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STUDIA UNIV. BABE§—BOLYAI, MATHEMATICA, XXXIII, 1, 1988

—  SUR UNE FORMULE DU CUBATURE DE GAUSS-TURAN

PARASCHIVA PAVEL*

Manuscris requ le G février 1987

REZUMAT. — O formuli de cubaturi a lul Gauss — Turan. In lucrare se
studiazd formulele de cubaturid (10), relative la un dreptunghiun, formule ce
constituie o exteusiune a formulelor de cuadraturi de tip Gauss—Turan (6).

1. On sait que pour une formule de quadrature avéc les noeuds fixes
Xy Koy veer Xy O A< x; < L. < %, < b de la forme

{2z = EA“’f Z: APf (%) + 2 APf (%) + RIS) 0

‘on peut dthrminer les cocificients Aﬁs); i=12 ...,n; s=1, 2 3 de maniére
que R[] =0;¢=0,1,...,3n — 1. Alors si f € C* [a, b] on peut mettre
le reste R [{] sous la forme

b

R{f] = (— 1)3»5 $(x)f O (x)dx )

)3»—1’

$(x) = (- a)¥ E. i A9, (¥ = %41

nl! =0 Bn — 4! (3)

On sait également que si I'on regarde dans la formule (1) les noeuds x, #,,. . .,

2, comme nedéterminés, on peut les déterminer de maniére que R{x'] =0,

pour:=0,1...,42 — 1. Alors la formule (1) devient la formule de quadrature

de Gaus s-T uran [9], dont les noeuds sont les zéros du pblynome. de degré
n, qui realise le minimum de la fonctionelle :

I (w) = (o) fdx (4)

® L™ o

sur la classe des polyndmes ,

olz) = 2 + a4 . .+ a

PR
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Sife Cu [a b] on peut mettre son reste sous la forme
1

" :J .T{? ",‘, EE s
"

7
R} S.¢ (%14)(%)

b
ol la fonction ¢ cst Gonnée par la formule
g ¥ — )4” 2 Z_/ (_ 1) A(‘) i;’*'l)“: ’
W) =R (m) e S 5=0 (4n — i)t
) e .t :
fonction { est positive sur lmtcrvalle [a b], {7].
%2113 ?a cas :; = lpla formule dc quarhature de Gauss—'l‘uran est
ST . R : 2
(/= A ) 440 7 (=) % AP F7() + R b
2 'a = o)}
% = x.,-2|— % Au) = %, — %, AV =0, AP = (# 2:) ) i
La fbnéﬁig;n'(p est donné par la formule ' ’ .
(G xo) (x ~ x‘):fl- (72 = x40 (¥ — 7))y ,
IP‘ " —_—
(x) = + (= %2 xo) 31 + o1 ” t)
<t nous avons pour le rest R iy
IRIfY < 2522 p0(e) s g e, 2] o

Dans la présente mote nous donnons une extension de la formule 8t
Quadrature de Gauss-Turan (6) & des formule de cubature de la forme:

¢ 2
: ' = )
0 ng(xuy)d{‘dy A“)Sf(xl,y) dy + A@)S \.g_zf!y )t 4 ( Yo — ¥ ) = y— y ]
) SRR I } |
EEIRER TRV VLA ?o

g a‘-;f(x" y)_ 1 T Xy x — X))
% dxtdy* G+ B(ll).(f(x yl) dx + B(s) S \‘1 ” )+ + (%o — %) _(i.,‘—-])(

-

. 2 L!.l ;: LN : - 1
A M (1) (3) a‘f(xl Y1) (10)
W X 2oy C f(xl .y) C . oty + RU]
3. Considérons un rcctangle
et ={m <% < LI yz}

ooa

stiells
[ 9:A-> R deux fonctlons continues sur A, avec lcurs den"ees Pa
qui intervient-dans nos- considerations: -

e
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5

doub?es [4]lieU k ,fprnmle genérale-d’intégration par partie pour les integrales
' fo 0 et ». .

J t1 \ 3 V.
Vdx3~Tdy3~r 8xr8y) (X*y" \ '\ 8x3-' dy3~' )

(BErv - a2y, v I
la*3~ra/-' a,"all, (*»))j +

£y . i
3 Iva*4-! dxTBy") *

fU a294-'1-17?
Jil a*3-ra/-' 8x’al/J{X *

4. Soit le rectangle

D= {xQ" x " x2;y0<y "y} , /] 7 f

et nous ne proposons de determiner le noeud (xIty") et les coefficients A*>

B4, CT; s= 1 2, 3 de maniére que la formule de cubature' avec son reste soit
de la forme (10). : 7

Nons désignons par ' ; -V

Dik = {xi » x » Xi+i; yk<y ~yhti};i,k=0,1
et attachons aux rectangles. A* les fonctions <g*' continues sur A*. avec leurs
dérivées partielles 1
a2’-12x . ,axzx"12* ; £%* .
a*al/-1" as-1V.” V~’
En appliquant la formule générale d’intégration par partie pour I’intégrales

doubles (11) a chaque couple de fonctions/, quy, sur A*, et eu faisant la some des
toutes ces formules, on obtient la formule suivante:-. « U

g»/ Y g23fon
dx~dy* f—o It a*3" ay3-f

s =1,2,3,4,



P. PAVEL

N Zr
- P P
( a«(s-"v- . ‘)(”2’ Yo 223" O 4

~s-r o

3-7 oy

+

( z(s—r)w & f)(xo, yo]‘i’gl(—’;“:;w Ty

s-r g1 Ox ey

|+
'2(3—') lon — ?o1) ) (x 0 3 )]
- (W- a3

Kﬁﬂujﬁ_iy%vﬁ‘

Ty o oy’

+2

=0

2o P11y 90|+
( PRl e o)

+E 3.1'3" 3}’3_, . i ox 6y

r=0

27
) (52‘3_')(?11 + Qo0 — P10 — %x) d f (xli yl) +

r=0 1=

3 1 PU-N="e, ~ oid) 3 f x, ¥,) dx +
+22 S ( )( )

x"' ays—r 37«’ 3}'

h+1 .
3 - 32"{)
(%0 y) —
+§&) S [(axs_' 4~r 3-1’ ay 0
x
Rt NP P
’”( _“f_, Al )(z: )]dy."" {
d &' oy
+i2k§- SR~ l(?xu—%h) o (20, 3) dy +
XLy .
r=0 k=0 ( 32" gyt 3" 9y ) ' Y
Iy
1 1 .
?tk
RN ETETY
ik

5. Relativement 3 13 formule (12) nous?t'faiterons. les problémes
suivantes ; ’

ymm+

(31 — @®o0) a% f
PO (g — @ )( 03,

(12

- 24-n-1,. g%
3 1 ; 32(4‘") -1 Pio a f ) (x .y ) -_— (a 2 lr 'aj')(x' yZ)ldx.*.
A=t 5y° " 9x" Oy
+E oS Kax‘ oy’ o 'l - 0 o

. 3tes
aux limite
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Probléme 1. Déterminer la solution de I'équation aux dérivées partielles

2 Pos
G Per 1
ax* Ayt ( 3)
satisfaisant aux conditions aux limites
2(4—r)—1 \ -
T | 9 r=10,1,23
05 ' ™ s
R ]
2u=n—1 Pos ) ]
—_— =0 r=0,123 (14)
3 sy -
2(3—r)
T 900 =0 =0,1,23
a2~ 3" (54, )

Probléme 2. Déterminer la solution de I’équation aux dérivées partielles

il as)
satisfaisant aux conditions aux limites
2b—r)—1_ :
9 % =0 r=0123
ax‘_' ayfi—-r (%4, ¥4)
‘ F6-n
= (10— ®00) =0 r=0,123
0% ay (%1, ¥4) -
Al r=0
1
32(4—')—1 0 ¢ y = 1 ]
———— (900 — P10) — g ... {16}
3537 gyt~ = AP Y 21y°) y =
0 - r =
(3 —r) "
B T =0 r=0,1,23
813—-1 ayS—r (%5, ¥o) .
2(4—r)—1
KR T =0 , y=0,1,2, 3.
2l P

Probléme 3. Déterminer la solution de ’équation aux dérivées partielles

3® Qo o

axt oyt

{17)
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s | | "
iti . ¢ 1i ﬁtes'-‘r‘.“:fiw? , L T IR SN
gatisfaisant aux conditions auX; lin
. )| o=l r=0,123
(001 Poo U,
=1 g~ (%o n.
T &y ‘, ) |
T N
A ) =0 r=01,23
PR )
B(ln " Y = O
gu-n-t AN 0 =1
v < (<Poo - (?01)‘ = B(S) '(L:_’i"_)f Y (18}
ot o (x, %) Y
’ 0 | y=3
3—
e . r=0,1,2,3
.o ax:!-' aya—r l(t., ”
,l-' ik ,2(4_')_1 .
! 0 m =0 oy Yy = 0, 1, 2, 3

ax4—' ays—'

(= ) ,
Probléme 4. Déterminer la solution de I'équation aux dérivées par-
tielles o

_ & o =1 (19)
LI oxt eyt

satisfaisant aux conditions aux limites

e

By

- . y =
a’(‘—r)-l ) 0 .
(‘Pxo -9 ) = y=1
a‘—r 3—¢ 11 -z, .
5"~ oy (%, %) (8) [(3’ EN + (%5 — )E%‘)"’] y =2
0 r=3
m
F-n-1 0111 7 = 0
oo ta—en)| = , =1 @0
25~ gyt~ w149 v _y“ _ Y
0 11
o S “ ; r =
62(3_') e Joan

2531 PR (‘910 + Po1 T ¢y — %o)

’
(zl yl)

0 y =
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.:En plus il faut que Pk 5. i, k=0, venﬁent les: condltlons supplementau'es

‘, PR R u

[ RN
2(3—,) 2(4-f) 1 R,
4 a__ =O; iy 33—4—— . =O; ‘ .'u.f; :
Fr T iy BT T |z, 9 ”
FM-n-1g 926-1
L ®u =0; . . ——— P01 — ou) =0; '
T % s, 9 e (%3, 1) (1)
r .‘a2(3.-—',) ’ e : e, L e
3—r o 3=7 o (Pll) = 0. v < '
ox" " oy (%2 71) ,
6. Les solutions de ces problémes sont : -
(» — :»"'o)‘ (y — yo)t
x,y) = :
@o0(%, ¥) m 1
(¥ = ya)* [ (¥ — 2,)* mr==B - "0 (x—1) !
x,y) = —_ Ay =" 4y =Y !
®10(%, 5) 41 41 ' s T }
(¥ = x) [y — 3o} my—n)P 3y - yt] . 1
x, — B =N By 22)
(%, y) = Y e 1 21 T (22)
— 2, (¥ — x,)3 3 *—x
(x, =[(“_’ﬂ_A(‘)_I_A x—x].
(%, ) VIR Y ' .

(y — 50 _ B =) (y — 3 — BPY=N
41 3! 1

1°. 4Y 1§ =1,2,3 ¢t x,, sont Ics cocfficients et le noeud de fa formule de
quadrature de Gauss-Turan (6).

2°, De méme, les BYY, s = 1,2, 3 ¢t y,, sont lcs coefficients et le nocud de la.
formule de quadrature de Gauss — Turan,

! ) 2
- 2 rr o“!" 2 ’
(700y = 2 = yof (B 2) + 2220 (22 + {21 /o) dy - (6
N . Hs
3°. Les coefficients C; s =1,2,3 de la-formule (10) sont donnés par
les formules

Cgl) A(l) B(l) C(Q) 0 . C?) = — A(l3) B(l3)‘ !

4°. Les fonctions ¢, ® et ¢ coincident sur les intervalles [x;, %ii1], [yas.
Yr41] et sur le rectangle Dy = {x; < ¥ < %ig1; 3 € ¥ € Yr41} avec les fonctions
$i, Ox, @ix et nous avons démontré qu’on a

or(83) = Gilx), By(3); i,k = 0,1 (23),
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10
; : trent que dans |
ortantes et el}es démontrent a form
Je cﬁ’,ﬁﬁéﬁ’,ﬁ“}’f{,’f 3?)GS:::51“TI)MM 1a fonction @ est positive sur le rectang
-ouvegto DLe reste de ja formule de cubat\u\fe (10) est donné par la formule
. & fix dx d
R{f]= SS?(%, N Guan x ay o

D

.ol la fonction ¢ coincide sur les rectangles Dix 3VEC les fonctions @i, donngy

ar les formules (22). ) )
o 7. En changeant dans 1a formule (6) respectivement (6') la notation, ¢

mettant
.xo=y1—h» xl=xl' x2=xl+h

yo=}’1“k: ¥y = Yo yz=Y1+k

la formule de quadrature de Gauss—Turan {# = 1) devient

Ht+h 5tk

W oo
[ Sl = 2 Sl + 57 (50 { 4t s dx (25
£~k n—~
ntk o itk
S.-g(y) dy =2k gln) + 56700 + S @ (y) g9 (y) dy (26
n—k ys—k
Aussi la formule (10) devient
flx, y)dzdy = — L
(i sty = = e 90 =57 S5 )
J'l§* n+k )
2 fr iy + 2 {(y =N+ M (v~
: Nl e} Y0, ;
-k 3 y‘S-h 21 2k - +] 3,; ayJ:) dy + {101
b nth
o+ S flo,y)dz + 2 [(" — %ty
’ 3| [t g ol 2 )
n—h ‘)——b 2! l l ax’ ay’ dx + R [f]

En appliquant les f
ormules (25
nth (25), (26), la formule du Simpson et la formult

§ fodax = 2 (1) + fa, + 1) + § o) () v

n

Ou
: %

+h

5 0(x) £ (x) dx

L X,

k3
< — s
=1 ()
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11

.a chaque intégrale de la formule (10°), on est conduit 2 la formule de cubature
de Gauss—Turan i

{700 5) dx dy = 4k p(00, 7) + 2 e [k’ 2122 (x,, 3 +
D

& 2
+ 9 ]3k3a :a :( l")l) + ]t"k‘,[k :ay.+hax;j;y|] (xl: yl) +
h'k J2 il L T
kl -7 e
[ Py ’8y‘ k Py ay’] (%), y1)_ 2 lomap (2, + h, yl‘)‘ +

(%1 1 + k)] + R[f],

ax1 gy?

avec la reste

RIS S & BT gy + M ) + /z"k"{ (5“

nIY9 4 P 9
DM, + 5 (M + kM) +

2 . 1. : :

o BMs + M) + 3o (B + M) + % (M + 1v132)}
Oil 3
It x5 |

My = sup -
' ox' oyt

D
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STUMA UNTV. 3A

PO \ - IN\J
i ¢ WYUNE D-E CONNEXION
o b . povLs D'UN
ESPACES K» DV~
) | P. ENGHIS®

Rariont: Morch 16, 1987 .
K¢ inzestrate en 0 conexiune, D—E. 1 o Prezeria motd prin
REZUVMAT. — sPﬁ"l m obschBt" aducem citeva frrecizari si com-

ii gi pat is
e d‘.’“’iﬁ‘.i;aﬁii‘ p;gfglz;;e: dc]: récursence pour des coDNEXIOTS semi-simétriques
P! erzri le

wmériques” (31

Si L. est une variété diférentiable 3 7 dimensicns douee d'ne mey
.

‘\L
o1

Semzorienne g de composantes g; dans une carte loczle, on note avec v,

s
de compcsazntes { .} dans |} .
ccrrexicn de Levi-Civita qui lui correspond pe ;x| 9azs fa can;

icczle ccnsiéérée. On assccie 4 Ja coppexjon V ube conrexion semi-svmétrige
ze—cze 17, {67 donnée par:

. h . N
Ta= []k} + 08 — gpo*  (0* = ghe, {j
rZEerioN 1. La comnexion (1) sera nommée D-conmexico-.
Oc a2
: ] N Y "
Ti=od-od (Th=Ti—rI" :
Gin=0 3
= iff Fel@ Gerivée covariante par rapport a D,

=== & oo zppligre wae comtraction deps % «t 7 oz cTdent

. Ti= Ii=(- LY (4)
S g Y e cempte de (4) on a

Ti= -—- (.T B — T, b
= dmmr:

;_1:---. TN L L iy

L s g Zonr & ;

S owngi'S oczxm“
’T"‘ L, Y

< fa=

Sk #=4h, xs CCmyesanyes

" 4hrre gopy A

?".

) J < aat
Horsicn ‘; W’k‘m L, d nu*c T wwe Decowexion o8 0
D, 2 (l(' “((‘«'(‘0(' ac 1 '..'CC(«'?”“‘

»

R Dete avee R ks Cmpesamies ¢n 1€ u;f
Siaire, du temswar & Ricdd or aves
® Umraeraiy, o o X

SR Favuy g, Xasis
REMM I N.\\\'(‘,‘ 340 CaNgraa, Xoswsnis



ESPACES K} DOUES D'UNE D-E CONNEXION

i3

DEFINTTION 2. On dira que ‘la variété 'L, “douée "d"ufie " D-connexion est
D-symétrique Cartan si on a:

o e \'1 R O N T

Ry, =0. 0 7 , ()

DEFINITION 3. On dira que la vanete L, douée d'une D-connexion est
D-récurrente, s’il existe un champ vector1al covariant Pr ainsi qu on ait:

I [ I i .

'Jk/' = ‘DrRuk 1 g B (7)
Si dans (7) on applique une contraction dans % et j on obtient:
Ri" = c?rRik i (8)

DERINTTION 4. La variété L, douée d’ine D-connexion qui vérifie (8 est
mnommée D-Ricci récurrente.

Observation 1. Une variété L, D-récurrente est aussi ‘D-Ricci récurrente, la
réciproque n’'est pas en general vraie.

On dit [o] qu'une variété riemannienne Lj es’c un K' espace, si elle est
récurrente, c’est-a-dire :

,

Rijpr = o,Rin """ (9)
ou si clle cst syinétrique Cartan c’est-a-dire: ,:[": :
Rly, =0 (10)

ct s’il existe un champ vectorial ¢, aiusi que:

¢/ Rl + ;Riw + ouRlyj = (11)

ol Rl sont les composantes du temsaur de courbure de la connexion V et
par la virgule on a noté la dérivée covariante par rapport & V. Les variétés
récurrentes (9) vérifient elles-aussi les relations (11) d’aprés ce qui résulte des
identités de Biauchi de deuxiéme espéce. Les-variétés symétriques Cartan qui
vérifient (11) et celles récurrentes, ont des propriétés communes en ce qui con-
cerne les champs paralleles, formes canoniques, ete. d’ apres ce qui a été mis en
dvidence par A. G. Walker [3] qui les a nommées des espaces K .

