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STUDIA UNIV. BABEŞ—BOLYAI. MATHEMATJCA, XXXIII. 1, 1988

SU R U N E  FO R M U LE DU CUBA TURE D E  GAUSS-TURAN

PARASCHIVA PAVEL*

Manuscris reçu It 6 ftvricr 1937

REZUMAT. — O formulă de culmlură n Iul Gauss — Turan. In  lucrare se 
studiază formulele de .cubatură (10), relative la un dreptunghiu, formule ce 
constituie o extensiune a formulelor de cuadratură de tip Gauss—Turan (6).

1. On sait que pour une form ule de quadra tu re  avec  les noeuds fixes 
x lt x2, . . xn, où a < * ! < . . . <  xn < b de la forme

l/(x )d x  = è ; 4 ! 1)/ ( * 1) +  ¿ A f f l X i )  + Ê ^ 7 " ( * , )  +  R U 3 '(1>
J »*1 I == 1 t« l
a

on peu t déterm iner les coefficients ; i  =  1, 2, . .  ., n ; s =  1, 2, 3 de m anière 
que R  [*‘] =  0 ; i  =  ü, 1, . . 3 »  — 1. Alors si /  e  C3" [a, i ]  on peu t m ettre  
le reste R[f] sous la forme

' b

R [ f '] =  ( - i r ' j l W / M W d ï  (2)

OÙ

(* -  - ) ï
3n 3 m — I

Mi +  Z D  ( — 1)* ^ y + i
(*  ~  *>+i)  + 

(3» -  i) I

3»—» m
On sa it égalem ent que si l’on regarde dans la form ule (1) les noeuds xv x2, . .  

xn comme nedéterm inés, on peut les déterm iner de m anière que R  [#’i] =  0, 
pour i =  0,1 . . . .  4m — 1. Alors la formule (1) devient la  form ule de quad ra tu re  
de G a u s s-T u r a n  [9], don t les noeuds sont les zéros du  pôlynome de degré 
n, qui réalisé le m inim um  de la fouctionelle ;

b

I  (w) =  ^\tù{x)\*ix  (4)
«

sur la classe des polynôm es ,

a>(x) =  x* +  a^x*-' +  . . .  +  «»

•  V mitersiU i t  Cluj-Napoca, Faculté i t  Matklmatiques et Physique, 3*00 Cluj-Napoca. Xntmanu
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Si J  «  c *  M l  «  P f l mettre^son reste sous la forme ^

£ [ / ]  =  ^ x )  }?!'}{$.dx
a

ù la ionctiou i  est donnée par la formule
3 n—1 (x — x  ̂<»—i

v«(0 '. A • 1 +  1/ +
• ....................■ (4«) ! •• i - l  ; =0 , . (4n — {) !

La fonction (}/ est positive sur 1 intervalle [a, b], [7].
Dans la cas n =  1, la formule de quadrature de Gauss-Turan est

•r i : . j

 ̂f{x)dx = f ( x ^  +  A™ f(x ^ )  +  A ^  +  R  [ / ]

ou
, A ?  =  * ,  -  * „  =  0 ,  e l f  =

• r ■ ' • • T i ■
La fonction d/ est donné pa r la form ule

W l . . \ __(*  — *o)‘ 1 v  \  '̂r  Al l +  | (n'2 A'o)3 (a  * l ) +

* W  “  ~ H ~  +  (*2 ~  *o) 31 +  24 l ï ~
et' nous avons pour le rest R  [/] ' ; ;

\ R[ f ]I < 2 / < < > ( $ )  ; l s  [x0, *»]

fi

R

(9i

Vl 2. D ans la présente note nous donnons u n e  ex ten s io n  de la formule de 
Q uadrature de Gauss-Turan (6) à des form ule de c u b a tu re  de la  form e:

; • $$/(*. y)dxdy W A[l > J /(* , ,y )  'dy +  1 +  (y0 ~
’ . ■D -, iti , ;;'r "  ?• ; y; .

" rfî2$?4Mi <*•.- *=)JiJrr]x
x  T ,* ^ r  ** - , c ï ’/ f e ,  n )  -  ç f! « S a #  + R C / 1

( 10)

3. Considérons un  rectangle '

« t  ^  ^  { * i  <  *  ^  ; 3 ' t «  y  <  y 2}

• /» 9P • A —» R  deux fonctions continues su r A, avec  leu rs  dérivées P 
qui in terv ien t • dans nos considerations; • .... .• •

a r t id le’



SUR UNE FORMULE DU CUBATURE DE GAUSS—TURAN
5.

doub?es [4]lieU k  ,fprnmle genérale-d ’intégration par partie pour les integrales
' f . i' • '  » . . . . .  ;

’ i .

J  t l _ \ (J  ( 387  V. . . .
V dx3~ T dy3~ r 8xr 8 y )  (X*‘ y "  \ \ 8x3- '  dy3~ ' )

(a8(3- rV a2’ / , Y , V J
1a*3~r a / - '  a , ' a /J , (*»•?»)) j +

... i

+

f  |Y . 'i
3 Iv a*4- ' dxT B y')

f  U  a2*4 - ' 1-1 ?

J i l  a*3- r a / - ' 8x’ a / J {X

+

+

i

4. Soit le rectangle ,

D =  {xQ ^  x ^  x2 ; y 0 < y  ^  y 2} , / 7 f

et nous ne proposons de determiner le noeud (xlty^) et les coefficients A\*> 
B 1̂,  CT ; s =  1, 2, 3 de manière que la formule de cubature' avec son reste soit 
de la forme (10). . 7

Nons désignons par ' ; , - v

Dik =  {xi ^  x ^  Xi+i ; y k < y  ^ y h+1} ; i, k =  0, 1
. *

et a ttachons aux rectangles. A* les fonctions <p,-* continues sur A*. avec leurs 
dérivées partielles 1

a2’ - 1?,* . , a2* " 1? *  ;  £%* . 
a** a / - 1 ’ axs~1V . ’ V  ’

s  =  1 , 2 , 3 , 4 ,

En appliquant la formule générale d’intégration par partie pour l’intégrales 
doubles (11) a chaque couple de fonctions/, cp,y; sur A*, et eu faisant la some des 
toutes ces formules, on obtient la formule suivante:-. •; U

g» /
dx^dy*

3

f —0

[Y g2(3- f) 9n
lt a*3"' ay3- f



p. PAVEE

l C**'*

{

8 * ' f y '  . . . , 2r  ,  x
, - v

+ l
» «  , f  - 9 o , l  J ? f ) {

!«»-V  ÎL L \(x „  yo) + ^ [ 1  d J - ’ to9- '  B * d y ' r l’yà' 
S x ' t f l  J , =

( ¿ W - 'U t n z M .  (*1< y*) I +
~\lFlFr -a/8y,j J

s r ÎL L ] { x 0 ■ y j  -+§H tf-’tf-’ **w
É L i\ (x2, J'i)l +  ■

[  c S - 'ü y 3"  8*,B y,> J

3 !#&-')(o„ + 9». -  9io -  f  ti). - .  / -  (*x, ^ x) +
' i d x 'd y ' ■+EIf - o \

3 1+EE

(12)

8.x3- ' êy3~'

3 » T f (  **’ *’ '*• J Ü Ü  (X, Vo) -  f g2(4 f> 1-~
S S )  I l  d*4-r ôy3-'  ¿f/J ' • U * 4 r ày3 ' 'à*'dy) '

+fp T jLl\ {*. ,l} * +
, = O ¿Û J l  Sx*~r dy3~r Sx' dyr)

■ ** /

+s è ï l ( l ^ & H -

+ 1  ¿ ’“f  j ï î .1 <*, „  h . +
,-«*-* J V 3A.f ô /j

+SSBsp/fâ  "
s u iv â n t« ^ 1̂ 61316111 ^ k  ôrmu ê -(12) nous tra ite ro n s  les problèmes aux

limite5



SUR UNE FORMULE DU CUBATURE DE GAUSS—TURAN T

P r o b l è m e  1. Déterminer la solution de l'équation aux dérivées partielles
3* ?»•
dx* dy*

sa tis fa isan t aux conditions aux  lim ites

=  1 (13)

5 2 ( 4 - r ) - l ?«•

B J - ' d y ' - '

3x*~' dy3- '

S 1« - «  9 »

=  0  
(*., y) ,

*

=  0
(*. y.) i

dx 3-'dy3~'
=  0

r =  0, 1, 2, 3 

r =» 0, 1, 2, 3 

r =  0, 1, 2, 3

(14)

(*.. Ft)

P r o b l è m e  2. D éterm iner la solution de l ’équation au x  dérivées p a r t id le s

U5)3* 9i* _  j  
dx* dy*

sa tisfa isan t aux conditions aux lim ites

a2« - '» -1?, ’
.4—r  o,,3 —r

g2 (3 -r)

■dx3-'dy3~r

a 2 ( 4 - f ) - l  

—r a . . 4 - r.a*3-' ay

a*4_f dy

(?io — <Poo)

(?oo iio)

=  0
(*i. y.)

=  0
(*«. y«)

(*,. y)

A?»
0 !

(̂3) (y -  y»)*
1 21

0  .

¿2(3-F)
9 io

a*3-’ ay3-'
=  0

(*., y.)
32 ( 4 - f) - 1

9 io

,d x 3- ' d y A- '
=  0

r =  0, 1, 2, 3

r =  0, 1 ,2 ,3

r =  0 
r =  1 
r  =  2  

r =  3

r =  0, 1, 2, 3 

r =  0, 1, 2, 3.

(16)

(*., y)

P r o b l è m e  3. D éterm iner la solution de l’équation  au x  dérivées partielles



itisfaisaut axis

o_f « 3 - 'Sxs cy

c o g i t i o n s  ”

(*«. yO

p_ paVHL

: ' ; A •; < •

e Z r r t o i -

l4" r)_19oi =  0

aJr'.ay* «*•■»)

a2(4~0-«
(<Poo -  ?0l)

g2(3~ r)9.i

5A3- r ôy3- r

02<4- ,)- 19o,

(*, y.)

B\
,0

,(D ■*'

m
(3) ■{% —  *<))*

21

=  0
(*., y*)

8xa~ '  dy3~ '
=  0

r  =  0, 1, 2, 3

r  =  0, 1 , 2 , 3

r  =  0  

r =  1 

r  =  2  

r  =  3

. r =  0, 1 ,2 ,3  

r =  0, 1. 2, 3

(18)

(*, y.)

P r o b l è m e  4. Déterminer la solution de l’équation  au x  dérivées par­
tielles i. . : i

d* 9n  _  |
d x ^ d f

satisfaisant aux conditions aux limites

a«*-»-«
d x ^ 'B y 3- '

(<Pi0 — <?n)
[*, yO

B ?

a*3- ' a / - '  (<?#1~ <?u ) (*i. y)

0

4 1’
0

j(3) \{y y0)* . . . iv —
Ai r r r “ +  ^  ~  ^  S2LT p ±]

a2«3—)
â ^ a y i - T  +  foi— ? u  — ç 00) =  j cii+1)

(*i. yi) i  0

(19)

r =  0 
r =  1 

r =  2 

r =  3

r =  0
, _ i  p°*
r  =  2

/  =  3
r  =  0 , 1 .2

r  =  3



SUR UNE FORMULE DU CUBATURE DE GAUSS—TURAN
. 9

. . E n  p lu s .il fau t que <p,* A =  0, vérifien t les: conditions supplém entaires-
¿ 2 ( 3 - f ) •Pu

: dx3~r dy3~r
aa< 4 - 0 - lyia

dx*~r dy3~’
, , d 2(3- »

dx3~r dy3~r

=  0 ;
(*«. y»)

=  0 ; . . .
<*. y.)

(Tio Tu)

a2(4- f)~ 19 n  
'dx3~r dy*~T 

3 2(3-f)  

&>r3-r ¿y3-'

=  0 .

=  0 ;
(*., y)

(Toi — Tu) =  0 ;
(*j. y.)

(*.. yJ

6. Les solutions de ces problèm es sont : 

Too(*. y) _  (* -  *o)4 (y — y.)4
41 4 i

_  (y -  y.)4 1'(* - *0)4
41 1L 4 1

_  (* -  *o)41'(y - y«)4
41 4 i

_  a {'] l * >4<3) (* -  *0
31

?(U (y -  y d 5
¡ 7 “ -  B ï

O) y -  y-L I
i l

9 u (x, y) =  [<iL_fîL4 _  A <*> -  A ?  ^ î ]

[ (y -  y»)4 _  £<•> (y ~  y»)8 _  y  -  y .1
4! 1 3! 1 i l  J

I :

(21)

(22);

ou

1 °. A ^  ; s =  1, 2 , 3  e t * „  sont les coefficients e t le noeud de lia form ule de­
q u a d ra tu re  de G auss-Turan (6).

2°, De mêm e, les B I’1, s — 1, 2, 3 e t y lt sont les coefficients e t le noeud de la, 
form ule de q u ad ra tu re  de Gauss — Turan,

\f(y)dy = (y2 -  ̂ / ( ^ j  + ( ^ - J) + J *(y)f«>(y) h  ( e j
y% s 3*.

