(g)ier = I'] Gi/supp (g:)ies is finite}.
ie iel
‘where

supp (gi)ier = {5 = I/g; # 0}.
is said to be the direct sum of the above.

PROPOSITION 3.2. The direct

product of a family {(G;, +, Q)}ies of similar
abelian Q

-groups is an abelian Q-group.

Proof. Let us denote G =[] G, Obviously, (G, +) is an abelian group-
_ . i€1 ‘
ix;vczrder to verify 2.1.(b), let o € Q and (g{),.?,, (8)iaz e G, j=1 ... We

1 m((ﬂ-‘)iei + (gf);.”, . (g:")ie] + (gx{”).'ej) —
TOlE T s (0  gie) = (0lgh + g, g7+ Eier =
= (0 o )+ ol ..., gM)ier =
=(<(:° (€ e e + (olglh .., glm))ier =
= ol(gier, ..., (&)ied) + © Wiasn ... ). ).
It follows that G, +, Q) is an ablelian (S(fgl?oull;. ' (g' Jier)
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cOrROLLARY 3.3. The direct sum
lian Q-group. _ T

In the following, some results about the ideals’ : ]
Q-groups are given. . o .1 e‘al‘s Of'.a' direct sut?1 of é?_ehan

THEOREM 3.4. Let {Gi, +, Qies be a famil .Ho simila bl ;:!.T .
adG=® G; the direct sum. If, for any i < I, A?, .isf an z’z;eva"l zf& é:”t h&: ngrj;uj:

=@ 4; ;slan ideal of G.

jel S R L. KA
Proof. Obviously, 4 is a subgroup of (G, +). Furth diti i
holds. Indeed, for any  €Q and (a)a; = A,) we hav:':r',(f?t-l .1 ion 2.9. (if)

m((oi)idl. cey (Oi)iﬂh (ai)ici, (0;),'g1, ceey (O.‘).‘el‘) = .

= (0)(0,', eee, 05, ay, 0,-, .oy 0,'));61 € A, j’= 1, o n.
' i j ! S RS R

of & family of abelian Q-groups is an abe-

In preparation for the main result, we give:
B ) P

NOTATION 3.5. Let G=T]Gy and.j < I. We denote by
say
(e - e
the element of G with g = g « G; and g’ =0 for any s € IN(j}. . ., ..

THEOREM 3.6. Let {(Gi, +, Q)}iar be a family of similar abelian Q-groups,
G = ®G; the direct sum and let A be an ideal of G. The following two condi~
ier . :

tions are equivalent : : idis
(@) A = @ A, where, for any i € I,”A; is an ideal of G;!
se] '

AN S

(b) (@))iar € 4 =» (an])icl €4, Vel 3 >
Proof. (a) implies (b). Indeed, if .
(@)iar € 4 = & 4,
then, for any j € I, a; € 4;, hence
(@ )iar € ® 4; = 4.
' . . i el . ! . e
(b) implies (a). We consider for any j < I, the canonical homonorpl:.ushnf
?%:6~ Gj» pi((g:)iar) = g;. For any j. € 1, denote by -
e G i i=1]
‘={{o} ifi#7;
A GJI=@F{’

ial

Aj = Hl4 N Gj):

3o
Mlﬂum.uc. 2/1988 -
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We notice that 4; C Gjand .
a; € 4; < (@)ier € 4.

G;, for any j € I. Indced, 4; is a subgroup of

Then 4; is an ideal of
n, we have (a'l.’])ie’ c4

(G, +) and, for any © € Q,a € Ajand k = 1, ...,
l(aejnce, )since A is an ideal of G, -

(((1)(0.‘, DY) 01': (:it Oi' ey Oi))(”)iﬁl =

= o((0)iar, <--» ((‘););,,,‘(f.[”),vu,‘ Oiier, «--, (0ics) € 4.

It follows that _
00, ..., 0,40, ..., 004, k=1 ... n
k

We conclude that A4; is an ideal of G;.
Since, for any j € I, 4; is an ideal of G;, we dcduce, by 3.4., that @ 4,

e |

is an ideal of G.
We shall prove that 4 = @ 4, - Let (a)ie; € A. By the hypothesis (b),

L ¥4

we also have (a/)),a; € 4, Vj € I, hencc a; € 4;, V¥j € I. Then (¢))ia; € @ 4i

. ) . . R ) ) 1ef
(?o?versely.', .lf (a;)sgl e.‘?rA'.’." we -have ‘a; € 4;. Vj € I and supp (@)ies 15
finite. This implies that, for any j € I, (a,w).-« ; € A. It follows that

(a)ias = (E ) ar =E (@) ;e =E (ai)ier = 4.

Jjel jsl
where ]’ = supp (a)ier. '

THEOREM 3.7. Let {(Gi, +, Q)}ie; be a family' of Similﬁr abelian Q-groups

and G = : .
‘g G the direct sum. The Jollowing two conditions are equivalent:

(i) any 1deal A of G satisfies .
5 s condilion .(b) fr .
(ii) G satisfies : (b) from 3.6.;

AT (a")"l eG) ?.a'[j])-‘.l (3 ((a‘.)'..l)' Vj e]

h AV . o , } : P : ., S

i ”;’r((‘;)'.(-l)) 1S the principal ideal of G gemerated by (@:)ier.
. oof. (i) implies (ii el

i), we obta) aﬂ; les (ii). Let (@)ias € G Clearly, (a)a;  ((ai)ias). APPIYInE

DTN

(@)e, < i(a-')f:') vi
implies (i),  \ilierh (TS L.
(i). Let 4 be an xdegl of G and (a;),a; € 4. By (i), we have

(8iar € {(@)i a2), . Vj € 1.

(i)
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But - : .
((@)ie) C 4:”
Hence .
@ ier <4, vjer
1t follows that A satisfies condition 3.6, (b).
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REZUMAT. — Operatori Dernstein generalizati si funetii convexe, In lucrare
sint studiate inegalititi de tipul Bnf > f, unde. B, sint QReratt?rl Bernstein gene-
ralizati iar f este functie convexi; sint precizate conditiile cind are loc semnul
de egalitate. _ o

BRI TR KOS ERARLA A PRI TV
O S I AR VRS KO A
N N ey e i g gt 4 . N - .
1. Let (4,, %,) denote an Extended Co:nplcte Tchebycheff system™in Cle, b]
. TR ’ Soba e L - :

ie., %, > OAV and u,(t) .=“u0(-t) S.w(s)ds where >0 '(see [8])..

The subspace of C[a, b] spanned by #, and %, will be called the space of
% — affine functions.

Let K(ug #,) be the set of the functions f € C[a, b] such that

#o(%,) Uo(%2) NEN)
%y(,) u,(x,) (%) | = 0

flx) flz2) f(xs)

for (all a )< % < %, < %3 € b. These functions are called convex with respect
to (uq, %,).

Let @ be a positive Radon measure on [a, b]; denote by ¢(®) the smal-
lest closed interval which contains supp (®). Let e, be the Dirac measure at %.
8] The following result is a reformulation of Theorem 1 and Corollary 1 of

THEOREM 1. Let « € [a, b] and let 7 Wb
such that ®(u;) = uy(a), i[= 0,]1. ’;‘he; :(D be @ positive Radon measure on &1

« € ¢(d) (1)
if o is an end point of ¢(®), then ® = €y @
Let f € K(ug, u,). Then :

o) > fla) %
O(f) = f(«) iff f coincides on c(P) with an *)

% — affine function.

Proof. If « < {a, b}, then @ — ¢ b
, b}, = ¢, (see [8, Coroll . Let a < (a, b
easy to deduce (1) and (2) from [8, I(4emx£1a 1?%@?? 1e])1’{{;¢i, ;:1). I(n the
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of of Theorem 1 of [8].an u . 4ff PR . _
})rg ] and f(x) = Y«). Then f s (})n(?) f=unl‘z':)0n= _lf (1:) .constructcd such that
Suppose that ®O(f) = f(a). Let B=/—1 Theng > 0 and (D(g)z=" 0."tjhi's

implies ¢ =0 o supp (®). Let m L inf (supp (0), W — sy
e c(®) = [m, M) and glm) Zguat) g7 ()M = sup lsupp (@), We

If m=M, the‘x.l Q = ¢,. Suppose m < M. .
Let m < x < M. Since g e K(uo, u)) . we have
g(%) Uo(m) uo(M)
wm) (M)
It follows that g(x) < 0. But g >0, and so g =0 on ¢(d).
THEOREM 2 (sec[8, Th. 2]). Let L be a positive linear operator onCla, b}
such that Luy = wg, Lu, = u,. Let f € K(uy, w)) and o. € [a, b]. Then:

If > f ) 0

Lf(o) = f(a) iff f coincides on cleyoL) with an (6)
u — affine function.
Proof. It suffices to apply Theorem 1 with ® =¢, o L.

2. Let X be a compact convex set in a locally convex Hausdorff space
over R. Let Prob (X) be the space of all probability Radon measures on X.
For u € Prob (X) let us denote' ¢(p) = ¢/ (conv (supp p)). Let 7(p) be the
barycenter of p.

Timorey 3. Let p  Prob(X), b = (). Then: |
b € c(p) [6, Proposition 1.2] (7)
if b is an extreme point of c(y.)’, then Co )

<0. "

= ¢, [6, Proposition 1.4].
Let f € C(X) be' a convex fz’m‘zition."*leen R

w(f) = f(b) [6, p. 25] ‘ )
w(f) = f(b) iff f is affine on c(p).; " i n (10)
{7, Theorem 1] ' o

ar 6perator suc.li.tha,t L7 = 1. Lef

be a positive line ' .
° > a' for all affine continuous

Let L: C(X) - B(X) b tear op
b dgnote b, = r(e,o L). In particular, if L(,‘ =
inction ¢ on X, then b, = x forall x € X. .

THEOREM 4. Let f  C(X) be a convex function and x
Lix) > f(e,)

oLt

e X. Then:

(11)

L o e DT g L) o ' "‘. \..4 (12)

flx) = flo) iff J 7 affine on e e DT e e (2
’O()f. Apply Th . 3 Vith. =B,°L~,

lp y eorem ¥ y' . i d ?I; ? 1. Ilet P= {P”J}”>"j>'

3. Let now v,, € Prob (X) for-each x € X an finite real matrix satisfving:
Ower triangular stochastic matrnx, 1.C.. an 1inf1 3

b(‘a
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.. = j > n and ;=
po; > 0 for all # > 1 .and J ? 1. Drj - 0 whenever 7 > ,}; Do =1 fy

al # 2 1. :
' Let P,,fl Xr - X, P,,(x‘, eeoy x,.) = z_‘,‘;b,,,-xj.
=
Let An =2 ® - ® Van be the product measure on X* and let b =
= P,(A) be the induced measure on X
Let f € C(X), # € X. Define
B.f(x) = { fdsn “
X
'fhen [ B” = Wep- ‘
Using standard results we deduce that the barycenter of p,, is k, =
— Pyr(vay)s --» 7(%n) and () = Pa (H c(vd)). Thus we have:

j=1
coroLLARY 1. Let f € C(X) be a convex function and x € X.
Then: o

Bufl#) > flbm) . (4
B,f(%) = fks) $ff f is affinc on P, (f’[ ¢ (vs5) ) . (15)

j=1
Example 1. Let v, € Prob (X) with barycenter x.
Let v,, = v, for # > 1. Then the operators B, given by (13) are the Bernstein-

Schnabl operators (see [1], [4], [5]). We have k,, = x and P, (11[ c(v,,-)) = ¢(v)
for all x € X and # > 1. o~

B.f(x) > f(x) (16)

B,f(x) = f(x) iff f is affine on ¢(v )
Ex‘ample 2. Let h,: [0, 1], -[0,1]n > 1. Let v

e Voo = (L= o(2))e + hy(x)ey, %= [0,1], n3> 1.
m=1/n, j=1, ..., n. Then the operators B, .given by (13) coincide

with the operators 1 in [37. i | 3
P constructed in [3]. In this case k,, = (1/n) I (%)-

Let % < [0, 1]. Su !
equal to 0 and « gre ecftf;.lsiothlaﬁz%rzoqg the numbers J,(x), ..., (@) 22

20, z4+u < n). Then

.‘..P,, (ﬁc(vij)) = [u/n, 1.—. (z/n)].

j=1
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Consequently, for each convex function f = C[0, 1] we have
B, ) > £ (01 35 1 ) ~
f § ;i (%) - (18)
the equality occurs iff f is affine on' [u/n, 1 — (2/n)]. (19)

In particular, if 4,(¥) = %, £ € [0,1 ], # > 1, we obtain the classical Bern-
stein operators.