Dans ce qui suit on met en évidence des espaces K3 doués d'une D-con-
nexion.

Une connexion semi-symétrique est nommée spéciale si w; est gradient.
Une telle connexion est caractérisée par:
Ty = Ty (12)
nommée aussi E-coinexion [3].
DEFINITION 5. U.e D-connexion qui vérifie (12) sera nommée D-E-connexion.

PROPOSITION 2. Dans wune D-E-connexion le vecteur de Vrinceanu est gra-
dient.
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14

; Ricci est symétri
Ob tion 2. Dans une D-E-connexion Je tenseur de Ric Yy que H,-j =
servation 2. .

= R;[3)- | ) N )
Ob ﬂv[a;ion 3. On vérifie aisément que S une contllelgxllc:n est D-E-connexion, alors
or . . q : :
less{identités de Bianchi de premiere espece oll ie
S
R + Riwi + Rij=0 ’ (13
ouée d’une D-E-connexion.

i nt Ja variété L, d _ :
Supposons maintena " e connexion on &:

Dans [4] on a montré que dans une te
Bijnge + Bivs + Bop = 2(o, B + ol + oxliy;) (14

e cas de la D-récurrence (7). ou dans le cas D-symétr.

il résulte dans ] ' :
De (14) il résulte dan telle connexion on lieu les relations du type (11),

que Cartan (6) que dans une
On a donc:

PROPOSITION 3. Dans une D-E-connexion D-récurrente ou D-symétrigue Carlay

ont lien les relations (17).
De cette proposition on a:

DEFINITION 6. Une variété L, douée d'une D-E-connexion est nommeée D-E-K*
si elle est D-récurrente & vecteur o, ou D-symétrique Cartan.

Observation 4. Pour les variétés D-E-K; sont valables tous les résultats de A. G.
Walker [5] ainsi que ceux obtenus dans [2] pour le vecteur de récurrence a,.
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MULTIPLIER RULES FOR OPTIMIZATION PROBLEMS WITH A FINITE
- NUMBER OF CONSTRAINTS
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REZUMAT. — Reguli cu multiplicatori pentru probleme de optimizare cu um
numiir finit de restricfii. Continuindu-se cercetirile lui M. R. Hestenes 31 -
si A, Gittleman [2] legate de mul{imile derivate, se aratii in lucrare ci
solutiile locale ale problemelor dc optimizare cu un numir finit de restrictii
satisfac o reguld generali a multiplicatorilor (teorema 4.3). Prin particularizarea
acestei reguli pentru anumite clase de probleme de optimizare in spatii liniare
topologice §i in spatii liniare normate se obtin apoi in mod unitar criterii nece-
sare concrete pentru solutiile acestor probleme.

1. Introduction. By an optimization problem with a finite number of con-
straints we understand a problem of the following form : minimize fo(%) subject

to
xekX, filx) <0 (G e{l,..., m}), g(x) =0 (5 €{1,..., n}),

where X is a non-empty set and f,, f}, ..., fu, & ..., & are real-valued func-
tions defined on X.

M. R. Hestenes [3], [4] has shown that the solutions of such a pro-
blem satisfy a certain multiplier rule which generalizes the classical Lagrange
multiplier rule concerning minimization of real-valued functions subject to equa-
lity constraints. His investigations have made use of so-called derived sets which
suitably approximate the image of X under the mapping

x € X i (fO(x)' fl(x)ﬁ MRS f"l(x)l gl(x)i MR § gn(x)) € Rl+m+n

near the image of the solution of the optimization problem.

Hestenes’ multiplier rule is applicable to diverse variational problems and
optimal control problems. However, it is not usable for such optimization pro-
blems in which instead of differentiability only semidifferentiability (see L. W.
Neustadt [7]) of the involved functions is assured, not even when these
functions are convex. That is why Hestenes could not derive the multiplier. rule
for convex optimizaticn problcms (Theorem 4.2 on pp. 336—337 in _[5]) as a
corollary to his generalized multiplier rule (Theorem 10.1 on pp. 375—376 in
-[5]), but had to use another independent procedure. L

Generalizing Hestenes’ concept of a derived set, A. Gittleman [2]
has succeeded in obtaining a multiplier rule which has not the above-mentioned
disadvantages of the multiplier rule stated by Hestenes.

By using a slightly modified definition of the derived set and a mew approach,
we prove in the present paper a local variant of Gittleman’s general multi-

® University of Ciuj-Napoca, Faculty of ‘Mathematics and Physics, 3400 Cluj-Napoca, Romania
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in [27), i. e. a multiplier rule which holds even for |

pliet Theorem 2.1 ;npgol]))lems with a finite number of, i?cinStra"ln?s. Furtﬁii'
more, we point out a few multiplier rules for soms spscia optimization ;
blems in topological linear spaces and nprmed linear spaces, respectively, whig
ince their hypotheses are much easier to yerj

: These multiplier rules, in part alreyy

may be of interest in prlacticli;._sll' ce th
he general multiplie 2. L L
;C;}:Jacl:\lvgmlsait()fu’;tilgnow provedponly by othar techuiques, \\’11.1 be stated a) by
applying the general multiplier rule. By proceeding in this way, we clearly
.emphasize the unifying power of the concept of a denved set.
2. Notations. Throughout this paper R is the set of all real numbers, whj,
R» is, for every positive integer #, the usual n-dimensional Euclidean .space of
all ntuples A= (Ay ... As) "of real numbezrs.t 0, denotes the zero-vector iy
R», and 1, the vector whose components are all equal to 1. The inner prodyct
of two vectors A and p in R* is expressed by <A, p).
’ A») .and k= ((J'l' LRy l“"n) belong to R", we

As customary, if A= (A, ...
write A < p if A <y for all § {1, ..., n}. The subset of R* consisting of

all vectors A such that A > 0, is denoted by R%. In particular, R, desiguates

the set of all non-negative real numbers. . .
inear space, we demnote by int M its

If M is a subset of a topological.lin
interior, by conv M its convex hull, by lin M its linear hull, and by cone }f

its conical hull. g,
Given a point x, in a normed linear space and a number » > 0, B(x,, 7)

-denotes _the open and B(x,, r) the closed ball centered at x, with radius 7.
For the intersection of the open ball B(0,, ) with R} we use the symbol B, (0,, 7).
N If / is a function from a non-empty set X into R* having the components
Sl S we write f=(fy, 0.0, f) i X = R ! '
3. Derived Sets. In this section let X be a non-em
. . <L be -empty subset of a topo-
;loglcaleQace X?,,' let f, be a real-valued function defined on X, f a function
ilrloxg(_ ' into R , and g ‘aifunc‘aon ffoq; X into R Denote by x, any point
A subset T of R X R™ x R* is said to be a deriv
. X RS . ed set for (f,, f, &) at%
;‘&th respect to X if it is not empty and ‘if, for every non-emp({;: fifnigte sub-
(3.1)

plier rule ( Tem &..
ions of optimizatio

ye K .o BT B
L . B {()‘%0, _11,_ P,:l), ETRE ()\{)"'.')\N, (.LN)}
of T and every number € 0, there exist 2 numbar _ .
a | X wi : exist a number § > -a function
%1 B, (Oy, 8) - X 'with the following ' properties : T ‘3 >0 a)nd rf; ] ftll_gc
5 (DS) #(08) = %, and’'% is. continuous at Oy; © = ¢
{DS,) the functi - wous ST
e Dsz) i nctxon. as B0y, 3) ~ g(#(a)) = R~ is continuous on B+(Ox. )
.y {DS) the. inequalities i .

.

PV ET .

. 1- ;s g ' N ,4:' G Lt .."‘ }

.,A - ”a“'[fO(x(a))— fq(xo) -_ E ;ai)\{-,]< e, :; . . . .
: T =t 4! ' U

| ) — 5 = i‘@fl;] < Fl.ﬂ-‘ﬂ_ | ]

j=1

1
ia(]
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hold for all sectors a = (aj...,«,,) e B+(ON, 8)\{0,};

iDSJ S TTTA[* () ~ *%> - g " ] =

A Simple result concerning derived sets is given by the proposition WhICh
follows and in which instead of (DS3 another condition occurs.

proposition 3.1. Leir be al
every non-empty finitesubset (3.1) of T there exist a number 8 > 0 function
£\ B+ (Qv, 8)-» X satisfying (DS,), (DS2 and (DS4) as well as
fim rsuP 'JI‘ZHVO(*(«)) - Jo(*0) -£E>*;1 <0, (3.2)
lim sup — £ \f(x(a)/(*,,) - T)«X1l <0m (3.3)
—F lldl L J

Then T is a derived set for (/0 f g) at xO with respect to X. ,

Proof. Let (3.1) be any non-empty finite subset of I\ and let e> 0O be
arbitrary. By the hypotheses of the proposition there exist a number 80> 0
and a function x0:B+(Oyv, SO0 -»X satisfying the following conditions :

(@) = X0 *0 s continuous at 0" ;

(b) the function SO -6”"0(a))6R" is continuous ou B+(0,,,&0);

In virtue of (c) and (d) we can choose a numbir 8 ® [0, 80] such that the
inequalities
' 34
”'“ J0(*0(*))-/0(*0)'EaWs < e G4
«

|{ 1 I*9) -f(xQ ~ ¢

e R (Om S\éOv Denotm by £ the

: WD
hold for all vectors * V" follows fromé) bh 5) ‘and (e)
restriction of x0 to #+(°Ar d), _ mce T is a derived
that 8 and * satisfy all the conditions (Db)

set for (/,,, T g) at x0 with respect to A.

< el« (3.5

2 — Mathematica 1/1988.
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her convex por a cone. But, as ¢
leyt

set. is meit . :
always assume, without loss of ,°
. 8ene.

In general 2 derived ,
theorem shows, when necessary one can
sality, that it has both these p;ope;tlgsz e ed |
'I"o'g'”ll x R» x R be a derived set for (f, f.' 'g()}-

s J» at
with, respect. 10 X, and let T be the convex -cone. generaled by Ty, They 1 &
derived set for (for Jo.8) 8. %0 with respect to Xy o T 5

. Proof. Let fyL. . ¥"} e any non-¢mpty finite subset of I' ,
£> 0. be auy- pumber.: Inasmuch as F ~15a.gex;e,rated by T, we Can' nd kt
finite number of vectors ...:. T e an select
Y% _= (V(l]: Vl; El), ceey “{6" = (y(l)(’ ‘\,K' i

35T, as well as numbers el (je (,.., N}, Ke{l, ..., K}) such ¢
L 4 at

THEOREM 32. Let

")

K
=Y et for all je{L...
oy Jor all j & {h N e
Representing each vector y/ (5 i /
; or ¥, _(j {1, ..., N}) by the triple (!, A, pf), w .
from (36) fpf\ every 1= {1,'...,]\’_} the following equalitie()s: ¢ ), weolbtay

‘ o % f‘: k . & ‘
. ) .‘ A = 'C'kVO, ‘..:.‘}\]= \’c, ko .
. = 78 : ).-L=Jl ?kv ’ (37)
T . - . :

t. p,-’ = C'kE'k,_

o | 2 38
‘l'\ L
N K
6 =
=140 T
T i=l k=)

S- - . .
mee Ty is a derived set for (fo /. &) at
’ 3 x

number §
conditions - >0 end o function z,: B, (04

((‘;)) %0(0x) = x, and 3
(b) the function qe R |
' . B, {0 e
(¢) the inequalities +0x,8g) = 8(%o(a)) €R"is continuous on B (Og, 30

: +\VR» 0/

08\\;ith Tespect to X, there exist 2
o) = X satisfying the following

o 18 continuous at Ok :
p )

Jolzo(a)) ‘f"fo'(xo) - i

k=1

f(io(a))—f(xo) - X

vt « &
E“SFWWM

k €
apvy € —
kAO\el'all)

hol
old for a]l veetors g = (g, : et
. PR . a ) CREII I/ 4 N
“""d . 1 Lt . S TR EB 0 N
I i T
=5 ] af} S ~ glzg) =55 a;gk]r o

Bl

k=) o
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5 {Now, ¢onsider thé méppmg ‘A = (A, :{'4x)" R¥ S RE whose componeniis
Ag RV R (& = {1, ..., K}) are defined by
Ara = Eajc,-, for all. a =". (al, R bN) < "I‘{“\’.;"' '

7=t wounopnd st oAy d shingy Jonds

Note that : '
Aa = RX and ]]Aall L(E a,c,k) Bllal] (3.9)

el k= ]‘lr e

b e 0 T aangs

for all a = (a,, ... ayy < RY. Set § —80/0 Tn view ‘of (3.9) 1t‘fol]ows that

A maps B, (O, 8) mto B, (OK, 3o)- Consequently, we can defme the  function
Z . B (Ov, 8)—PX EPRE ! ‘| vnl“ hh IR ';:'r RZ

x(“) = ?Zo(Aa) for all @ € B, (ON, ) ‘3:!' Cilanibyar

This function satisfies all the ‘conditions (DS,) = (DS, )“' aiis

Indced; taking into account that 40y = Ox and -that ‘4. is continuois
at Oy, we see that (a) implies (DS,;). From (b) we conclude that: (DS,). holds,
since 4 is continuous on B, (Oy, 3). Next we prove (DS,). Let a = (a,;».:.:; ay
be any vector belonging to B+(ON, 3)\{Oy}. By using (3.7), (c). aud 39) it
results that .

Sls@) = fulw) == o

= folio(da)) — foxo E(Aka)vo\gnAau e.nau;.-._gf"‘

and so that

H '
st [

lltll[fO(() Jolo= E“"] <c

holds. Similarly one shows that RNt

holds too.

Finally, we prove (DS,). Let ¢ > 0 be arbltraly From (d) it follows that
there is a number 80 ]0 8 o) such that

.1

E RO

(xo(a)) — g(xo) — Z) a.z" -é~ | la l | (3.10)
. k==l ’

for all @ = (q,, . . ﬂx) € B, (0g, 3;). But in view <_)f the continuity of 4 at
Oy there is a number &' € ]0 3] such that’ B

Aa:e B, (0, &) for all ¢ € B (0‘\. 8)
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( ay) in By (O;\', 3\ {0'\,}, it follows therefore from (310)
Given a = (@ -4~ ° (O, >

that . k
ool — gzl — 2 (s

i 3

which yields by

< 2l dafl < <llafl,

(3.8) the inequality )
gls(e) — 8o — I |

! < €.

—e

Hall

chosen, (DS,) bolds.

Since ¢ > 0 was arbitranly cordingly a derived set for (fo, £, €) at x, wit,

. The convex. cone I' is ac
respect. to X. o . ' |
4 The General Multiplier Rule. In this section we are concerned wity

the following optimization problem:.
(OP) Minimize fo(x) subject to % € X, f(x) <0,, g(x) =0,

Here X is a non-empty subset of a topological space X 0. and f,, f = (Sir - onfud
g2= (g, ..., &) are functions defined on X and taking values in R, R™ and
R", respectively. =~ .. -t ' .

A point x, € X, is called a feasible solution to (OP) if it belongs to X
and satisfies the constraints f(x) < 0,, g(x) = 0,. Let S denote the set of all
feasible solutions to (OP).

A point x, € X, is said to be a local solution to (OP) if it is a fcasible
solution to (OP) and there exists a neighbourhood U, of x, such that fy(x,) <
< folx) for all x € Uy N S.

Our goal is to state in terms of derived sets a necessary condition for the
local solutions to (OP). We Dbegin by proving two auxiliary leminas.

LEMMA 4.1 Let A S R? be @ neighbourhood of 0p, and let
EG:(GI, oG A- e
be a function satisfying the Sollowing condilion.s :

(L) G(O!,) = 0, and G is continuous on 4;
Then(L2)IG s d’ffﬂrcnlz-ablc at O, and the derivative G'(0,) 7s surjective.
t >b zzliniwf’unng;’f‘;". [3 et ?P 181(;”3/’ tes G'(0,)c = 0, there exist a number
) -y, - . R
. (P1) 4(0) = 0, and a'(0) =oc. with the following properties :
(P d(t) €4 and Gla() 0 L S
= " or . ll ) P
Proo_f. By the Surjectivi f : a 9 t.e 2[0; to]. v

matrix ty Of GI(OP) 1t fOHO\\S that [) >n aﬂd that the
3, " S o
— (0 ) “ e ﬂ 1 5G,
‘.‘1. o day,’ (Op) . a (OP)
a .
~—(0 &G, o
a ( g . éa, (01") ‘e Gy (Op)
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has rank #. Without loss of’ generality we can therefore assume that

-.aGl G,
s 0) - 2200

det # 0.

| aGo”o . o v aG". .o o
o (0) 220,

Letc= (¢, -.-,¢p) e R» satisfy G'(0,)c = 0,,. Since 4 is a neighbourlibod of
0, and the function (£, @) € R X R? —~{c + a € R? is continuous at (0, 0,),
we can choose some number 7> 0 such that #c+a € 4 for all (¢, a)
e[—7r 7] X [—r 1]

Put D = [—r, r]and E = [—7, r]*. Define the function'F: D x E - R* by

F(t, ) =Glte, + 3y ,-- ., tcy + Yo, bensy, .. itey).

for all 2 € D, y = (y;, ...,ys) € E. It is easy to see that F satisfies the fol-
lowing conditions : o ‘

(a) F is continuous on D X E;

(b) F is differentiable at (0, 0,);

(¢) F(0, 0,) =0, and F/(0, 0,) =O0,;

(d) F(0, 0,) is invertible.
By a known implicit function theorem (see B. N. PSeniényj [8, Satz
4.7, pp. 87—88]) there cxist a number 4, > 0 and a function '

y= (Y, .., 5.): [0, t,]> R*

such that y(0) =0,, ¥'(0) =0,, () € E and F(, y(!)) =0, for all té[O, to]-
Define now a: [0, £5] = R? by ' '

a(l) = (ley + (D), - bow + y,,(t"), leayr,, - 1))

for all £ € [0, ¢,]. It follows immediately that & has the desired properties
(P;) and (P,). ' '
Remark. Lemma 4.1 can be expressed in terms. of tangent vectors. To.this
end set 0 . '
Ay ={a € A:G(e)=0,},

r R s i .
and recall that a vector ¢ & R? is said to be a langent vector of A, at 0, if
there are a number #, > 0 and a function d: [0, {,] - A4, such that a(0) =0,
and @(0) = ¢. According to this .definition, Lemma 4.1 asserts that every
vector ¢ € R? satisfying G’'(0,)c =0, is a tangent vector of 4, at 0,. Note
that the converse is always true. Indeed, if ¢ € R? is a tangent vector of
Agat 0,, and a: [0, {,] —» A, is a function such that &(0) =0, and a’(0) =¢,
then we have .
G(a(t)) =0, for'all £ € [0, £,].