3°. L es coefficients C[4) ; s =  1 ,2 , 3 de la form ule (10) sont donnés pair 
les form ules

C l11 =  -  A ?  Bi11 ; Ci2» =  0 ; C(,3) = ; -  A ?  B™ '

4°. Les fonctions <j>, O e t <p coïncident sur les in tervalles *,+1], [y*,. 
y*+i ] e t  sur le rectangle D a  =  {%i < x  ^  xi+l ; yk < y  < y*+i} avec les fonctions 
<K, T«* e t nous avons dém ontré q u ’on a

Tik(x, y) ^  ùi(x), <1\(y )  ; i, k =  0,1 (23),



P pavbl

(24

jO . ues démontrent que dans la fortnm

f>-Lass*?iU. t -  *-*■“ sur ««•
(I0> '  ,a fotmule de euW ure , . 0) est donné par ta t o n « *

5 .. Le reste de la •

R [f ]  ~ \ y ( x’ y) d**dy'

. _ n.. avec les fonctions ç,*, donnée 
...--„sa* cnr les rectangles V ,k a*

•où la fonction <p 
par les formula x- . 
r  7. En changeant dans ia
mettant

x , = y i - h’ X l' Xl’ , ,■ *-*-*. y*=y' + k
„a form,de de quadrature de Gauss-Turan ( .  -  l i v r e n t

? / W f c - » / W  + = / " « / $ ♦ « / " < * > * '
3 ti-*

n +*

les *fonnuies (22) _  u  {ormulc (6) respectivement (6') la notation, e

x2 =  %i +  *

’ ( « M *  =  2 » « W  +  t î " W +  ( “’M
n -. ’■-*

Aussi la formule (10) devient

^ R x , y ) à x i y  =  -  4A*/(*X, yx) -  ¿ ^ 7, (*i. >'i) +

(25

(26

D

n+* n+* .
+  2A ( f(xlt y)dy +  h-  { \iy- y' ± -k)' -  2 k {-y~ - yÙ± ] dy +  (103

J 3 ) 1  21 11 J dx'dy'
ft-*

*1+*
ft-*

ft+*

+  2* ( f (x ,yi) à x + k-  \ +  R i f ]
3a 3 3 1 2! Il ] dx'dy**•-* *,-*

En appliquant les formules (25), (26), la formule du Simpson et la formult

T h *+*
) ^ dx =  ^ ( f ( x i ) + f { Xl +  h ) ) +  f  6 ( x ) f " { x ) d x  
*• 3

•ou

*»+*
J ®{x)f"(x)dx
X,

A»
12 /" (£ )



SUR UNE FORMULE DU CUBATURE DE GAUSS—TURAN 11

•a chaqué in tégrale de la form ule (10'), on est conduit á la form ule de cubature 
•de G auss—T uran  ;

y) áx dy =  4hkf(x¡, y,) +  1  hk ^  +  Ä * 0 1 (xu y x) +  
d  l  By 8x \

+  -  h* k3 - 2 L -  (xu y j  + *h»k» \k +  h _ŞV_] ,x y  ) +  
9 8x1 3y* 9 I dx1 dy* d*» a>»J ' 1 •y i ' ^

i h'k'\w i ë*f . 8'f i .  , A**»r a*/ , , ,
+  7 ? r  W V  +  w & J -  T t i r - <*■ +  *• +

.avec la reste

I R í f ]  I < ^  ÄA[A«^/0< +  ä4.V/40] +  A:‘W t^7  IW  Mm  +  -  [h*Mt, +  V M U) +
3 J I (5 !)* 45

+  f g ( W 2S +  M „ )  +  ± ( » M n +  Ä W .a) +  I  (M23 +  M 32)J

où '

Mn, =  sup /)
¿<+*/(*. y) 

3 d  3 /
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e S cES B  Ix w f is  P 'O N Ë  v - s  CONNEXION

; P. K.vr.HfŞ*

¡tăiat: X*rck 16, 19H7 , , _
' .. r,. |nKilr»tee»0(,°nexlunft-I , - E '.în  prin

REZUiAT. -  SpalilA, (ru observaţii arlucc-tn citeva precizări şi com-
«ne * 8 “ #  ^  Pi S ™  Jderécnnencc pour des « m n e x io «  sern i-In ^ triq «*  
pletïri la lucrarea „moieuiw  
citriques" 1.3].

e j i  est une variété diférentiable à n dimensions^ donée d  une métriqïj 
r^srrr-W nf- g de composantes g,y dans une carte  locale, on no te  avec ? |a

ccrrericn de Levi-Civita qui lui correspond de com posantes j .. J dans la carte

Vr-gV ctnsicérée. On associe à la connexion V une connexion. semi-s^TRétriqcf 
HEricnc :1T, [6j donnée par:

i-xx. n.

(1)

<TE

r?»= JyèJ -r «j*î -  &k »* (*>* =  r w

szH xm ox  1. La connexion (1) sera nommée D-com 
Ce. a

-T*= «iS* — o is /  ( rf t =  r / j  — r ‘.}

gi-:k =  o

^  ^ BC'CJ er *  °ériv<*  «variante par rapport à  D.
~~ CS_̂  ^  cc une contraction dans h t. ^  V___ C_ .

H i =  2* =  (1 —
S  X, **’• mn . ,

-  132 ^  « E p te  de (4) on a
H'0i

r U

-  nmc ;

Tti-ţK

(3'i

(«

(5)

Sfiît"-jf ÎSÎ ‘3!,‘"Z. - <or.** *V aowtVs iT»rw I V ^ w r i :
:  ^  •* t c 3a5ca D cn \  *** u ‘“w  ^  V rù»tc«*ai\ .

“ »*..«« i , - i;*ks & «n!
s c a W  dAs.ii.tvs du tenseur de  R icci <? s « °

±’*ranutl



définition  2. On dira que là variété ¡¿¿"douée ’d ^ n è  D-connexion est 
D-symétrique C artan si on a :

. ‘ 1 a-L >!/ • ? )' • - » !.
R i j k , r = 0 . (6)

définition  3. On d ira  que la  variété Ln douée d 'une D-connexion est 
^ -récu rren te , s’il existe u n  cham p vectorial covariant <pr ainsi qu ’on a i t :

’ n u , r =  0f R ’;j k v■ - ' ' (7)
Si dans (7) ou applique une contraction dans h e t  j  on obtien t :

R »  —  <?rRik ■ • (8)

définition  4. La variété L„ douée d ’une D-connexion qui vérifie (8) est 
■nommée D-Ricci récurrente.

Observation 7. Une variété Ln D-récurrente est aussi1 D-Ricci récurrente, la 
réciproque n ’est pas en général vraie.

On d it [5] qu’une variété riem annienne Di, est un  K* espace, si elle est 
récurrente, c ’est-à-dire : . •

ESPACES K *  DOUES D'UNE D-E CONNEXION j j j

22,**,= (9)
o u  si elle est sym étrique Cartan c ’est-à-dire : ......., ,r

R hijk.r =  0  (10)

e t s'il existe un  cham p vectorial <p, ainsi que :

yrR *îjk  +  <?jRikr +  =  0  (1 1 )

où sont les composantes du tenseur de courbure de la connexion V e t 
par la virgule on a noté la dérivée covariante par rapport à  V. Les variétés 
récurrentes (9) vérifient elles-aussi les relations (11) d ’après ce qui résulte des 
identités de Biauchi de deuxième espèce. Les variétés sym étriques Cartan qu i 
vérifient (11) e t celles récurrentes, on t des propriétés communes en ce qui con­
cerne les cham ps parallèles, formes canoniques, etc. d 'après ce qui a été m is en 
•évidence par A. G. W a l k e r  [5] qui les a nommées des espaces K *  .

Dans ce qui su it on m et en évidence des espaces K *  doués d ’une D-con­
nexion.

Une connexion semi-symétrique est nommée spéciale si w, est g rad ien t. 
U ne telle connexion est caractérisée par :

T ¡u  =  T m  (1 2 )

nommée aussi D-connexion [3].
définition  5. Une D-connexion qui vérifie (12) sera nommée D -D-connexion.
proposition 2. Dans une D-E-connexion le vecteur de Vrânceanu est gra­

dient. ’
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Observation 2. Dans une D-E-connexion

=  R A  3 ]-

le tenseur de Ricci est sym étrique R  ,

CBSWB9  « S C  Î P S S  “ •“
Supposons maintenant la variété L„ douée d’une D-E-connexion. 
Dans [4] on a montré que dans une telle connexion on a .

RUlr +  +  RS"H> =  +  +

(13)

(H)
De (14) il résulte dans le cas de la D-récurrence (7). ou dans le cas ^-sym étri­

que Cartan (6) que dans une telle connexion ou lieu les relations du type (U). 
On a donc :

proposition 3. Dans une D-E-connexion D-récurrente ou D-symétrique Carlan 
ont lieu les relations (7 7).

De cette proposition on a :

définition 6. Une variété L„ douée d'une D-E-connexion est nom mée D-E-K\ 
si elle est D-récurrente à vecteur ou D-symétrique Cartan.
Observation 4. Pour les variétés D-E-K* sont valables tous les résu lta ts de A. G. 
W a l k e r  [5] ainsi que ceux obtenus dans [2] pour le vecteur de récurrence <o,.
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HEZUMAT. — H fju ll cu im iltiplhalori pentru probleme de optimizare cu uit  
număr finit dc restricţii. Contimiindu-se cercetările lui M. R . H  e s  t  e n e s [3] 
şi A. G i t t l e m a n  [2] legate de mulţimile derivate, se arată în lucrare că 
soluţiile locale ale problemelor de optimizare cu un număr finit de restricţii 
satisfac o regulă generală a multiplicatorilor (teorema 4.3). Prin particularizarea 
acestei reguli pentru anumite clase de probleme de optimizare în spaţii liniare 
topologice şi în spaţii liniare normate se obţin apoi în mod unitar criterii nece­
sare concrete pentru soluţiile acestor probleme.

1. In troduction . By an  optimization problem with a finite number of con­
straints we understand  a  problem  of the  following fo rm : minimize f 0(x) subject 
to

* e  X , f ( x ) < 0  (i e  { 1 , . . . ,  m}), gj(x) =  0 O' *  {!. ••• .  »}).

where A  is a  non-em pty set and / 0, gv  . . . ,  gn are real-valued func-
+ions defined on X . ,

M. R . H  e s t  e n e s [3], [4] has shown th a t  the  solutions of such a  pro­
blem satisfy a  certain  m ultiplier ru le which generalizes the classical Lagrange 
m ultiplier rule concerning m inimization of real-valued functions subject to  equa­
lity  constraints. H is investigations have made use of so-called derived sets which 
suitably approxim ate the  image of X  under the  m apping

* e  X  — (/„(*), f f x ) ,  . . . ,  /,„(*), gj(x)......... &,(*)) e  R '+"‘+»

near th e  im age of the  solution of the optim ization problem.
H cstenes’ m ultiplier rule is applicable to  diverse variational problems and 

optim al control problem s. However, i t  is no t usable for such optim ization pro­
blems in  which in stead  of differentiability only semidifferentiability (see L. W. 
N  e u s t  a  d t  [7]) of the involved functions is assured, no t even when these 
functions are convex. T h a t is why Hestenes could not derive the  m ultiplier rule 
for convex optim ization problems (Theorem 4.2 on pp. 336—337 in _[5]) as a  
corollary to  his generalized m ultiplier rule (Theorem 10.1 on pp. 375—376 in 
[5]), b u t  had  to  use another independent procedure. . >

Generalizing H estenes’ concept of a  derived set, A. G i t t l e m a n  [2] 
has succeeded in obtaining a m ultiplier rule which has n o t the above-m entioned 
disadvantages of th e  m ultiplier rule sta ted  by Hestenes.

By using a  slightly modified definition of the derived set and a. new approach, 
we prove in  the  present paper a local varian t of G ittlem an s general m ulti-

• University of Cluj-Napoca, Faculty of Mathematics and Physics, 3400 Cluj-Napoca, Romania
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plier rule (Theorem 2.1 to P I U  ” f f' £ ” ut b e f o t c o ^ r a X  F „ >  
solutions o i T f e w  muiUplier rules for some special optimisation p„ 
m°re, we s aces f nd normed linear spaces, respectively, wgj,
blems in topological h°e P . th=jr hypotheses are much easier to verif
S  those of the'general multiplier rule. These multiplier rules in part alrea5j 
Soum Tut until now proved only by other techniques, will be stated all by 
S S g  ihe general multiplier rule. By proceeding m this way, we clearly 
emphas^e the Unifying pow r̂ of the concept of a derived set. 7

2. Notations. Throughout; this paper R  is the set of a llh e a l  num bers, while 
R" is for every positive integer n, the usual »-dimensional B u ch d ean  space of 
nil ^ tup les A == (Xt, . . . ,  X„) of real numbers ' 0„ demotes th e  ze ro-vector in 
r », an(i i n the vector whose components are all equal to  1. ih e  inner product 
o f  ’two vectors X and ¡i in R ” is expressed by <X, p>. ■

As customary, if X =  (Xx, . . X„) .and p. =  (pi. • • M-») belong to  R “ we
write X < p if Xy < (iy for all e  {1, »}. The subset of R* consisting 0f
.̂11 vectors X such th a t X > 0„ is denoted by  R+. In  particu la r, R^_ designates 
the  set of all non-negative real numbers. •

If  M  is a subset of a topologicalr. linear space, we deno te  b y  in t M  its 
interior, by conv M  its convex hull, by lin M  its linear hull, a n d  by  cone .If 
i ts  conical hull.

Given a point x0 in a  normed linear space and a num ber r  >  0, B(x0, r) 
•denotes the open and B(x0, r) the closed ball centered a t  x 0 w ith  radius r. 
For the intersection of the open ball B(0,„ r) w ith R* we use th e  sym bol (0„, r).

If /  is a function from a non-empty set X  in to  R" hav ing  th e  components 
A ,1- - -V f n, we write /  =  ( / x, . . . ,  /„ ) ;  X -*• l t \  . '

_ 3. Derived Sets. In  this section let X  be a non-em pty su b se t of a topo­
logical space X 0, let f 0 be a real-valued function defined on X , f  a  function 
•from X  into Rm, and g a function from  X  in to  R". D enote b y  x 0 an y  point 
in  X . . .