From (18) and (19) we deduce the following known results (see [2, p. 287]) .
B,f > f for each convex function f € C[0, 1] ‘ (20)
Let f € C[0, 1] be convex and x = (0, 1). Then @1)
B.f(x) = f(x) iff f is affine on [0, 17
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0 e L ot - . .

. R’Eiimm'r. — Formule de tip Dobhinski pentru polinean:e bil)'l.lllll'ill(". Se ~(]5

o scurta descriere a unor probleme de calcul umbral. Pentru dctalii, vezi [1, 3].

i
H

1. In this section we give a bricf description of relevant topics from the
pmbral calculus. For a more detailed treatment we refer the reader to the
references [1]—([3]. . :

Let Il be the algebra, over a field K of characteristics zcro, of all poly-
nomials in.one wvariabile. By a polynomial scquence p = (p,), pn < 11, we shall
always imply that deg (p,) =7, » =0, 1, .... A polynomial scquence (p,) is
said to be of binomial lype if it satisfies the identities

n

Pz +3) =3 U:)pk(x)p,,_,,(y), n=0,1,..

o it=.~0
X e(x) = 24 k=0, 1, ..., then a delta operator Q : Il — Il is a linear operator
with the properties: , \ :
i) Q is s;l(ﬁfbinvariant. ie., if (E%)(x) = f(x -+ a), then QE* = E°Q {or all
ain K. S '
i) (Qe,)(x) is a nonzero constant.
Delta operators possess many of the properties of the derivative operater D.
For instance Qcy =0, and if fis a polynomial of degree zthen deg (Qf) = # — -

Tet Q be a delta operator. A pol ial i : e Se :
of basic polynomials for  if polynomial sequence (p,) is called the sequence

1) Dolx) =1,
2) pal0) =0, n=1,2, ...
3) Qpp = np,_,.
In [1]—[3] it is proved the following :
A) Every delta operator has a unique sequence of basic polynomials

) If p = (ps) is a basic se SO
i iy quence for som it
15 a sequence of binomial type : ome delta operator ¢, then

C) I p=(p,)is a se . .
. Pn quence of polynomials of bj ; e then iE
1s a basic sequence for some delta OPel':to}) l.nomxal type,

*Univers it < Itj-Nefere [2¢'0 v ‘el on.atg Sear S, Oy vi-Na Ko aria
’ J 2 ! . 3y N aite Lysi 144 j-N f ]
C N 1 1 Ml I d Il , ws(G Cl «ca, hepar
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D) A linear operator Q:I1— II is a delta operator if and only if

= f(D) wher i 1
gne {g ri)able (:) 5e { I‘té?]ongs- to the ring of formal power series in.

| fly=3 24,
and f(0) =0, f/(0) £0.

We note that to every formal power series f(f). w‘ith f(0) =0, £(0) #-

: ; ; 4 =0, J/(0) # 0, there
corresponds a unique inverse power series. If Q = f(D) i : AR
basic polynomials (2,), then ¢=/iD) is & delta operator mt..l?'

o) tk
T taln) — = e 70,
k=0 k1

Let p = (ps) be a polynomial sequence; we define the linear operatorr
M- II by | L
Tplx =j7k, }’=O, 1,....

In other words, if
S2) = F ot
- k=0

then

(o )(%) = 37 capu(2) ; ‘

k=0 ,
7, Will be called the wmbral operator corresponding to the scquence p. The um-
bral composition of two polynomial sequences p = (p,), ¢ = (¢,) is defined as.
the sequence pg = (t59s). An important result established by R. Mullin
and Gian-Carlo Rota [l] assert that the umbral composition of
two binomial sequences is laso a polynomial sequence of binomial type. More
Precisely, let p = (p,) be a binomial sequence with the delta operator @, = fi(D)..
and g = (94) another binomial sequence with respect to the delta operator
Qz:fz(D)- If 7, ==xpq,, #=0,1, .., then r = (r,) is the sequence of basic
Polynomials for the delta operator Q, where Q = fo(/1(D)).
One of the simplest delta operator is the forward diffe :
Yhere 4 20, (A,f)(x) = f(x + @) — f(x). In this case A, = A(D) with J(f) =
“:hé“ — 1. The basic sequence for A, is the falling factorial sequence w,=(wy(. ;@)),

ere .

rance A, =E* — |,

L x(x —a)(x —2a) ... (x— 7 — la), n=1,2, ...
’ (),

ociated fc‘r the:

Uo(x; a) =1, w,(x:a)=

del Let p = (p,) be a pc;iynomial sequence of binomial type ass
“ta operator = f(D), '

”

palx) = 3 onnt*



It follows that the sequence by = (b,), where
b»(x) = bu (x; a) = (Twnpn) (x) = gck»wk (x, a),

i inomi ' = . The sequence b, = (b
i binomial sequence relative to Qo = f(AJ) q . = (6,)
i.f, ?fﬁ:?l 2he a-difference analogue of the sequence p = ($n).

) nomsi = i Steffensen and studied
9 The exponential polynomials, t=(t,), introduced by e
by Touch::d"b are basiﬁ %olinomials for the delta operator T =In (I + D).
These polinomials are

#) =3 Sm B, n=0,1,..., |
k=0

where S(n, k); k=0, 1, ..., denote the Stirling numbers of the second kind,li
«defined by |

=3 S(n, Byy(x; 1)

where we have used the notation (1). Let us observe that S(», k) is a divide
difference, that is

S, B) =100, 1, ..., k; €]

where

k ;
Fo 2y oo s [1= L9 ) = (x — 2p) ... (2 — =)
J w xj
“Therefore

”

WH) =300, 1, ..., k; e,]2

k=0

Ths; following remarkable identity is known in literature [L] as Dobinski for-
mula

t(%) = e 3~ X
=e" — X"
" &kl

Our aim is to give a general Dobinski-t f itrary poly-
nimial sequence of binomial type. ype formula foran arb y P

., THEOREM. Let p='(p,) be a polynomial sequence of binomial tvpe. I b, = (ba)
15 the a-difference analogue of the sequence qp _ (P,.{, z:o;mg), '%Jen f

Pal#) = -y~ Baloh) O

= k! =2.00,4, 2a, ..., ka; b, (ax)*. (2)

h=0
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Proof. Let p be the basic sequence for the delta operator Q = f(D). Fur-

ther, let g(t) = f(e* — 1) and b,= (b,) be the a-difference analogue of p = (p,).
From Newton interpolation formula we have

ba(%) = balx; @) = i [0, a, 2a, ..., ka; b,(.; a)latw, (x ; a) 3)
k=0

where @i(x; @) is defined in (1). Let ¢ = (¢4) be the basic sequence for the
1 . .

delta operator @, = f,(D) = :ln (I + D). Then (t,bs) is the binomial sequence

associated for the delta operator Q = g(f,(D)) = f(D). In other words Thn = -

Further, (,w,(. ; @)) is the basic sequence for the delta operator Q, = h(f,(D))=D

that is 7,w,(.; @) = ¢,. Taking into account that: t, is a linear operator, from
{3) we find

Pa(2) =300, @, 2a, ..., ka; by(.; a)] (ax). (4)
k=0
Now .
0 i a)
[0, a, ..., ka; b,(.; a)le* ={/=6 (& —j)1j!
0 , R>n

and (4) enables us to write

N p S balja; . Vi N bulah; a)
— A bn(ja; a) . (=1 B bn(ak ; xh
P"(x)_lgx ;;o ;1 k—j)! kgo k1 ‘

which completes the proof of (2).
Remar k. Taking into account that

w,(ka; a) = w;(k; 1)={j!(j)’ j <k,

0, J>k

‘we have
min (k,5) \ k)
. _ - 1) = Cin
by(ak; a) = by(k; 1) MJ[ i
palr) = Xy n
j=0

and

[0, a, 2a, ..., ka; by(; @la = (0 L - Ri Bali D)
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. he examples of Dobinski-typé formulas. Let us denote
. \(JVe g;exj: co(r)xsltlief som:hzxggsifg numbers of the first kind, that is ..
y s(n, 7), ]=Y L - . ,

h n

z(x—1) ... (x—n+ 1) =Y s(n, j)x.

§=0

Likewise, 4, # =0, 1 denote the exponential polynomials. Then
1 e ‘7 N n — ) ) vy

) 2k
x(x=1)...(x—n+ 1) =¢ gank'ﬁ
where o !
, g ;. min (kn) . k ’ .
Qyp =" ]!( ,)S(n, ])‘
j=0 J
Further
" __z“k(k-l)...(k—n+1)xlz___
h=l$(n, R)a(x) = e ;g T
=2 [0: l: "-rk; wn('; 1)]xk
=0
and

” —1 o, n—1
(n ) by (x) = e~* 2——“" TR
k—1 =

= 1 kl
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RS cay Pt

REZUMAT. — Rezolvarea numeried a ecuatillor diferentiale cu argument
modifieat folosind funetille spline. In aceasti lucrare se di- o metods de rezol-
vare numericli a ecuatiilor diferentiale cu argument modificat: cu ajutorul func-
tiilor spline. Se aratd ci uncle metode spline cunoscute la rezolvarea problemelor

cu valori initiale obignuite se pot extinde si adapta si la ecuatiile diferentialé cu
argumcnt‘modificat. b e S vy N

’ ',5_{.

1. Introduetion. A great number of dynamical processes can be described
and investigated by ditferential equations with deviating argument. Such model-
lings are known, for instance, for the population dynamic, for the optimal
control of a chemical reactor, for the behaviour of erytrocyte production by
hormonal stimulation after.a sudden loss of blood, for hereditary control pro-
blems ctc. Numerous papers have been devoted to deal:-with such kind of pro-
blems [9] [31] [33]—[36] etc. ,

In recent years there has bzen a growing interest in the numerical treat-
ment of differential equations with deviating argument, (see [1]—[16]). Because
of the versatility of such equations in the mathematical modelling of processes
in various application fields, especially in biology, chemistry, deviated argu-
ment differential equations provide the best and sometimes the only realistic
simulation of observed phenomena. ‘

In the numerical treatment of differential equations with deviating argu-
ment two essential difficulties occur. First, for the evaluation of the right-hand
side of the differential equation, an approximation of the deviating argument
function is used. Secondly, the solution routine has to pay attention to the
iUmp-discontinuities of the solution in various derivatives, which are inherent
or deviating argument differential equations. . ,

First in\gestiggations have been made by Myshkis [28]. Stetter [3;1].
Oberle and Pesch [31] suggested the use of Hermite mtgrpolatlon' or
the approximation of the deviating argument and also numerical splutlong
Which are based on Runge—Kutta—Fehlberg r_netho.ds_._ Felds’cfeuz1 ap_

00dman. [13] studied the propagation of discretization errogs (c;r lew:d
ting argument differential equations. Bock and Sc hlold‘e [ (]1 i‘:;e(;?cal
4 general approach to the numerical solution of such pro‘;J ems, an nn
Tesults for a variable order, variable step Adams meth]c; snai'{e gE:\;]: Banks

Recently, many authors (Fréhner [14]—[15], la hidi [,22] Ble .
Rosen and Ito [4]—[5), L'énard and :Sze'}{e yhi » Bles,
I w——— Facult}" of Matkematics and Physics, 3400 Cluj-Napocs, Romania

" * University of Cluj-Napocd, matics, 38039 Kayseri, Turkey ot
** Erciyes University, Faculty of Sciences, Dept. of Mathemali

.
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, Micula [26], Kemper [21], Nikoloy
Z :dr Ba:(ilnlc: :,e ‘[138]3' VE;S 1] ggins [37] ‘etc'.) have proposegl dlffer_ent methodz
to approximate the solution of the deviating argument differential equatjopg
i nctions. ' |
by “{fiﬂ:ﬁ: tslﬂln:hefuspline approximation solutipns for such kind of ¢quations,
as in the case of usual ordinary differential equations, possess some advantageS
over other methods. . '

In this paper we consider a spline approximation method for the numerica
solution of differential equations with deviating argument. The purpose of the
present study is to cxtend the results of [23], [24], [14]—[15] from the ordi.
nary case to the deviating argument one. In the same manner we shall cop-
struct a spline approximating solution, and a1§o we shall investigate the esti-
mation of error and the convergence of the given procedure.