Hence the derivative of the function ¢ € [0, £] — G(&()) = R"at 0 must be
0,, i, e. G'(0,)c = 0,. Consequently, under the assumptions of Lemma 4.1, the
set of all tangent vectors of A, at 0, coincides with the kernel of G'(0,).
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: . -the. spac
neemply, subset- M of -the. space Rp 4
poex hull of @ BOEOTL S clor A* € Re oeg
veoa, 42 I e OO0y Sihen there exists @ DECED RN} sy
not contain 0p S @1 ¥ o i,

that

) o, A S M2 0 4y

TITIS oaration theorem for convey
Lenown version of the separa o o X sets
P\rvooj\'i.B}]; ? g\flllc ﬁx;o;\n[;f Propozitia 9.4.2, p.==,174 J) there is 2 vector 3
(see W, W. BT . 'U,,‘! o Lo
in R#\{0,) such that S SR Y : RN
n \{ P}‘_ R, (O )ik € conv M} > O: .

Ve

R TE Th R

sl this nequality mplies (41 o )
Obw%xsl};re ghu iln i position to establish the main theorem of this paper
i ewill be referred to as. the general multiplier rule for (OP).

oL TH ‘ 1 lutt (OP) and I' =« R X R™ x R
ar 4.3.. If %, € X, s @ local solution to (O I
isa ;ﬁ?}?;]s:e; for (fo,ff, cé) at ;o with respect to X, then there exists (Ag, A* p*) e
e R, x R? X R\{(0, On, 0,)} such that { o

flaa, 2y =0 (42
inf (M2 + (0 W+ G, 1%y (k0 Aow) T} 2 0. 43

. Proof. Let ‘M, deriote the set of those g’ in the space R* for which there
exists a point (Ag A):€ R X R™ such that (Xg, A, p) € 1. If 0, is not in
the convex hull of M, then by Lemma 4.2 we can find a vector p* in R"{0,}
satisfying '
T P T SR o

e e i Qe i e M 30
By choosing 2§ =0 and A* =0, it follows that the triple (A, A*, p*) isin
.B,!_ X Rpx R"\{(O, 0., 0,)} as well as that (4.2) and (4.3) hold. Consequently,
in; this;case. the ‘theérem;is proved. . ... ; ; ;

It still remains to conmsider the
conv M. -In: this;event there is a.n

et o4
L Sy i

case when 0, belongs to the. interior of:

' umber. .7y > o such that B(0,,. 7,) € Mo

i\;oi’rlgc gi'd"y'" , ¢’} be the Sltlandard basis for Sc)h«:e space R» (All tt(x)e:po'mts
=7 = —ro6, . where 7 {1, "

satisfy the following eq‘;.Ialitiese.r ¢ 4= {L ..., n}, are then in conv M, and

R LS i T

W

N : (RIE
-"' ARSI PR 5.‘3‘}-'+ N

v liadl e )

FR=0lin g = Re L ()

For'»the ,Sake",fb'-f'; éiﬁl gees ] P . ) .
. ) phclty put ‘Qn "=p ‘!.Tak-,' il b 2+ each
y* bt T : Ie * . ¢ n v eac
2565050 21 S expressible §a the form 5 Th . accounf that 3%
a0y Loy &y A T2 FE S SO 1% PR Tt

Vo .
LR T BRI

i L 4t oat rh L T

where ¢ > 0 y Il o g
S > Yreif e :Cimy- > Ol while ' S
. [ i P ' .
. (“.'?‘ "‘:”“,','.l 0 k“l‘»"\l"n---\-l . v | IR AR, TS FO IS » :: LS
Ly . r'l\, gttt gl f i L ce . . .
M YO caepi,y .).‘;I()\p-,,;“}'l it T P T P I TS Ll e
R R L S S D R R L
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are points selected from IVt is seelf that' (4:4)-‘implies < “fert A e 'y
BN oA e ey e 0 ’
2 2 i wi=0, (4.6)
i=1 j=1 .
and " R L ¢
. Ho{uth, oo, iy o ) = R
. '.

Next let I(x,) be the set of actxve mdxces at x,, that is, the set of md:ces
k in {1, ..., m} for. which Je(%0)-= 0. Two cases must be dlstmgulshed

Case 1 - I(%,) " 1s " mot’ empty. ::Then : denote; by:. K the number of mdlces
belonging to [ (x0). For convenience we can assume that the funcuons fiizat
fm are in such a manner numbered that I(x,) = {L, ..., K}.

Define now M to be the'set consisting of ali points (ao, «, B) in R X R¥ x
X R» for which there exists a point (A, A, p) € " such that A < o« (B &
{0, 1,...,K}) and p = B. We claim that the origin of the space R X RX x

X R~ is not in"the’convex hull of 3. Suppose that the contrary holds. Theu

we can find numbers, ¢o; > 0,.. ., ¢om, > 0 .as well as. points | P S 7
' R T N 2f LT T AR I 704 BT Lty T it
g (;‘01 ps 'p.°1), s ()\Om. ;A0 o) A C @)
A R R I3 s
in T’ such that o O Y B OO ST Y,
™ I T T S S S S Y R W LT B N4
Eco,)\,,’ <0 (k= {0, 1, (}) and, Eco,pﬁf— - (4.8)
j=1 i=1
: . st oA
According to (4.8) and (4.6) it follows that
nobue i v
P M.
Eco,)\,,f + 602 Ec.,l <0(ke{0,1,...,K)}), (4.9)
i=1j==1 , RPN BAREE S .-':_ e R S ST} |
: Ecoﬂ" 4 + 6 E EG'JP"] = Om ! 3(4 10)

4=1 1 . .
R L TR YV AN BRI & o/ Jln T P O FIY T 171 B YREY B § BN i'

o vy - O DY ittt H)Jl.
where 6, >0 is a sultably chosen numbér. O et

ILet N be the number of elements of the subset of I' Luilt up from the
points (4.5) and (4.7). In the sequel the elements ‘of this subset will be denoted
simply by (A, M, w/) (j € {1, ..., N}). Corresponding to this modification we
shall also change the notat1on of the coefficients int(4.9) and::(4.10).:/ Thus
the conclusion we have arrived at by ‘the above-made reflm tions may..be for-
mulated as follows: there are’ N points B NI S S YR P 1 29

Lyt = (AL ph) o i (O, AN, ) L
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D such that o
in T and N pumbers c,>0,_...,0)v> _
in N e {0 1 ...,K}); .
E‘ili<0(k ©1.. 1)
=1 . |
Y = 0,; iy
=1
tin g, =T (4.13)

o {rie'(vc%;(::ll) and the inequality” fi(%o) < O which holds for every

kel .., m\J(%) wecan choose a -number -6 > 0 satisfying the following

inequalities : ‘
‘.' 'ﬁ'aj}"; < —-29 for all k € {0, 1, . K}, (414)
e Jg . . i
“filxe) < =06 for all Befl, .., mPNI(%o). (4.15)

Since T' is a derived set fot (f,, f &) at x, with respect to X, there exist
for the subset {y%, ..., y¥} of I' which was singled out above and for & = 6/(1 +
+ |l¢]|) a number 8 > 0 and a function #: B, (Oy, &) —» X having the pro-
perties (DS;)—(DS,).

For each a = (a,, ..., ay) € RY let nowat = (af, ..., a}) be the point
whose coordinates are defined by

, CaF=(glte)e (e, ..., N)).
Note that

N
a*t e RY and{|a+|1<2|a,_| < Nijaj|
C : L = s -

B 1 \

for all a = (a,, ..., ay) € RV, It followé that

- at e B+(0N,_8)I for every a < B(0y, ), (4.16)

where r>0 is a my isfying |
Sefine the fomsic G:Elc))e,:, rs)a&s%:ngy Nr < 3. Consequently, we are able to

Ll

S = e+ B e
o VLR Ci=1 L . o

fqrall a=fa,... a,,). e B('ON,T r): -

Remark that G(O,) — ince
account that the fun(ct?o)ns‘ O, since at(O,.‘,‘

VA
ortalon

) = i and g(x,)'=0,, Taking into

a<sB 0 ~e " :
Oy, 7) = a* ¢ B,(0y, %), a € B, (04;.3) s g(#(a)) = R
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are continuous on B(Oy, ) and B, (Oy; 8) respectively, it results that G is.
ontm}tlmzls on B(Oy, r). Finally, (DS‘) implies the differentiability of G at Oy
and tha

\

N N ..
G'(Oy)a = Ea,-p.f for all.a = (a,, ..., ay) € RX

Hence, by (4.13) G'(Oy) is sur]ectlve while (4.12) yields G'(Ox)c = 0,. So alf
the conditions in Lemma 4.1 are satisfied. By applying this lemma, we con-

clude that there exist- a number /, >0 and a function g = (al, s, aN) T
[0, o] » RY with the following properties : ‘
d(0) =0y and a'(0) =¢; (4.17)
i(l) € B(Oy, 7) for all ¢t € [0, ¢4]; (4.18)
G(a(t)) =0, for all £ € [0, 2,]. (4.19)
From (4.17) we obtain .
lim 4(t) = Oy, (4.20)
o -
N
lim —a(f) = c. (4.21)
>0

Making use of (4.21) and of the fact that ¢ lies-in the interior of RY, we see
that there exists a number ¢ € ]O, ¢,] such that

@(t) = int RY for all £ & 10, 4,].
In view of (4.18) and (4.16) we have therefore
d(t) € B, (Oy, 3)\ {0y} for all £ € ]0, ¢,].

Put now i,(f) = x(i(t)) for every ¢ « [0, ¢;]. We shall prove that Zol(t)y
is for sufficiently small £>0 a feasible solution to (OP) and satisfies FolZo(t)) <

< fo(%o)-

First note that )
To(t) € X for all £ € [0, 4]; (4.22)'
&(Za(8)) = O for all { & [0, ¢1. (4.23)

Next observe that (4.21) and (4.14) imply.

lim E——a,(l))d Ec,)f < —26

£—0 jar1 “oa
>0 -

for all k {0, 1, ..., K}. Besides, (4.21) furnishes
| liell

lim
'= 0

— a(t
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hoseil such o
]0 tl] can, be c' I ‘

'.lum.'zi_}”,),'
i 4 N ., .
AR e sy,

So a number tz TS

LRV K N uke{o 1‘, ey K}»!\»
E_l_ )‘i < -—0 for.‘a ’ / R
,-:l :..\‘_ ' c
WL ivt
I (t)n-,./’ i ’: o
e D A -:H "‘ i tD oy ]

s L A ] theSe mequahtles may be wl’ltte
o - For each l ‘=" ‘]O # Dot i !
for every ¢< 10, fa] et g ettty

as follows S

PR

u't‘jz

ON < o for all k e {0 l ., K},
. e i

||a(t)||<(1+II0|l)

.‘ R
Together with (DS,) they mlply

S i = e + ) = A — 30| +

b + }5 d,»(t)x;‘ < filzo) + el 1 + E GON < fulzo)+
e e = =

. ot
'

foreveryk € {0, 1, . K} and every ¢ € e ]O tz] Consequently, we “have shown
that

Jol#olt) < folxo) for‘all ¢ < 10, 't;]""“ SRR (57

Madlt) <0 for all & (. K} and all t & ]0 t,]. (4.3

o In the end choose a number t, e ]0 t2] such that C l(' ,,J i
la@)1 < L L

TTES +Ill “ for all ¢t € 10, t5]. -

RN
I N -
‘r;;g.lew of (4.20) such a number exxsts By (4 13) and (DS;) we have thes

HlEot) = i) + [f»( () = i) — Ea,a ]+

~ i .5"' A ‘v.‘f’ L'.‘f'% IVI AT

+ BN < ~0 1 cl1ag )1 +(E I‘Iifll‘)lld(t)ll
for every k e {1, . )
result expresse{; that $ PN xo) and every tE]0 ta] Together with (4 25) s

B 1

T < O for all ¢ < 10, ¢, (428
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. From (4.22), (4.26);" (4.23) and-.(4:24) we conclude that' %,(t):is a feasible.
solution to (OP) and satisfies fy(%(f)) < fy(x,) whenever ¢ & 10;.%]. ‘But;ion
the other hand, (4.20) and (DS,) imply o

i) lin,l. xo(t) ; xa. N TR SN
.'r,,lt-"q. tt AT TR T T N Lt
. L>0 . ELEREEN el Yol il D D TS N

R IR RE AN A8
> y p -
IR IaY t

o e J e O T EOR S BT S KIS S U 1Y . :
Thus x, cannot be a lgcal solution to (OP), which. -contradicts our'hypothesis..
This proves our assertion that the origin of the space R x R¥ x R* is not in

B STy coade T e et O R N A

the convex hull of M./~ .» sy~ o PR ) R
Consequently, (there exists, by virtueof: Lemma '4.2) a’ vector' - = !

P oL Loy P A L ST T) 7L S T UL SR N P R
TTRR P :A‘(l;,u:‘v*’: H*:),E R x RR¥ x R{'\,{(O,'QK& ,O”)'}I,!, RS R
such that byo- o T S T L Clge ol prei s

inf {aghy + <o VY B, Wt (o B) S MYF 0. (427,
We claim that A5 € R, and:v* € RX. To. prove: this' fix any point-{«,, «, B)
in M. For all £ € R, . -we have (o4 £ o B) =M. By (4.27) iit results.that

T (o - N - Lay v 4 (B, 'LL*>>'0 for all > 0, b

which yields

Ao = — % (2oht + <o, v*> + (B;‘p*))"for all ¢ > 0.

: ' sty o v e iy e :

Letting £ - --co, we obtain Aj > 0. Now, let {E%, ..., EX} be the.standard basis

of the space RX, and let % be any index belonging to {1, ..., K}. For all
t € R, we have (oo, .« + (E* B) € M. Hence it follows;from (4.27) that

5N + o + LE%, ¥*) - (B, u*> > 0 for all £> 0.,
This inequality can be put in the alternative form :

CEY, vy > — —E—A(c/.o)\'(', e vy £ (B, @*Y) for all £ > 0.

v Mo "‘i

: : C b e (L T

Letting ¢ —» 400, we gét vi > 0. Since k' was arbitrarily chiosen'in {1, ...,"K},

we have v* e RX, G
Define 2* = (A, ..., A») .to b2 the vector in, IR™ whose coordinates are

e[ EsIE)
ST iR efT, .., "p‘z}‘}‘
PRI NI N MU N i

R LT T I CURPER S HEEN

('f. Nty M Ot
‘:;;‘,:;0).4!, ot crnivenf

Obviously A* belongs to '™ and satisfies {4.2). Moreover, (4.3) will hold because

. Case 2:.,.1(x,) vis - empty,i In: this: case\'we ‘pidceed -as follows. Let: M - be.
the set composed of all points (o, 8)-&€ R X .R*for which there exists'a point®
(Aor %) € I such that Ag.< 2, aud g = B. Similarj-arguments ta.these used

in thé preceding cas. show that the origin of the space R x R* is not in the.
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convex hull of M. Applying once more Lemma 4.2 proyides a vector (s o
e R x R\{(0, 0,)} such that | 9

inf {aohy + <B #*>: (20 B) € M} > 0.
e of this inequality, it is proved that Ag > 0. By ChOOSing

before, by the us ] : A .
i‘f = 0?,,, it )}ollows that the triple (A5, A%, y{.*) is in R, xRt~ XR"\{(O, 0,08
as well as that (4.2) and (4.3) hold. , . o
5. Multiplier Rules in Topological Linear Spag'es. We continue to .inv, _

but unlike the previous section we shgaj im;ztx.
Se

gate the local solutions to (OP) : .
now conditions on the space X, as well as on the involved functions f,, f ang

In this way we shall obtain some special forms of the general multiplier rub

We start by assuming in the present section that X, is a real or comp)
topological linear space. This assumption will remain unchanged throughomptﬁx
¢

whole section without further specification.
In this as well as in the next section we need some special types of fyp
C-

tions. For completeness we recall here their definitions.
Let Y be a non-empty subset of X,. A function F:Y — R is said to he

(i) convex if
. F((1 = a)y, + ayy) < (1— “)F(yl)ﬁ‘ oaF(y,)
for all « & J0, 1 and all y,, ¥, € Y such .tht I — 4
(i) affine if v o § | a)y{+a_v2 "
CF((1— oy, + ays) = (1 — o)F(y,) + aF(y,)

for all ¢ e ]0' I[ and alt’ )y .
’ Yu ¥y €Y such - ,
(iii) sublinear if v such that (1 — a)y, 4+ ay, € Y;

f Flayi + py) < aF(y,) BE(y,)
oralla, B R, ang a) ’ .
» . ’ ‘ y ’
(iv) linear if S such tha RS
Floy; + By,) = F(y) + BF(y,)

for all o BeR
) and ajj
According t v T o
€ to the above definitions 5 vect:flv:;uﬂydz f o
- ed function

is said to be . (Gl""'G#)EY—vll»
onvex |
» 4Te convex. : : .
After the:e (;‘;Sgi-;ffm bli in arn ear) if all its components Gy, ..
1 .
of the genera| multiplienr rule € are now able tg prov i 1 -
. e ‘e our first spccializatio
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 THEOREM 3.1. Let xy € X, be a local solution to {0P), and.‘ suppose that
Yy is « subset of X, sattsf_ymg the following conditions : BRI

{A)'Y s not empty and convex ; _ o
(Az ) for every non-cmpty finite subsw { Vir v s 5”~} of Y there exists a number
8 > O such that " ' '

[

v
xo+,2l“j."fex (5.1)
4 7=t - i

whenever (a,, ..., ay) € B,(Oy, 3), and for which the Sfunction

R

(@ a0) = BoOn, 3 = g[n0+ Tay) e 2)
£

is continuons on B (O, 3);
(A,) there exist convex functions.
Fo:YoRand F=(F, ...,F.):Y - R~
such that
lim sup — Lfo(xo + ty) — folxo)] < Fo(y), (5.3)

t—0
(>0 i

lim sup = [f(xo + 5) — f(xo)] < F(3) (5.4)
>0 B .
for all v €Y, and for every convex polylope P < Y the convergence in
these tnequalitics 1s uniform with respect to y € P;
(Ay) there exists an affine function
G=1(G, ..., Gn):Y>1I"
such that
f lim (g(xo + ty) — &(%0)] = G(¥) ' 5.5
0
for all y €Y, and for cvery cowvex polytope P <Y the convergence
in this equalzty is umiform with respect to y < P.