A subset T of R x  R- x  R" is said to  be a  derived set fo r ( / 0, / ,  g) a t 
se t rCŜ eCt to *  if it  is not em pty and if, for every no n -em p ty  fin ite  sub­

. : H M > ,  ii1) , x * v « ) } .  ; (3.i)
T .  eT\ry °* there exist a num ber S > 0  a n d  a  function
"*• o)-r X  with the following properties : ■ .
■: .  „(DSJ *(Qtr) xo and. X, i s . continuous a t 0 ^ ;

(DS2) the function ^  B+ (0*,. §) ^  g{X(a)) e  R» is con tinuous on  B +(0*. *) •
. ; P S 3) the inequalities : • • ■ '

' ’ ‘ ; ’ ■ • • • . ., , j : l • . _ ( _ . . . . . .  '

' ' y=l J ' ■■ - ' ■' 1 ,
¡ ^ [ / ( « W )  - / ( * , )  - g « y X / |  S , 1 .  '



•MULTIPLIER RULES FOR OPTIMIZATION PROBLEMS
17

hold for all sectors a =  (a j  . . . ,« „ )  e  B+(0N, 8)\{0„} ;

iD S J  ,!i.™ TTTn [*(* (<i)) ~  **•> -  g ^ y] =

A Simple result concerning derived sets is given by the proposition which 
follows and in  which instead of (DS3) another condition occurs. •

proposition  3.1. Lei r  be a non-empty subset o/ R x  It" X R" such that for 
every non-empty fin ite subset (3.1) of T there exist a number 8 >  0 function
£ \ B+ (O.v, 8)-► X satisfying (DS,), (DS2) and (DS4) as well as

îim  nsuP .T 7- |/o(*(«)) -  /o(*o) - £ > * ¿ 1  < 0, 
11 “" I

lim sup — {— \f(x(a))- / ( * „ )  -  T ) «/X>1 < 0m.
—°J* ll«ll L J

(3.2)

(3.3)

Then T is a derived set for ( /0, f  g) at x0 with respect to X . ,
Proof. Let (3.1) be any non-empty finite subset of I \  and let e >  0 be 

arbitrary. By the hypotheses of the proposition there exist a number 80 >  0 
and a function x 0 : B+ (0,v, S0) -► X  satisfying the following conditions :

(a) =  xo *o *s continuous at 0^ ;
(b) the function S0) - 6 ^ o ( a))6 R " is continuous ou B+(0„,&0);

In virtue of (c) and (d) we can choose a numbir 8 ® [0, 80] such that the 
inequalities

' (3-4)

(3.5)

l
Il «II

/ o ( * o ( * ) ) - / o ( * o ) '£ a'W> < e

__\_

I {« 11
/(*<>(«)) - f ( x 0) ~  è < el«

. . . „ b  e  R (0m S)\(0v}- Denoting by £ the
hold for all vectors * V  follows from (a).‘ (b), (3.4) (3.5) and (e)
restriction of x 0 to #+(°Ar' d), s , __ (DS4). Hince T is a derived
th a t 8 and * satisfy all the conditions (Db.) .
set for (/„, f  g) a t x 0 with respect to A.

2  — M athem atica  1/1988.
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. , . „either convex nor a cone. B ut, as the ,

in general a 0rie can always assume, w ithou t loss of ^

.•.f  - ‘
, . 1 2  let h i  B x B - x R *  fe « *>'*“ '* "* f ° r (ft, f .  S) m

x  „ j  let r  f c t t r  convex cone, generated iy  r „ .  T fe»  P . *

derived set for (Jo, ■],.&}. . . ,
_ , ,  . / i be any non-empty finite subset of T, and u

. ^ ¿ f X e r h S n . o c h  a i r  * * * » « '  by r *  w® caa £ *
finite number of vectors ... n , ’•* • •>

y£ =  (vj, V*,' V), = K ,:> K' ? )

id T 0 as well as numbers Cjj, e  ll+ '.(;’ '={!.• •  •> N}> ^ e  0> • ••,/<}) such that

„ . . . ,,?>' =  £yCy*y|i for all ;  e  {lj , (3.6)

Representing each vector yf (j  6 {1, . . . ,  N]) by the triple (Xj, 
from (3.6) for every j  e  {1, . . IV} the following equalities

K, (J-y), we obtain

' ' . ' . 'A' ’ . ‘K 1 '
V ; ,  ' # * = ! > <  /  x3 = y ''c jy ,  ■

' 1 • > ■ ■ *=i • (3-7)

! 1 A' ■ ’
: ' ;i 1 -  ^ = £ c>*^ (3.8)

P ut
*=I

iV K' = '+EEv
Since r„ is a derived set for i f  f  n\ ,
number 80 >  0 and a function’/ ’• R m X T **1 ^esPec! to. there exist 1 conditions: o--0+(O*, &0) -> X  satisfying the following

S ti°Xx =  *° and *o is continuous at 0* •(d; the function a e j j  '(0*. a \ ,_ .. ,, K ’
(c) the inequalities + ' ° is continuous on B+ [Ok, &o) »

0i

’ V i i  « i i

/ ( * o M )  ^ / ( * 0) _  £

(«1. aK) e  5  

£(x o(a )) ~  g(x0)

M d for all .vectors a _  („ . ^  ^ 9 '' “ '

£ 0 -  -
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'Kowy consider tiie M j? p in g ;j i  A K) whose components
x : n N -» K ( i  6  (1, K}) are defined by

Note t h a t

Aka = '£ t ajcj1. fo r '’a l l . ' ¿ ' ¿ ' . ( o j , " !aN) e  R k > ' ' '  !:
>=i . . . . ..• ->i!j y.X'.) vil >ív»r/ .foil?'*

Aa  s  and I\A a '\ I ^ ajCJ < 0 | | « | |  (3.9)

for all a =  (alf . .  1; aN)‘ e  R + . Set S =  So/fl. ' I n  view 1 of (3 .9)'it 'fo llo w s 'th a t 
A m aps B+(OiV, 8) in to  B+ (()*■, 80). Consequently, we can define the  function 
x : B +{O.v» 8)->  A by , , vnhjr1»,»]-" i-a-)::'1»* ■ ¡[T J

x(a) =  x 0(Aa) for all a e  B+(0N' , 8). r" " !'

This function satisfies all the"conditions (DSj) — (D S j?1 ' ‘:l'
Indeed; tak in g  in to  account th a t  AO# — Ok and th a t  -A is continuous 

a t O.v, we see th a t  (a) implies (D S J. From  (b) we conclude th a t  (DS2) . holds, 
since A is continuous on B+ (0Nl 8). N ext we prove (DS3). L e t a =■(«!,>.;;; aN) 
be any  vector belonging to  B+(0N, 8)\{0W}. By using (3.7), (c),and  (3.9), it  
results th a t  • <• ■■■>, , .  :. ■ . . .

/ „ ( * ( « ) ) - / o ( * o )  =  , „ : ", '
■ ’ * , >“ l I ;, ;. j, ...

— W o i M )  fo{xoi (^*a)vo ^  -7 I \Aa 11 ^  e.| |a |  | ; ; , ■
, . .. *~1 .. , , »• , .1

and so th a t  ; , ; *

- p - f /o ( ^ ( rt)) -  /o(*o) -  a>X;°l < e
I MIL .. ..... i - 1.. j , .....

holds. Sim ilarly one shows th a t  '■ '•« - (> "

-—^ - [/(*(«)) —f(*o) < e l-  ■ • >>' :
\ \ a \  \ L . ,« ; = i ■ 1J .• .  •> .. ...

holds too. : ' ! ' . '
F inally , we prove (DS4). L et e' >  0 be arb itrary . From  (d) i t  follows th a t  

there is a num ber S’0 e  ]0, 80] such th a t  ’.

g ( x o(a ))  g i x o) a *̂ > (3.10)
' • • • ' ' \ . 

for all a =  («„ . . . , a K) e  B+ (0*, Si). B u t in  view of th e  continuity  of A a t
Ojv th ere  is a  num ber S' e  ]0, 8] such th a t  . ’

Aa ^  B+ (0/f, S'u) for all a <£ B+ (OlV, 8 ).
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. in » (0„ 8-)\(0,(, it f » " «  therefore fro»  (3.11,

Given a =  («1.
that k

,hich fields by (3.8) the inequality

y t, W. BtECKNER. I- KOLUMBAN

2$ -  \\A a \ \ <  e ' | [ a | | ,  
0

g{x{(l)) -  g(*o) - T ' W ’ < e'.

**%£ W !*  -* f°r </* !■ *> “ *. •*
respect to X.

4. The General Multiplier Rule. In this section we are concerned with 
the following optimization problem:

(OP) Minimize f 0(x) subject to x ^  X, f(x)  < 0m, g(x) =  0B.

Here X  is a non-empty subset of a topological space A 0, and  f  =  ( / , ,  . .  .,/„), 
g — (gij are functions defined on X  and tak ing  values in II, R" and
R", respectively. ' • • ■'1; ’ _ _

A point x0 e  Ar0 is called a feasible solution to  (OP) if i t  belongs to X 
and satisfies the constraints f(x) ^  0„„ g(x) =  0„. L et S  d eno te  th e  set of all 
feasible solutions to (OP).

A point x0 e  X 0 is said to be a local solution to  (OP) if it  is a feasible 
solution to (OP) and there exists a neighbourhood U0 of x Q such  t h a t  f 0(xe) < 
< / 0(x) for all x e  JJ0 Q S.

Our goal is to state in terms of derived sets a necessarv co n d itio n  for the 
local solutions to (OP). We begin by proving two auxiliary  lem m as.

LEMMA 4.1. Let A £ Rf be a neighbourhood, of 0/,, and let

\ G = (Gu • ■ ■ , Gn):A->  U" 
be a function satisfying the following conditions:

(L,) GfOp) =  0„ and G is continuous on A •

T h e ^ l 2 ^ ê ! Ĉ % andr f  “  * « * * " ■
>  0 and a function d : [0 L  ¿ p * !&  ,?  (° /)f  =  °»' thcrc exist a nU1ttber

(Pi) «(0) =  0 , and «'(0) i c P  *roPerties :
(P2) d(t)| fe A and G(d(t)) =  0„ for . all t e  m t v  !
Proof. By the surjectivitv of r 'rn  \ 'i-' t n ° 

matrix J '  ot G (°i>) it follows th a t  p  >  n an d  th a t  the

8G,
8a,

8a
8a,

cap (0>)'

"(o,)
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has rank  ». W ithou t loss of generality  we can therefore assum e th a t

dot

SC,
Sai (o,) ... (o,)

caH ,

(0,) . . .  4 ^  (0,)
<5<I„

* 0 .

L e t c — (c1, . . . ,  Cpj e  Rf  satisfy G'(0p)c — 0„. Since A is a neighbourhood of 
0^ and th e  function (t, a) e  R x  R* — tc +  a e  Rp is continuous a t  (0, 0 ,), 
we can choose some num ber r >  0 such th a t  tc +  a e= A for all (t, a) e  
e  [— r, r] X [— r, r]P.

P u t U =  [—r, r] and E  =  [—r, r]u. Define the  function F :  D X £  -» R" by

F(l, y) =  + y l t . . . , t c n +  y n,tc„+u . .  ,,tc p).
foi all l s  D, y  = (yu . . y n) & E. I t  is easy to  see th a t  F  satisfies the  fol­
lowing conditions : ..

(a) F is continuous on D x  E ; ■ '
(b) F  is differentiable a t (0, 0„) ;
(c) E(0, 0„) =  0„ and F /(0, 0„) =  0„ ;
(d) Fy(0, 0„) is invertible. '

By a known implicit function theorem  (see B. N. P  § e n i c n y  j [8, Satz 
4.7, pp. 87 —88J) there exist a num ber /0 >  0 and a function . : . :

y  =  (^i. • • • . % ) :  [0, -R" ; ; '
such th a t  y(0) =  ()„, y ’(0) =  0„, f(0  e  £  and F(l, y(l)) =  0B for all /<=[0, t0]. 
Define now a : [0, /„ 1 -» by

a{l) =  (/c, +  }',(/), . . . .  lc„ +  vn(i), lc„ :H, . . . ,  lcp)
■ ■* . 1

for all l e  [0, tQ\. I t  follows im m ediately th a t  a has th e  desired properties 
(P,) and  (P ,).' ; ;

Remark. Lem m a 4.1 can be expressed in term s of tangen t vectors. To th is  
end set '< ■ •

A 0 =  {a■ «  A : G{a) — 0,,}, ' ■
.. i * . ; ) '■. / : ■

and recall th a t  a vector c RP is said to  be a tangent vector of A 0 a t  0^ if 
there are a num ber t0 >  0 and a function d: [0, t0}-> A 0 such th a t  «(0) =  0P 
and «'(O) =  c. A ccording to  th is definition, Lem m a 4.1 asserts th a t  every 
vector c <= R> satisfy ing  G'(0p)c =  0„ is a tangen t vector of A 0 a t  0̂ ,. Note 
th a t  the  converse is always true. Indeed, if c ® is a tangen t vector of 
A„ a t  0^, and  a : [0, t0] -► A 0 is a function such th a t  «(0) =  0 , and  a'(0) =  c, 
then  we have

G(d{t))= 0B for all t e  [0, t0].
Hence th e  derivative of the  function t s  [0, /0] ► G(a(l)) s  R “ a t  0 m ust be 
0«, i, e. G'(0p)c =  0B. Consequently, under the  assum ptions of Lem ma 4.1, the  
set of all tan g en t vectors of A 0 a t  0P coincides w ith the  kernel of G'(0P).