2. Deseription of the spline method. Let us cqnsi.der the following initial
value problem for differential equation with deviating argument

¥ty =fit, 30, ye®), ¢t < 1[0, T]

()=o), t € [« 0], <O (2.1)

where f: [0, T] X R? - R, (t, , v) = f(t, u, v) is continuous in {, %, v, satis-
fies the Lipschitz condition

If(t, uy v;) — f(8, 02, v3)| < L(J%4y — %g| + vy — ;1) (22)

and g €C[0, T], glt) <t—a,a>0,¢t< [0, T]. We suppose that ¢ €
€ C"[a, 0], m > 1and 38 > 1sothat: |v; — v, | < B|f(t, %y, vy) — f(L, % V)
These conditions assure the existence and uniqueness of a continuous solution
y:[e, T]-> R of (2.1) (see [11], [32]).

_ For the qualitative behaviour of the solution y, in particular the presence
of jump-discontinuities in the higher derivatives caused by the deviating func-
tion g, known as primary discontinuity the reader is referred to [6], [31]
Jump-dlscontmulty can occur in various derivatives of the solution even if
/. & @ are analytic in their arguments. Such jump-discontinuities are caused
by the deviating g and propagate from the point T, as the order of the deri-

rg;i:eo}n:;ease;., ’l;ha Jumé)—discontinuities are the points (¥;), which are the
e equations g({) = ¢_, ‘¥, —¢ i . 2i T i
For each derivative, the‘zg (lo)c v G fo is the jump-discontinuity of ¥

e, the location of the jump-discontinuity ¢ ds upon
€ and upon the discontinuities of the lowerpderivati\?e);] ity G depencs TP

Since in this paper g does not depend on ¥ (no state-dependent deviating)

we shall consider the jump-discontinuiti
. . £ t y X ] ici h-
order derivatives and they are ,disposeduisn ttoht;b iotxttllc“n for sufficiently 1%

| co<(1<._-~'-t<Ch—1<th<-..-<‘CH
Pl L S e i i 0112
degrec m ans eonmed. in eac) C{ch_elrzr;l >[§k—lv ] as a polynomial spline of

use successively the collocation method as in 1?3{3 11:hri§4$onstruction we shall
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Let us, C_Opsider the first interval (%o, &1, which is ivi
aniform- partition defined by the knots . 0 Gl d?VIded by =

O=to<h <. . <ha<h<.. <ty=Y fi=jhh=5
N ) N »
."We shall dcnote the lincar spaces of the polynomial spline function of degree m

and continuity class C"=! with the knots #, by S,,. On the first interval [¢,, £,]
the spline component is defined by ¢

, (m—1)
0) P0
sol) =00+ 22y 4 POy o,
olt) = 90+ =1 + o +LmO0<t<h  (23)
with the last coefficient ‘undetermincd. Welnow dctermine a, by requiring that
s, should satisfy equation (2.1) for {=¢, = k. This gives the equation

Solty) = flty, S0 (1), Sol8(11))) (2.4)
to be solved for a,.

Having dctermined the polynomial (2.3), on the next interval [t,, ,] we
define

e, _
solt) = 2 s—:.l(—)—(‘ — 1) +'—:£! =t telht]

=

where s§ (,), 0 < § < m — 1 are left-hand limits of derivatives as - ¢, of the
segment of s defined in (2.3) on [f, 4] and a, is determined as to satisfy
the equation '

so(ts) = f(ta Solta), So(g(t2)))

Continuing in this manner we obtain a spline function s, : [§,, &1 R of degree
m and class C»—! which approximates the solution y of (2.1), and which satis-

fies the equations:

©S3(tag1) = fltrsns Soltata)s solglrsr))) - k= 01 ...N—L |
. . If we consider now the interval [%;, &1l (=0 M- 1) which is also
divided by a uniform partision with the points
b= h — ,

t.=to+kh,ie=0, L, ..., N, to=5 ty = Sisn N

ine function approximating the solution

an( j I
If we denote by s, s € Sa, the sp ] s is defined by

of (2.1), then on the interval [f, %+1

T ) .i'? (t—t)m b <t<hn 2.5)
s

s(t) = E



G. MICULA, H. AKCA
48 o
. imi the derivatives as ¢
‘ %) — 1 are left-hand limits of i -,

wfhef S(')ggx’el?t go; ssdTﬁne:I ac;n (41> #], and the parameter a;1s determipeq
of the se e
-such that . |
” (b)) = flerr Slrr) SE@E+2)), (26)

This procedure: yields a spline .function of de%ree m and class Cn=1 gyq,
the ‘e'ntire interval. [§;, {j+i] with the knots {.t,,.},,z,i L the varame

In what follows, we shall show that for h sufficiently 6sma , parameter
a On< k< N, can be uniquely determined from (2.6).

(1] B I N

; j tions f, @, g satisfy the assy.
st 1. If h is small enough and the func , P, £ .
med 1;%5%1;%2{31 thef;z there exists a unigue _splme approximaling solution of the
problem (2.7) ‘ giwven by the above construction. . . g
“Proof. It remains to bz proved that @, can be.umquely deter.mme rom
{2.6). Replacing s given by (2.5) in (2.6) we obtain

hm—l — _h_m
[f(tk+h s(ty) + -l"—ls’(t,) + ...+ stm=1 (1) + — %

_ (=11
- hm—l

“a,

(m —1)!

(m—1)

: i D =t @
s(t) + sl(t:) (8la+r) — &) + ... +—(’—nf_—lﬁ(g(h+1) t) (2.7)

s(m—l)
% W sy — m-z]
+’; (8(trs1) — &) )— s'(&) — ... -1 K

Because g(fh+1) < t4y, and f satisfies (2.2), it is easy to see that the right-
hand side of (2.7) is a contraction mapping if % < ;"—L and if |g(tks1) — Bl €
<h If 18(tx+1) — 84| > h. the proof is similar as in [38].

In order to make a connection bstween the above spline method and the

known linear multistep methods, we present the following theorem which g‘;’;s
the relations holding between the values of a spline and its derivatives at
knots. :

THEOREM 2 (23, p. 435). If s 8, then there exists a unique linear con-
sistency relation between the quantits

es s(h) and s'(t,), k=0,1, ..., n— 1,
namely,

m—1 m—1
2 A sty =h 2> b s'(t,)
A=0 A=0
whose coefficients may be writien as o
A4 =m—1! (Qulk) — Quik + 1))
B =m— 1)1 Qui(k+ 1)
where ' B

,. S n+l' Py _1 .“
Ol = S 0" T e e

$=0
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in a ussual case, the values s(i,) of the spline are exactly th !
: ] l e values fur-
pished by the discrete multistep method described by the reiurrence relatil;rn

m—1 m—1

2 Ahemin =B ULk f=m—1, N (28)

k=0

if the starting values_ Yo =S(bo), ., Ymey = s(tm—;) ar d. Si ' -—1
we define its m'" derivative in the knotsl b bgr l)‘ ¢ used. Since's < €=,
” — 1 1 " | ———— o
s (6) =+ ls(m) [t,, -2 h) Fs )(t,, + 5 h)], E=TN—T ' @9
Our purpose now is to discuss the convérgcnce of sﬁline approximétliori':to
the exact solution as &— 0. Let y, ¢ be the unique solutions of (2.1) and as
usual we denote
Yo=Yt Y =y'(h), or = o(ts), ok = 9'(h),
Sy = S(tk), S; = Sl(tk), 1= 1, 2, vy ik =kh .

LEMMA 1. If ey

|s(t) — y(b)| < KR, | s(elh) — ylel) | < Km" "

where K is a constant and Yo
$'(6) = flta, s(ta), s(e())
then.there exists a constar;t K, such that ‘ '

Ts(t) — ()| < Ko, [510) — y'6)] < Kb

Proof. Applying Lipsc_hitz‘ cdﬁdition (2:2) we have J‘ I
Is"(8) — 3" (8) | =1 flta, S(ta), s(g(te)) — flte, y(88), (gD | <
< LLIst) — () | + slg)) — vl <

'S L[Kw + K] =2LEW

Y

A

We can take K, = {K, 2 LK}

LEMMA 2. Let y < CmH110, T] and s €8 with
foLlowing conditions hold.

| s (t) - y(r)(tk‘) | = O(I;P')

knots t, such that the

y=0,1,...,m—1

| s0(g(ta)) — y0(elt) =0 - K =0, 1, .., N=1 o (210)
and RO
[ stm(t) — y(0) | = O(8) ”\_t,, < L < };+1 | (2.11)
| sm(g(t)) — y(g@) ] =00
4

-~ Mathomatice 2/1988
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. 3 F . Iy-r ! - Lt .
Under -these: assumplions |we havee, - .o b ey

e ] S 0u), slel)) < IEEIT=00" T ey
where p = ¢ zﬂin i».(7' + 1), Pm = 1 ‘A '\'7 "'

\

cite

T So ”Iﬂt e T \

o0 — 58} | =00, Fsg(h) =y (glh} = O(h). =i 213

" The proof. is. similar as in [23]. - . z

The mosg)' impb‘ttant cases are m =2 and m = 3 that mcans the quadratic
and cubic spline approximations.

PN . . .
EREI TR -

~ - 3. Quadratic. spling_funetions .zpid the pi'hh_qibidal ’x"ul’e'. For %;z =2, (29
gives ; e
Ve — Vi1 =;‘ ;Tf‘y;h] =.

= % [f(tb y('t;),, y(é&i»))) + f(ik!*r,. y(tkm,{); Yglte-)))] (3.1)

This is « ome step method which furnishes the same values in the kmnots as
the quadratic spline- s. The mcthod (3.1) has a degree of exactnes two and
9o is trivialy the only starting valué needed.

THEOREM 3. If f & C([0, T) X R?), then there ‘cxisls a conslanl K, such
that for any h small enough.aud ¢ < [0, T}, follewing inequalities hold

Is() — () < KR, |s'(t) — 3" ()| < K2, |s"(t) — y"(1) | < K

o ¥

provided that s”, is calculated according to (29) for ﬁ = 2.