Then there is a vector
();: )\*: l"'*) :E B+' X I‘-I”—l X B"\{(O, Om" On)}
Such that ,
{flxo), W*> =0, y (5.6)
inf {Fo(y)»e + (F(y), A+ (Gly), w*diy e y} > 0. (3.7)
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Progf, TL S to show 87 o {(FOQ))'i 'F.(.y),"‘.(.;-,(y))‘;' 3’ é Y}isa eriyg

set for (j:‘;, f, g at %, With respect 10 F 4). G’( ))} b ’
o i) Fo, G0 - oy EON), 2 Y By ey
finite subset of T, where Yu -2 2l are points aken fr ‘By\ e
) we canselect & SIS §% 0 such that *(5.1) ‘holds WAEHEYES (@1, 50y 8
(e"B Oy, ), and for which the {unction (5.2) is continuous-on B0 ;)
- Dy ) ) ! 3

Define DOW i:B,(0n )+ X Dby

ANy

N i z
i(a) = %o + 3 a;y; for all a= (@, -+ ay) € B, (On, 3).
\ "=l N . e RETIRE

Obviously this function. £ satisfies (DS)) and (DSz).

" Next we show that (32), (3.3) and (DS,) hold with' (X, M, uf) replac
) . _ e

by (Fol¥i)s Fly;), Gly)) ( a,... N}). To this end denote by P the convy

bull of the points ¥y, - -+, Y. SiBCe Y is convex, we have P < Y. Fix now ty

indices i € {0, 1, ..., m} and k€ {1, ..., nfLet e > 0 be arbitrary. By tho

conditions (A and (A,) there exists a number f, € 10, 8] such that ‘

ot . v N .

firo 1) = Si) <t[FO) + |- - 58
lelna + ) — ilxe) — 1GO) | <t (59
for all ¢ 10, ¢ nd all - " - :
B, (Ox, to/N)]\{OJ}[. Put all y € P. Let ¢ =(a, ..., ay) be any pointin
- . ‘N A N v
t=Ya and y= ¥4
j;a, alld_')li-_z:{l—’y]

Then we have 0 <t ¢ N
is convex and G, affine, l(‘5(.l8l)l :nflo 4 zisng) )ivmeplif: Taking into account e "

N
f‘(xo+2(l- -)—’— (Y o Y a;
&~ ¥} — filxe) < 8 F,(]:El_:_y])_{__;_r_l <
j=

v '..c ¥ ' ‘ _-
% t(y]) +t¥ s?—_-'\llajFi(yj) + EH“H: Lo

, N
g (x ' " . .
k| X + ; a;yj) i g,,(xo) - E aij('y,-) \ =
i=1

v :
=18 (x i , ( 3
l k| Xg j":IElain) - gk(-f‘o) - 1Gy, (i o

j=l7y,-)\<t7f,— < ellall-
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Hence we havesshown that! 0. -..0ile” 3 /207 o o ee 100

¢

L ) 20 L apts)]<e

4 | M kS . v
/ [ TR S PR PRSI B £1 TR

."'.s Lev te /. N .
1 (%(a))
el [g (2(@)) — &lxa) — 2 %Gy y;)]
for all-a € B ( N £o/N) \{ON} Since e> 0 as arbltrarily chosen! it follows.
that A v : l'.‘l Lo i,/}. Lo

lim sup 1 [f (%(a)) — f, xo E a;F ] -

a0, R

fim [M(»—&xo pREIED

a=vyllal]
But + € {0 1,...,m} and k {1, . n} have been also _arbitrarily chosen..
Therefore (3. ) (3 3) and (DS,) hold "where N, = Fo(y;), ¥ = F(y;) and p/ =

=G(y) (7 {1l ..., N}).

In virtue of Propos1t10n 3.1 it follows that T’ is a derived set for (f;, f, &)
at x, with respect to X. Consequently, we can appeal to Theorem 4 3 .and con-
clude that the assertion of our theorem is true.

- As a corollary to Theorem 5.1 we derive the followmg well- kuown multl-
phcr rule for convex optimization problems. ' i« sl oG :

COROLLARY 52 Let X be a non-empty convex subset of X, let fo: X—»R
and f = (f,, .. : X — Rm be convex functions, and let g = (gy, ..., 8:): X = R™
be an affinc fzmcnon Suppose- that %, € X, is a solution to (OP). Then there
exists a vector

(A8, A%, u*) € R, X R2 >< ]l"\f(O, 0,,,, 0,,)}‘ y ‘ ’I" '. '
such that A ' oL

min (/4298 + G W + @), 0%z € X} = et (510)

Proof. We put Y = X — x, and show that the cond1t1ons (A) {(A‘) in
Theorem 5.1 are satisfied.

Obviously Y is not empty and convex. In order to prove (A 'let"‘{yl‘, e
¥~} be any non-empty finite -subset of Y. For eack j € {1, .:., N} we can
choose a point #; € X such that y; = x; — %,. Since X is convex we have-
then y

N l N
xo-}—Ea,y,—( Zai) xo+ZaixiEX
i=1 .
for all (a,, ..., ay) € B, (On, l/N) Morcover takmg into account that

i=1

( Za,y,l) = g (%) -I-Eﬂ i) —S(xo)]
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32 B, {0 1/N) it follows that the function
(l‘\-) € D \VNy ’

N
— a y '] ]‘l
(a]! L4 ") aN) € B+ (Oh" l/N) g(xo +jgl ’ J)

A,) holds.
_1/N). Thus (8s) -
(O, 10  affine, we have

for all (ay, -~

i i on B, .
js continuous
Since f,, f are convex and g ¢

L — D0 0 £ ) € (1= Bfal0) + Yol 4 ),
f.(xoi;;’))=_;‘(((1( — )%y + %o + y) < (1 — f(x0) + (20 + ),
gf((:o+ ty) = g((1 — % T Hxo + 3) = (1 — 1g(xe) + t8(x0 + ),

2 [fol#o + ty) — folxo)] € Solxo + ¥) — fol%o),
t

L fxe + t) — flx0)] < f(o + ) — f(o),

¢

L la(zg + ty) —£(2)] = 8(%0 + ¥) — &(%0)

for all £ e€70,1] and all ¥ € Y. Defining now FO‘Z Y-R, F:Y > R*ay
G:Y T by Fofy) = folxe +9) — fol®d), F(¥) =Ff(%0 + ¥) — flxa), Gly) =
= g(xo + ¥) — g(x,) for all y € Y, it results that Fy, F are convex, G is afin,
and that (5.3), (5.4), (5.5) hold, as.well as that the convergence in (3.3), (5.4
(5.5) is uniform with respect to y € Y. Consequently, the conditions (A;) and
(A,) are satisfied. L

-By Theorem 5.1 there is then a vector

h ()\5: )‘*1 l“"*) € R+ X R,'?' X R”\{(O' O”" O")}
for which (5.6) and (5.7) hold. In virtue of the definitions of the functions F
F and G, we obtain from (5.6) and (5.7) the equality (5.10).
From Theorem 5.1 we derive also the next result which is related to ane

;he(rssa]l;ready known multiplier rule (see L. W. Neustadt [7, Theorem 4,

'COROLLARY 5.3. Let %, € X. be o - e
the Jolowing sonivrontt 2o ! local solution to (OP), and suppose th

(B,) for cvery non-cmpty finite subset {z,

a wumber § > 0 such that e 2yy of X = % there exists
N "
%ot 3 ez e X (.11
i=1 - }
whenever (g Lo
( Loy, aN) = B+(0N. 8), and for ’ which the funclion

(@, ..., ay) B+(0N'3').“‘g("o + f::a,-z:‘) < R (5.1
7=1

S Comlinuous o B + Oy, 3);
iYy 4
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(B,) there. £xist: convex functzons\ : e e v

. . T
“.. P WU L
~}

F,: cone (1\ —xy) B R and' F: cone (X = xo) - I{m 4

such that the inequalities (3.3) and (5:4) hold for all y = cone( X = xo)
and for every convex -polytope P < cone (X — x,) the convergemnce in
these incqualitics is diniform’ witli respect to y e P ;

(By) there exists an-affine function . ,. . \ = {, .. j

G : cone (X — xy) —» R" AR s

such that equality (5.5) holds for all y < cone (X — %), and for every

convex polytope P < cone (X — x,)'the convergence in ‘this equality
is umniform with respect to y e P.
Then there is a vector

(A6, A%, u¥) R >< R’" X R”\{(O O,,., 0,,)}
satisfying ST WL LT
Tl Ay =0,

inf {Fo(3)28 + <F(y), M) + <G(y), u*>:y < cone (X — z)} > v
Proof. Take in Theorem 5.1 as'Y the set cone:(X — x,). Then all the hyps-
theses of Theorem 5.1 are satisfied. Indeed, note first that the conditions (A,)

and (A,) hold, since in conformity with our choice of Y, they coincide with:
(B,) and (B,), respectively. Next we prove (A,).

Let {y,, ..., yn} be a- fnion-empty finite subset of Y. Then there exist N
numbers o«; >0, ..., ey >0 and N points z,, ..., 2y in X — x, such that .
¥ = ayz; for every j €{l, ..., N}. Set «, = max {al, ..., ay}. By condition
(B,) we can select a number 80>O such that (5.11) holds whenever (a,, ..., ay) a

e B, (O, 8,), and for which the function (5.12) is] continuous on ‘B (O, 5,).
Choosing & =:3,/a,, it follows that (5.1). holds for all (a,, ..., ay) € B (On; 3),

and that the function (5.2)is continuous on' B (O, )’ Thus '(Az) Holds,!* '

In particular, for every pair- of points: ¥’ and " belonging to Y there
exists in virtue of (A,) a numbre § > 0 such that -

- ay + ey <X 5, for all (4,a)) & B, (0 8. (a8

Now let y. denote a convex combmatlon of ' and y" : Fron (5 13 1t followa‘
that ty « X — x, for all ¢ & [0, ]3[. Therefore we have y = = (X i~ %), Whichi:

shows that y belongs to Y. H:nce Y is convex. thh thls 1t 1s proved that
all the conditions (A;)—(A,) are satisfied. - -

By applying Theorem 5.1, it follows that the as:"rtlon of the corollary
lS tfue .o U Yol dud .. i NIV R

" 6. Multlpher Rules in Normed' Linear Spaeos. "In this sectlon we state
multxpher rules under the assamption that Xo is a real of ‘complex normed’
linear space.

3 - Mathematica 1/1963.
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lution to (OP), and Stuppos
i e A be a local S0 e that
cc:zdﬁﬁ)iole?; ‘1651“({.; asx he foll"w”’g conditions are satisfied :

1

i
J
|
t
(C,) there extst sublincar Sunctions z

‘Fo s cone (X — %)= R, |

F= (Fy, ..., Fn):ccne (X — %) = R
such that .
tim sup —— [fy(3) — fulte) = Fol — %)] < 0,

Z-~4Zy ”‘“’o”

lim sup ———— [f(x) — f(%;) — F(x — %5)] < O,;

z3, ||® — #ll
(C,) there exists a linear function
G={G, ...,G,): cone (X — x;) » R

.Stch that
i T Lele) ~ g(ff’;)"h‘ olr =] =0,.
Then there is o vector - s ‘ o
T ) °R. x R? X R\ {(0, 0, 0,)}
Sat‘is:fy‘ing : R . . S v'. ‘ " Lo ’ “‘ “ \ - n
| _ Lt . 2;_ Ne <f(xo) )\*>. _0:‘: -“:(‘ “ o 'y T

‘;:i{F ;-_xo))o'i-(F i~ %), 7\*)+(G(x-—‘x) *) ' EX} > 0.

oof+. W

aat1sﬁed ji-[. et ; show -that the ‘ccnditions ('B) ‘and (B, C 5:3" are
be a convex Polytope, say, .. ) in Corollasy 5.3 afe

L ;g;;:;i‘. . P I R RET IS IS RRTRIS AN
t lJco’?v {yp ’-‘:J’N} " Suline
CO.n alned ln cOne (X i . H f \'r 4 ( / ) '1” ; El'; PR
X T 4 il
an:iﬁl Pon;t)s 2, .1, 5 }%) z ’l::l;dzie{;a?m N sumbers g S0 o> 0
¢ = max . § N} §
such that § “: oxd, y conditio ,z, or every j & {1 .. .
ity follows, ,Eia“ h lds “h(nc\, f (ay, * PR (B) We can, select 3 number 30
VUL oy IJ pe a,,, T( ) 3 ) Choosmg 8 = 30/“0' '
Y ,',',‘,'»5‘-. st N, .. ; O v - iy
e I Loglemy S " .
xo.+§ajyj € X 'for ;]j (“1/ - ; ; oy é ol At ;‘7.(“,.;
Thus oy L it e : ter-fy) & | (Olv, Dyl iitmar, 41t
N“e have o4 1P [ X’ fo; 1 ShGhoy gy J& L o ¢ ) ;
T ex_t_ we choo all { [0 8[ ! oy e /[fT( EAR) s ’
. oo G gt

Um
7 ‘° ﬁ; {“‘5"’9 P Wl <o u;yq,n} y L

e i 7'.’!’.”1.2 f)j'i ’lyl,(UJ“'!'.
RS 43 M e sl
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Fix now two indices s € {0, 1, ..., m}and k {1, ..., n}. Given.e>0,
we can find in view of (C,) and (C,) a number » < 0 such that

%) — filxe) < Fi(x — x) + f Hx — %], (6.1)
{ar(x) — galx,) — Gi(x — xp)| < ri 2 — x41] (6.2)

for all x € B(x,, 7) N X. Put £, = min {3, ?[7o}. Then we have x, + ty
€ B(xy, r) N Xforallt € [0, fy[and all y & P. Therefore (6.1) and (6.2) imply

Silxo + £y) — filxo) < tFi(y) + tri, LYl < LFAy) + €],

| &x(%o + ty) — &lxe) — IGi(y)] < tf‘ [yl < e,
ie.

- [ilxo + ) — Lixo)] < Fil3) + ¢,

= (8% + 1) —¢ (x)] — Gal3) | < ¢

for all £ €0, £{,[ and all y € P. Since ¢ > 0 was arbitrarily chosen, itg fol-
lows that

lim sup — [/ixo + 1) — filxo)] < Fis),
10 . Coy,
-0

lim — [g(o + 1) — &i(%0)] = Ga(3) o
! = e T
for all y < P, and that the convergence in this relations is unift())rni w1th r;.::‘»}
pect to y € P. Because ¢ and k were arbitrary 1nd1§e§Bfr011:1 lfl Lo
and {1, ..., n}, . Tespectively, the..cqudltlon§ {B3) g1-1d- { ?) o },1  claimed.

‘By applying Corollary 5.3, we obtain the'.as.ser‘tlon of ‘our t §ore.m. )

In the end we derive the well-known ‘multiplier rg}c for optimization pro
blems involving Fréchet ;d;ilffeljentiablg functions: ; \«\ o

COROLLARY 6.2. i,et %, € X, be a local solution'to (OP) satisfying the
following conditions :

(D,) x, is interior to X : Lifferentiable ab 7’

D are Fréchet differentiable 05

Eng {;z,erje; Z:zitsg a nwmber vy >.0 su‘c‘;lithat 215 bqhtz?gglous on B(x,, 7o) N X.
Then there is a vector Lo

LOE A% %) S RRT RO, On, Qulfcicizr arcsr 1 i

o
ok ) A Yol
JENC S REE BN P10 5 R Vot ot
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36 Vi
satisfyit m (f(*0) "> = 0 )
\ i. (*5 <
f»r/:W +E”™;w =0
W L
‘ n and (C2 are satisfied. Indeed sin.
Proof. The conditions (?J* (*) number f * jO, r0] such that 5(* V

K « N 9%>* A - Fp en* *

£ "\ed|BA< IPLE HNIASE I M<r
=i Pi VI ' 7
for all «= K........ %) e 5+(0M 8). From this follows

Xt+"apj s B{xQr) whenever (av ..., «*) e S+ (0A 9).

Therefore (5.11) holds for all K .... aN) e B+(0.v, 8), and the function (12
is continuous on £+(0A 8). In other words, condition (B,) is satisfied. Th
conditions (CJ and (G are also satisfed, in virtue of (D2).

By applying Theorem 6.1, we conclude that there exists a vector

10 **. ¥ 6 R+ X R? x B-\{(0, Om 0,)}
such that (6.3) holds as well as

_inf £ xy,(*()(z—_*O)+ P —x0:x ¢ X\J > 0. (6i

« X feMafiu ST fWm *°aand choose a number t0>0 sad
. L “o> "o* According to (6.5), we, have then
A 5 Xf* Xu+é $ ~*0)«] >0 1
for all t e [-<# /#]j and hencg
o \e
B0 GAME Vs M 0,

Since » W arbitrarily chow, iB-X "
Q equality, (6.4) must hold.
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OF THE LIMIT CYCLES FOR A GENERALIZED

ISTRIBUTION
THE D DYNAMICAL SY STEM

NICOLAE LUNGU®

Received : May 20, 1987 ‘

REZUMAT. — Distributin cielurilor limitit pentru un sistem dinamie gen'ernlizat,
In lucrare se generalizeaza sistemele de tip Liénard studiate in [4—6] si se dau
conditii de existentd a unui numar fixat de cicluri limitd care contin un numir

impar de puncte singulare.