22

W.W.:3RBCKNER. I. KOLUMBAN -  •
< -• - '*• ' '

„ , „  ■ subset■ M  of the. space ft* j

' L % S 'toe "“V vector x* •not contain 0, as an 
that

(see

„ inf{<x, ^ > : X e M * (4'1)
,, the separation th eo rem  lo r convex sr.t* 

_  ^ y ^ e ' c k ■ ! i ,e°rV'‘i r? ro p o ,iI ia  9.4.2, p. ,174j) « h e «  fc a  vector , ,

> •.. ,‘j :■ ‘ '■ " ' 1 .
Obviously this .inequality impl" ( ^  the main" theorem  of this paper

P"  S S .  * * * »  ru U  to r  (OP). ’  *

rvc-rAr 4 3 I f  xo e L 1 is a local solution to (OP) and r  £  H x  R m x R> 
is a derived set for (J0, f ,  g) at x0 with respect to X, then there exists (Xj, X*,.p*)s 
£ Rx x R ; x  R”\{(0, 0m, 0„)} such that \ ■

’ <f(x0). X*>='0; (4.2)

inf (X0XJ +  <X, X*> +  <|x,1 pl*> : (X0l X, p) s  T} ^  0. (4.3)

• Proof Let Mo denote the set of those ¿ ' i n  the space f t” for which there 
exists a point (X0, X) e  R x R* such th a t (X0, X, p) s  T. If  0n is not in 
the convex hull of M0, then by Lemipa 4.2 we can find a vec to r p* in  ft" ,{011} 
satisfying

; inf {(p, p*>: p ¿ M 0} > 0 . : '  ■'

By choosing XJ =  0 and X* =  0m, it follows th a t the  trip le  (X5, X*. p*) is in 
R+ xR !fx  R”\{(0, 0ra, 0„)} as well as th a t (4.2) and (4.3) hold. Consequently,
ini this ¡case, the .theorem's..proved.. I.,-. • ■

• • Teill.abls consider the case when 0„ belongs to  the . interior of.'
J  i f  tJuS| ®fent ithere..is a number. r 0 >  0 such t h a t  5 (0„ , r 0) £  MP 

?  L be the sfandard basis for the space R \  All the: points
Satisfy the following e l i t e s ?  * -  {1’ ' Mk  are th e n  in  conv M > and

. . . h‘:’" ^  + =  0 ,/: lin{yV • • ft*.
For the sake of' ¿mplicity 'nut '*>« i-L.'.j, '-¡m , . . ■ ,Tak̂  mi°

'" h. . y y ^

into’' account th a t  each

, y ‘ ”  L
,1) :i f= l ;,

W here,„c ,j.>  0  c ^  n  ‘ ' v "  u• ; ' .nn<-r Y<\ j  v:.ci»ni >  0, w hile ,
•'dr ;o . V 5!«««

• ' ■ »  ¿ « ; (4.5);
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a re  points selected from  F , :it’ is seen* th a t ' (4;4) ’im p lies"’ "

[ ! V:

a n d

n  . .  a- . '«¡.iV - ! )
£  E c - ^ , 7 = 0 "
*«1 ; = 1

: ' V. j (

. N i(4.6)

lin  {[x11, . . . .  ¡x.'p, . . . .  (i#», . . ¡j.î -’a} =  R \

N ext le t I{x0) be the  set of active indices a t  x0, th a t  is,, th e  se t o f indices 
k  in  {1, . .  , m) for. vvhich f k{x0) -= 0. Two cases m ust be distinguished. ..

Case 1 : I{x0) • is ’ n o t’ e m p ty .! Then denote.; b y  - K  th e  rin m W  of indices 
belonging to  I (x 0). For convenience we can assume th a t  the  functions f.x,-ojr*; 
f m are in  such a m anner num bered th a t  I(x0) =  {1, . j . ,  K ). ■

Define now M  to  be th e 1 set consisting of aii points (a 0, a, p) in  R  X R* X 
X R ” for which there exists a point (X0, X, |x) e  r  such th a t  X* <  a* (fc «= 
e  {0, 1, . . . ,  K}) and (x =  p. We claim  th a t  the  origin of the  space R x R f X 
X R” is no t in  t h e ‘convex hull of M. Suppose th a t  the  con tra ry  holds. Then 

we can find pum bers c01 ;> 0,,. . n  c0„,,.> 0 as wpll as. po in ts,,,
. ' 1' Iri!;: , /• tr'tl; : V •* . Tii- ' !.■ ■ : I // ’ T - ( > . - . . ■ • ■ • • '

(XgS .XP1, (X01). m,i. (Xg“M X0?”*,. (X01".)
• • • . i
i-X It .', i

in  T such th a t ; r

>. (4 ..2)
;) - j i / i  n[ 

•'O'-Ï
.1 i-

3 =  1

A ccording to  (4.8) and  (4.6), i t  follows th a t
' /  ¿ V  > « !■•!

^  cojX*; +  6o £ c<;7'-* <. 0 (k * 
i'“ > »“ * .! ; :. .i li

3 = 1

: ,- , t

- r 1 3 =  1, .. : fit . i-n i1

"'m.- ’
\ £  C0;K°J =

. •' i r;: :.. i r >a j
= o,.

y<r> i ff
(4 .8)

r

*. ; ' i i 
= {0, 1. . . .
. • ;....

v<
,K } ) , (4 .9)

=  v
\ <4.10)

'S •/ ( )( ̂ ^
:( !) .; 

unit )-T'il ->;i)
>1 .1 /V
j i- ; *;>w here 0O >  0 is a  su itab ly  chosen num bér.

L e t N  be th e  num ber of elem ents of the  subset of T bu ilt up  from the  
po in ts  (4.5) and (4.7). In th e  sequel th e  elements of th is  subset will be denoted 
■simply by  (X>, V, yJ) (j e  {1, . . . ,  N}). Corresponding to  th is m odification we
shall also change th e  no ta tion  of the  coefficients in ( (4.9) and (4 .10).‘Thus 
“the conclusion we have, arrived- a t  by  the  ,abpve-made refle« tipns m ay be; for­
m u la ted  as follow s: there  are W points - ¡.«¡i ..uj'i .».I i * Juif-»

'A (x1)/L .'.'iY ^ '=  (X* XN, i * ) i

i
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in
C j > 0 ,

0 such th a t

£ c yX{<0 (A e  {°* l> (4.11)
;»1

JV . A . (4.12)

(4.13)

P ot («„ .  the ■inequality'/.(* .)  < 0  w hich ho lds for ew ,r
1 « 0 ,  choose a number » >  0 s a f r fy m g  th e  followin'

inequalities: '
. 'jf'cyX* < —20 for all k e  {0, l, . . . .  K} ; (4.14)

' ” ; - i  • ‘

/*(*,) < — 0 for all k e  {1, • ., m } \ I { x 0). (4.15).

Since T is a derived set for (/„, / ,  g) a t x0 with respect to  X , there  exist 
for the subset {y1, . . . .  yiV} of T which was singled out above an d  for s =  0/(1 +  
+  | | c | | )  a number 8 >  0 and a  function x : B+(0N, 8 ) - > I  h av in g  the pro­
perties (DSj)—(DS4).

For each a = (ait . . aN) s  let now a + =  (af, . .  «+) be the  point
whose coordinates are defined by

5 ^  =  ( K I  +  « /) /2  O '6  {1 , . . .  , N } ) .

Note that ,

a + s l l ii and | | « + I1 < ¿ l * i |  < N \ \a \ \
............v .. - 7  .i  ...

for all a =  (alt . . aN) e  R*. K  follows th a t ~

i- fl+ e  5+(0n, 8) for,every a e  6(0*, r), (4.16)1

define the function G^BO^ Nr ^  Consequently, we are able to

G(ä) =  ^ ( a ' ) )  +  £  {a,—  a t ) f J L , •/

fox all « =  ( « „ 6  B(0*,Vh 
Remark that G(CM =  0 ■

account that the functions  ̂̂ )  =  ^  and g(.r0) -  0.. Taking into-

V vv 
■..or t

« e  B(0*, r) <j+ s  R ,/n
+ /i. ), a e  9+(0Wi 8) ***;g(x(a)) e  11*
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are continuous on B(0N, r) and  B+ (0N, 8) respectively, i t  results th a t  G is  
continuous on B(0N, r). F inally , (D S J implies the  differentiability of G a t  0W 
an d  th a t

G'(0N)a =  for a ll.«  =  («j, . . . ,  aN) <= R*.

H ence, by  (4.13) G'{0N) is surjective, while (4.12) yields G'(0N)c =  0„. So all 
the conditions in Lem m a 4.1 are satisfied. By applying th is lemma, we con­
clude t h a t  there  ex ist a num ber t0 >  0 and a function a = (au . . . , < % ) : .  
[0, / „ ] -  I l 'V w ith  the  following p ro p ertie s :

<i(0) =  0N and a'(0) =  c ; (4.17)

d(l) e  B{0iY, r) for all t e  [0, /0] ; (4.18)

G(d(t)) =  0n for all t e  [0, /„]. (4.19)
From  (4.17) we obtain

lim  d(t) =  0N, (4.20)
t—o
t> 0 '

lim i  d(t) =  c. (4 .21)
‘ / > o

M aking use of (4.21) and of the  fact th a t  c lies in the in terior of H'^, we see
t h a t  there  exists a num ber lx e  ]0, /0] such th a t

d{l) e  i n t R *  for all t e  JO, / J .

In  view of (4.18) and  (4.16) we have therefore

d(t) e  B+ (0,v, S ) \{ 0 W) for all t e  JO, ¿ J .

P u t  now x 0(l) =  x(d(l)) for every t e  [0, i j .  We shall prove th a t  x 0(t) 
is for sufficiently  s m a l l / > 0  a feasible solution to  (OP) and satisfies f 0{x0(t)) <

fo(xo)-
F irs t note th a t  }

X0(l) e  X  for a l l /  «  [0, / t ] ;  (4.22)

g(Xn{t)) =  b , for all t e  [0, / J .  (4.23>

N ext observe t h a t  (4.21) and (4.14) imply .

lim -  dj(t) Vk= ^ 2  ciH  —2 6
<_0 >”-1 ( }•' 1 ' '
/> o —* •

for all k e  {0, 1, , K). Besides, (4.21) furnishes

lim 
. 1-0  

i-»0

i a ( / )
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So a
, \ « .J i

„umter i, «  »• ';h0? ' , >5Mh ! - U)H

' ' f  ¿ ^  < r * *»„■“ * “ , f :  V " ’ 3 i - .
’̂*3 1  ̂ • l . .

V. \  i rl ‘I

■-.’I

i « ( 0 <  l +  [ M l
;i i..- .

A !l. -

..lit ') ' l l

,. • , • i.■ ■ m: Ui>;).
" be

for every 
as follows:

,“ T y i ie

-.I.;.' ^  < -9 1  * »  4; *  (°t ’ ’

! | | 4(/) | | < ;(!  + l l CH)/ - • I '

Together with (DS3) they imply • • •

" M xS ) = M * o)+ { m * M - M xo) +

v N
'' ; + t  aj {t)ii < /*(*,) + « 11 «w  11 +  E  dM H  <  /* (* « )+

>=i i =i

-  ... . - ; +  >[¿(1 - f : 11 ̂  f I) — e] = ^ ( ^ 0 ) ; ;  1 ; '

•for every k e {0, 1, . . / £ }  and every t e  ]0, /2]. Consequently, we have shown 
that " • - ’ ■

/.(*.(*)) <M*o) for all t s  ]0’, V,] ;• ^  : "  ,7(4.24]

M m  < 0 for all k e  (1, . ; ;;  K} and all t s '  ]0, tt ]. (4-25)

'u,In the end . choose .a .numter,.^ 5  Jq,' f2];'sucb that ( 1 >„ ,, ,:i>

NO 11 <
r T T T v n + ... +  11X-,, for a11 * e  *>• ' 1

In  view of (4.20) such a number exists’ By (4.15) an d  (D S3) we have then

/*(*o(0) =f  fk(x0) +  |/* ( io(0) - / * ( i 0) — £ aj(t) \{ j  +

» (:• , '•/ . | 1
+  B «/(0H < —6 +  e | |a{t) f| +  I j x/ 11j  | , a{t) 11 <  0

for every k e  (1 m\ \  *, ■ ‘ ............ , .
result expresses that' and every < e ]0, 4 ] , T ogether w ith  (4.25) tb»

'* 1 • t-• ’ f
/(*o(0) < 0„, for all t e  ]0, f3] (4.26)
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. F rom  (4.22),. (4.26),- (4.23); and (4:24) we conclude th a t ' x 0(t)'is a feasible 
solution to  (OP) and  satisfies f 0{x0{t)) < f 0{x0) whenever t e  B u t;¡o n
th e  o ther hand, (4.20) and  (DSX) im ply

' l im 'x 0(i) =  x0. ........
■" w.\ /iM . .1-i

;s ;j ■ /  ■; *,  , , | ; t .fi,p  ,, .
Thus x0 cannot be a  local solution to  (OP), which: .contradicts o u r 1 hypothesis. 
This proves our assertion th a t  the  origin of the  space R  X ft*  X f t” is n o t in 
th e  convex hull of M . ‘ > : >»;+’• ■ ■' •;;•+•; +  .;■•<

, Consequently,' there  exists, 'by v irtu e ':of Lem ma '4 .% a' V ector! r ?

( iji . •! i< i .
such th a t

( K  ?*, t**) R  X ft*  X R ”\{ (0 »  O/o A,)}:!/

inf {«0x; 4- <a, v*> +  <4, {!*> : («o. -P) 0. (4.27).

We claim  th a t  Xj <= R+ a n d : v* ,e It(f. To. prove, th is fix any po in t - (a0, a, p) 
in M. For all t e  R+ . we have (a0. +  C a, P) e  'M. ’By (4.27) i t  results th a t'

‘ : ' («0 +  t)K  +  <«, v*> +  <P, ¡x*>"> 0 for 'a l l  t >  0, ' : ’ 1
which yields '

X*0 ^ ------(a0Xj +  <a, v*> +  <p, p * »  for all t >  0.