Proof. By Theorem 2, the values of the quadratic splines on the knots
are the same as the values yielded by the rule *(3.1), which is known to bc 2
second order dlsere_te__method [18]. So a comstant K, exists such that

Is(te) — y(ta) | < K2

From the Lemma 1, it follows immediatly that (2.10) is satisficd taking m =

= po = P = 2. Expanding by Taylor's theorem: s’.. — s’ Wil =
=y’(tk+l). gives fOT any ;= (tk,ytk_'_l em sk\'l'l = s.(tk'i-l) and Vi+1

YUy

St = S+ bs"(t), 344, =+ hy"(E), h <E < iy,
Therefore | . | =
RIS = 5" €)) < Ik — Y41+ | shay —

yl'c+1 ,'
By Lemma 1, |E —¢| <  and we may write s |
. s"(8) = 5" (t) + O(h)
Ap;ﬁymg the Lemma 2 for s — Po =P, =2, it follows.

Is(t) = »(8) | = 0(n2)
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Using Lemma 2 once ggaiﬁ..\vve get
[s'(t) = 9'(t) | = 0(m2)
The last inequality results. direct]-y:from Lemma 1,

4. Cubie spline functioxlls and the Milne
sistency relation for m = 8 we get

v ek bas

-Simpson method: From the con-

L h o, /7 AR . o g
Ve — _yk._.g’l= 3 (yk + 4)’&\—"1_‘}“}’}-—‘3) [=‘;‘ (f(tki’yﬁr y(gk)) +. m{
+ 4 (te-1s Yet, Ya-1(@=1)) + flliza, aco, Y(@o2)) v i (4.1)'

which is one way of expressing Simpsan’s Rule. On.the basis of Theorem 2,
Simpson’s rule yields a discrete solution s(4) coinciding with cubic spline pro-
vided y, = ¢(t,) and y, = s({; 4 k) are taken as initial values. The method
based on Simpson’s rule is of fourth order, providing that the starting values
are of the same order. We therefore begin by considering the error in. the star-
ting value s(h) = sq4(h). R " R

LEMMA 3. Let m = 3. There cxists a constant K such that
Is(t) —y(t) | < KR

The proof is identical as in [23] for the ordiriary case.
Because the starting values s(f,) and s(4) have the errors O(Af), we may
conclude that

| s(t) — p(te) | = O(RY), [s"(4) — ¥'(8x) | = O(A*) (4-2)

LEMMA 4. [23] Let y € C4[0, T, and let b, and tyyy =4 + b be i [0, T].

Suppose P is the unique cubic polynomial that satisfies the Hermite inter polation
conditions .

Pl =yb), Pl =yt
Pltrrr) = Ytssr),  Pllesi) = ¥ (bar1)
Then there exists a constant K sych that |
P — ) < K

. Y ; mating the solution of
THEOREM 4. the cubic spline function approximating i wron
problem (2.113)\-[a11d1;’;1’é‘3([5; T] x I@z),» then there exists a constant K, indepen-
dent of ‘b, ‘such that for all h small enough and t'< [0, T,

L) —y | < BB IS0 —y@<EB
s =y < KR 1Sl =y T< Kb

?rovided S“.'([’;) IS gi‘vch by (Zg)wzth, m =.3. ' w ] b
Proof. Denote the cubic spline component over 173 k41 y

$(x) = by + it — &) + dult — L)+ alt — AR
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By the Hermite-interpolation conditions from Lemma 4 it follows

e = —}]: (255 — o si — Zse41 T+ B Sit1)
4

and taking into account: the relation (4.2) we have

R e TR yhur) + O(B) = P3"(6)+ O(h)

where P, is the . unique cubic polynomial that interpolates the data y,, 4,
g1 and yi4, taken from y. Because of §'"({) ‘= 6 ¢, from Lemma 4 it follows

$) = Py () + Ok) = ') + O(h) = y(t) + (B — 3™ (8) + O(A)
By assumption, | —¢| < 1, we obtain |
| S0 = 3" () + O(h) |

~ Also the condition (2.11) is satisfied for m = 3. Becausc the step function
s’ is constant on (f, fk+41), We may write

’ ’2 " }" 11
s =3 +hy+ S+ =370 A< T <l

slhsr) =ss + b s; + l;: sy + —’g- s""'(%) '

and it follows

[sllasn) = 3] | < Low = 3] + blsi— 51 + - 55— 3

i woo

h?

+ - ‘su/»(c)_ y'“(t.)l

which gives us : '
' !

|

|

Isi — ¥kl .= 003
Also the conditions of Lemmia 2 ar isfi . ?
— . e satisfied with m =3 —4, py =1
fgle;_ o% sail;:i tlsllen;?cn{n: gag.[oc’l - 1X‘R‘2)' it follows that y < 'CfoAssumfxig the;l
nd a g 3 ’ 17} ivelv
all the assertions of Theorem,pf Zizgﬁ]’ﬁefﬁle?ilfl 2 with s, s and s succesivel |

Exactly as in the case of ordinary differential equatiox;s ‘the quadratic and

cubic spline methods, consid '
standard classical me’cl,lodS, idered abowve' present several adventages OVer the

t roducing smooth ma-
f Jmethods, p ng smooth, accurate an al approxim

c}g;rigzg t;::e :gl)lrltlszz'()f-f(zll) and its first derivatives. Thg s:gtleO;J SichII: can be
Another advantage g;/ell"mtl}txe ls‘colrlfec essardx, Wwithout additionaled complication®
the spline method need no staftingSI.)\?ﬁu?g discrete variable me.thOds is the

For the higher de i . itia
: degree. .of spli
have the following negative res&ltfle'

.

'as in' & usual initial value problems we
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5. The problel}l of the stability for splines of deqree >4
spline solutions s given by the above constru?lion 1s dive;!gent as I’zr 3E(§) 1}3{ 31, >T }f
The proof is identicall as in [23], [25]. The divergency of the spline method
resented above 1s coming trom the too high smoothing of spline approximate
solution, because s has the degree m and belongs to the C™1. As in a clas-
sical initial value problems these conditions can be relaxated. In what follows
we shall propose a method to approximate the solution of (2.1) by a deficient
spline function of degree four and class of continuity C2

rHEOREM 6 [32]. Let (X, d,), (Y, d,) be two complete metric spaces and
fX XY X XY, f={ff) I g ? "
i) There are numbers o, B € R, 0<a<1, B>O0 such that

d(fi(xy, 21)s fil%2, 92)) < ady(xy, %) + Bdy(yy, ,)
Jor (1, 31), (%2, ¥2) € X XY '
i +3<1

l—a

ii) There are vy, 8 € R, v, § >0,

such that

dy(fo(x1 31)s folxa, 32) < ydi(x1, %2) + 8d5(31, 32), ’
for (21, ¥\), (%0, ) € X X Y. Then f has a unique fixed point.

Let the splinc approximating solution of (2.1) be on the interval [&, sl
k=0,1,2, ..., N, which is divided by a partition

Gl <t <...<b<tpm<...<Ix=~"Gn

in the following form :

— 2 —_— 3 —_— 4 )
s0) = stt) + () L8+ 57 L+ ot A p (1)

where s(4), s'(4), s”(4) are known, and the parameters @, and b, are to be
determined from the conditions

s (1) = Sllesr, s(tks1)s S(8(Ex+1)))

(ot ot (ot) 3

fficients ax and b, kB =
(5.2). Under these con-

(5.2)

We shall prove that for & small enough, the coe
(?tp’ 1, ... can be determined uniquely from SYStem
ttons it is clear that s « C*[0, T). _

Replacing s given by (5.1) in (5.2) we obtain

b ,
— hs _3_*1;,3),.__('5.3)
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S 48 U TS TR, S N B LR
A E e by *'\:"—f‘(f?(t"*l" S+ FE S T e
A< oa o Ui en B P) P > Ce o
hodda onilge -{g[[gkff» LIRS , 5, A .. N . o i (3.4)
Antier i ¥ feg wpgriizo LS i : — s Ssh— 2 A
RS IS VIR Y P FIRASEN) b

)
RN

NI (53)”3';1(1 (54)1n th_e! form

. BEE 1T et

‘ T sinaiay = Fag, bs)

Bun e tr e i o e = G(ag, )

Now we shall use the Theorem 6 with X =Y =R, d, = d, = d. For I smatl
enough all the conditions of Theorem 6 are satisfied. So the system (3.2) in
a; and b, has a unique solution for 0, <. B < N. Hence the approximating spline
function is uniquely determinated.

Remark. Instead of the conditions (5.2) we may use the following condi-
tions

'(trg1) = flEerr, S(ear), s(8(r+1)))

s (teg1) = ':id;'f(tk+h S(tis1), S(g(tr+1)))

w\._\;?u wem T .ll.},""

(3.9)

-“;‘_ S, N : .
Using these conditions therc exists also a consistency rclations for the spline
functions -with' deficiency! For instance, if ‘the spline function is of degree 1our
and has-a deficiency, two, the consistency rclation is

Ly

Bopottiinae o e e
Sat1 Tsk= ;(Su+1+3k) +‘"1'E(sk — Sk+1)y =0,1,...
. .,‘\ . .o P

The corresponding multistep method

Mo, o, . R, L ”
MY Yrtl, — W = > (e + 3’k+.1‘) + ]I-, (Vi — %)
P - BRY . i .A.

{ l .a\ ST ey 2 b ) o =

has the order of exactness 4, if the starting vlaues are suitably chosen the trud-
B .\;..()”hl SSYIEN L . g i‘: . PPRTION: . '

cation érror’is ;;09,(5) (ta) 4= 0(A9). “(seel ' [147). 00 -

Therefore, we conclude that if s is the s lriilmijr i ing function for
the solution of problem '(2.1)"we have'i* - ‘-'1")‘« ¢ ﬁpprommatmg

i2.c) ‘ v e g Y Ly i ’
e = = 0w
and‘tal‘m;g into account the Lemma'l, it follows

B UL VI S TE D N VIR H D 1 IS DENT S SRR

i & !",:H A 'l. gt 'y 4N () Yoo s ..
-3107), eyt Z.«:".M'T AR it ls/(tk)(.)-;"y,(tk)l ~=/0Sh4)‘v” e "

SRS P S e A E T S Y N R FL R H AT TR TS A . :
holdgn a similar mannér as in previous consigderations, li:.he following theorem

raRoREM 7. If f < O([0) 1Y% B inds
degree and deficiency- two, approximat
then there exists a constant K such that,

S BN I T .

_ 1s the slpl{y;c Sfunction of the f"“ﬁh‘_
g the solution 'y of the problem (21)
for b sufficigntly”small and ¢t < [0, J
|9() — 39 (1| < I Ji-s ,.

’ B
f; ‘:.". ) ‘:':',': ':'-. ‘?;» '.‘-\ . ". - SIS R . r
provided fhat. s9(t,), (1) 55 clcrilated v)(2.9) for m =34,
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‘Remark. Theorem 7 suggests the possibilities to: approxi : i
of problem (2.1) by spline function of degree m and %};lgg::::;e kt(ll;egs'orrzr)r.u -
6. Numerical oxemple. Let us consid '

: er the followi ..
argument differential equation : € Ql‘ovlngz 4n0n-constf1lx;1tsﬁez,@ng
’ t—1 o o 4 .
; Yyl = Y0 -yt -1t —1), teq, 6] .
=1 0<e<1 L -
already studied in [6] and [35]. o . ‘ A

The. jump points are given by §; = 3.1461932 and &, — 5.9254498, ete.
and we have applied the spline method in [1, £,]. The exact solution of this
problem in the interval [I, §,] is: SR i

i

exp (¢ —Int —1) ' 1<t<E s
d ' :
y(t) = exp [1 + Sx_—l.e(x—ln(s(x-—lnx—l))—z)dx , B < i< £, " :[‘ N
x
& ’ '

: L U
Using the cubic spline function s on the interval [1, £,] we have, obtainn~gd
the following numerical result. S R

HIRY

h = 0,05 t k= 0,02 e
A |
k a Iy — sl a C Dy —swr
. B RO
0 —2.45029 0 | —7.15681 x 107 0 e
1 —2.67188 x 10-! 1.26076. x 10~ —225184 x 10~ '2.92301 x 10~ "
2 —7.86021 x 10~ 1.56188 x 10— —2.84021 x 1071 - 387549 X 10715 A .12
3 —6.30613 x 10 6.16906 x 107 —2.01914 x 10—+ ' 557828 x 10~* '\ ...
4 —5.29244 x 10! 4.37117 x 10— —3.83506 1o +:9.59849 X 10"'1l "
5 —1.08463 6.43706 x 10~ ~9.12136" 11.23208 x 107871
6 —1.91917 9.35316 x 10~ —7.45056 9.52083 x 107811 10 b
7 ~3.08169 1.11089 x 10~* -2.07414 93979 x 10 ..
8 —5.46496 . 1.06704 x 103 —5.28711 - . 745371 x 10791 -
9 —8.30841 Yo' 606227 x 1071 151832 C U0 2207760 10,
10 —8.29547 x 10~ - : 1.06161 x 107 —.26127 . . .o 84730 X 107 8

()t S

T -

. Sy g
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REZUMAT — Decisivitate in logiea propozitiilor. Se défineste notiunea de'
subformuld A (F)-decisivi a unei formule propozitionale de n variabile. Se de-
monstreazi un criterin de decisivitate si se indicd aplicabilitatea lui la rezol-

varea ecuatiilor booleene. o

Denote with P, the set of m-ary bivalent propositional formulae of
{effective or fictitious) arguments %, ..., %,, and x = (%, ..., %,). ([4]).