1. Introduetion. The number of limit cycles for dynamical systems is of
practical interest, because these represent the periodic solutions in the phase
plane for the considered systems. The use of Poincaré-Bendixon theorem allows
to determine the domains in which there exist or not limit cycles for second
order autonomous systems. In this case there were generally studied Liénard-
toype systems, which have rich and various technical and scientific applications.
(s]ile o;xlsuall)" considers that the given system has a single equilibrium position

ar ; c N 2, )
N hes havléoatél)l ;1‘1,1:[111 i(lzlollllfilsdiz s;vth (11951: 1:hei origin of. the coordinate frame.
of the Tmit eyclos {2 certain do rﬁgi 11 1(}1;5 t:)r the existence and uniqueness
form, then in [1], 3] there have bean g the system has a certain peculiar
) ve been given existence conditions for exactly

n limit cvcles. .
type sycs}cecrr'iS afllrlni[ti] ;hfiﬁi?a;,ecieen given the conditions in which a Liénard-
[6], [7] the existence of a f'y containing several singular points. Also, in

.

e d number of limi :
singulat points is studied, These er of limit cycles surrounding 27 + 1
We shall give further anothe(:Se re5u1t§ have been generalized in [4] and 31

‘ = W{x)y — F(z)
¥ =—g() + h(x)

I

—_
—

=

where the functions

8%), hz), F(z) = gf(s) ds

are continuous and fyf 0
i fil an
uniqueness of apy Cart- 20 the condit;
y C onditj :

THEOREM 1. by problem f°rnlul'fl’1r:lesd zhmh ensure the existence and
€ (22im3, a5_y) ;ané xg(eaiz =0, i=_1 o 1 bon the system (1).
-_— Uan—y, W) . g(x), 2o, 29 — 1 v e

W <0vr e . gx) >0

* Institme of poy ; .
Tiechnics, 3400 Cluj-Napoca, 1 O2i-a, ay -—l) and x € (’w'
» Romanig

et e 1w
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, i=1,n Fla) =0; fla) =0. If there exist the functs
:1-12 the systems of numbers . T f..( crrons %(x?'. k> 2

Fa<Zan<...<23<oam1<%<...<%

such that we have ¢,(0) =0, o,(x) £ x, h(x) - [p{(x) — 1](=1) <0 Vx & (=,
z).1=1 % Au>0 and
Fi(z- (=1 < yx)(—1)i+! < Fy(x)(—=T)i+t"
Fiz_i)(=1)*" < (=1)i+1 Fi(x) < Fi(x)(—1)+1,
Vx € [2_;, %), =1, %
where
_ F("’)?:(‘") _:r(x)
(¥ (9} (%) ~ 1] h(#) o) (» — 1]

then the system (1) admits k — 1 limit cycles which contain inside 2n + 1| sin-

gular points, in every domain [x_;, %], 1 =1, k existing at most i — 1 limit
cycles, out of which [[2] are unstable and [(i — 1)/2] are stable.

Proof. We prove the theorem for & = 2, by using a msthod analogous to
Zhilevich’s [7] onme. In the system (1) we make the substitution :

Y=y +u( | @)

Fi(x) = F(x) — h(x)oi(x); i) — i(x) —

obtaining the system:

{i:h(x)y—Fl(x) oo - 3)
y=—h(z) - [pi(x) = 1] - (¥ — ®(x))

In order to apply the Poincaré-Bandixon method, we construct a ring domain
as follows : let C, bz a rectangle having the legs parallel to the coordinate axes
and the vertices in the points B,(x,, F(x,)) and B_(x_,, Fy(#_,)). From th>
conditions of Theorem 1 follows easily that all th2 trajectories of the system
3), for increasing £, cross th> legs of this rectangle, coming inside it. Then
we make the following substitution in the system (3):

5 =5+ o) — (%) (4)

obtaining the system:
&% = h(x)y — Fa(x) v

‘o T

Y= —h(x) - [p(®) = 11- (= Q)

~ . ' ] . 4
We denote by 7, the closed curve in which the contour C} is tra:nsforme
through (). They traljectories of the system (5) cross C 1 forlmcrea.smg‘vt and
come inside it. We coustruct then thz rectangle C, with the vertices in the
Boiuts By(x,, Fy(x,)), B-o(%_p, Fa(-g)) aud with th2 legs parallel to- the coordi-

()
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-nat¢ axes. Imthe conditions of theé theorem, the trajectoriesof the system (5)
cross the legs of this one, getting of it, and C,; C C,. ‘On:the basis of Péincaré-
Bendixon theorem, there exists in the ring domain bounded by C, an C, at
least an umistable limit cycle then'the theorem is' proved for-k =*2. For & >

the proef is apalogous. ; N e D

RTINS Y i L 0wy \;\,_“. s
1 - .

THEOREM 2. If the cenditicns of Theonm 1 ave falfilled for k-2 1 and if
there are fulfilled ihe conditions: f(x) <0, . |

F(R)g()[x) < 0; Va'< (g i;: B0, % % f(Br) =
= J(Ba), Bos < ooy, B> cmns, F(B) = F(B) = 0

and
o B e S Rl -
) {e@mmax >0, =11
FEPASUIE SR Sk Shaeen g
4 ‘/: v AU T )T'. ! Bi i ) ’ ’f:x’l' R .
| (e@mnds < min g‘("x)/h(‘:‘c)‘d&;' BTN T A
¥ ) * i i —1, z - [ O ARELANY
Ceen® i LR - ) Ay

then the system (1) has at least k limit cycles swrrounding 2n + 1 singular ;bomts
in each domain (x_;, x;) existing af least i limit cycles, out of which [(z + 1)/2]
are stable and [i[2] are unstable.

Proof. One preceeds analogous to the ease of Theorem 1, but a frontier of
‘the first ring domam 1s the curve

LRt (gt = Cy

R 3 0 £

Co = min S‘g(s)(h(s)ds(

i=—1;1

It follows that inside this curve. there are no closed traJectones and cyc-
les, all these getting outside. » -

REMARKS 1°. B} means of a prcceeding analogous to Theorem 3 of [4],
one can prove for ¢ =1 that all the linfit cycles, 1f they exist, are distributed
intaq, (x_;, %)

~2°. If the conditions of Theorean 1 are adequately mod1f1ed then ‘the nature
of the .cycle stability is inverted.

8°. The system (1) generalived the system (1) .of [4].
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INTERPOLATION FUNCTION WITH CONTROL OF
DERIVATIVES ON IN’I‘ERPO_LATION POINTS

1. GANSCA®

/Recoived : [Junc 2, 1967

b - ctie interpolatoare cu eontrol al derivatelor pe puncle.le de
ilx‘nfezr:m:. in 1!:‘;:1:;&0 sie de'{?neste fuuctia intergo!a'toa.r'e de la' (‘3) care inter-
poleazi functia datd f: (s, b] —» R pe punctele diviziunii A dCflflltzl la (1). Qt!
ajutorul vectorilor de ajustare definiti la (2) se pot controla derivatele f}ulctlel
-G (teoremele 1 5i 2}, ceea ce constituie un avantaj in trasarea curbelor cu ajutorul
calculatorului.

Let f: [a, b]—= R be a bounded function and A an arbitrary partition o
finite interval [, b)

Afe=2 <5 <5< . %0, <%, =0} i
'_'%‘grs’e'ach interval I = [, %), i =1 m = 1, we consider the | fitting vee
Y;’ = (y‘,o- Y, ... 'y"n"i"ll y'.'"‘_) =] I{u‘-{-l‘ (?‘l
“where
Ple=0,m =T, = )

are given real numbers >
H 1, and ym

Relatively tq functio
. n L) ’
ton G o g [, partition A and vector Y; we consider the fu

Yio = f(=), . )

.cm:,l & R il vy e ¢
fiz) ” T
.“where . e

]n.' %) = 7 (%, — ymj ,
(%) C"iw (i
i X :
. Institute of P"’J““ﬁm‘q 2100 o ( [ES] z‘)n‘
. ..

.'\-apom, Roman;q
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As usual, by (z —¢)? onc mecans:

(z — ¢)*, if z>¢

0 , if z<c¢ (5)
LEMMA. The function G defined by (3) has a Bernstein basis on each interval

I, 1=0, m—1
The proof is immediately. Indeed from (4) and (5) we have, for x € I,

. (= — o =

L= T — x)

i iy
J",'.f(x) = C'l,' (6)
, (%54 — %)%
After the transformation . .
X = (x,-“ - x,)t + X, (7)
we obtain
Tri(®@)) = CL.(L = 9" 4, ¢ = [0,1]. 8)

THEOREM 1. If o, G=1,m;p =0,q),and b, (i =0, m — 1, r=0, s,
g+ s < n —2) are given real numbers with ai = b} = f(x;), then we can de-
dermine the vectors Y,y and Y; deﬁned by (2) so that

il

GP(x; — 0) = & and G(x; + 0) = b? ()

Proof. Using formulas (5.70) and (5.71), from [1] page 142, we deduce
that

i o (#) N n_,! 2 A~k
. (;-o ma{l =27 t., y“"j);=1_ (i — P! Ig(—l) Cr Yim1,i-b (10)
and
i—1 4 G = il - r=h Ch o
(,;oc U A y"'f),-o_w;—r)lfi-\s(_l) T

Taking into account by (6), (7), (8) and the operator

i: ! i, (3=1, m)
dx Xy — ¥, dt .

‘we obtaine \
S "1 ! ? "I\E R '
: (®) J— == d - (_' 1) C y"_ " g — (12)
GOz —0) (% — 7Pl —2)] Irgo P itk
and respectively
.1 L4 r—
G9(x, + 0) = - > (=0T (13)

(#i4y — %) (4 — N o
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. . ,t'o']s: .tv.l,l;
), (12) and (13) follows the system of equatior
From (9),

v VP (g — D) — "

P )k Ck N _ (X’- - X _'_‘l} (:1 1 ﬂ” P = O, q (14)

; 2 =Y G Yisim gt i1 .

k=0 . o Do S g :

S (g, — x) ;=11 B (r = O~'S) B o

v —k k Il SNSRI A/ Y Mo LI (]o}
z; e, Yp =Tl

T
d r., of flttmg Veetors )‘ Yo
‘which gives “the components Yicam_—t 204 Yok o
pectively Y; and Theorem 1 is proved. A

THEOREM 2. Let CP be given real numbers. If

.ll

s —1 s._.ka' . . _ —_
(x_x 1) (n' 1"'5)lkz=:o( ) Sy,_l' i—1—4

;! d - —~k k (s) ‘-.
= — C = Cs ’ (lbl
(%41 — %) ;= 5)1 ,‘2;0 (
then .
G (x) = Y =1, m= 1) (17
and for 1 =0, i = m we have
G (a + 0) =“§'—E 14 C* o (18
(%, ~ a) (-no-—.s)!kEO(_ ) ‘)O,k '
respectively
Gl (b — 0) = \’—1'\ N -
®- .1'”._1 m—l - s)l Z _—1 C '” Ly —y—k° ( l
_ b:l‘he Iér?Of follows from theorem L, if we take in ©9) p=r=s and =
Remarks:
LIy, ~y ’ ,
S T = o=y and Vg = Yo ==
the formulas (10) apg (11) become Mi_1=p i1 i2 5
LT o
(% et = gy, —
& O P R 10)
.J ’ ‘ ]‘J‘u'.l m(y_ _"‘\' l:”s—l'_l) (
Tespectively

(;L:ac' (L~ gyimiyp,

7,
(5] =

o Tt U O )
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Here we have used formulas

U IR AR PREEE S
2( ) Cg = —1 and "‘ C' (= )1+l
i=1 i=l

Consequently the formulas (12) and (13) will have following forms

n_ .1
GP(x; — 0) = i~1 ' _
( ) (’«’,' - x,-_l) (n'._l -1 (yt—l,n,-_l yi—l,n;_l_l)
respectively ™ ° O
: n ! .
G X; 0) = ¢ )
(54 0) = e (=1 (3 — wo
2. If the partition A defined at (1) is umformjy, that is x, N
—a)/m, 1 =1,

plier forms.. Ly
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b

(12)

(13)

Xi—1 = (b -_
m, then all formulas which containe x; — %;_; will have sim-

A /)pl:catwns of B-spline _approximation lo geometnc problems of computer
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erel Initiale in algoritmul Jul .Klm(-hl_\'nn.
Lucrarea prezintd un nou med de caleulare a razei sfe.rei lmtlzleAsled?/ :mg'(.,;e
a centrului acesteia, in ipoteza cé sisternul fie lnegqhtﬁtl A.x sl (h. €z X / ,
b € Zm), ciruia i se testeazd consisten{a prn algqntmu! lui K 1achiy at'l,] contm.e
5i inegalitatea » > 0. Se obtine o diminuare considerabild a razei (i vo un?.uhu)
sferei inifiale, ducind la o substanfiald reducere a numiirului de iteratii.

REZUMAT. — O modificare a alegeril sf

1. Introduction. The algorithm proposed by Khachiyan [1] tests
the consistency of the system |

Ax < b . ()

of linear inequalities, where 4 € Z™ X Z* and b € Zm. This algorithm builds
a_finite sequence of ellipsoids (being called for this reason the cllipsoid algo-
rithm) which centain solutions of the system (1) if this one is consistent.
The first ellipsoid is chosen as being a sphere, with the centre O, containing
solutions of the systtm (1) if (1) is consistent.
After this algorithm was published, in 1979 (1], one noticed that the radius
of the initial sphere can bte diminished : such propesals were made in (3], (4

and [5]). We give here a new manner of calculat] i i '
' a . o ew
choice for the centre of the i ting this radius, as wellas a 0

nitial sphere, into th 3 i hat
one adds to the system (1) the inepquality ¢ frame of the assumption

x 20, (2)

which usually holds in t ine i jyan’
algorithm is applied. he Jincar programming problems where Kbackiyan®

I

2. The ellipsoid algorithm, Khachiyan’s algorithm uses

L = log.{ a.:
[E'; (14 + 1) + 2‘ logy (16:] + 1) + log, (mn)] +1 @
which represents th

whic o mini
in binary code. mum lenght needed for storing the inpu

the quantity

t informatious

) The idea of the algori :
soids gonthm is very simple, 10 order to solve (1), the eliP”

A = {y I = ~
E, = y= Xx + B ¥4 X B
University of Cluj-Napeca, Faculty of Math, |
thatics

and  Phys; j
hysics, Chq-]\'afura. Romania
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which contain the solutions of (1) from the initial sphete, are built step by step
until the centre x; of E, is an admissible point, or a beforehand fixed number
of iteratioms is performed. If an inequality of (1) is not verified by x,, for
jpstance Aixp > by, vshcre A= (ay, a,, ..., a;,), this inequality induces the
semispace {y |A,(y — xx) 0} and, with this, a semiellipsoid

Ey2 = {y € Ex| 4i(y — =) < O}

One builds then an ellipsoid E; ~ (x;, B;) which contains E,/2 Since the calcu-
lations are performed with a finite accuracy, one will calculate the ellipsoid
Ei4y, which is the ellipsoid Ej enlarged with the factor 1 + 1/(16 #2), and the
inclusion Exf2 C Ex4y is verified.

The ellipsoid algorithm consists of :

Input: m,m, a5, b, t=1,m, j=1,n.

Oufput: (1) is compatible or not.

Step 1 (imitialization) : Tet k: =0, x,: =0, B,:=diag(2%, ..., 2L},
eo s = 9L,

Step 2 (lest) : Compute 0(x3): = max {4z — b}

If 6(xy) < 2%, then (1) is compatlble and if e(x,) < 0 then xy is an exact
soluticn cf ‘lh]S one; else, x, is an approximate solutlon stop

If k> 6n2L, then (1) is not compatible, stop. ¢ . = -

Step 3 (ileration) : Let 1, be the index for. which At,, Xy — b,k = 0(x):
Let 044y 0 = min {6, 0(x)} and compu.te "= BhA |]'qk|| =inim m=
=nfllmll %yt =0— Biy/(n +1); Bk+1 = (1 + 1/(16 "Z (]/4./”2 — 1)
(Bx + (xl(n — l)/(n + 1) — 1)7n). Put k= k -|- 1 and take ‘again with the
st (p o LTS R I

Hence the 1mt1a] sphere has the radms R1 = 2L A L‘._ ,",'“

For a thcorctical substantiation of the algonthm see [2] _ o
.. 3. Modification of the hrst step.’ ‘Kha ¢ h iydn shq“s in l3] that mstead
of the value of L, which i is large one can use 'the value ";[::l TR

;:'n?- ,f.w _n.:.}"- :::fz-_,.'i v L’ = [logz(Z’An)] + L “f;f‘..','-" GV, “(5)

Pt LI SN T

AR T T I A S ool i

the radxus of the initial sphere bcmg R, = AJn where A is a constant which
majorizes the modules ot all the po<51b]e minors of the extended matrix of

the system (1)..q;0.c e * Jz?'.‘q WD
- An, gstimate,, of A \\as glvcn ;n | [5] (undqr the form IR
THI:OREME 2. 'Givén the: syslem (1) ﬂw “follbwiing mequahty holds: ‘r-f,"!'f'.'