L etting  t -* +oo, we obtain  Xj > 0. Now, let {El, . . . ,  £*} be th e .s ta n d a rd  basis 
of th e  space ft*, and let k be any  index belonging to  (1, . F o r a ll
/ e  R + we have (a.0, a  +  tEk, p) e  M. Hence i t  follows; from  (4.27) th a t

*oK  +  <« +  tEk, v*> f  <p, v*y > 0 for a in  > .0 .

This inequality  can be p u t in the alternative form

<£*, v*> > - y . ( a 0X*0 +  <o+v*> +  <P, p*>) 'fo r all ¿ > 0 .

L etting  t - f  +oo, we get v* > 0. Since It was a rb itra rily 'ch o se n 'iu  (1, 
we have v* e  ft* . ' ' •'

Define X* =  (Xj, . . . ,  X,*) to  be the vector in, R m. whose coordinates are

•**
J vjf if k <= l(x 0)

O' i f k  s  (f,
-, •. ; «

►I. J I ‘ '» > ; »

>!i;: it

Obviously X* belongs to  f t’” and  satisfies (4.2). Moreover, (4.3) will hold because 
of (4.27). ’

Case 2 :  > I(x0) ,-is- émpty;i I n  th is ..casfe\ we,'.proceed as1 follows. Let: M b e  
the set composed of all points («„,. p)- e; ft ,x f t” for .which th e re  ex ists a p o in tN 
( K -  K  ; p )  e  r  such th a t  X0, <  a 0 and  p  =  p. . Similar; argum ents to . ¡those .used 
in  thé  preceding case show th a t  the origin of the  space f t  *  R” is n o t m  th e  •
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Be W ere hv the use of this inequality, it is proved th a t  A* ^  0. By chnr, . 
X* =  0 ’it follows that the triple (A0*. A*, fj.*) is in R + x U ™ x H » \ { ( o ,  0 o'!? 
as well as that (4.2) and (4.3) hold. 1 , ’ M )}

5 Multiplier Rules in Topological Linear Spaces. We con tinue  to  inv, .. 
gate the local solutions to (OP) but unlike the previous section we shall im„ 
now conditions on the space X 0 as well as on the involved functions f 0i /  a g0* 
In this way we shall obtain some special forms of the  general m ultiplier rulf 

We start by assuming in the present section th a t  X 0 is a  real or coni I 
topological linear space. This assumption will remain unchanged throughout tif 
whole section without further specification.

In this as well as in the next section we need some special types of f 
tions. For completeness we recall here their definitions. Unc'

Let Y be a non-empty subset of X Q. A function F  : Y  
(i) convex if

H is said to be

F((l -  «bh +  ay,) < (1 -  a)F{y i) +  aF(y2)

for .11« .  JO. 1[ and all y„ y , «  y  such th a t (1 _  +  ,  c  y .
(u) affine if 1 . , ‘ ’

‘ F((1, “  +  Vi) =  à  -  ,)F(y,) +  «F fo)
for all « e  )0, 1[ and all'

(iii) sublinear if yi> y* * Y  such tha t (1 -  oc)y, +  ay2 e  Y  ;

F( ^ i  +  Py2) < aF(y i) +  ¡3F(3g  
for all «, p e  R + an d  al]

(iv) linear if 1‘ y* ■ such that «yt +  (Jy, e  y  ;

for all « a «  „  ,  ^  +  “  =  ^P e  R and all ,, .. e7  P e  «  and all « v -  v  L 
According t„ lhe J  « c h

as ato the above definitions +  G Y ‘
mtl0nS a vector-valued fu n c tio n

is said to be convex fresn nfr

;  * ■ *  -  c .........of the general j , . hunaries we are ngenera] multiplier T„u  are n°w able tn  .
■ . prove our firs t sjx cialization
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theorem  5.1. Let x0 e  AT0 be a heal solution to (OP), and suppose that 
y  is a subset of X 0 satisfying the following conditions : •

(Ax) Y is not empty and convex ;
(A?) for every non-empty finite subset {yu . . of  Y there exists a number 

, ■ 8 >  0 such that ■ ’ ■ '
, t

iY

+  (5.1)

whenever (alf . . . , a N) e  B+ (0jVl 8), and for which the function

(«i. • • - , aN) e  B+{0lV, 8) >-~g(x0 +  e  B"
\ \ ,

is continuous on B+(0.v, 8) ; , ,

(A3) there exist convex functions ' '
F 0 : Y  -» 11 and F  =  (Ft......... Fm) : Y  -> R™

such that

(5.2)

lim  sup -  l f 0(xQ + ty) - f 0(x0)] < F 0(y), (5.3)
<—o t
l > 0 i •

lim sup -  [f(x0 + ty) - f(x „ )]  < F(y) (5.4)
/-.o t ■
<>0

for all v Y, and for every convex polytope P  £  Y the convergence in 
these inequalities is uniform with respect to y  e  P ;

(A4) ///ere exists an affine function
G =  (Gj, . . . ,  Gm) : Y - * R "

such that

' lim  -  [g(x0 + ty) — g(%0)] =  G(y) (5-5)
o t .

/>o
for all y  e  Y, ¿mi /o r  every cowvc* polytope P c Y  the convergence 
in this equality is uniform with respect to y  e  p .

Then there is a vector
().*„, X*. (jl*) e  R + x  B ” X B “\ { ( 0 ,  0„„ 0„)}

■such that
<f(xo), x*> =  0,  ̂ (5.6)

inf {F0(y)K  +  <F(y). X*> +  <G(y), p*> : y. e  Y} > 0. (5.7)



»  . w t# r t  T -  < (F .M '^ W -  GW > ; ^  4  y ! > « « « , „

“ * If t( H > (f1) Fly,). ClyJ*. ■ " • {FS t  points taken from Y. By condi,^ 
• U t ¿ S t of r , where * •  o"?i*hat (5.1) holds whenever (a„ 

^ e c a n s e le e t a n u ^ r  * >  “ f t c t i o n  ( ¿ )  *  continue«, on

i I j e (0« o » '“ i +(°» .8)-* X by ,

*(«) . * + £ « , » * »  * ‘ V * ........ *  B+.(0*:. s >-
i = '..

Obviously this ¡Ijf'ns) rad'(DS,) hold with (Xf, X>, pi) replaeei
- N «t we show tb t (35 , (3 3) * ^  ^  ^  dellote°by p  th c  contn

by (Fo(yj)> F{yi), G{yf)) [) L.’ y  js convex, we have P  £  Y.  F ix  now two
hull of the pointsy,, •••.>»• , «  «V ,L e t e >  0 be a rb itra ry . By the

. « i»' *J * “ h  t h a t

+ j/,(».+'>') -  /.(*•) <  ‘
t .

|g*(*0 +  iy) -  g*ixo) -  tG<>(y) I <  * -

(5.8)

(5.9)

for all t e  QO, f,[  and all y  e  P . Let a =  (alt . . aN) be any  point in 
F +(0Wli„/N )\{0N}. Put

t =  ]C a/ and y  =  £  -  yy.
i=  i ri t

Then we have 0 <  t ^  N 11 a 11 <  t0. and y  <= P . T aking  in to  accoun t that F, 
is convex and Gk affine, (5.8) and (5.9) imply

f \ x•+  ¿ ^ ) - / t K )  < 4 F’{?;fy>) +  i ] ^

" '■ " N \ V  ' ■ U
« g  ‘ iH y ,)  +  t i  < g  *F,{yt) +  e 11 a 11, '

&: (* . +  g  « * )  -  &(*.) 1  g  a,G,iy,

“ M * *  +  f t “■*)-«*(*.>) - i C , ( g i !  J <  t — < £ «11-
N
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Hence we hav e-sh  own th a t  -' 7 - V . ,.;T; ■ -. . . . • •) ini

•il

n . n  [& (* W )

“ 7.'(*o) L  E  a f F ^ < z ,  
i= 1 J

•’ • , " 'n ' . ■ : Y|‘-' ■> .l . • 
~  gk{xö) “  i E  *?£*(.?;) J <  e-.;.:

' •; :

for all a s  B+(0N, t0IN ) \{ 0 N). Since e > 0  was arb itrarily  chosen; i t  follows 
th a t • ■ ' ■ • i - i , /■ (■;.

lim  nup  ¡777 -  E  < °*«-Ojy II «11 L ;=  1 J

lim [&(*(«)) -  g*{*o) ~  E  =  o.« -‘>jVll“ ll L . r i= i J

B ut i e  {0, 1, . . . ,  m) and k s  {1, have been also arbitrarily  chosen..
Therefore (3.2), (3.3) and (DS4) hold, where =  F 0{y}), V  =  F(yp  and {*> =
= G ( y j ) ( j ^ {  1......... N}). ' ■

In  v irtu e  of Proposition 3.1 it  follows th a t  P is a derived set for (/¿, f g )  
a t  x0 w ith  respect to  X . Consequently, we can appeal to  Theorem  4.3 and con* 
elude th a t  the  assertion of our theorem  is true. . . ; ,

As a corollary to  Theorem  5.1 we derive the  following welPknown. m ulti­
plier ru le  for convex optim ization problems. ' ., ;i.«, ; a .  . ■

c o r o l l a r y  5.2. Let X  be a non-empty convex subset of X 0, let f 0 : X - * R  
and f  =  (/j, . . . , / „ ) :  X  -*• R m be convex functions, and let g — (gu . . . ,  g„): X  -* R ”' 
be an affine function. Suppose■ that x0 e  X 0 is a solution to (OP). Then there 
exists a vector ’

(xs, x*, ,!**)■ e r + x R+ x R“\{(0, p,„, o„)} v 1 • ■ ; '
such that ’ , 1 <J

m in {/0(*)Xu +  </(*),' X*> +  <g{x), (i*> : x ^  X} = f 0(x0)Xt ■ (5.10>

Proof. W e p u t Y  = X  — x0 and show th a t  the  conditions (Ax) — (A4) in. 
Theorem  5.1 are satisfied. . . . .

Obviously Y is no t em pty  and convex. In  order to  prove (A2)-let {pi, • ■•>- 
3'.v} be any  non-em pty finite subset of Y. For each j  S {1, . : . ,  N} we can  
choose a po in t x}- e  X  such th a t  y}- = Xj — x0. Since X  is convex, we have- 
th en  .

*o +  E  =  (1 -  E  «;) *o +  f  ai*t e  X  
. /=i V /=> F >“ >. *

for all (ffj, . .  ., aN) e  B+ (0Nl 1 ¡N). Moreover, tak ing  into account th a t  

g +  £  «¿Vyj =  g (*o) +  £  ai [g(xj) “  S(xo)]'
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for all («I» • ■ • > + f
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(«1»

R fO* l'AO- Thus holdS' 
is c o m «  and « is affine, we have

°'+ , ) =  / ( ( l  -  i)*, +  < (* .+ > )) S (1 '  ' )/o(ro) +  ‘A t*«  +  J). 

^ « ’ +  >y) = /« >  -  '> * •+  ' ( I " +  y)) 4 (1 _  +  tf{X° +  ^
-  i«> -  o * . + « * • + > » = (i -  + + A

i. e.
I  [f0(x0 + ty) -/o(*o)l  ̂/"(*« + ̂

-  [/(*« +  ty) - / ( * «)] ^ /(*«  +  jO - f ( xo)>
t

■ -  te(*0 +  <y) -  s (x»)] =  +  y) -  * ( * .)r
for all t e  ]0, 1] and all y  e  Y. Defining now F 0 : V -*• H, F  : Y -* II* and 
€  : Y -  R" by F 0(y) =  /„(*„ +  y) - f e(x0). ^(v) =  /(*o  +  Y) -  /(*<•). G(>) = 
== g(*o +  3') -  ë(xo)for ail y e  y» it results th a t F 0, F  are convex, G is affine, 
and that (5.3), (5.4), (5.5) hold, as. well as th a t the convergence in  (5.3), (5.4), 
(5.5) is uniform with respect to y  e  Y. Consequently, th e  cond itions (A3) and 
((A4) are satisfied. . ,

By Theorem 5.1 there is then a vector

1 (X5, X*, (I*) e r + x F+ x n - \ { ( 0 ,  0«, oB)}
for which (5.6) and (5.7) hold. In virtue of the definitions of th e  functions F» 
F  and G, we obtain from (5.6) and (5.7) the equality  (5.10).

From Theorem 5.1 we derive also the next result w hich is re la ted  to  ano- 
phe65^)ready kn°Wn multlplier rule (see L. W. N e u s t a d t  [7, Theorem 4,

100,1 x U io n  10 (0 P ) '  a n i s“l,pos‘ m  

(B ,)Î » S  T > o î Z / m e ”* *  * .......... » / x  -  * .  a m  « * '

*o +  £  ajZj e  x  (5.U!
;=i ,

whenever (« .. _ „ s R '
’ + 1" ati o), and for which the function

(fl'.......a‘v) ^ B+ (0‘v’8) ^ g U o  +  j h , a j e  R- (5-12
is continuous on B+(0,v §) • '  ,=1 • '
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" (B 2) there vfi$ist convex■ f u f t c l i o p t s y ; . . - , ■ ,, ... . > • ^ ,r  f;r.„

F 0 : c o n e \X  — *j) 4 'R and1 F : corn (X -- x0) -VR*'"* ; i ' 1 • •

such that the inequalities (5.3) and (5:4) hold for all y  ‘ <= bonhfX — x ) 
and for every convex poly tope P  s  cone {X -  x0) the convergence in 
these inequalities is uniform with respect to y  <= P ;

(B3) there exists an affine function , , . • \ v , ....