If ¢ is a subformula of ® € P, then we write @ = D(x,, ..., %, @)
and S5 (%y, .-y %n @) represents the formula obtained from @ Dby substi-
tution of the part ¢ with the formula = € P,, that is:

SED(%y, « vy %y, @) = Dp(y, ..., X4 T
Let ®F be the set of formulae
{Qn(%y, <., %y, )| € P}
and t (K respctively) the set of true (false) formulae. We may consider that
<, K € P,.

As w= 0= S0 = S8, instead of P,, i initi
5@, i , in the definitio he set ®g,
we may take a system of distinct represe;tatives in P,/=. n of the st %

'(F-dlzii.‘;g}e'l;loi?:The subformula ¢ of the formula ® is called A-decisive

®; N v # G(P; N K # O respectively).

Examples. 1. If ® i s g
are 4 (F)?decisive, 1s a tautology (a contradiction) then each of its parts

2. = ! — ’ .
oz Rer]:a(]fl (;; Vo (® _'(D A ¢) then ¢ is A (F)-decisive.
3 I facir; £ o h: gc:rt ¢ is A-decisive in @ if and only if is F-decisive in
®. o , - N T# D, that is ®_ « ®* and ®. =1 then @. € Py
and @, € K, therefore @z : m S HheR T v
analogously. ?
The formula @y — SX
as a prppositioial );ormfﬁa(.b 'o;‘ Y +’1 xt,),: ?) = Ox(%,, ..., %, X), considered
g-extension of the formula ®. ivalent arguments, will be called the

N K # @. The second part of Remark 1 follows

Universi i i emalic. " omanis
. sity of Clui-Nadoca. Faculs of Mathematics and Physics, 3400 cy j-Napoca,
'y b 'y R 7
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”

Next we use the following notations :y ¢ .
Foy = {a & V’”f1 ld)y(a)v_ 0} ;:.;;‘n:'; S

= {d < V”+ll (DX ) = l} = Vn+1 FOX ":".L‘ . I"’» s e
VD:'H = {(a ) E Vn+l V”+l l ai : pi, _an+l 7& Bnl-i-h ; =1—y;1’-}: -.;- R
where V = r0 1} a=(a, ..., a, a,,_H) B=18, ..., B, Bor).

Observe that D'H’" = {(“ Q‘-)la (dl) .o ; oy, E;H-l)}

THEOREM 1. The part (subformula) o is A-decisive in ©. zf and only if :
»+1ﬂF0x__Q oo

Proof. Suppose that Dy, N Fg, " a; thls means that there exist «, a~
in V"*! such that ®x{«) =0 = Px(a™), where 0 =1 and' T = 0. Therefore,
for anyone m(x,, ..., x,) we have ' ' o

nl(ali:°' ) a”lln(all ey an))""o . catn
and so, PN 7= Q that is, ¢ is not A- dec151ve in (I) :

Conversely, if Dyii N Fq,\ = (J then there is no o, a— < Pt w1th the pro-
perty @ Ox(a) = Dx(a”) = 0.

This implies that'if ®x(«) = 0 then ®x(a~) = 1. So, we may define a for-
mula © € Py, with the .only condition; . CU el o L
o= (0, -v., Uy Ons1) € Fop = m(ay, ..., o) = Tppre
"The construction of =, generally, is not unique. So, we obtain
(D(a—) = (D(a],: ooy, En +1) =11 “'here ‘E" +1 = n(al’n MR A .a”)
'that,is, , S SRS TR U A 0 g

O (ay, ..., oy ™ (2 ..., o)) =1 for each (ay,-..,; &) for which

(U'l’ ceny Oy, ¢”+l) EF‘”X‘.E:;' ,l Lo et [
Now, suppose a (By, - B,) € V» such that

B = (Blr MR ] Bm ﬁn+l) € A‘DX: ;that iS q)(plv s Bm ﬁu+l) = 1

1 also By, ..., Ba Brs1) = ;1 then for anyone (%X, ey Xn) we_havc D-(B,, - -

» Bu m(By B,)) =1.1f, on the contrary, ®(By, +-» Bm Ba+1) =0, tl;at
is - S he construct10u of 7, it results that
8B =8, B,,, p,,+,) e F‘Px then, by t

= p = B and 0 [} ™ =0 ye oo

n(‘pb LN ) n+1 n+1s S ﬂ(pl’ . Bm (Bl .. )) (Bl

B B, ” = Hence" (D [ d) { ] T# Q ‘what means that P is 4- dec1swe
") n+l) 1

]n y
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Remark 2. Generally, if ¢ is A-decisive in @ then | 'Fo‘\, |. < 2n..'If | Fo, | =
— 27 then the construction of the formula (%, ey x,) 1s unique ; if moreover,
@ = (g, «--r % %nt1) € Fopy = ony1= 0 then = is a tautology. .

Example 3. Consider @ = ®(x, x5) = 2 A % V(%D %), 4, Dx, = %
D%y, %3 @) = % A %2 V (%, %,). Verity if ¢ is A-decisive in ® and, ip
the affirmative, construct m(x;, %,) such that ®. € 7. For the g-extension
Oy = 2, A %, V X we have

Fo, ={(1, 0, 0,), (0, 1, 0), (0, 0, 0)}.

Since (1, 0) # (0, 1) # (0, 0) # (1, 0), hence ¢ is A-decisive in ®. As in the
Proof of the Theorem 1, define =(x;, x,) by:
x(l, 0) = =(0, 1) = =(0, 0) =1 and =(1, 1) =0
therefore =(x;, %) =% A% V% A %V 4, A %, =%,V %,. One constate
that ®-(x,, %,) = %, A % V %, A %, is a tautology.
Remark 3. The construction of the formula = in the preceding example is

not unique ; there is a second case, =(1, 1) = 1, in which © becomes a tauto-
logy. (See also the last assertion of Rcmark 2).

THEOREM 2. The part ¢ is F-decisive in O if and only if
]),’,44 m Aq‘f),\. = g.
Proof. The part ¢ is F-decisive in @ if and only if ¢ is A-decisive in @

(see Remark 1). Apply Theorem 1 and obtain further- that ¢ is F- decisive
in @ if and only if: “

- D,,‘.;.] n F%,\' =. Q.
But Fg = Ao, and so Theorem 2 follows. -

Remark 4. Starting from the Remark 2, we may formulate a necessary

condition of decisivity : Do

¢ is A(F)-decisive in ® = Ab ¢, < L (Ab ©x> i) ‘
2 { T2

where

a0 ol
R ee Ll]).

onl

Also, from the abve we have :

1 ..‘; B N
Ai&b' (D,\ = ST =9 is A-decisive in @.
An application. Consider the ‘boolean .e;.quation )

\F(I)l’ o Pw X)) = A(.pli <oy Pu) | i-. v
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where pi, ¢ =1, m, are boolean parameters. This has an equivalent formula-
tion: ¥ VA =1, or, generally, e .
N o . o ! oo

O(py, e po 1) = 1.

The existence of the solution x(p,, ..., 4,) is given by Theorem 1: the
uniqueness is given by Remark 2. The solution herself may be obtained by
‘the construction indicated in the proof of Theorem 1.
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REZUMAT — Conexiuni seml:-'si:x:nélrlcé ;l‘-recli;ehle, Il‘l }ucral:e se 'deﬁnezsfe

T-recurenta generalizati a spatiilor 4, cu conexiune semi-simetrici prin fdﬂtlﬂ

. -1(4). Se stabilesc relatiile! (6), (8) si i(11) pe care le verificd teqsorul de 'l-l’e.Cl:l-

rentd generalizati. Se aratii (propozitia 1) ci din (4) rezultd (8), iar in .propozm.g

<. v.. 3 se stabilegte reciproca- propozitiei 1. In spatiile 4, cu E-conexiune semi-

' simetricid T-recurenti generalizati se pune in evidenji sistemul (14) pe care-l

verifici covectorii ¢, §i a,. - e .

St S I R VI [T
Let 4, be a space with affine onnection. In a coorainate system, we
denote by Iji the components of the affine conmection, with Tj = T — T’
the components of the torsion tensor of the comnection I', and with T, = Ty
the components of the torsion vector (the Vrinceanu’s vector).

The connection T' is called semi-symmetric (Schouten) if there is a cova-
riant vector field so that

Contracting (1) in 4 and j and taking it into account we have [2]:

T =——(8iT, — 8T} 2)

n—1

relation which characterizes tne semi-symmetric connections.

In . (4] we deffined the A, spaces of generalized recurrent torsion, as
spaces in which exists a vector ¢, and a tensor Q}},, so that

e =0T + Ql 3)

where comma denotes the covariant derivation with Tespect to T
In present
and- rank one.

In this case|relation (3) will write

paper, let us consider the tensor Q,':k, degenerate of first order

T;'f.' = ‘,’rT;k + @,Qi £)

Uraaaity of Chj-Nefae, Tawliy ¢ &

etlimatics ard T hysics, 400 Cluj-Nagcca, Romania



T-RECURRENT SEMI-SYMMETRIC CONNECTIONS

63

pEFINITION. The A4, spaces for which"tHeye ! existstthe ‘covedtors [

and a temsor ij so that (4) take place,. are called generalized T-recurrent. n

Remark : The tensor Q from (4) is anti- symmetnc m j and k
Contractmg (4) 1n 1 and ] we have ‘ R

R

LY qian

"‘ u'

TIH - ‘?”Tk + aer A ._" : ,' " : .“.‘ (5)

1. .
where ®,.= - D TN, g -‘zrl‘jf » . e ;

1

PROPOSITION 1. In a generalized T-recurrent A, space, the Vrinceanu's
vector s also gemeralized T-recurremt with the same T-recurrency vectors ¢

and a, and with Qp = Qi.

Ii the generalized T-recurent 4, space 1s w1th semitsymmetric. conn
ectlo
from (2), (4) and (5) it follows Ut L e e ¥y _f”‘ ection

Q;.k’—‘;? ( JQk kQ:) sl i (6)
relation of the same kind as {2), therefore:

PROPOSITION 2. In a generalized T-recurremt ‘A, space (n>°Y): willy
semi-symmetric conncction, the generalized, T-recurrency tensor Qs and his con-
tracted Qr satisfy the relation (6).

From rclations (2) it follows that in an. 4, space with'semi-symmetric
connection, the torsion of the space is complete determined by the torsion
vector, therefore in such spaces, proposition 1 has a converse.