.o .‘., - ‘KJJ’J[I‘ il (l”‘ Pen Orid Aﬁj[’ l!' I LA i U '("J (0T 1
Ey J.H 10 enoildiion )MA < V s L__,I‘Illd ” v rul 3 0I0H T L :

i ’.3' e v ;01 Jl" sasti Dot CUCRIEYTE oot goieshi-

where "' nitn {n° 4 T}, wlnle a1is the! véctor in R"’fl ‘éf the: coefficients of ¢he.

term. The' mequdhans @re’ assumed to:

th  inequats ther “with the absolule
quation, toge &alues of the norms of lhe vectors @.

bé:\¥ecreasingly ordered, accordingsto. the,
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s the radiiis Rs ‘=f‘oc?/,'n., B T
f the initial sphere';l"l T —

With this ‘theorein, one (')b._tam.
:* Another choice ‘:qu'izrhe 1"ad:1us o i

- 0
here B is an edoé'}f’o'r" +he absolute values of the components of the solutiog
where ) . P Rt
/as. osed in [4]. - ) ]
o thI‘?; 1?:::;? to( 1;,5:(:;;3?;& R, < R,, the eq}lahty hol(:lmg when all the coef;.
.Cien'tgiﬁ;: el%lliith'iyéﬁ's a:dgorit'hm is used to solve the lineai:" progfa}ﬂlping
robleri, which generally contains the inequality (2) amongst 'its restrictions,
ghe initialization step of the algorithm can be ‘modified as it results from:

Lesnia. L. If. the system obtained from (1) and (2) is compalible, then i
has @ solution into the sphere of radius

S0 Ry=aqnf2 ®)
.and centre 2 = («/2, «[2, ..., af2).

Proof. Since the system of inequations contains the inequation (2) too,
it results that its.solutions lie into the first octant. On the other hand, these
-ones lie into the sperhe of radius R; and centre 0, too. Therefore, they will be
lying into the h.yperu,tbe having a vortex in 0, the edges on the coordinate
-axes, and the side R, The sphere circumscribed to this hypercube has the
mdms;1 equal to the half of the diagonal of the hypercube. So, the lemma is
proved. . ' Co :

. This result is an improvement of that obtained in [6
R \}thle calculating the radii. R;, R;, R,, one has d[et]e.rmiued. a point in

Sl c?or_dmates are majorants for the values of the components of the
gtfgig:ansgi‘slgﬂz forfo thfhsys'gerp of inequalities, and then one has found the
to this point. . m e or1g1r|1l (which is considered the ‘centre of the sphere)

If the system of inequalities (1) also caniairc /4 . o
~cdmponentsyof the Evenet%l;?sﬂiiiggsalﬁﬁontams @), then majorants for certain
.1_1Ed from those inequations Ax sob' ’ :vl'xsl)éiterﬁ of inequations can bgt o};ﬁ:
=(a;, 84, ...,4a,) 20, ‘because,if i ave the property that 4i

for every a; 3 i <0_the system is i i otherwist

b ’ , * 0 the._-] t,h component, x;, of all the solsfggf ﬂ:éi’fulﬁl
) B L % g bija; SO L PR S R PR 9
SO, the pOint o 7R ,t/ i 5 Y5, [ ST e ()

calculated afccl;‘: (;2..' "..)» ‘Yhere some components of »f have
majorant for g}y t;::gsgt)ft iwhtle thé other co mponents Have the
can determine fof the systery ons of the considered system.; :

(1) which ;
Tmine minoran . also con . o one
by considering the ineflsui(go?srtam compo tains the inequalities (2)

the wvalues Yi
value a, is 3

Dy . Rents of the solutions of the SySte™
= (8, 8,5, . .., a, < A;x < b, ich’ Solutions o : =
By -2 8,) <0 a . S.% which ha t 4%

all the solutions must fuig) ¢ < 0 for every a5 ;eotilﬁe pyr'iiergnf;:ﬂe“t ¢
- % >ble; < é,. . \“ - ‘\ \\ W “ .(10)

PRANARIS
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So, the point x' = (xi, x;, ... x!), where some components of x* were
calculated with (10), while thc other components -have the calue 0, is a mino-
rant for all the solutlons of the considered system.

On the basis of the above presented considerations, the following lemma

obviously holds:

LEMMA 2. If the system (1) which also contains the inequations (2) is compati-
ble then it has a solution in the sphere having the centre

2 = (2* 4+ x%)[2 L e (11)
and the radius . O
Ry =[lx" — =°]|. ' (12)

As one ascertains easily, the radius of the initial sphere .was very much
diminished, and its volume too. In this manuer, one obtains a substantial
treduction of the number of iterations, as well as an enlargement of the error
admitted in the calculation. .

[ *
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. . g ti st ling’s numbers defined b
ACT. — Giving a new interpretation of. Stir 1S d by
£B gg:tct in (3], we ogbtain a further generalization : Stirling numbers associated
to a double infinite matrix.

" 1. ‘Introduction. Starting from a given sequence @ = {p)iz0, in the py
[3), L. Comtet has given the following generalization of classical Stii
mumbers: the Stirling’s numbers of the first kind (associated to the scquen
a), denoted by s,(n, k), are defined by : ’

'ﬁ (x —a) = 2” So(m, R) - 2

k=0 k=0

:;(? the Stirling numbers of the second kind, denoted by S, (n, k), are ddind

r%&&wmuf%y”u—@J

Among the examples gi e L -
» : given there are t i A{ici b
v Jor @y = 1, and the usual Stirling numbers i omial codficicats, obt

LU | 'S we gi i
n what follows We give an interpretation of Se(n, k) and S, (n, k) in ta®

» Which allows a further generalization.

Let g = (a)rzo be a g
: given sc . R ;
Sequence 2 = (Xu)uao (with respec(%ut((? sti.eoslclciu(i;fclzea)t%e finite differcnces d
A2
Dﬂx,, = g Dn-l-]- .
Intl’oduci . " 8 Xy = D:xm-H -aq, an l]
. ng the shift oper t a%m
pec:tively by : Perator
) ‘

rwe get:

%1

:x,,, =
& (B~ a0z,

® Institute of poigr
Yiehnies, 3400 .,
Cin-Nepocq
+ Romaniy
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ES ®, k) x’""'h T (2)
k=0 -

that is we can obtam on this way the Stirling’s numbers of the first kind. If we
invert the relation (2), we get the Stirling’s numbers of jthe second kind :

Tmin o= 3 S i WDy - il (g
k=0

The finite differences defined. by (1) contain those given by D. S. Mitri-
novic¢in [4] (where @ =a + b - k) or those defined by a Markov systems
(see [6]). But, in [2] we have proposed a further generalization which we, want
now to use.

3. Generalized Stirling numbers. Let us con51der the double infinite matrix
A= (anm)u'n}O LT . 2
We define the finite dlffercnccs (m respect to A) by:

n+1

DAxm = Xm, D = DAxm+l — Gnm " D: xmo .n, m 2 0 (4)

Taking aum = a,, we get (1).

Now we can generalize the Stlrhng numbers of the two kinds defining
as(n,m, k) and S, (n, m, k) by:

DA Xm = Z sA(n m, k) c Xtk (5)
k=0 N
respectively
Zmin = 3 Sa (, m, B)Dlis. 6)
k=0 ;

If we consider that )
E - (agm I) = awmi E and (@nnl) i E = apuE
the rclation (4) gives:
Dt = (E — aresm) - + (E = aynD)(E = Gon]) 7

,

that is: g
"
saln, m, m) =1, sa(n, m, n— 1) =— ga,._,.,.”_,, R
oo, Salm, m0) = (—1)* Gicim .- Gom-
Also from (4) we get the triangular recurrence relations:

(n+ 1, m k) =ssn,m+ 1, k— 1) = Gnm - Sa(n, m, k) (7

Sa

With s,(n, m, k) = o for ¢ <0 or k> n. T
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i nce relation :
ives the yertical recurre
Step by step, (7) give

”®

E (—1)=i - salj, m+ 1, E—1) TT Qim

SA("' + 1; ", k) sj-* $=541

. o
" e o= 1.
3 rention: 1 @im
with the conve R

The relation (8) allows to pass from a k to another. For emample it

n—1 j—1 n—1
1. - : Aim .
SA(”: m, ]) = (—1)» 1 Igo Qd;,m:l)-l iﬂl ™

For the numbers of the second kind, we have:

ntl

; k - b =
Xmintl = h@OSA(n + 1; m, k)DA Xm = kEOSA(n' L + l’ k)DA Tmitl =
© =Y S m+ 1L RDE 2 + aim D %]
k=0
which gives the triangular recurrence relétion :
Saln + 1, m, k) =Syln,m + 1,k — 1) + ayp Sy, m + 1, k)

As S, (k, m, k) = 1, this gives also the vertical recurrence relation :

" ) min—j—1
Saln + 1, m, k) =;‘=p>:-15‘4(7’ mtn—j4+1L, k=1 JI a.

i=m

Form (5) and (6) we get also:

?;jsA(n, 1, ) S 4(h, m, §) = 3, ;

and ) _
és;(n, m, R)s 4(k, m, ) = 3n.j
that is the matrices t. ’ 1
. salm) = (s,f'(n,. ", E)urso and S (m) = (S, m, B))ng: ¢
| Of course, all the s:«;,(l’::i(.n:'(m) = Safm) . ;;4(711) = 1. '
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) PIE D'UNE VARIABIE
! ATION DE L ENTRO 1
SUR A‘fllj;‘g'i%ﬁm BIDIMENSIONNELLE CON’:[‘INUL‘.~ ’

sl

it. RADULESCU*

*»

-
K

Manuscrit repu de 26 Jullic 1987

ZUMAT Asupra aproximirii entropici unei variabile aleatoare bidlpwnsio-

:aE;e conti;lue n prezenta lucrare se consicderd aproximarea e?tropéelf unei

A . e : . reme Si se e . s

® yariabile aleatoare bidimensionale continug. Se dau patru teo! $ inese

. l : . -
% - entropia caracteristicd §i entropia de ordinul :; corespunzitoare unei variabile

aleatoare continue.

Introduetion. Dans l'article (4] on a considéré le cas d'une variablq aléatoire
continue et on a établi plusieurs théorémes d’approximation de I'entropie 4 I'aide
de l'entropie maxime d'une variable aléatoire de type discret. Dans cet artick

on considére un probléme analogue, pour une variable aléatoire bidimensionnell
de type continue.

Soit (X, Y¥) une variable aléatoire bidimensionnelle de type continue, @
fiR?> R la densitée de probabilité correspondente, ainsi quec

fle,9) 20, zyeR
f5,9)>0,  (x,5) = [a,5] X [¢, d]
Sz, 9) =0, (x,5) ¢ [a, b] X [c, d]

B L, &

\fi%, 5) dxdy = 1 (

ou [a, b}, [c, d] sont des i SR .
lieu le théoréme Intervalles finis d’axe réele. Dans ces conditions 3

THEOREME 1. S;

'§§ flz, 9 log, f(x, ) dxd-y‘< +oo (2).;

des divisions des 1 "
€s x
es, 1 limite 4o ilervalles [q, b), [c,d] en m, respechv’ -

' ur n ; , i
maxime = R M~ o0 de'la différence entre ben? o
) !
H(T’”- ‘nlt ""'Lzlo‘ (3)

- " nm 08, 1 + log2 m

. lr”{pgynll ll(]'. a ) matiq y:
N, poca I'aculfé de Mﬂhl 2t ues ¢ Physi (1
de Ci que,

, 3400 Cluj-Napoca, Roumanie
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5%
et i
Hf(qllr 912;‘: L] qnm 2q,,10gzq,, v( ) ::'—‘ . 1(4)
i=1 j=1
1 - . ks -
on B _“
15 f(gi' ) . ——"-\ - —— -
gij = —;:—’m. Pij = Tmm_(b —a)\ (‘d‘\.’—_ c), 11— 1n, 4 -:—_.. 1,m )
—a . . — d—c . . —_
xo = a’ X = - 4 +a'. 1= 1’”4;._'y0‘=c' yl=—"‘—c']+0, ]= ll“ ..
€ (xi—b xi)) 1= m
€ (yi-nL¥) §=1m
: mn 2 Ep;] >0
et Ly
st
‘ 11m [(logz(nm) H/(Qur 912: 'y -,\Qnm)] = i
4 b
= § {760 ) togaftx, 5) iy + tog, [ — @)@ = o)) i
Démonstration. On remarque que _
4530, i=Lmj=Lm 0!
.e.t" Tty i IR ) ' oL l.'n‘ 1}) ) " y
. , ”.‘. m i 1 L ﬂl.,‘,;;‘—l , 0
o 2Q1I=P EP'I—I
$=1 j=1 mm (=] j=i

ohahi-
»ililélém que H/(q,;, q14) - - q,,,,,) donné par ‘(4) constltue un schéma de pr.
1tes,

Soit I’expression

E = logy(nm) — H/q11, 12 e Gnm) = R
3 ﬁq., log,(nm) + }3 Eq, 10327:;"’— 2_‘{ )}:‘,l q.; loga(nmygy)
s=1g=1 im1 j=1
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i srieurs, o @,

: ¢ potations anterieurs,
Conformément U (b — =9 100, S ) = A= o) _
) —

! i é f(z" vni) nmn ' Prm

E=—

Pum i=1 j=1
ud o) ! b — a)(d — _
=__1._ E fl& ;) Ax.'ij {IOng(E.u ;) + g, [{ I )]
Pum =1 j=1 |
L log,Pan) l £, n)AxAy; +
-—IOgZP,,m}——;;‘E‘ ]E]f En 7]) 0g2f 71;) y,
1. .
. [(bl—- a)d = o) E Z f(E; n)AxBY— Z— 108z Pm 2} ]Z_,‘l/(-qf, 7;)Axdy,
' Pam i=] j=1
oill
Ax; = % — %i- 1=”—:—“—,;=f,’n
d — ——
Ay; = y; — Jj-1 -——;;-6-, 3 =1 m
Mais
" m . b d
lim P,, = lim fl& 0)) AxAy; = S Sf %, y)dxdy =
—p e i=15=1 ) )
ainsi que

hm [1032(””’) Hf(‘]m 412: . ‘-'» qm..)] =

B N N (A

=S S /&) l°g?f" Y)dady + 1082[(17 — a)({d—c)] |

Conséquence. On déduit d : sablt
e la relation {6 ‘une varsd
aléatoire bldlmensmnnelle. contmue la valeur Sie) lp:;;rolxexl:s:t)gs ¢

nm

Hj(‘]u» Qs - 4t ﬂun) = .
=\ V) 1°ng(x y) dxdy + log, m*

Eam

.‘-’ o
Ly B,

L)

oll g; sont donnés par (S).
L’expression

DR

el \ Yoy
v s e e e T

-

" b 4
. N S.S %.9) 108?]' (% 3) dxdy, . e ’
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qui ne dépende pas de « et m représente l'entropie caractéritUquc de la variable
aléatoire avec la densité de probabilité /. Cette entropie peut étre tant positive
que négative. A

1/ expression

vil* ? oo - - -f-
Wl ?21% e - QM) -- H/ -f I®gz(d_ D0 - 9

représente l'entropie de la variable aléatoire continue avec la densité de probabi-
lité f d’ordre d’approximation.

En considérant les densités de probabilité

A:ll > 11+, gXx:R- R+

ainsi que

AR[Ddt = P{X < X)

\ gx(t)dt = P[Y <y \X = X)

nous avons
-0 (" y) = heoery). x>y e 1

theoreme 2. Si la relation (2) est vérifiée alors

lim [log2ww) —Jli{gn,'qn,  am] =

= -H(X) - HX(Y) + log2[(6- fl)(i —c)] =

b
H(X) = - Ca(z) logzA(*)
o o i wa
- . ™
" - H,{Y) = - Jg,b") Togrf,(y) dy
j’ I ‘£“ il. X7 % _.,-,-"

_JSfjrp0 .= 3 H' (YMNix Ve
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.Démonstmtion *On con51dere N : = L
X = -4 ‘l + q, E; (xi—'h xi)! 1= 1, ,,
Xg = a, ¥ = .
¢ 9= -——-1 to ne Do) I=hm
Yo=6 ¥i™

h(E;)ggi(ﬂj) ® - a)(d B 9

?'):= nm

E 217.;, g5 = -I-;;

fe=1 5=
mode analogue avec les calculs 'du théoréme 1, nous avons

@

Dans ce cas, en .
lim [logy(nm) — Higu, hzo - Qnm)] =

%00
m-r D .
' ]

h(x)gy) Uogzh(x) + logyg,(y)] dxdy + log,[(b — a)(@ —¢)] =

'l..’\a-
O ™y B,

4

i - b . v
= j ) loggh(x)dz | glo)dy + Sh(z) { ax(sogas. )y +

¢ ¢

+10ga{(b — a){d — ¢)] = — H(X) — Hy(X) + log,[(b — a)(d — ¢)]

parce que oo o

4
Sg.'(y) dy=PY <dlX =)= P¥<n(x=a) _PQIX=2) _
¢ fP(X-—z)

PX = %)

Conséquence. 1. 11 résulte de la relation Mque 7.3

Hl(qlll 9'12: teey qmu) = H(X) + HX(Y) + logz _lm__——- + Cam (9)
ou q” sont donnés par (8). o SRR L (b —_ a)(d bend 0)
2. On déduit de méme manijére l'a\pbrc;xxma' tiolt.xj “
H .
I(Qu» Qi .. o q“) H(Y) + HY(X) + IOg nm + Enm (10)
3. Dass e ® — a)d —¢)
2 quand les varigpleg Xety sont des variables indépe®™

dentes on déduit

Higu gy,... = BfA
9-.) ~H(Y)+H (X) +10g -b—)‘(d__')"" Eum
- a)d —¢
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4. Si les intervalles [a, b], [c, d] se divisent dans le méme nombres des-
sousmtervalles de (9) et (10) on dedu1t

olt
H(X) — Hy(X).= H(Y) — Hy(Y) + Sum " .
THEOREME 3. Soit f: R2- R, '

f(x,y)BO, x.yER
ot D= [a, b] X [¢, d] ainsi que '

mes (D) = + o
Sy =0, (%) ¢D
ng(x Pirdy = 1

\
[N

l sz(” y) 1°ngx y)dxdy|< +

el = [a, b/,] X [ea, d;.] D‘ CD D, C Dy, k e N
b4 UD;-—-D T P .
) AN o S
on considére P : _ )
flx, y (x 5 e D,
d d:
fin ) = | §§ s a0 -
'th . {(‘a
0 ’ (x: y) ¢ Db
alors SR B g
dxdy = i e, filx, ) dxd (12)
gSf(x. ) log, f(x, y) dxdy —ggg S{an(x. y) log, fu(%, ¥) Ay |
b * o .'...n.'." .).."'"’-i N “" " L A“ U ‘f*“

Démonstration. On considére .
G, y) f(x y) log.f(%, y ALY long/.(x y)
VI LAY P L L T
a]()rs pOur (x y) P D .'.) o: RN . )
fen fiz, ) '

H flay)dxdy 083 [f iz, 9)d xdy
Dy 2,

Gi(x, y) f(vylongxy
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et donc | .. d"’"d-
' dy = li 1 x, —_
i { Gl }r)d:.xci'x—-kl—l.lgs.gf(_f‘, 9) 108 (%, )% &y

k-0 D' Dk

 time— { [ 1 9ior S 91— 108§} 5 x| sy
y=a [ flz, ydxdy 5, o Dy ’
by

[}

= { [ f1s V1omaftz )y = {5 Vo (5. 9)dxdy = 0
D D

d’od il résulte (12).
On observe que f; est une fonction densﬂ:e de probablllte et donc

Sf,,(x, ) 1og, filx, y)dxdy = ~— H/k@w Q1zs + + +» Gum) +

Dh

ol ¢; sont donnés par (5).