G : cone (X  — x0) -*■ R* 4 . , ..7

such that equality (5.5) holds for all y  e  cone (X  — x0), and for every 
convex polytope P  £  cone (X  — x ^ 'th e  convergence ' i n ‘this equality 
is uniform with respect to y  e  p.

Then there is a vector ... . ; .~ l ‘ ..........  i:'-: . !
(X0\  X*, (x*) e  R^ x R + X  R ”\ { ( 0 ,  0«, 0„)} 

satisfying 11 v> ' • 1 7-rr- ' ''

' </(*o). **> =  0. •• —

inf {F0(y)Xo +  <F(y), X*> -f  <G(y), ¡x*> :y  <= cone (X  — *0)} >  U.

Proof. Take in  Theorem  5.1 as Y  the  set cone . (X  — x0). Then all the  hypo­
theses of Theorem  5.1 are satisfied. Indeed, note first th a t  the  conditions (A,) 
and (A4) hold, since in  conform ity w ith our choice of Y, they  coincide w ith 
(B2) and (B3), respectively. N ext we prove (A2). .

L e t {yx, . . . ,  y,v} be a non-em pty finite subset of Y . Then there exist N  
numbers a x >  0, . . . ,  aN >  0 and N  points zv . . . ,  zN in  X  — x0 such th a t  
yj =  Xjz) for every j  e  {1 , . . . ,  N). Set a 0 =  m ax {a1( . . . ,  a^}. By condition 
(B J we can select a num ber S0> 0  such th a t  (5.11) holds whenever {ax, . . aN) a
e  B+(0n, 80), and  for which the  function (5.12) is] continuous on S+(0y, 50). 

Choosing 8 =  S0/ a 0, i t  follows th a t  (5.1) holds for all (aL, . .  ,„ a lV) e /I J + (0y*. 8),

an d  th a t  the  function (5.2) is continuous on' B+ (Oy, 8)1 Thus (A2) holds.1" ' 
In  particu lar, for every pair- of points y ' and  y "  belonging to  Y  there  

exists in  v irtue  of (A2) a  num bre 8 >  0 such th a t

/  apy' 4 - a $ "  s  X  — "for all [dlt a^  e  £ + (0, , “8). (5.13j_

Now le t y  denote a  convex com bination of y ' and  y" .' F ro .n  (5.13) i t  follows.,, 
th a t  ty s  X  — x0 for all t e  [0 ,|8 [ . Therefore we have y  e  ^  {X x0), which-' :

shows th a t  y  belongs to  Y. Hence Y  is convex. W ith  th is i t  is proved th a t  
*11 th e  conditions (A 4) — (A4) are satisfied. ' • •'* - ' . .

By apply ing  Theorem  5.1, i t  follows th a t  the  assertion of the  corollary t 
is true . . -■ ,0' '■ ■ ■■•■ ¡oi n ■ - -

6. Multiplier Rules in Normed' Linear Spaces.r In  th is  section we s ta te  
m ultiplier rules under the  assum ption th a t  X 0 is a  real or complex norm ed 
linear space. •

■3 — 1/1SX.
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■ c i  ift v e  X be a local solution to (OP), and sufi-bo«* u
« „ i”  £  JVfcA » '» «  « * * «  «  « * * «  • #  , t a

(CJ /¿w  fiis/ sublinear junctions

F 0: cone (X — xa) -» R,

F  =  (F„ . . Fm) : ccne (X  -  x0) -* R*

such that
llim sup 

*-«. I \* -  **
llim sup

lfn(x) ~/o(*o) F 0(x *0)] < 0,

U(x) - / ( * • )  ~  F(* -  *„)] < 0m ;II* 0̂1 1
■ (C2) there exists a linear junction

'■ G — (Gj, . . G„): cone (X — x0) -+ R»
such that

5  n r r r n r w ,)  -  *<*•> -  c <* -  *-»  -  o„.
Then there is d vector > -i . * ,

saiisjying : . w. X B; x R^\{(0, o. , o.)} , , .

. i : ';' Vor ; ;i </(*«). :X *>=0(: ^ ' ;  ‘ ' -J , . .
: • - mi ? * ( * -  ô)>.S. +  :<F(*:_,« > x*v , r  " ' ..............  ‘ n " ' •'

w e d ,0, . t i i t  , :J X . >  < (* ~ * w *> :,* * * >  > .o .
u t  ,  &  Corollary 5:3 »

P*=,
I

.. m  Lorollarv  5:3 are
' M ^  •, >i:r O'

!Conv-{y^.;.-.vjr.Y . . . . „ .. .• _ A - . 1 T t■- • • . **•*")*•■ . ! !. i ’ 11 • T~\( ‘ 1. 1 \
contained in cone (X  ̂ *  " ”f ’ - :: < ( / i (
and iV pointsz • ■ „ O' ^olv^hen there exk+ a; * ,'1' “ ' !
^‘ «0 = Wittj' ’’ ^ *0 sUch that‘v- *£ --®?fmberS ?fi.>-,0,v. . at, > 0 |
such that (5 n irh ftM ‘’ vÂ : &  e d i t io n  ’ > for every j  ¿ '{ 1 , • • •> W - 5 
Jt<.follows, that J. f °  select a  num ber S0 >  ^  |

• ’ ' '• ' " w‘ 'jV- ,y:' ■'j t; % ' ¿boos i ng S — So/ao>- j

» - s  «  ' '

'lo’: -  X  ; j  ■■ ■ - j I

a # s %  g  » X 4 “; 3“ x  a  ■

' M . x rr r ? •«• -

' *»'- UaVc y i <rt ’ •’ ,:i m ri ,
Kext ** .v.L, S<X for all t ’e  m >r'I ?' J loo-iT snWlncu  v-1.

-(ii T..l.r.;j f,.jJ{ri rVtlqirt-'1!:
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I 'ix  now tw o indices i  e  (0, 1 . . . .  m\ ai1fi b _  ri > ^
we can find in  view of (CJ and  (C2)' a  num ber r  <  0 such * ^  * > 0 ,th a t

M x) /.(*o) < Fi{x — *0) +  — I \x — x011 , 

I gk(x) -  gk(x0) -  Gk(x -  X0) I ^  ±  I \X -  x0 ! I

(6.1)

(6.2)

for ah x e  B (x0 r) f |  X . P u t  t0 — min {S, r/r0}. Then we have x0 +  ty e  
e  B(x0, r) O  A for a ll  t e  [0, ¿0[and a l l y  «= P . Therefore (6.1) and (6.2) imply

U xo +  ty) - f i { x 0) ^  lF,(y) + t± .  | |-y 11 ^  /[F,.(y) +  8]#

I gk{xo +  ty) -  gk{.v0) -  ¿G*(y) | «S t -  \ \y \ | < zt,

i.e.

7  LA(*o +  (y) — /<(^'o) ] <  P'.Cy) +  s,

I  [gk(x0 +  ty) - g  (*o)] -  Gk{y) < e

for all t e  ]0, t0[ and all y  <= P . Since s >  0 was arb itrarily  chosen, it  fol­
lows th a t

lim  sup 1  [ f(x 0 +  ty) -  f,(x0) ] ^  F,(y), 
/-0 t 1 .

lim -  [g*(*0 +  ty) -  gk{x0)} = Gk(y) 1
/-.o f, I >0 ■

■ ■ ' ■ ■ , : i . , . ' , 1 .
for all y  <= p t an d  th a t  the  convergence in th is relations is uniform with res 
Pect to  y  €= p .  Because t and A: were arb itra ry  indices from {0, 1, . . tn} 
and {1 , .. . ., n), \ respectively, the  conditions (B^) and> (B3) hold, as> claim ed . 1 

By applying Corollary 5.3, w e  obtain  the assertion of our theorem . J<1,i 
In  the  end we derive the  well-known m ultiplier rule for optim ization pro­

blems involving F réchet differentiable dunctipns .7 \

T.t
COROLLARY 6.2. Let x0 e  X 0 be a local solution to (OP) satisfying the

following conditions: , , r 1 > .m  ? ¡f.u. , .)• ,(,v \
(•L»i) x0 is interior to X :
(D2) / o, /  and g are Frechet differentiable at x 0 ;
(D3) there exists a number r0 $> 0 suchthat g, is) continuous on B(x0, r0) Q  A . 

th en  there is a vector ' ‘

J  (X&, .%*■, (A*) R^ ükjR ?  0«, /Q*)M«V U -yn'ir.
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■ (f(*o). ^ >  =  0' ’ ..
\  i. (*; ;<

f » r / : W + E ^ ; w  =  0 '
W  , ’ 1.

‘ n  and (C2) are sa tisfied . Indeed  sin.
Proof. The conditions (?J* (̂ )  number f  *  jO, r 0] such th a t 5(* V '

k «  ^ ..........%> * A -  *► •»* *

A"
E
j=i

 ̂Vs dj | |Zy 11 < 11*11 E  Ĥ ll  ̂ SE  11̂- M < r
P i  ,VI ' 7

for all « =  K ........%) e  5+(0jV, 8). From this follows

Xt + ^ a p j  s  B{xQ,r )  whenever (av . . . ,  «*-) e  S + (0Ar, S).

Therefore (5.11) holds for all K  . . . .  aN) e  B+ (0.v, 8), and  th e  function (5.12, 
is continuous on £+(0A., 8). In other words, condition (B,) is satisfied. Thi 
conditions (CJ and (C2) are also satisfed, in virtue of (D2).

By applying Theorem 6.1, we conclude th a t  th ere  e x is ts  a  vector

1*0. **. V-*) 6 R+ X R? x B - \{ (0 ,  0m, 0„)}

such that (6.3) holds as well as

inf | £  xy, (*0)(z -  *0) +  P  — x 0) : x c  x \  > 0. (6i
"  l -°  - ; p i  , J

«  X f e ^ a î u  S T - f W m *°a and choose a  n u m b er t0 > 0  sud 
■ L ô> ô]* According to  (6 .5), we, have then

*>

'  A ' 5 Xi f* (x°)u + é  $  ^(*o)«] > o  1

for all t e  [-< #( /#]j and hencç

. •» V •

‘ E /i (*0)M-f Vs „« f V 'l>0 V 0/ T  H, gy (*„) u _  Q ,

Since » W  arbitrarily chow, iB- X "
0. equality, (6.4) m u st hold .
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au THE LIMIT CYCLES FO R  A G E N E R A L IZ E D  
THE DISTRIBUTION gysTEM

MCOLAE LUXGU*

Waived: if*)’ 20»

— ■ -  - f s s  s s s  s s c r - s  r i - e s v r s ;
.  ™, n o b  to t  de d,l«ti Hmtti cm contin un n to ir

impai de puncte singulars.

1 . Introduction. The number of limit cycles for dynam ical system s is of 
practical interest, because these represent the periodic solutions in  tlie  phase 
plane for the considered systems. The use of Poincare-Bendixon th eo re m  allows 
to determine the domains in which there exist or not lim it cycles for second 
order autonomous systems. In this case there were generally s tu d ie d  Licnard- 
type systems, which have rich and various technical and scientific  applications. 
One usually considers that the given system has a single equ ilib rium  position 
(singular point,) which coincides with just the origin of th e  co o rd in a te  frame. 
There have been given in this case conditions for the existence a n d  uniqueness 
of the limit cycles in a certain domain. If the system has a  c e rta in  peculiar 
^°*P’. tben in [1], [3] there have been given existence cond itions for exactly 
n limit cycles. In [2] there have been given the conditions in  w h ich  a  Lienard- 
rfiip adm*te a hP it cycle containing several singular po in ts . Also, in

M U s S i  U
-  system s’ 1,1 tte

2. E t o t « «  conditions fo, limit cycles * 1 .«  K  sy stem :

where the functions

I x =  h(x)y -  F{x)

» * =  “ «(*) +  h{x)y
(1)

*(*)’ h[x)’ =  ÿ(s)ds
are contmuous and fulfil a„ 0
umqncncss o. any Cauchy “ S"re « * « *  " 4

Theorem 1. i f  g(K \ 0 . uPon the system  (1).

J,U  r ;
■ « * -  ./ ***** ̂  «»-,) * * i  * -  ("
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®-i)» * — : /(*•’) — I f  there exist the functions <ak(x) k >  2
*/te systems of numbers: , , r  '  ' .

x - k <  z_*+i <  . . .  <  *_x <  a_x; a2„_i < * ! < . . .  <  xk '
5«cA that wejiave 9,(0) =  0, <p,.(*) ^  *, *(*) . [9 '( %) -  1 ] ( _D< <  0 V* e  (x ^  
x ,) . i  =  1 , A, A(t) >  0 and V

^.(*-.)(-l)i+1 < <&,(*)(-l)i+1 <F,(*,)(-l)-'+i
( - l )i+1 F,(*) <

'ix  e  [x _h i  =  1 , k

where

Fi(x) =  F{x) -  h{x)<p,-(*) ; <!>,■(*) i7(-r)?.'(Y) _  w  _  .?(*) 
m*) -  U ‘ *(*)[?;(^ - 1] ’

then the system ( 1) admits k — 1 limit cycles which contain inside 2n -f* 1 sin­
gular points, in every domain [*_,•, x,], i =  1 , k existing at most i — 1 limit 
cycles, out of which [i/2 ] are unstable and [(i — l) /2 ] are stable.