Indecd, if in (2) we apply the covariant derivation and take account of
(5) it follows (4) with Qj, given by (6), therefore: .

PROPOSITION 3. The A, spaces:n> 1 with semi-symmetric cormecnon and
Vrinceanu’s vector, generalized T-recurrenl are gencralzzed T-recurrent” with the
;ama -vectors  of generalized T-rccurrcncy y, and: a, emd the tensor Q,k given
y ( 6) 1. “ : RTINS

ert;ng the re]at1011 of Go'la b ,LS] for spaces ,with serm—s_ymmetnc

Connection -

| T5 T + TuThi + TaTn =0 7)

derivating it covariantly and taking it and (4) into account, we have :
E Q.ij:h‘+' QZhT;] + Q:kﬁj + QijTik + QuTse +_Q;kT:h =0

We therefore have : mert ‘ P L
d T-recurrent A, space, #> 1, with semi-sym-

(8

PROPOSITION 4. In a generalize
etric connection (8) take placz

In an A, space with semi-symmetric co
4T, =0

nnection, we have [2]:

()
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~Transvecting in (6) by @i it follows _‘
relation of the same kind as ), thegefore | ‘

PROPOSITION 5. In a gemeralized T-recurrent A, space, # > 1, with sem;.
-symmetric connection, relation (10 ) take place. o

Derivating covariantly (9) and taking (4) and (5) into account, we have

| L QT+ THe =0 "

-therefore : .

PROPOSITION 6. In an A, space, n>1, with semi-symmelric connection,
between the torsiom temsor and the gemeralized T-recurrency tensor (17) take

P l““I-f the connection of A, space is a semi-symmetric E-connection [2]
Tij—Tu=0 (12)
from vanish of the torsion divergence
'- Tji =0 (13)
taking (4) into account we have:
o ¢6T;h +aQi=0 (14)
.and therefore A

PROPOSITION 7. The vectors §; and a; of generalized T-recurency of an A,

space, n> 1, with semi-symmetric E-cownection, verify the homogeneous
system (14)..

Ina preyious paper [3] we pointed out an application of the semi-symmetric
~connections in tl}eoreucal I_Jhysms, constructing a remarcable linear COnnectiop,
the spin connection by which we gave a geometrical interpretation of the spin

tensor. The considerations from present paper one extend naturally over these
connections too. o

-
‘
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" .t”( R . 1 . i ‘n,r;'-;rf

REZUMAT — Notd asupra teor|ef lnformn;lol nuantate. In lucriri antenoarc auto-* - - .
rul a introdus notiunea de entropie a unei partitii nuantate. ‘Folosind aceasti ‘-7 -t
uotiune in lucrarea de fati se definesc informatia relativi a doud partitii nuangate . 7. :
si cigtigul de informatie. Rezultatele obtinute sint analoge celor. din teoria cla- ..

sici a informatiei; putmd servi la fundamentarea unei teorii a informatiei ce’:* -
.admite evenimente imprecise. B

Using the concept of entropy introduced in the papers [2], [3], we mtend
to give some preliminars of a Fuzzy Information Theory. . -,

A fuzzy set 4 on the universe. X is a fuuctxon A:X- [0, 1]. If A and
B are fuzzy scts on X, we define

(AU B)(x) = min (4(x) +.B(, 1, (rex.. LT N EY
(AN B)(x) = max (4(x) + B(x) =1, 0), (x < X)." ””"’“"-_!,. (1)
(4 - B)(x) = A(x) - B(x), (x = X). < {L<)
Thé"fdmily Ay oony Ap 122, of fuzzy sets is said to be disjoint [1] iff ;
(O Ai)m,Ajﬂ =9, \_]= 1, SLFIIS (o L. 2)

(d,)wan is a disjoint Srqm’ncc of fuzzy sets iff 4,, s A,,) is a disjointfami_l;,;

for every # > 2. "
- Let, 4 bc a fuuy set _A fl,mte fuzzy partmon of, A 15 a famtly A vy o A

of dlS]Olnt fuzzy sets such that U A = A It is’ easy to'see El] t)}‘lat thlS defl-
e Y IS (Y

L !

nition s equlvalent with the condition EA (x A(x ' for every x from X.
1 =1
r fA. Qis
Let P={4,, ..., 4, —{B,, ...; By} two fuzzy partitious o
said to be a{ nlz_’fmement }onP (inci we wrlte P < Q) iff every atom (ilf P ::
an union .of some; atoms..Qf Q. The common: refinement B\ Q:of P and-Q

deflnedby
. s 3
Py Q= (- Bl<i<m L <j<mh ®3)

with ' lexicographic ordering. 1. w7

i-Napoca, Romanis
Unwer.uty of Ghaj-Napsca, Faculty o[ .\I.Jlluu:llu:s and Phvsics, 3100 Cluj-Nap
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M“u'emiliim 21408



Let F be a o-algebra of fuzzy sets [1]. A fuzzy measure [1] m over F
is a function m:F —»R such "t'}ia't : . . -
() m(4) > 0, A EF, m(@) =0. RUTERA
{li) I (4,).ex is a disjoint sequence, of fuzzy sets and 4, € F, they,

m(lj A,) =2, m(d.).

n=1 n=1
A triple (X, F, m) is a called: a fuzzy measure space. If m(X) =1 this
triple may be called 3 .fuzzy probability, space. In this case the elements of
F are called fuzzy.events and m{4) may be interpreted as the probability:
of the fuzzy event A+ o o i i oo 0 T

The conditiopal probability. of the fuzzy event'd given the fuzzy event
B is 4

[
(S 4

(4)

m(A |B) = ™48
BT ot ey

The ‘fuzzy events A_':;"an'd‘ B ar’e.‘independent iff
ST m(AB) = m(A)m(B).

| P

G Let (X, F, m) be a fuzzy probability spage. A system & = {4,, ..., 4
A; € F, is a complete sysiem of fuzzy cvents iff 4 'is a fuzzy partition of X.
Every fuzzy partition R for which 4, € P entails 4, § F is said to be admi-
sublcé An admissible fuzzy partition if therefore a' complete system of fuzzy
events. _ , :

The entropy of the admissible fuzzy partition P = {4,, ..., A,; is defi-

N

ned [2] by

t

il N ’ : 5
H(P) =—i:;m(A,)log2m(A,). (O)‘
with the ¢ondition © log,0 = 0.
If we consider the fyzzy events A 4

) nsider the y events A,, ..., 4, as the outcomes of an expe-
E:pent E then H(P) fiay Be interpreted as tl}e'i?lformation’ gained (or uncer-
fainty temeyed) by performing the experiment E. |

e conditional entropy of the fuzzy pastition P — (4. - iven
the furpy set fevent) D is defiged by ol AT E

< I "‘,zt)

N

SES . e 1-'H(P-| D) .;-:_E; m(A.]D) logzm(‘ﬂ'.]p)

SRR I SN~ '
»’Fhe conditional ‘entropy of P given the: fuzzy parﬁtion “Q‘={Bp "l-‘-"~" By} i

HBIQ) = mBAHR| By (6:a}

= -',E(m(AiBj) logZM}.ﬁ“:ui:'nw Ldrgrean (6.b)

RERAIEIE S ST -t‘.'..‘:uL»",n'(B‘\’,) T
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H(P|Q) measures the uncertainty about the outcome of the -experiment associa-

ted with P given the outcome of the' experiment associated with @. "+

The properties of the introduced, fuzzy entropy are summarized by the
Lo N LA AT (ry v e s mt oy e
next .

A TS I PR J TN

pROPOSITION 1. If P,'Q, Ruare finile admissible.fuzzy partitions of X, then
() H(PVQIR) =HPIR) +HQ|PVR)
(i) H(PV Q)= H(P) +H(Q[P)‘: SRR
@) P ~<Q=HP[R) <HQ|R), VR
(ivy P =<Q=H(P)<H@Q." = "
) Q=< R=HP|Q) >HP|R), VP.
(vi) H(P) > H(P|R), VR. . :
(vi) H(PV QIR) < H(P|R) + HQ|R).
(vili) H(P V Q) < H(P)+ H(Q). K
f 2] and [4].
For }1‘};169 pr-rq:(l,)t(z)tivsce'eing'or]n::,zttlicm[ g]iven by @ about P ig defined ;a\,s;: o
1P, Q)=HE) —HPIQ . 0
If P and Q are independent, i.. m(A;B,-) = m’(A;)\rln(B,-), 'V'A,-e‘l.-’, 31 e!chus
I(P, Q) = H(P) — H(P|Q) = H(P) — H(P) =0. |
If o= {X, 9}, we have v ) L
I(P, P = H(P) — H(P|P°) = H(P) — H(P) =0.

1

Using the inequality (vi) from Proposition 1 we have
1(P, Q) >0, o
and using (ii) we may wiite ‘ Lo
I(P, Q) = I(@, P) = H(P) + HQ) ~ H(P v Q) ®)
The gain of information H(P, Q) resulting by the replacement of the (a

Priori) fuzzy partition P = {45, .-+ 4,} by the (a posi;eriori) fuzzyf Partltlon
Q={Bl) s s ey B"} iS defi-lled a.s< S i "

. : W) 4 (9
H(Q‘ B)= ——El n{B,) lag, ::i{;i) . ©)

PROPOSITION 2. If P and Q are admissible fuzzy partitions of X then
10N 2. » )

HPQ 0

67 -
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Proof. Since Em (Bi) = (UB ) =m(X)=1, .

i1=1

and—log is a convexe func‘aon from the Jensen s inequality we have

H(P' Q) E m(B ( l)l gz m(Ao)

m(B;)
. m(A;
—log,(z‘:m(B m(B)) o

Taking into account the definition of H(P|D): we may also define
H(P|D, P) as

- E m(A D) lo m(A;)m(D)
) 2 m(4.D)

PROPOSITION 3./ If P ='{4,, ..., 4,}, Q ={B,, .
sible partitions of X, then

0 17, 0) = Em(B-)H(Pd B, P).
(n Em P|B,. P) = Em(_B)(H( ) — H(P| By).

VA

.., B.} are fuzzy admis-

Proof. (i) Usmg the deflnltlon of H(P| B;, P) we may write

m H P B, P ‘_ _ B m(A ;Bj) m(A )m(Bj)
E ( I ! ’ E”l( m(By) lo 082 m(ABj)
— _Em 4. B) 10(', m(A)m(B,)
mdiBy)
= —Em(A :B;) log, m( ,)+2m(/1 B)) m(AiBj)
. m(Bj)
==L (4. B)) tog, m(4)) = H(P|Q)"
: "L H((P) - — H(P|Q) —-I(p 0. A ,
(ii) The relative information may be written as " )
I(P, Q) = _ e .
(P, Q) = H(P) — H(P|Q) =.H_(P)‘Lj:m(Bj)ez_v;z(B,-)H(Pl B)) =
7
. w., = 2m(B)HP) — H(R|B)). .

From this equality and (i) follows (ii). -- VY
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PicARD MAPPINGS (I)

IOAN A, RUS* . o
DU S R GO ' "
R AN o o foe

Recéivid: Fobridry 22,7088~ T a5

REZUMAT — Aplicatii dé fip\Picard (1) In aceasti parte a lucriirii se dau
conditii ce asigurd urmitoarea implicatie : (f asimptotic regx_ltzra) :"(f este o
..r-aplicati¢ de tip. Picard). Cazul special al aplicafiilor neexpansive va {i analizat- -

in urinitoarea parte a lucririi.

1. Introduetion. Let us consider the following Cauchy problem
)

y = f(z 3), ¥(a) = Yo (1)
and the corresponding sequence of succesive approximations

x

(%) =50+ g £(s, pa-a(s))ds (2)
where f: [a, b] X R"— R*.