THEOREME 4. Soit (X,Y) une variable ‘aléatos . R? 1é
probabilité correspondante de fagon que moireet Ji [~ R da ol “

f5,3) #0, (x,5) « D
f(x,9) =0, («, yé¢D

SSf(x, y) dxdy ; 1
D ;

'»igf (%, 3) log, f(x, Nixdy| < + oo
P i

Do o
8, b] X [, 4] est un domaine afnsi que

mes (D) = + w \ . 1)

¢ 50it (D))yen de fapon que D
‘ =

b e N o [ab bh] X [C‘ dk] C D Dh C D‘+l

D= UD.

ke
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On considére

&
H/h'(qzl' qu, RS anmk &;q IOga q,.7
0%
» Nk .
g5 = p" gy =2l g @)de — ), i=T1,m, j=1,m,
n.m. n,m,, )
bh_a‘ . A _ * & d,,—ck.“
xh=a, = it i=1m; yh=10, Y= J+ch,1—1m.

E.j = (xik—l; x?); 1’-= ln nﬁ

7 € (y, u Y ] = .,1. My

nk»-.—EEp

i=1 §=1
et fy: R*> R de fagon que
TJ-M)—-' (xl y) 1= Dk
J(z y)dx dy
fk(x’ y) = Dk
0 , (%) & Dy
Si
B L B— (13)
k— oo 1MES (Dk)
alors

lim ka(qfh (I'fz, s ooy ﬂk”'k) == S Sf(x: y) long(x, y)dxdy + logzL (14)
k—o0

D

Démonstration. On observe que

Hy(gh @l - v o hamy) = — ng;(x. y) log, ful(%, ) dxdy +
* Dk .
+ log,—2"k 4 (1) (15)

mes (D,
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o . m) et (13) il résulte
ainsi que = _ lim ((/*(*, y) lo& M x>y) dxdy +
lim n*. QPQ' o?).TF>»*/ It-tao JJ \
240 i 1 O..... ' Wpe
sk = _ I C/(* y) log2/(*, y) dxdy + log2L
mes (DK) ..

et donc la relation (14) este venfiée.
Dans le cas quand L = 1 nous avons #

1 [toHife, £ I(Fo>)ow* J(F< %% xx

L'expression

HR= —Jj/(*,"y) log*/(*, y) dxdy
D

est I’entropie caractéristique de la variable aléatoire (X, Y).
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. ., .
REZUMAT. — O abordare semigrupali a ecuatiel Iul Hamilton-Jacohi in spatii
Hiibert, In prezenta lucrare se demonstreazi ci semigrupul asociat ecuatiei lui -
Hamilton-Jacobi intr-un spatiu Hilbert este generat de un operator univoc m- '~
disipativ in spafiul functiilor uniform continue si marginite.

1.

1. Introduction. We will study here the Hamilton-Jacobi equation
wult, ) + F(— Do,(t, 2)) + (47, ault, 2) =g(x)) . . (L1)
9(0,2) = @o(%) | , mRYXH

in a real Hilbert spacc H with the norm ||. || and ‘scalar product {., .). The

unknown function ¢ is a real valued function defined on {0, 4+o) X H and

¢, & are given functions on H. : AP e ‘
As regard the function F and the operators D and A we will assume that

(i) F:U->R=(—c0, + 0] is a convex continuous function on a real Hilbert
space U; D is a linear continuous operator from H to U.

(ii) A is a maximal monotone (multivalued) operator from H to itself.

We will denote by |[-]] and (., .)y the norm and respectively the scalar product

of U. Given a mctric space X denote by BUC (X) the space of bounded uni-

formly continucus real valued functions on X endowed with the norm

[1f11s = sup {If(x)]: % = X}.

By Lip (X) we dcnote the space of all Lipschitz functions f: X = R = (—c0,

+). In the following X will be the closure D(4) of the domain D(A4) of 4.

It is well known that Eq. (1.1) is related to optimal control problems governed by
the equation
(1.3

(1.2)

y'(6) + Ay(t) = D*u, t 2 0
g A y(0) == oy
and with the pay-off

e

[ etots) + Hu) ds + 240 0.4

0
-\
* University of Iasi, Deparimens of Methematirs, 6600 lasi, Rosania
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64 1(0. T; U) problem (1.3), admits
et of Beén £ a
Recall that for every # ‘_E_Iy) ((tA)x?nu) in the sense of Bénilan (see e.g. [1] p. oy
ique integral solutiony = o X y
';;t)lgeover, we have

t

I9lt, %o, ) — 3t 20 D)1 <100 —zo|+g |

0

p*u — D*v|ds Vi< [0, T] (L3

R i yeate of F, ie.,
‘Here h: U->R 18 the conjuga - - )
. h(#) = sup {(p, Wu — Fp):p = U} (L6

More precisely, the function

ol ) = (50) ea(e) = int { { €D + Auls))ds +

Foy):ue 0.6 0), 9 =30 m 0} ¢20, 2 <DA) ()

can be viewed as a generalized solutiond tol lEq. <(il .11)) iar:ndL in ofa;::’; it( Ei ]a Egﬁgomty
: ion in the sense of M. G.Crandall and P. L. L1 1, -
solutggremwe :h:xll prove (see Theorem 1 below) that for ¢, and g in a certain

-subset of BUC (D(4)) this function is the solution to nonlinear evolution cqua-
‘tion of the form

v

®—ap in R* (18
dt ‘
?(0) = ¢ :

—

gle valued operator on BUC (D(4)) More
dall-Tiggett exponential formula

where d, is. a m-dissipative sin
precisely ¢ is given by the Cran

o) =tim (1~ ~a,)n, ves o0 (9
This result improves and

: recises The :
The main ingredient o orem 4 in [2],

of the proof is the i i jon of the
Chernoff theorem (Brézis ang (I))oa lzsyth‘[ following nonlinear vers

3)).

C be a closed convex subset of a Banach space Y and
suQset o_f YxY. Let {I‘{t) ;t >f0} be a family of nonex
C into wself such that

PROPOSITION 1. L¢t
t G, bea m-dissipatiye
pansive mappings from

lm (7 -3 T@ —1). "
9%( k\p) lx=(1— AG,)"1x o '(1
Jor all x e D(a,) N C and 5 > 0. Then
]. i ] ‘ e~
.13.1,([‘(»)1 =Ny yy 20, xe D@,NcC (1.11)



A SEMIGROUP APPROACH TO HAMILTON—JACOBI EQUATION

65

2. The construction of the generator. Note first
where finite, the conjugate & has the growth property

N

that since F is every-

Hm h{u),/||u]| = co. (2.1)
1%}l = + 0

For any f € BUC(D(A4)) and A > O define the -function
(ROV)(=) = inf{ (e (fp(0) + hueD)at;

ueLl(R*; U):y' + Ay o D*u in R*, y(0)= x} 22)
where D* is the adjoint of D.

LeMMA 1. For all > 0 and f « BUC(D(4)), R(\) f e BUC (D(A)) and

RN/ =Rl — NRNf+/) f 0 <A < p <. 2.3)

Moreover, if f € Lip (D(A4)) then R(\) f = Lip (D(4)).

Proof. The proof is essentially the same as that of Lemma 11 in [2]. Howe-
ver we outline it for reader’s convenience. »
" Let u, € U b2 such that h(x,) < + o and let yq(t) = y(t, x, 4,) be the
solution to (1.3) where # = #, and x € D(4).

We have the obvious inequality

]

(ROW)(2) < (e 7(flot, % o) + Mu))dk < C for all < DCA).

Hence sup{(R(\)f)(x): ze D(A)} < + . Note also that inf{(R(N)f)(%) 3

zeD(A)}> — o bacause otherwise it would exist the sequences {%.}, {#.} such
that

?6_“ (f(y(tr Zm 14,,)) + h(u»))dt - — .

<] . )
This would imply that S e *h(ug)dt » — ) for n— o which would contra

. Iv con-
dict (2.1). Thus R (A) fis bound:d on D{A). To show that ﬁiﬁzfyi“;‘,ﬁ":‘ﬁgf‘;m
tinuous consider two arbitrary points %, ¥ 1n D(A).

$ — Mathematica 1/1988,
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&, and i, such that - it .:‘:v g aennn £ i
’N(f ) + h(%,( )))dlf —€ "
(RO > E ‘
WE) = Se (RO + Bl & 5
0

where 3, = y({i, %, %), ¥ =, %, 4 %,). *We ,have

(RO (x) — (ROW(E) < o (f(z ()= f(FeN)dt + &

RONG) — RN € (7™ (el — J@)dt + e

'
RN

o._,..g o\_—-\s

-ﬁl{eré zl = y(t, %, #,) and z, = y(t, %, %) -
* " Inasmuch as by (1.5), |Z.() = 7.()| < |x — %| and
19.08) — z(1)| <% — %| we. infer that A
HRON®) ~ (RNNE) <3 (e) i |12 — & | < e -

By a similar argument it follows that R(2)f & Lip (D(4)) if f < Lip (D(A))
Next by definition of R(}) we have for all A, p > 0

R(p) (& = 2 RO+ f)(x) = inf{ Se““' (f(y() + Rlu(t)) +

4103 w0 (¢ (600) + MoieN)ds; # + Az = D,
0

20)= (1) dt:y' + Ay o D*u,‘ hy.(O) = x}

and thercfore

R{u)((e ~ (ou
e ~ NROV + f)(9) < fe (Floten + miw) +

@

+ - x>§ U0+ N+ Bl 4 o))s)a

for all (y, u) satisfying Eq. (13) S
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This yields o e o
Ve

R — VROV 410 < (e Go@)4 b

‘\ N . AR

In other words ' _
Hia Loy

R(w)((w — MRS +f)(x) < (R )f)(x) Vz e D(A) w20, -
TFor opposite inequality ‘we start with' the inequality v

¢ ' L N -

RO < (7 () o+ Bt ds +.
) Lo N D (2.4)
+ (€7 flers — 4) + Blor(s — )ds

where (v*, #*), (2%, v*) satisfy Eq. (1.3) with initial conditions y *0) = x,
z*(0) = y*(¢) and choscn in a such a way that '

R(p)(w — RN/ +/) 2 Sé__‘“ (fy*@) + Au*()dt +

+ (1 — )

© ———, 8

e dt {7V (X)) + BH())ds —

where ¢ > 0 is arbitrary. )
Multiplving inequality (2.4) by e-®—» and integrating on R* we find
after some calculation that for p 2 A
(ROF)(x) < R — NROf + A=) + € Ve > 0.
This completes the proof.

Now let &: D(Q) C BUC (D(4)) - BUC (D(4)) be the operator (even-
tually multlvalued) defined by

(Lf =R =/ vf e BUC (D(4)) (2.5)
with the domain -
a) = {p = R(1)f: f = BUC (D(4))}- (2.6)
We will denote by Y the space BUC (D(4)).
LEMMA 2. The operator @ is m-dissipative in Y x Y and |
(\I — @)=t = R(\) for all > 0. 2.7)
(I is the identity operator in Y). '
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Eq. (23) and the definition of & we see that

Proof. By

whilist by (2-2)

[| RS — RO 1D <
Hence & is m-dissipative (see e.g. [1),
obvious resolvent equation

O — @)Y = — k- N — a7 +1) Vye>0 fey,

we infer that (2.7) holds for all A >0. -
According to the Crandall-Liggett theorem (see for instance [1], p. 104
for all o, € D{@) (the closure of D(@)in Y) and g € Y the Cauchy problen

}\"Ilf—'g“b VA>0;fg =Y.
p. 73). Then by (2.5), (2.8) and ty,

d;‘:; € dp +g inR* (2.9

9(0) = oo
has a unique weak continuous solution ¢ : R*— Y defined by the exponential
formula

olf) = lim J"(f)% Vi 0 @.10)

N

wher-e JMNeo = (I —2) (Ag + o) = (I — A8,) o,
(@, is the operator ¢ - Qo + g).

Equivalently, ¢ =‘liﬁ)‘ 9c Where ¢, is the solution to difference equation

eeelt) — ot — <)) Qg () +gfor £ > € (2.11)
9elt) = @p for —e <t <O.
The map T :Ta) - D(Tl) defined by

o) = T(tho, V£t >0 (219

NON —
l1s@) s(()) =St e vis 50,0, @ puCTOT)  EF
Po — t$0”5<|| p
Sl — Ly ) - — 14
Inother words S i 0 | Poll V2 > 0; ?0 9o € BUC(D(4))- ﬁ)
€ main resylt ig @ Semigroup of nonlinear contractions on BUC (P (4 )

‘ 3 . (14

PoSorallty0 g4 v, € D(Q). @13

S(t) Po = T(l)
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Moreover the operator & is single valued and Jor all ¢4 € D(@)
]i’l’f}) ((SOPa)(x) — Polx))t™! = Apy(x) + g(x), V z = D(4) (2.16)

in the strong topology of H. _

In few words Theorem 1 amounts to saying that the operator & is the
gencrator of the semigroup S(f) (see [1], p. 98). As regards the set D(@) it is
precised by Proposition 1 below. .

PROPOSITION 2. Under assumptions (i), (i), we have D(@) = & where
® ={¢ = BUC (D{A)) N Lip (D(A)): le(y(t, = #)) — 9(x)l<

<Lo(t+ S |lu(s)[1ds), Vee[0, 1], » & LY0,1; U)}.' (2.17)

0

Here y (f, %, u) is the solution to Eq. (1.3).
If A is linear the domain D(4) can be described more precisely (see [2]).
The representation of Eq. (1.1) as a nonlinear dissipative evolution equation
allows to apply the theory of nonlinear semigroup of contractions and in particular
the approximation and perturbation theory to Hamilton-Jacobi equations of
this form. For instance if p: R~ R is a continuous and monotone increasing
function then the operator '

(B9)(x) = — ple(x) ¥ x < D{d)
is continuous and dissipative on BUC (D(4)). Thus & 4 & is m-dissipative
(see [1], p. 158) and so the evolution cquation

-:—,tp=aq>+&“>q>+g. ?(0) = @,

has a unique weak solution which may be viewed as a generalized solution to
Hamilton- Jacobi equation

o + F(— Dg,) + (4%, ¢.) + u(e) = g in R¥ x D(4)

#(0, %) = @o(%)- (2.18)
3. Proofs. ~
Proof of Proposition 2. We will prove first that
(I — p@)~Y  ® for all p>0 and all 3.1)

f € BUC (D{A))N Lip (D(4)).
Let u> 0 and f e BUC (D{A))N Lip (D(4)) be arbitrary but fixed. We set
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a1 f = -1} For,every —>O theie are (¥, %) € - ¢([0, I, oy f
q’—Llll(b-“:r)ul) fo—rliny T >(’? such t that ¥e + Ay, 3 D*ue 1n R7, ye (0) = and
x '.'
I Q(Z) S —ll" ' U(y; ) p -"r Iz(u,_(t))dl g € . (32)

Let. (¥, n) be any pa: ééltl;fyllig Eq. (1.3). Theu by (1.5) we have
|y(t) = 20l ID*II;(IM( M+ H“( s)[l)ds Vit >0
0.
and therefore :
le(y() — ot < € i(lfue(S).ll + [ufs)|)ds Y¢>0 (33
1]
because by Lemma 1 ¢ is Lipschitz;
(We shall denote.by C several positive constants mdependent of €, u and ().

11 On the other hand, from the well kuowu optlmahty priociple we have for
all £>0

R T R

St

(RO)) = { 5“ M) + hu(s)))ds +

+e (R ( No0):y ?I_;Ay s D*u, y(0) = x} (34
Along with ( B2) the latter yields ..
. I(P(f) — W ‘9 Vv, (t ﬂe w s lfy‘ S)) + h(“,(S)))dS |
Y

Hence H { AR

9l ~ e alnt) 1< c 4 | Ma(s)dsl) +¢ viz0 B3

On the other hand, by B3.4) w o !

- e BN
r
.

e have
¢
o Se-u“, (u“lf(y'(s)) }‘ . . N )
g N +.rl.(1.¢(8))).ds+.g-u o (yelt) <
. N

ey o
| _‘(u SO0 + hlugas ¥ o(y,(t))

NG Sro~
[ARSENENY 1
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where #, € U is such that A{u,) < + o0 and Yo = Mt %:155). The latter ytelde
t ¢
[ hloelsds < € §luo) 1 ]as) + vt > 0
A .

0

because / is bounded from below by ‘an affine function.’ ‘Then by a little calcula-
tion involving (2.1) we obtain

Isih(uxs»_d#+S‘||¥?,‘<s>||n_;s_§ C"{+s Viso mié.a

Substituting the latter estimate in (3.3) and using (3.5) we get

, i
9(y(0) — @)1 < C (¢ +{11u(s)|ds)+¢ “Ve>0, £30
ol
[ -t i E
where C is independent of ¢, % and’ ¢ Hence o e 9.

Since the space BUC (D(4)) N Lip (D(A)) is dense in BUC(D(A)) (see
e.g. [6]) and the operator (I — pud)! is nonexpansive in BUC (D(4)) we con-
clude that (I — ud)~'f € & for all f € BUC (D(4)). On the other hand, we
have (see for instance [1], p. 73),

lim (I — w8)"Y = f in BUC (DA)),

wlo s f

for all f = D(4). Along with (3.1) the latter implies that D(&) Co.
To prove. the converse inclusion relation consider f an arbitrary elemens
of ® and set o

fo=U—u@)~f= ;R;(u“_)(u‘l‘{). w>0.