Proof. We prove the  theorem  for k = 2, by using a m ethod analogous to  
Z h i l e v i c h ' s  [7] one. In  the system  (1) we make the  su b stitu tio n :

obtaining the  sy s te m :
y = y  +  <Pi(*) (2)

x =  h(x)y -  F^x) 1 . ' (3)
' ÿ =  -h (x )  • [?((*) -  1 ] ■ ( y -  <!>(*)) ’ '

In order to  app ly  the  Poincaré-Bendixon m ethod, we construct a ring dom ain 
as follows : le t C1 be a rectangle having the legs parallel to the coordinate axes 
and the vertices in  the  points B f x i ,  F i(xl)) and B _ F l(x_l)). From  the  
conditions of Theorem  1 follows easily th a t  all the trajectories of the system  
(3), for increasing t, cross the  legs of th is rectangle, coming inside it. T hen 
we make the  following substitu tion  in the system  (3) :

y  =  y  +  9i(%) — <?2(* ) (4)
obtaining th e  system  : ,

x =  h(x)y — F.,{x) 1 ^

. . , "■ y ,=  —h(x) • [9i(*) — 1 ] • (y — ^ 2(x)) , . ,

We denote by  ^^  the  closed curve in which the  contour is transform ed
through (4). The tra jec to ries of the  system  (5) cross C l for increasing * an d  
come inside it. We construct then  the rectangle C2 w ith the  vertices m  the  
Points B2(x2, F2(x2)), F _ 2(%_2> F2(x_ 2)) and w ith the legs parallel t o - t he  coordi-
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_nat$ ajceS. l a  the  eond itionsof the theorem, the trajectories’\of thfe system  (5) 
cross the  legs of this one, getting of it, and Cx C  C2- On th e  basis o t  Poincare- 
Bendixon theorem, there exists in the ring domain bounded by C i an C2 a t 
least an unstable lim it eydle ; th e n !tlfe theorem  is proved for £ =*2. For k ^  rS  
t ^  prqoi is analogous. __ ... ... ,, <> .A ,

t h e o r e m  2 . I f  the conditions of Theorem 1 are fulfilled for k ^  1 land i f  
there are fulfilled the conditions: f(x) <  0,.. ,

F(*)g(*)l$*?) <i0; Vfe'-e ( p i i ; ; Pi),' *  V / (P - i)  =

=  /(P i). P - i  <  « - l . Pi >  «2«-i, F(p_'i) =  F ( p j  =  0 
and

?  .
) g(x)lh{x)dx > 0, ¿ = — 1 , 1 ;
© \ » ’-x

> f 4 $K.V v -V. .! ti
{g(x)Jh[x)dx < min (  g(x)jh(x)dx,

. i.i J .= • J . i m  - l ,  l  J  - ■ • ■

; r?. V -  V

. V* «  (aj. W -V

n 'j i V

.¿fc« the system (1 ) has at legist k limit. cycles surrounding 2« +  1 singular points, 
in each domain x{) existing at least i limit cycles, out of which [(* +  l)/2 ] 
are stable and [t/2 ] are unstable.

Proof. One proceeds analogous to  the  ease of Theorem 1, b u t a frontier of 
the first ring domain is the  curve

where

(y + ¡i>i (*))*.. ■ 
■ 2 -  C,

o

C0 =
f ' cmin \  g(s)lh(s)ds.

1 A

I ■ . *•
I t  follows th a t  inside th is curve there are no closed trajectories and cyc­

les, all these getting outside. i

r e m a r k s  1°. By means of a proceeding analogous to  Theorem 3 of [4], 
one can prove for i == 1 th a t  all the lihiit cycles, if they  exist, are distributed 
into.. (*_x, x j .  ..... . ■ ; .
, y!°. If  the conditions of Theorem 1 are adequately modified, then  the nature

of the  cycle stability  is inverted. ■
3°. The system  (1) generalized the system (1) of [4].
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REZUMAT. — Func(ie Interpolnloare cu control al derivatelor pe punctele de 
interpolare. în  lucrare se defineşte funcţia interpolatoare de la  (3) care inter- 
polează funcţia dată f i  [a, b] -* R pe punctele diviziunii A definită la (1). Cu 
ajutorul vectorilor de ajustare definiţi la (2 ) se pot controla derivatele fiutcţiei 
■G (teoremele 1 şi 2), ceea ce constituie un avantaj în trasarea curbelor cu ajutorul 
calculatorului.

L e t / :  [a, 5 ]-»R  be a bounded function and A an  a rb i tra ry  partitionol 
¡finite interval [a, b],

A : {a =  *0 <  %l < x2 <  . . .  =  ft}. (|)

To each interval L = fx- r ■ 1 _  i----- ----- ; .
tors” ” * ~  ^  m ~  1 . we consider th e  „fitting vec-

Yi = iyifi, X i, • • ■, X»,-!, y iin.) e  K-.+ i,
■where

X(* =  Ö T w ^ l, j  = ît^ t t

0

1) are given real n u m b e rs ;

y‘fi /{Xi)‘ and ym l ,, .

Relatively to function t
tion C : E«. i]  -  B. 1  P“ tIt,° "  4  « d  vector V, we consider the to*

GW =  -
»-I n{

•where

S  P j ni-i(xh% if Xj i x . _________

/(*,) ' ; -  1
(31

> if  X : xt

J+Ax) =  Q>

• ¡«Muu 0/
3100 Clui v  , Ron

'‘«»lift
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As usual, by  (z — c)% ouc m ea n s :

/ |  (* _  CV’ if 2 > c
‘ (2 -  c)5 =  j o  , S l < t  : (5)

lemma . The function G defined by (3) has a Bernstein basis on each interval 
li, i  =  0, m — 1 .

The proof is im m ediately. Indeed from (4) and (5) we have, for * e  l it

Jn ,i (X) =  Cl. ['V{ + 1
-  *)""'(* -  x.y

(*i+ i -*,)"•■
A fter the  transform ation  ^

x  =  (*¡+1 — x,)t +  x{,
■we obtain

(6)

(7)

=  C;n,( l  -  t)n'- } i f  t e  [0, 1 ]. (8)

THEOREM 1. I f  a[p), (i =  1, m ; p  =  0, q), and bP, [i =  0, m — 1, r =  0, s, 
q -f  s ^  n, — 2) are given real numbers with a,0 =  6,° =  /(*,•), then we can de- 
iermine the vectors Yj_i and Y t defined by (2) so that

Gif)[Xi -  0) =  «'/> and G(r)(*,- +  0) =  b? (9)

Proof. Using form ulas (5.70) and (5.71), from [1] page 142, we deduce
th a t

\>-o
(10)

and

\y=o *
(1 1 )

T aking in to  account by (6), (7), (8) and the operator

d _ ----- l------ - ,  (s =  1 , m)
dx *s ~ *s-i dt ‘

w e ob taine l

: ; - G »(xt -  0 ) =  —
* i - i ) 1 *=0

(12)

■and respectively
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From (9), (12) and (13) follows , ho system of e q u a to r .*  a,.

. > P =  0Tq
23 (—1)* cp y,

e  { - ! ) '-*  c ! r „ ,  ■ i f = o t s ). ; ' ' '

‘« ¿ -i1
Ae=0

(U)

n ■ I (15)'
*=0 -. • ‘ \v

which gives the components and A t  of f lttlll§ vcc to rs  1 m.
pectively Y,- and Theorem 1 is proved. • \

THEOREM 2. Let C!s) be given real numbers. I f

"»-i 1
(* ,- *i-i) K - i - 4)1

«,i

E ( - i r *
*=o 1 1

then

■' g(s) (*,.) = c!s), ((• =  17 ^  -  1)

and for i =  0, i = m we have

GW (a + 0) = -------- A  , . r *
( * 1  -  a)s ( « 0  -  s)! ¡̂ 0 1 1 > 0 s 3'o.fc

(16)

(1/)

(18)
respectively

GW (b ~  0) = *m-l 1
(19;

s and fli.  Pc™ f from 1. if we take in (9) p  =  ,  =
Rem arks:

the formulas (10) and (Ilf become a" d y *> =  y *  =  1' ' "  V

( S ^ - ^ i f ^ f i .
'f+lxri'JTT * *respectively P)! - ' V .  , , )  C01- »—Ii»*i—1—1

l?5 (i
a=o («¿~r) i ( *)r b ',.0 — y iA) (ii')
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H ere we have used form ulas
,p' n \ l :-. .i. ; ,r i" ! ' •. <■.: •
E ( - l ) ‘ 4 =  - 1  and. E x - l - r * ' c ; =  ( - \ y + l . 
>=1 <=1 .............

Consequently the  form ulas (12) and (13) will have following form s:
n- , I *

^ ( ^  ~  ^  “  (*,• ~  *,•_!) -  P) I ~  (12')

respectively ”  ' . !

CW(* + 0) ~ - ’¿ - ’. n . , - ' » < - * > * - * , >  , l l3 'i

2. If  the  p a rtitio n  A defined a t  (1) is uniformly, th a t  is %,• — =  (b —
— a) I in, i — 1 , m, th en  all form ulas which containe x{ — x ,-X will have sim- 
plier forms.- ..
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HEZUMAT -  O modlfivnrr a alegerii sferei lnlllalr h, alflorj.mul Iul Khaehlyan.
Luwarea prezintă *un nou mod de calculare a raze. sfere, iniţiale ş. de alegere 
- centrului acesteia, in ipoteza că sistemul de «egalităţi A x  ^  b (A

alegere 
V-m x  / n,

b e  Xm), Căruia i se testeazrcon'sistenţa prin algoritmul lui Kl.achiyan conţine 
si inegalitatea * >  0. Se obţine o diminuare considerabilă a razei (şi % olumului) 
sferei iniţiale, ducînd la o substanţială reducere a numărului de iteraţii.

1 . Introduction. The algorithm proposed by K h a c h i y a n  [1] tests 
the consistency of the system |

Ax < b (1)

of linear inequalities, where A e  Zm X Z" and b e  Zm. T his a lgorithm  builds 
a finite sequence of ellipsoids (being called for this reason the  ellipsoid algo­
rithm) which contain solutions of the system (1) if th is one is consistent.

The first ellipsoid is chosen as being a sphere, with the centre O, containing 
solutions of̂  the system (1) if (1) is consistent.

After this algorithm was published, in 1979 [1 ], one noticed  th a t  the radius 
of the initial sphere can be diminished; such proposals were m ade in [31, [4]
r W 5J ' ^ t &Ve? er%a T V“ anneroicakulatiD g th is radius, as well as a new 

“ £ 5  sphere, into the frame of th e assum ption that
one adds to the system (1) the inequality

x > 0 ,  (2)

algorithm3fcf applied. ^  ^  hlKar piogrammillg problems where Kbackiyan’s

2. The ellipsoid a,8„ti,hm . Khachiyan's a lg o r i th m  uses th e  q u an tity

. 1  “  P 5  l08’, K I  +  11 +  »  +  log, („» ,1  +  1 ,3)
which represents the minim«™ 1 , ,  J
m binary code. eDght “eeded for storing the  in p u t informations

•j  ^ ea the algorithm ic 1«, •
VKy s,m* -  1 » order to  solve (1 ), the  ellip-

------------- -------- E* = { y | y  =  », +  BWi | | t | |  s

• - . , . 10 , . . , , . , . . ^ , ,  <*■ *>•
Q'V-X'fitta.

(4)
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which con ta in  the  solutions of (1 ) from  the  initial sphere, are built step by step  
un til th e  centre xk of E k is an  admissible point, or a  beforehand fixed num ber 
of ite rations is perform ed. If  an  inequality of (1) is no t verified by xk, for 
instance A&k >  bk, where A, =  [ailt ai2l . . . , a in), th is inequality induces the  
semispace {y \A ,(y — xk) < 0} and, w ith this, a semiellipsoid

E*/2 =  {y e  Ek I A {{y — xk) < 0}.

One builds then  an ellipsoid E'h ~  \xk, B'k) which contains Ekf2. Since the calcu­
lations are perform ed w ith  a finite accuracy, one will calculate the ellipsoid 
£*+1, w hich is th e  ellipsoid Ek enlarged w ith the factor 1 +  1/(16 ril), and the  
inclusion £*/2 C  £ h i  is verified.

The ellipsoid algorithm  consists o f :
In p u t: n, m, aijt bh i  =  1 , m, j  =  1 , n.
Output: (1) is com patible or not.
Step 1 (initialization): L et k : =  0, x 0 : =  0, B 0 : =  diag (2i , . . . ,  2L),.

60 : =  2L.
Step 2 (test): Compute 0(x*): =  m ax {A{xk — .

i • •

If 0(**) < 2~L, th en  (1) is compatible and if 0(**) <  0 then xk is an exact 
solution of th is  o n e e l s e ,  xk is an approxim ate solution stop.