The folowing result is given by Dieudonné in 1945:

Dieudonné’s theorem ([6)). Let f = C([a, b] X R», R»). We suppose thal the
problem (1) has a unique solution. Then there is 0 < h < b — a such thal the
successive approximations (2) converge to the solution of (1) wuniformly on
(a, a + k] 1if and only if (yur1 — Yn)nen comverges to O umiformly on [a,a + k]

This result was generalized by Wazewski ([20]) for the Cauchy problem

in Banach spaces. An abstract form of Wazewski’s result is gi P ar
([11)) in 1969, wski’s result is given by Pelcz

From these results, and many oth i
problen aries; y other ([2], [1], [19], ...),, the following

Problem 1 (see [16]). Let (X, d y ; 1
are the conditions on f such[ thgz)t we ha(ve E ) be a complete metric space. Which

(f is asymptotically regular) = (f is a Picard mapping) ?
The following problems are in connection with the Problem 1 :
Problem LI (see [17]). '

. Which are the conditions on f such that we
. (x* is a cluster point of (fta)) = (x* e F))?
I roblem 1.2. (see [17]). Which are the conditions om f such that we
(x* is a cluster point of (/(2)) = (lim fr(x) = x%)?
R

® University of Clujq\a{:om Faculty of A Y/ B 2 oy
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" Remark 1. Throughott m ﬂh1s papef We follovif t‘ern‘nnolognes an& nofatwﬁ s

in [14] and [15]. |
In the present paper we give some pa‘rﬂlal results forl these probl\ems
.. 2, dpp-tondensing mapping. We begin with « ./ £1 v ¢ -0

Defzmtwn 7'(see [4] and [9]). Let (X, d)-be'a thetric space: A mapping
appi Py(X) = R, is a Dane$-Pasicki measure, of , Doncompactness if

(i) apr(4) = 0 =4 € P.,(X), for all 4 € P,X),
(ii) app(d) = app(d), for all 4 € P,(X), b e

(i) 4 € B = app(4) < app(B), 4, B = P&, ot AT

(iv) aps(4 U {x}) = app(4), for alt 4 € Py(X), 'e X" ol o
St i PRI cokioog Lo tiao i LIS

Let us illustrate this notion by ., B S AT

Example 1. app = ag (Kuratowskii’s measure of non'compactness).
Example 2. app = ay (Hausdorff’s measure .of non-compactness).
DEFINITION 2. Let (X, d) a metric space. A mapping f: X -+ X is .app-con-
densing if (A e Py(X), f(4d) < 4, otpp(A) #0) = (“DP(f(A)) < aDp(A))
" For some examples of asz-condensmg mappmgs see 515] [14] '

3. Problem 1. We begin with 0o noot

LEMMA 1 (see [18]). Let (X, d) be a com;bact memc space and f X—- X
a continuous mapping such that: o R ‘
(i) f has at most aﬁxed point,’ o R .
(il) f is asymptotically regular. o
Then f is a Picard mapping. , . : ;
Proof. Let x € X. The sequence (f*(x)) has a,‘convergent ‘ubsequence
{f*(x)) - Let f"i(x) » x*. By the continuity of f fr '+1(x) - f(x*) But £ is asymp-
totically régular. This implies f(x*) ="x*  From (i), fis4d Pi¢drd' mapping’
Remark 2. The Lemma 1 will remain true if.theicompactness of X' is replacéd’
by: there exlsts n < N such that f"(X) is compact. , T
The mam résult of this papér is the following. L
THEOREM 1. Lot (X, d) be a bounded complete metnc space and f 1 X —»X a

~r

contmu‘ous aop-coha‘mswg mztppmg If P

(i) f has at most' g ﬁxed ﬁomt ‘ ‘ e R
(ii) f is asymptotically regular, ‘-.? A U A
then f is a cha/d mappmg \

Proof. Let x € X. Lét O(x)! denote the orbit of .x rc]a\ ve to f weé h'lvc
0(x) = L{f)(I,(f): = {4 = P(X)|f(4 CA A # &}), and by the contmmty of

j,’bo ‘ < Ib(f . On''the ‘othéf hand _—y \v) Poi ot i“'. o
| “DP(O(f(x) )= app(f(O(x) < aDP(O(x) = aDl’()(f)L )) v o

I . W
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This implies «p,(0(%)) = 0.. Thus we have that 0(x) is compact and O( ). e,v[m_

Now the proof follows from Lemma 1.
~From the; Theorem 1 we have .. . - i p

rHEOREM 2. (see [13)). Let (X, d) be a bomzded complcte melric space and
f: X = X a continuous maﬁpmg \such thas i

(i) lim d( (%), ()Y -—0 Sfor all x, ¥ € X o

”n — 0 s '

i

(ii) f 1s aDp-condcnsmg I
Then f is a Picard muj)jnng B
Proof. From (i) we have that card F; < 1 and / is asy mptotually regular.
The Theorcm 2 follows from the Theorem 1.
It F: X X X - R be a real lower semicontinuous function. The mapping
f:X - X.is said to be J-contractive if (sce [7]).
« F(f(x),; f(y)) < F(x, y), for-all’x, y € X, x # 3.

Al

By Standard prooi g\\e have
THEOREM. 3. Let (X, d) be a boundcd complete mrtnc space. and f: X - X
a continuous «pp-condensing and “F-contractive mapping.
Then f is a Picard mapping.
¢ “Reniark-3. For app = ox see[7].

THEOREM 4. Let (X, d) be a bounded com/)(élc metric space and f: X » X
such that . : 2,
1) f is app-condensing, e
(ii) f is of diminishing orbital dz'amcter,
(111) ﬂzcre cx1sls c > "0 such tlmt G ! .

. .d(f" x) f"(y) < cd(x, y), for all %, yeX, and cach k e N.
Then'f is a.weakly: Picard maj)pmg e b

Proof. From the condition (i -
. thcorcm of Rirk (s [17]) () ( ) is ¢ compact 'lhe Thcorcm 4 follo“s from
N .'
THEOREM 5. Let X b' a Banach space, Y X {9
X, and [:Y > Y a continuous mappmg We st%posgailfti?“d .bouﬂdﬂi S“bS‘ !

(i) fis a app-condensmg, . i)
(i) F, % 2, |
(m)]]j(x) Pl < H“—Pllforallxey xéF} PEF,\. '

e g g ',-. .

"Then . f is a- weakly Pward mappmg Ly

Proof. 1et x € X. Fro | i : iy . .
Corollarry 1.1. in [12].. & (l) 0( is COmPaCt; Now the proof follows from.'

R R
fro ¢ S
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Remark 4. For various considcrations on the Problem1 see : (2], [10],

i), (121, (17}, (19], [20]. ‘

Remark 5. For 'various considerations on the Problém 1.1, and 1.2 see :

), (21, 31 [5] (8] (17}

Remark 6. In the next part, the Problem 1 in the case of nonexpansive

mapping will be discussed.

a w N

12.

13.
14.
15.
16.

17.
18.

19

20. w

Se ® N o =
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GENERALIZED RECURRENCY IN SPACES WITH
- | AFFINE CONNECTION

P. ENGHIS* mid M. BOER®

Received : Oclober 15, 1987

REZUMAT. — Recurenia gencralizati in spatii cu conexiune afini. In lucrare se

introduce prin (1,1) si (1,4) recurenta generalizatd in spatii cu conexiune afind.

tn primul paragraf se dau proportiile 1.1 §i 1.2 ce decurg imediat din definific.

in paragraful doi se studiaza spatiile cu conexiune simetricd. Se introduc spaiiile '
proiectiv recurente generalizate, dindu-se un raspuns la problémele pu'se in obser-

vatiile 1.1 i 2.1. In paragraful trei se studiazd spatiile’ cu torsiune recurentd

generalizaté §i se d4 §i aci un riispuns la probléma pusd in observatia 1.2 precum

§i un caz in care reciproca propozifiei 1.2 esté adeviratd.

'I. Generalities. Let A, be a space with affine connection. In a coordinates
:system, we denote by [Ij;, the components of affine comnection, by [V, the
-components of curvature tensor, by I, = [ji the components of Ricci tensor

o1 I ALY : . .- . S e e iy . ie s
.and by Tj = [y — T'y; the components of torsion tedsor of thé connection. I
..-DEFINITION 1.1. The space 4, is called gérierali'zéd Tecurrent curvature
rspace, if there exists a covectqr ¢, and a tensor Ajuy, so that ‘

o F;u,r,= %P;kh + A,':k'hr ; (r.1)
where ébni'n'it}' denotes the covariant derivation' with respect to T
Contracting:.(1,1) in % and: 2, we have:
e A LR Ly = ‘PrP}'k TI:.A‘,'hr. (1"25
whéte LR e '
' B Ay = Ajiny (13
-and’ thérefore /. " o
PROPOSITION 1.1.- The generalized recurrent curvature A, spaces, " have the

Riccr tensor als ; . !
.git{eﬁ' by (7'3)'0 generalized .r)ecurrent uj@th tke.v samf Ivector Pr and te.ftsor‘ A i

‘Remark'7..7. From (1 i) ;it 'f“)ng)ﬁs"s‘ ~tifaxrt b S
i . ) ' eeing given th tensor
Ajunr is determined, having the same prope g g e vector ¢, the

- . : rties as th r. Con-
versely, beeing given the tensor A e curvature tenso

. ihhrs i hat
(1,1) take place? This probl jhhr, CA0 We determine a vector @, so th
:second pa?agraph. problem, together with others, will be solved in a case 1

L] Uni & ;.
wiversity of Cluj-Napoca, Facully of Muikematics and Physics, 3400 Ciuj-Napocs, Romani
. oca, Komanis
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DEFINTTION 1.2 A Space Ay, 18 called’ geﬁet‘ahzed recurrent torsmn _space
3if there exists a covettor u,;, and a tensor Oy, so that "

S

Tjk.r = {,T, ;'k + .Q;kr (1.4)

where comma denotes the covariant derivation ‘Wwith respect to I'.
If in (1,4) we apply a contration in- ¢+ and j;c we obtain

Tk,r = ¢,‘Tg- + le" i~ (15

where T, = T} is the Vrinceanu vector and Q,, = Qf,, We have therefore

PROPOSITION 1.2. The generalized recurrent  torsion A spaces, have th)
Vrinceanu wvector also gencralized recurrent, wzth the same vector ¢, tmd tensor

er - thr

Remark 1.2. Here too, one observe that beeing given the vector. {¢,, the tenmsor
-Q,k, is determined. The converse problem w111 be stud1ed in the third para-
graph.

2. Generalized recurrent curvature A, spaces. In this paragraph' we con-:
sider the space 4, with symmetric affine connection, therefore Tj =0. We
.denoté by R}, the components of curvature tensor and by R,,, the compoénents’
-of Ricci tensor. Relations (1,1) and (1,2) w1\ll writei , :

Rims = ¢ Rims + Ajunr (2.1)
R;h , = Pr Njh + A];h' " (2 2)

For such a space, takmg account of the Bianchi identities of Sécond type '
it follows .

"y \
.

‘P' th + ‘PkRﬂlr + (PI;R;rk + Ajklu + A]hrh + Ajrkh =0 (2~3)
If in (2;,3) we-apply a contration in 7 and 7, wé have

(R;:hh + siRjk— siRﬂ;) P + A;‘w + Ajwn — Ajue =0 (2.4)
and’ therefore : * ' ‘ ' ;
PROPOSITION 2.1. In a A, space of recurrent: curvature, endowed with a

-Symmetric commection, the vector ¢; is solution of the linear and non-homogeneous
-System of nd equatwns with n unknowns (2.4).