We will prove that f, »f in BUC (D(4)) as p— 0. Indzed for every p » 0
and all x in D(A4) there are y,, #, satisfying Eq. (1.3) and such that

IS IS PR \ . v . RO
; \ ]

0

o S 2 (T o) B T8
and | ° - .nET‘
fula) < §e5¢‘*’d¥~wy(¢>5+h(u’(i)». By

i L - 8o
Where (y, 4) is an arbitrary solution to (1.3).
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(t, %, 4,) we have

Jo =
Hence for % = %o constant and Y = I\

(o - R(u)) dt
1) —fa) < wi el — S o Aol

< o™ 4 a3+ CA— e V>0

because f € 9. Similarly, by (3.7) we have

©

Ji6) — ) < p w7 e THI@) = JuEat —

Y

- Se’“—" Bw ())dt < g+ Cev™% +
0

+Wﬂ@ﬂwp+@meWQﬂ+

0 . 0
.+cyﬂﬂnwmna
[}

where C is independent of p and 3.
Finally, again by {3.7), (3.8) we obtain

"_O ’ ! < ¢
grwwmmagcm+wﬂefﬂp+gummnh%“<
0 0 ‘ 0
‘ <y + C{emw a0 1
{ . .. 0 .

where ¥()~ 0 for p-» 0, because f < Lip (D{)) and by (1‘ 5)
4

lmoyM|ywwm—%ma<qbwnw )11ds) -

Usi
SIng once again (2, 1) we obtain the estimate

@®

e—u—y M) ¢ . ‘
§ P14 4 (e a1t 0

o A

B9

3.10)
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as p— 0 and by (3.10) we have

f(x) — fulx) < C (w(u) + w4 §e-u"f g (8] m]

Vi 3>0 (3.1B

where @ () = 0 as p— 0. Since 3 is arbitrary we infer by (3.10) and (3.11)
that for p— 0 O f.—f in BUC (D(A)) as claimed. Since f, € D(Q) we conclude
that f D(4). Hence & C D(4) and the proof of Proposition 2 is complete

Proof of Theorcm 7. Let us prove first that S(f) maps D(@) into itself. To
this ¢nd we fix ¢, in ®. By the optimality principle we have for all 0 < s < ¢

(5120 () = inf { { (506 + MM + (5 — Soosle):

¥ + Ay = D*u in (0, 5); ¥(0) = x,
u e It (O,t;U)}

Hence

(S@)pe)(x) — (S{t) 90} (34(s)) < S(g(yo('f)) + h(uo))ds +

0
+ 11 5(s)90 — 9ol ls (3.12)

v;here u, = constant and y, (t) = y(r, %, #%,). (Here we have used Egs. (2.13),.
(2.14).)

Similarly, there exist (y,, #,) satisfying (1.2) such that
(SE)po) (%) — (S)ea)(:ls)) > S(g(y.(r))_+ h(ug(t))) dv —
— 11 5(s)po — ol ls — & (3.13)

As a matter of fact we choose (¥,, #,) such that

{ ) + B + (St— oo (ls)) < (Sthgal(x) + ¢

< S (€(34(7)) + & (#g))dT + (St — $)Po)(7als) + €
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-and this yields

Sh(u,.(e))dr < C(e + s+ S ||u,(fr)|-|‘d-c) 0<s <t

0

“Faking € = s and using (2.1) we get

Jiaue e+ (Hlu)ds < €5 vs =00,

Coming back to (3.12), (3.13) we obtain
[ (SO%a)(®) — (SPN(EN | < C s + 'gn |u (%) dr)+

\ + [1S(s)po — @olle Vs =(0,9) (3.14)
where (y, u) is any pair satisfying Eq. (1.3). (To > get (3.14) we have used estimate

{1.5) and the obvious fact that S(f)p, < Lip (D(4))).
Finally, by definition of S(#) it follows by a similar argument that
1 (S(s)Pa)(%) —@ol%) | < Cs Vs> 0, x = D(4)

and by (3.14) we conclude that S(f)p, & ..

To conclude the proof we will apply Proposition 1 where ¢ = &, I'(p) =

= S(p) and Gy = dp + g for ¢ & D(Q). To this end we will prove that for
all u >0,

{ifr; (F — pe™Y(S(e) — F))“lgo = I = ) oo + ug) |
Vg 9. " (3.15)

Since (I — p@)~1 and (I — pe™(Sie) — I’))‘l are non expansive on 9 = D(d)
it suffices to prove (3.15) for ¢, & 9. We set

@ = (I — pe™(S(e) — 1)) 7', ¢ = (I — ud) Yo, + ug).
We have

y = — ® _ S(e)e. (3.16
) ¢+u%+e+u () (3.16)

or equivalently ’

q)c(x) =

——90(3) + 2 mf{§ (ey) + Mu(e))at +

+ 9(3(e); ¥’ + Ay = D*u, 3(0) = x} 3.17)
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5
In the—_following we shall denote by || - |{Lp@zmy; the Lipschitz norm on
Lip (D(4))-
By definition of S(e) we see that
VI S(e)Po | lip®tan < 11 &1 luinmmay + | |0l | Lip(Bt7)
[1S(e)oolle < eltlglls + C) + [ o llo-
By (3.16) this yiclds
[ e | luipdtn < | 9o | uip@ray + ¢l | &1 lLip@eay- (3.18)
Heoells < C Ve>0. (3.19)

Now let (y,, %) be such that y, 4 Ay. = D*u, in (0, €), v,(0) = » and

e

N (S(g(ye) + () de + o, (yz(E))} + ——¢o(%) < @) +- - (3.20)

e+ u 4 e+ 1

This yields

- : #OS i(u.)dt < <?=(_.v(t-:)) — cp;(y,,(.s_)) + ﬁ?S(g(yz(;)) —

0
— gyt + hugJe +5,
where y' + Ay = Bu,, y(0) = x and by (3.20) we infer that

Sh(u,(l.))dl < C(s + Sllu,(t)lldt) Ye> 0.

0
Then by (2.1) we see that /

{ Wbt 12 +§ e [19 < Ce - Ve>0 L (3.21)

° P B .. PERESREE ol

0

Where C is independent of =. Since @, = D the latter yields

|90y (1)) — @o(2)| < Ce Vx € D(4), : V&< (0e) (3.22)
On the other hand. we have (see {3.4))

o) = it { {5 lgly0) + uRoula(0) + N

V]

+ e gly(e); v + Ay S D dn (0,0, 0 =%} (329
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and therefore there exist 3 pair (% v,) such that
0)=~* and

o Az, oD, i [0 €D %

e e Pt e B

o) > §m (et +p ) + HOLDEF e plale) = &y

0
Arguing as above we see that

(e +{ o014 < Ce Ve>0. -
0 0
and therefore

“Po(zs(t)) - ‘Po(x)l < c Vi € (Or E), x € D( )- (326}
By (3.23) and (3.24) we see that

o) — o) <~ auls) + 2= (080 - MO+ el -

<

_ gl (o= { et gl @) + v 0olee () + hlldE e B
20

whilist by (3.17) and (3.20) we have

9(%) — @ef7) < Sc‘“"'(g(y.) + wlpo(ye) + ) )dt 4 e+ < p(yele)) —

<

60 + Bt — g () + ¢ 62

0

Takirg in acccunt ¢

stimat

we see after some calcnlatxonalixiré]illnsg) (1(332'17?) (5(33228§)th(3t22) (3.25) and %
a

gl
and (3.15) follows. ek <30 e 0 E
Then by Proposition 1 we have i

{t)po = 1i '
We will prove ”l—a (S( “ Po=Sltle, Ve =8, ¢ >0
now (2.16). By definition of S(¢) we have
(S090(+) ~ gy(a) < (
ol#) < )
S,.(g(y.(s)) + h(a(s)))ds + go(y(t)) — 2o (#) @
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fo-r all (y, «) satisfying (1.3) Since <3, e D(a) there is / e BUC(D(A)) such
that )

<2, = (m/) ()= inf{J0 *U(y(s) + *(«(*)))*;

I + Ay s D*u, y{0) = *J = inflJe"1(/ (Ms)) + *(«(*))* -f
0

£y y + N 3 £ M°) = 1.

Then by (3.30) for every e > 0 there exist yt, ut such that yt+ Ayts
D*ut, yt(0) = x and

(S(0?20)(*) - ?0(*) < ;(l - ¢c)i(Mt(s))ifs + 1(g(y,(s))is -
) 0 . 0 (3.31)
- {e>- D) HXy.(D) - o e-T(yt(s))ds + e
On the other hand, we have °
t t
t

J<-* (100(s)) + M*0))* + e~ <20(yOft)
0

where yj -f .4y0 = D*«0, y00) = *. This yields

/ <
~e~*h(ut(s))ds <C ML w*(s)l 1ds)j vVt >0
0 0

and arguing as above we obtain
t
5(1"K(s)) | + LM(s) |)<fc < CI , V/ e [0, 1]
0

"here C is independent of e.

Noting that

1
ly. W —X1< t\Ax\ + ~ 11 D*ue(s) 1ds VvVt 0
0
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= (2ithat
(3.30) where &= for all % €D(4),
we conclude ]:g(t()? )%) — 9o(%)) <g(%) + @o(%)— f(x) for (4) (3!
im sup ¢ 0 -
- | 3
Similarly, we have

(z) — (S()oo)(x) € § e (flze(s) + hvels))ds + e~'oy(z, (1)) —
Pol¥) — o ) :

- § (g(zt(s)) + Iz(v,)) ds — cpo(2¢ (t)) + <, (333’

0

. + Az, > D*¢,, 2,(0) = x.
Wherj\rgz:lijl-g as‘ above zwe find that for x e D(4)

lim sup (p,(x) — (Steo) ()t~ < f(x) — Po(%) — g(x). (33

t{o
Combining (3.32) and (3.34) we sce that

i ) = o) = 0o0) ~ f(2) + () v x <« i)
ti10

Dia is i . 216
for® all o, = R(1)f and f e BUC (D(A4)). Hence @ is single valued and (
follows. The proof of Theorem ig complete,

" cp ; i nde
REMARK 1. We see by (3.31) and (3.33) that if g, S € Dor if 4is bou
on H then

lim ENS()py — o) = Ao, + 4
150

uniformly in le., in BUC (D(4)). However
Whether ¢ -, A9 + £ is the strong generator of

Note also that Theorem

b
. smain  valid §
1 and the Previous treatment remain .
— ol is m-dissipatiye for some ¢, Teal,

: .
» In general we do not
S(@).
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A. Pietsch, Eigenvalues and s»Num-~
Dbers, Akademische Verlagsgeselschaft Geest
aud Portig K.-G., Leipzig 1987, 360 pp.

The book may be considered as a sup-
lement to author’s well knqwn monograph
,,Operator ideals”, VEB, Berlin 198?, North-
1olland, Amsterdam 1980 and Russian trans-
lation Moscow, 1982, but it is fairly sclfcon-
tained and can be readen independently. The
theory of cigenvalues for cperator originated
with the famous paper of F. Riesz published
jn 1918. Since then the theory developed,
first in the context of integral operators and
then in abstract Hilbert and Benach spaces,
by the contribution of great mathematicians
as J. Schur, H. Weyl, J. von Neumann,
A. Grothendieck, H. Konig and others. The
theory of operator idezls pernitted to obtain
many striking results on eigenvalue distri-
butions for operators, proving how tools from
modern operator theory yield new results and
solve old problems in classical analysis. The
aim of this monograph is to give an extensive
and systematical presentation of thes pro-
blems. Written by an cminent specialist in
the field, the book is very well organized.
Its contents is: Preliminaries, I. Absolutely
summing operators, 2. s-Numbers, 3. Eigen-
values, 4. Traces and determinants, 5. Matrix
operators, 6. Integral operators, 7. Historical
survey. A list of open problems, stimulating
.the reader to do his own research, is also
included.

The book is a valuable contribution to
operator theory and its applications and will
‘;: fOf interest to all working in this branch

unctional analysis.

S. COBZAS

Numerjeal

Treatraent of Di is
Equations (Proce ifferential

- edings of tite Third Semi
held in Halje 193?5 £ A Seminar
eubner-Texte 4 ), Edited by Karl Strelimel,

- ur T \
g 1985, 204 pag ot Pd. 82, Leip-

Th
a widy € Papers of the present issue tackle

range of actual look i
deve] ual looks concerning the
integ:):;l,‘?;nt of the methods of numgrical
of the differential and partial

BABES—BOLYATI, MATHEMATICA, XXXIIL 1, 1988 B

RECENZIT

differential equations. The issue consists_ of
30 papers whose topics can be dicided into
the following categories:

(i) Numerical analysis of some differen-
tial.equations which describe certain models-
taken from mnature and science. ;

(ii) Numerical methods for differential.
equations.

(iii) Numerical methods in the theory
of partial differential equations.

(iv) Qualitative tlieory, optimal control.
and differential inclusions. ’

The first category contains five papers.
which may certainly be classified as belonging
to the other categories too, according to
their subjects. We mention for instance M.
Schleiff’s paper entitled A Mathematical
Model of Sedimentation, in which the pleno-
menon is modelled by incons of partial dif-
ferential equations.

In the second group of problemis one-
can include nine papers; various looks con--
cerning the Runge-Kutta-type methods (six
papers), equations with retarded argument,.
stability of different numerical schemes are
developed. We mention liere the bidimensio~
nal methods of Runge-Kutia-type (M. Frit-
sche, p. 19; H. Toparkus, p. 173) in which
Lie series are used.

The third category, concerning the
numerical mcthods for partial differential:
equations, constitutes the widest part by
both the number of papers (eleven) and
their topics. One deals here with finite ele-
ment-type methods (R. Lehmeann, p. 102),
Galerkin’s method for the convection-dif-
fusion equaticn (M. Frohner, p. 25), discreti-
zation of hyperbolic differential equations.
with periodic solutions (P. J. van der Houwen,
p- 75), as well as problems concerning the
convergency of different methcds applied to
solving the partial differential equations.

The fourth category of problems is.
tackled Ly rather few papers; this fect can
be explained by the topics of the Seminar.
These papers study the periodic solutions.
(M. Holodnick ct al., p. 72), the bifurcation
of the pericdie solutions (M. Kubicek andi
M. Holcdniok, p. 94), or deal with the opti-
mal coutrol (¥. ¥. Lubyshev, p. 106) or
inclusicns (. D. Niepage, p. 1215,

_ The pepers of the presentcd issue con--
stitute a rcal suecess for the Scminar, by-
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o + «ii, i.vel and value (both
their high ~«nt'f~ 1 1 bv the appHca-
theoretjcal and |« g J n vanoui

nicoeae lungu

Hans Sachs Ebene, |SOtrope
‘Geometrie, v. Friedr. Vieweg and Solrn
Braunschweig/Wiesbaden, 1987, 198 Seiten,

.54 Figuren

Das Buch ist eine Darstellung der iso-
itropen Geometrie begriindet auf einer syste-
matische gruppentheoretische Methode. Nach
-der Meinung des Verfasser er hat eine zwei-
fache Ausgabe: einerseits diese interessante
ebene Geometrie auf einem elementaren Weg
‘darbieten und andererseits die nétigen Grund-
lagen fir das Studium der isotropen Raum-
Geometrien zu vorbereiten. Das Struktur der
Arbeit ist in dem InhaltVerzeichnis wieder-
spiegelt: 8L Cayley-Kleinsche Geometrien
und Erlangen Programm. 8. Ebene isotrope
AGeometrien und ihre Invarianten. 83. Ele-
mentar Geometrie der isotropen Ebene.
8. Lineare Kreismaunigfaltigkeiten der iso-
tropen Ebene. 8§. Kurven 2. Ordnung in
eder isotropen Ebene. Metrische Dualitét ist
den isotropen Ebene, 7. Die Kurventheoric
«der isotropen Ebene bezliglich der Gruppe
3i V rallRen*inerte  komplexe Zahlen;
eeuklidische, pseudoeuklidische und isotrope
AGeometrie. Mobiusgeometrie. 9. Die Kurven-
Jieone der isotropen Ebene beziiglich anderer
Gruppen. 10. Ergénzungen.

Die Literaturverzeichnis beriicksichtigt
eOnginalarbcten bis zum Jahre 1986. vieU
em Deutsche und Russische Sprache.

TARINA

Hage U Meltzer, TI*

of Indeeomposttble Module«, Teubnert 1
zut Mathematik, Band 83, Leip2ig

The book presents the elements
representation theory of finite-dimension
algebras, investigating the inner struct«i
of indecomposable modules over an a®
It contains a historical survey of classic*!
prototypes of indecomposable modules 1
studied bv KOtlie, Nakayama and Tachikawa
together with recent rcsulst concerning net
classes of indecomposable modules.

The main pupose of the monograph
is to present a characterization of finite-di-
mensional algebras over a perfect field fo
which every indecomposable module has a
core (part of the doctoral thesis of the author)
More precisely, this is the theorem 6.1:

For a finite-dimensional algebra A oer
a perfect field K the following statements
are equivalent:

(1) Every indecomposable  A-module hes
a core
(1) The core of any indecomposable nonlo-
cal A-module is colocal
(1) A satisfies the following conditions
(1) The radical of any nommiserial
local A-module is a sum of two

uniserial submodules

(2) The radical of any local noncolocal
A-module L is a sum of two uni-
serial submodules L, and L,. whew
BiLJ/soctLJ or E(G,)/soc(Etl u
colocal

Any colocal nonlocal A-module L
is a sum of a uuiserial submodule
L! and a local submodule E, sue

(©)

that L2o Lt is simple or, h
is uniserial, then EIi/Ej B B »
simple and P(Et) is uniserial.

(IV) A is isomorphic to a bounden sPeclc
algebra (T 2)/R, where the bourn«
species (2, R) satisfies twelve technic

conditions (which we avoid)*

GRIGORE CADUGAREA*0

CMUJ  Municipiul Cluj-Napoca c-da nr.
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In the XXXIil-rd year of its publication (1988), Studia Universitatis Babes-
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