Proposition 2.1 ans rélation (2.4) give for these spaces, the answer to the
Temark 1.1 through.
PROPOSITION 2.2. In an A, space with symmetric comneition, beeing given

ke tensor Ay the determination of the vector:p, which verifies (2.1) depends o'
Lhe compatibility of the system ' (2.4). ) | |
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i lized recurrency tensor A
Outstanding problems appear when the generaliz : -
is degenerate. %rlc))m various degeneration possibilities, we consider here ,{he
case of degeneration of first order and first rank, therefore

A;hhr = a,A;M (2_5)

In this case, relations (2.1) and (2.2) become
' R;:u,' = @, R;'kh + a'A;’u (2.6)
Rine = @:Rjy + @A 2.7)

and we have:

DEFINITION 2.1. The A, spaces that verify (2.6) we call generalized re-
current of vectors @, and &, and tensor Aju.

DEFINITION 2.2. The A, spaces that verify (2.7) we call generalized Ricci-

recurrent. _
From the way (2.7) was obtained from (2.6) it follows.:

PROPOSITION 2.3. A space A, generalized recurremt of vectors @, and a,,
endowed with a symmelric connection 1s also gemeralized Ricci-recurrvemt with the
same recurrency vectors.. ‘

Remark 2.7. The converse of assertion 2.3 is generally not true. In this paper
we will give also a case in which the converse take place.

Let us consider now in the space 4, with symmetric connection the Weyl
tensor

i pi n i : j 1 ip i ¢ — R
1‘ i = Rin — nt— 1 (S*Rih - siRj*) T _ l(sthj_SkRk]) - 8j£%+—1” _(2-8)

also called the projective curvature tensor.

. Derivating covariantly (2.8) and taking (2.6) and (2.7) into account we
ave

PRI Al

i i ” v i . o
Wins = Rins — 27 (3iRa, — 8iR) ——— (3iRyy, — 8iRiy,) —

nt — 1
’th - Rkla ; ” N ' . <t :
— A A R — i C o | s :
8) n + 1 P/ Jkh PR (3k Rﬂ, — SiRJk) —_ o (S;Rk_ 81Rb,)"‘ .
5! B — Rux ’

— Pl B4 i on ; ; l

; T * a‘, [A,,,,, - T_l\(sh‘{ﬂn — 3idp) —
l 1 R . .. .

w1 Okl = 8idy) — 5 M]

' n 41

where if we note

o AL M s TR

B;kh A,u n — 1 (SkAjh - S.A;&) - ,\l_l (SAAL,' ‘—'S;Ahj) _ S;ﬂh_-:‘"““—, (2_9)

n
7 -+
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and taking (2.8) into account, we obtain R
W;:kb' = ¢, Wim + a,Bju o (2.10)
pErFINITION 2.3. The A spaces that venfy (2.9) are called generahzed
:proyecmv recurrent. . ;1;..
From definition 2.3 and relations (2.9) it follows )
. PROPOSITION 2.4. The gcnzralzzcd recurrent A, spaces, endowed with symme-

,trzc conmctton are also gcneralzzed pro;ectw recurrent wzth the same vcctors Pr and a
with generalized recurrency temsor given by (2.9).

Reiark 2.2. Generalized ' projectiv ‘recurrency tensor B,,‘,. given by . (2.9) is
e\pressed by means of the generalized recurrency tensor A,u. and of his contrac-
ted A,,, in the same marner as the projectiv curvature tensor W,,,. is expressed
by means of the curvature tensor Rjy and of his contracted Rj.
For the converses of assertions 2.3 and 2.4, 1f m (2 10) we take count of
Lo LY

(2.7) and (2. 8) we have
Rjkh,r' = <P1 j‘:kh + a, B;kh + _”- (S;Aﬂ, — S;Ajk) —7 . "‘.f ‘
1, i ’ ' i Apy —. Axk :,-..\., N .
i (SkAhJ"" $idy) = & —:l—] BT (2.11)

.and the space is generalized recurrent of vectors ¢, and a, and tensor

y i iAm — A
oy O — Bady) — 3 L (Bhdyy — Sidy) — 28

S e T (2.12)

44)‘[‘), = Bl"h +

we have therefore ;

: L7 S ; .

PROPOSITION 2.5. A generalized Ricci-recurrent - and gemeralized projectiv
recurrent A, space -with the same vectors ¢, and a,, endowed with symmetric
conncction, 1is gemeralized recurvemt with the same vectors @, and a, and with gene-
ralzzcd recurrency tensor, gwen by (2. 72) SR

PROPOSITION 2.6. The generalized ;bro]ectw recurrent A, spaces, endowed with
Symmetric connection, are generalized recurrent if and only, if they are generalized
Ric-i-recurrent.

3. Generalized recurrent torsnon Ay spaces. We consider now a space A
<ndowed with a non-symmetric affine connection T'. it

We introduced in definition 1.2 the generalized recurrency of the torsnon
Taising in remark 1.2 the problem of the determination of the vector ¢, when the
‘tensor Qi,, is given. We can give an answer to this question in the case of 4,

Spaces’ endowed with a semi-symmetric E-connectlon [2] In this ‘case it is
ﬂmawn (3] that we have: ..

Tl o

EEERL B .;.‘\.,‘ Vo .-x‘ " ’“ 4 Tk” + T,' -k =0 o x"; NS e (3.1|)

Yy ,"_)‘;."..'. v )\ . . AT 3N



In (3.1) taking count of (1.4) we have: ~“,.
- B Th + 4T + BT 0 + Qs+ Qo =0 62)

9 in -'(3..2) we apply a contraction in % and 7, and we take count of (1.5) and
of the fact that 4, is endowed witha E-connection, 1t follows

ST e UL T+ Q=0 (33)
and so we have: A o
. - PROROSITION 3.1. In an A, space endowed with a semi~symmetric E-conme-
ction, the vector.Y; is solution of the system (3.3).
* An answer fo the question raised in zemark 1.2 can therefore be given in

this way: . )

PROPOSITION 3.2. The determination of @ -veglor {, that uerifies neation
(1.4), for a given lensor Q,, depends on the compatibility of the system (3.3).

In proposition 1.2 we saw that the genperalized recurrent tarsion A4, spaces

have the Vrinceanu -vector generalized recurrent too. Let us give now a case
in which the converse of this assertion is true.

. Let us consider the space 4,, # > 1, endowed with a semi-symmetric connec-
tion. In this case we have [2]

Th=—— 3T\ — 3iT}) (3.4)

, n—1

N Derivating covariantly and taking count of (1.5) we have

Tos = 27 (B Th + Q) — BT +05))

or 2

3

. 1 i ,'.“:‘I ‘;"‘ (P [y

T =BT oS E o0l —be) 69
Taking count of (3.4), relation (3.5) can write |

- ST T;é.l = Qh ;.k T"‘tQ,:}I {
where ' '
‘ . e Qe sie  sio.
| -anrm (31 — 34Qir)
We haye therefore "

. PROPOSITION 3.3 The A4,
Vrinceanu vector gemeralized

£8.6)

i
Vo

o

spaces endowed with semi-symmetric connection, wilk
recurrent of vector |, end tensor Q,, are also gemers”



GENERALIZED RECURRENCY IN SPACES WITH AFFINE GONNECTION T e

lised recurremt torsion spaces, with the same vector {, and iensor Q;:;. given:
by (3.0). .
Remark : A more detailed study of the spaces 4, endowed with seml-sym.metr,lc
connection and with generalized recurrent tors1on will be made later. -~
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STUDIA UNIVERSITATIS BABES—BOLYAJ, MATHEMATICA, XXXIII, 2, 1988

RECENZII

i

J. Dieudonné, Grundziige der moder~
men Analysis, 9, VEB Deutscher Derlag der
Wissenschaften Berlin 1987, 380 Seiten.

- Der vorﬁegende.Balnd ist die Ubersetzung.

aus dem Franzosischen des wohlbekannten Bu-
<hes von J. Dieudonné ,Elements d’Analyse”,
“Tome IX, Chapitre XXIV, Bordas, Paris, 1982.
Darin verfolgt der Verfasser die wichtigsten
-Aspekte der Algebraischen Topologie und der
Differentialtopologie entsprechend dem Geist
-der modernen Analysis darzustellen. Aus dem
Inhalt erwihnen wir hier: Kohomologie und
Kohomologie mit kompakten Trigern einer
«differentiarbaren Mannigfaltigkeit, die Poincaré
Dualitit, Homologie der Strome, die Stokessche
Formel, die Sitze von de Rham, die singulire
Kohomologie, Chernsche Klassen, Pontrjaginsche
Klassen, Stiefel-Whitneysche Klassen, die Theo-
-rie von Hodge, die Formel von Atiyah-Bott
--Lefschetz, Kohomologie Liescher Gruppen.

Nach dem Text folgt ein Auhang mit
Erginzungen aus der Algebra (Fortsetzung des
Anhangs zu Band 5/6), der die wichtigsten
Begriffe und Hilfsmittel der linearen und multi-
“linearen Algebra, also der homologischen Algebra
-enthilt, Z.B. Tensorprodukte von Moduln, exakte
Sequenzen, Kohomologie eines graduierten Diffe-
‘rentialmoduls, Erginzuugen zu den Vektorriu-
men, Erginzungen zu den Z—Moduln endlichen
Typs.

Der Band schliesst mit einer Liste von
Bezeichnungen, zusidtzlicher Literatur fiir die
Bidnde 1—9 und cinem Sachverzeichnis.

Dank seines Aufbaus, der originellen Pro-
“blembehandlung und der Gesamtkonzeption, ver-
-mittelt das Werk eine bemerkenswerte Einfiirung

schenden Mathematiker zuginglich ist,

in die betrachteten Theorien die sowon] dem

Studenten der Mathematik, als auch dem for-

M. TARINX

Geometric and Algebraie Topology, Banach
Center Publications volume 18, Warszawa 1986,
417 p. (H. Torunczyk, S. Jackowski, S. Spiez
eds.)

This volume contains the most important
and suggestive papers presented during the
Topology Semester which was held at the Stefan
Banach International Mathematical Center in
the spring of 1984. The content of the book
consists of 26 papers divided in 7 sections. In
what follows we present the sections and the
authors of the papers. 1. Low-dimensional mani-
folds (4 papers): N. V. Ivanov, K. Johannson,
D. McCullough, D. Repovs; 2. Higher-dimensio-
nal manifolds (6 papers): R. J. Daverman,
L. Montejano, T. B. Rushing, E. V. Shchepin,
J. J. Walsh, D.G. Wright; 3. Group aclions
(3 papers): K. Pawalowski, M. Steinberger P.
Traczyk, J. West; 4. Differential topology f”d
geometry (3 papers): J. Eichhrn, A. Sziics,
Ch. B. Thomas; 5. Cyclic homology and homo-
logy of groups (3 papers): R. Geoghegan, J. L.
Loday, Z. Marciniak; 6. Shape theory and its
homological aspects (4 papers): J. T. Lxsnts:?-
S. Mardesic, L. D. Mdzinarishvili, J. Segal, T,
Watanabe; 7. Dimension theory and Iheory' 0_
continua (3 papers) : J. Krasinkiewicz, L. G.Over
steegen, L. R. Rubin, E. D. Tymchatyn.

D. ANDRICA

INTREPRINDEREA POLIGRAFICA CLUJ, Municipiul Cluj-Napoca c-da nr. 253




In cel de al XXXIIIdea an (1988) Studia Universitatis Babes-Bolyai apare In

specialitatile:

matematicd

fizica

chimie
geologie-geografie
biologie

filosofie

stiinte economice
stiinte juridice
istorie

filologie

In the XXXIII-rd year of its publication (1988), Studia Universitatis Babes-

Bolyai is issued as follows:

mathematics
physics

chemistry
geology-geography
biology

philosophy
economic sciences
juridical sciences
history

philology

Dans sa XXXIII-e année, Studia Universitatis Babes-Bolyai parait dans les
spccialités:

mathématiques
physique
chimie
géologie-géographie

" biologie
philosophie
sciences économiques
histoire
philologie
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