If  h >  6n2L, then  (1) is no t compatible, stop. - . -  -
Step 3 (iteration) : L et ik be the index for which A ikxk — bik =  0(**);

l e t  0*+1: =  min {0*, 0(**)} and compute rj* =  BkAfk; 11 vj* 11 =  V ^T l* : *)* =

=  V I  h *  1 1 ; %k+i ■ =  *u -  +  i ) ; B>,+i ■ =  (i +  i /(16 «2))(i/V »2 -  i)
(B* +  (<J{n — 1 )¡(n + . 1) — l)7¡kY¡l). P u t k i =  k +  1 and. tafee again w ith the- 
Step 2. . ■ .I'. ; /

Hence the  initial sphere has the  radius Rp^=2L. '■■■•■ ¡ • , : !>
F or a theoretical substantiation of the algorithm , see [2]. ‘ :

. 3. M odification of tlic first slcp. K  h á c h 'i'y a n shows in  !|,3] th a t, instead
of th e  value of L, which is large, one can use the v a l u e : " •

r: L ' =  [logi(2’A«)] +  v - -■■■ •' " ........ • -^(5>
;r< : -,c j ■ ■  ... . - r  :• : i + ■ * ’ v i -  _ ■'

the rad ius of the  initial sphere being R2 == A y« , where A is a constant which 
m ajorizes th e  m odules ol all the''possible minors of the  extended m atrix  of
the fsystem  ( l ) . , r,,,r „ !:t.. . fr;, , ........ .. • r Jr '  q -..A:

An. ¡e;stir{^aj:e.r,of, A vvas;,given [5]i(Und^p,'the ionp.};.;,...|...
t h u o r !e jh e '-T. ]Givbn the • sy'slenv (Vtyj'.tlie'folfbwihg inequality ¡holds-t <?' ;l*'’ •

‘ ' : • ■;:i;.tjj>vii; -.-lij ¿iih.i’i v j  f*ih i l f f l i* y. i » l '‘”-r CfjjK'-'-'.M
J i l l  JO e: \Oll i- lO i- .  o ti / A C -<■ .¿¿'«suj/pr- I I 'rf 'l jv ^ "  e l i  j y v : ) ! ! !  -fll !..': i 'L  ( g j-

■-- . l .  :ti.ii i v j i v q o i q  o i l !  i . t=j * -sfioim ifp -ui »«i • g m iv .H -u u
amere iehik a i'K A W  vector i'n TK^l[6fttie "coefficients -of ¡the .
i-th inequation, together with the absolute term. The'-inequations’Jtre assumed to> 

Vecreasingly ordered, according^, to thk lvalues of the norms of the vectors at..
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. r, lit a ins tlie radiiis R¡ —■ “ V'w- 

With J f o  0f the initial s p h e re : ,’
Another chotee for the rauiu .. .  • 1

■ r 3 = p v ». 7 o
„■here |S is an edge’foi the absolute 'v|Jues of the com ixm ents of th e  solution

°f '  K  a  i  . i  f *  n » * « y  lMlf  1« 'vhen a ,‘ « *  * *
cient?_are equal. . . .  : . , is used to  solve th e  lin ea r ' programming
p to b k m V S 'g e n e ra l ly  contains the inequality (2) am ongst I t s  restrictions, 
?£e i n h i a S L a  step of the algorithm can be modi! led as i t  results fro»:

l e m m a . 1 . If- the system obtained, from (1 ) and (2 )  is compatible, then it 
has a solution into the sphere of radius

Ri=  aV«/2 (8)

and centre x° = (a/2, a/2, . . . ,  a/2).
Proof. Since the system of inequations contains the  inequation  (2) too, 

it  results that its.solutions lie into the first octant. On th e  o th e r hand, these 
-ones lie into the sperhe of radius R'« and centre 0, too. T herefore, th ey  will be 
lying into the hypercube having a vortex in 0, the edges on  th e  coordinate 
axes, and the side R'3. The sphere circumscribed to  th is  hypercube has the 
radius equal to the half of the diagonal of the hypercube. So, th e  lemma is 
proved. . s . ■ . . ,

This result is an improvement of tha t obtained in  [61. 
u  While calculating the radii j?', R3i R it one has determ ined  a  point in 
R" whose coordinates are majorants for the values of th e  com ponents of the 
eventual solutions of the system of inequalities, and  th en  one has found the
?oU tidSeap o b t Ce fr° m the origi^ (which is considered th e  cen tre  of th e  sphere)

•components ̂ o f t h e a f̂° contains (2), th en  m ajo ran ts  for certain 
med from those inequations ^  v ' f 61?  ° f ineq-u a tions  can  be
=  K .  «„) A  ¿cause if 6 ^ 3  nTnhlCh have. tb e  Pr°P<*ty th a t  AlZ
for every ai} ^  o the j-th commn ‘ system is incom patib le , otherwise

I ; component, *„ 0f all the  solutions m u st fulfil

" -  ‘ ■ ■ :• "  (SI
oo, the pomt *» =  ixs x, . ‘ ; ' ^  .

the values y,- calculated acdordine (Q)*” ’ C0m P0Qe n ts  of'**
vaiue oc, is a nujorant for all th ?sl? ,1’f;Whdei the o ther com ponents ' have the 
can f S S ? 7* ^  the ^ t e m  (1) S g ”“  of the  considered s y s te m , • n£ 
bv “ i ^ t s  for certain ¡¡¡?  S0 C0Qtams th e  inequalities (2) °“e
by considering the inequations ^  *  Q̂ ° n^ o i  the so lu tioS  of the syste«*
all tiiA » V ’’ a<") ^ 0 and b w*Ucb have the orooertv that ",al) the solutions musttniffl ■ ' < 0 ; for w r y  a , „  0 *'
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So, the  p o in t x ‘ =  (.rj, x‘2 , . . ., x‘J , where some components of x' were 
calculated  w ith ( 10), while the  other components have the  calue 0, is a mino­
ra n t for all the  solutions of the  considered system .

On the  basis of the  above presented considerations, the following lemma 
obviously h o ld s :

l e m m a  2. I f  the system (1) which also contains the inequations (2) is compati­
ble then it has a solution in the sphere having the centre

*> =  (X< +  .**)/2 r (n > 
and the radius . > • . , ■

f l 5 =  | | * * - * o | | .  "  (12)

As one ascertains easily, the  radius of the initial sphere , was very m uch 
diminished, and its volume too. In  th is manner, one obtains a  substan tia l 
reduction of the num ber of iterations, as well as an enlargem ent of the error 
adm itted  in  the  calculation. ,
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ABSTRACT. — Giving a new interpretation of Stirling s numbers defined by 
L. Comtct in [3], we obtain a further generalization : Stirling numbers associated 
to a double infinite matrix.

' ' 1. Introduction.' Starting' from a given sequence a =  (cik)k>o, in the pap; 
{3g, X . C o m t e t  has given the following generalization of classical Stirfc 
■umbers: the Stirling’s numbers of the first kind (associated to  the sequel 
a), denoted^by s„(n, k), are defined b y : '

h ( * - «*)= ¿  *•(». k) • x*
*=0 • -*■=0

and the Stirling numbers of the second kind, denoted b y  Sa («, k), are dc-finti 
Dy •

n

* "  =  ^  ~  a °) • • '  ( *  ~

\  for ^ ™ ° if  a^d tS T s u a f  I t h W ^ 6 ^  the bincm ial coefficients, obtaiue 
\  In  what f o i l ™ COrrt sPond to  *  =  k. 
o f  generalized finite diffeJences which ^  a n d  5 «(w* ^  1D ^

. 2 . Generalized finite differences As ^  ^  generahzat,0D - .
h a s ^ v e n  in (1 •], the following generalizftLu ? / ? ted  in  L  A l d a n o D *  

•bet a =  f a  be p: t ^  ' &hon of fo rte  differences : 
sequence * =  fa )  (wit|  xcsp C*u“ c®- 0ne define th e  f in ite  differences d-

Fect t0 t i e  sequence a) b y  :
D,xm =  xm, Dna+i*  __ j^n p

Introducing the shift ™ ♦ 8 *+1 ““ fl" ' D‘ x”>pectivcly b y  Ut °Perator £  and tb* r- a  n>
' y y ' ana the iden tity  o p e ra to r I ,  defined «•

.'We get:
Exm = x T

■ ■ "  *=■ < "*  * *  =  « .£  7«. =* =  a J)

n» *~i
D- * - “ £  ( £ -

• I m l i t u l .  0/ P o im „i a ¡  34C0

a¿ )x m
a * N u t » c u .
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. • Daxm =  s, [n, k ) . • xm+n ■ . (2)
- l ' k -o

th a t  is we can ob tain  on th is  w ay th e  Stirling’s num bers of the first kind. I f  we 
invert the  relation (2), we get the  Stirling’s num bers of ¡the second kind :,. ; .

' 'x*+n,=  ^ S*(»,• ‘ ; f •" (3)
*=o

The fin ite differences defined by  (1) contain those given by  D. S . M i t r i -  
n o v i c in  [4 ] (where ak =  a +  b • k) or those defined by  a Markov system s 
(see [6]). B ut, in [2] we have proposed a fu rther generalization which w e. w ant 
now to  use. . . . ..

3. Generalized Stirling num bers. Bet us consider the double infinite m atrix  
A — (Hnfm)n,m>0. ‘ . '  ̂ •

We define the  finite differences (in respect to  A) b y :

D°Axm =  x„, Da+1x„ =  DAxm+l — a„,m • Da x„ ; n, m > 0 (4)
Taking aHt„ =  a„, we get (1). - . . .

Now we can generalize the  Stirling num bers of the two kinds defining 
aA(n,m, k) and S A (n ,m ,k)  b y :

n #

DAxm^=Y^ SA(n’ m> k) ' *»+* (5), k=o *
respectively; _

xn+n =  Y ^ s a {», m, k)DAxm. (6)
*=0 ,  ,

If  we consider th a t

E • (Hn.m 1) — an,m + \E and ■ E  =  Hn,mE
the relation (4) g iv e s :

DAxm = (E -  . . .  • ( E -  ai,mI){E -  a0,mI) xm

t h a t  i s : • ' '
n

sA(n, in, n) =  1 , sA(n, in, n — 1) =  — ¿Q •'•••' '

. . SA{n, in,0) =  (—i)“ • ■ • a0,m-
Also from  (4) we get the  triangular recurrence re la tions:

sA(n 1, m, k) =  sA{n, m +  1, k — 1) — «»,« • sA{n, m, k) (7)

" i th  sA[n, m, k) — o for k <  0 or k >  n. ' • ' ■
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the vertical recurrence relation  :
Step by step, (7) gives

A  . sA(j, m +  1 , k — 1 ) F I  ait
*A* + u » ] ^ '  - ' +1

. ' 1 ’ n ' *

with the convention : I I  fl'>  ""
The relation (8) X w s  to past from a * to  another. F o r  exam ple it

s,(n, » , »  -  ( - I ) “ ' g  ’¡3 ^ «  , S t

For the numbers of the second kind, we have .

*m+n+i =  E + 1 . m > k)D * x » = Ê Ŝ n’m + lj *"+' =*=0 1 *=°

‘ = E  Ŝ (», m + 1, )̂[0*+1 *m + «*,« D* *„]
*=o

which gives the triangular recurrence relation :

SA(n +  1 , m, k) = SA(n, m + \ ,k  - \ )  +  akt„ S A{n, m +  1, k) 

As SA (k, m, k) = 1 , this gives also the vertical recurrence re la tion  :

«-!**»—/ —I
SA{n +  1, m, k) =  J 2  SA(j, m +  n -  j  +  1 , k -  1) f l

} t a n t

Form (5) and (6) we get also :

flkti *

m, k) SA(k, m ,j) =  SnJ

and

m, k)sA(k, m,j)  =  SB.y
th a t is the matrices ' }

' . i

S- M  ■ M » , » , k)),M  and s  ,  ,
verify: . 71 '  ' ■< WavI. &))«,*; r

sx(wt) • S A(l)i) _ o / >
Of course, all the relations *" =  7 ’

* - » * •  t a * .  results. ;
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STUDIA U N IV . B A B E Ş -B O L Y A I,
M ATHEM A TICA , X X X III ; 1, 1988

DE L ’EN TR O PIE D ’U N E  v a r i a b i l  
S U E  L ' S toT ^  b i d i m e n s i o n a l e  c o n t i n u e

ii .  RÄMJLESCU*

, fe

Manuscrit reçu U 26 J  allie 1087

REZUMAT. -  Asupra aproximării entropiei unei var.ab.lc aleatoare l».di,„cns,o- 
nMe continue. !n prezenta lucrare se considera aprox.marea entropiei unei 
vâriabUe*aleatoare bidimensionale continue. Se^dau patru teoreme şi se defme.se

entropia caracteristică şi entropia de ordinul -  corespunzătoare unei variabile

aleatoare continue.

Introduction. Dans l’article [4] on a considéré le cas d ’une variab le  aléatoire 
continue et on a établi plusieurs théorèmes d’approxim ation de l ’entropie à l’aide 
de l’entropie maxime d’une variable aléatoire de type discret. D ans cet article 
on considère un problème analogue, pour une variable aléato ire  bidimensionnelle 
de type continue.

Soit (X , Y) une variable aléatoire bidimensionnelle de ty p e  continue, et 
/ ;  R2 -» R la densitée de probabilité correspondente, ainsi que

f(x, y) > 0, X, y  e  R

f (x>y)> 0, {x,y) s  [a, b] X [c, d]
f(x,y) =  0, (x, y) £  [a, b] X [c, d ]

» i

\ \ f { x , y ) i x i y =  1 (1)
a c

* *  des i ™  d’aïaxe réele. D ans ces conditions *

théorème 1. S i

b i

I Í   ̂ ^ x‘ J} k & i/K  y) dxdv oo (2):

a lo rs  e n  co n sid éra n t des d iv is io n c J • .
tn e n tr m n te r v a l le s é g a le s ,  h U m i u J ^ n % ntervaües l>. H  [c , d ]  e n  » , r e s p e # * '■ime *l>ourn-+ oo, m-* ™ a.  L  j/r re f  ‘m a x im e

L > 14. I O f t r  t '  J- L it  ;

m -*■ oo de la différence entre l'entrof ¡

* **~U, 8a CNapoca, Faeull{ *

» ( — . - i -  1 1
1 ■^ r ) ==1°g2« +  lo g 2 m

(3) :

Ua,kî tlPkysique3
100 Ctuj-N apoca, Roumanie



SUR L'APPROXIMATION DE L’ENTROPIE Si

et

ou

?I2> • • -, î»m) = — ¿■¿ÿ.ylogjÿÿ * V (4)* = I y = l

q* ~  p t  ’ pij ~  {b ~  a\ {d ~ c)' * =  l >n> i  -  l -m <*)

b — a .

«esi

*0 =  *< =  — —  * +  a, i  =  1 .» ;  =  c, yi =  ^ L j  +  0, j  =  i,

e  [%î—i» ;̂»)» t =  l,n

' 'fli e  t o - i .  3V). ;  = . l ,w  ' •'

^>nm = Y2  Z i  ft'i ' > ®¿=1 >-i

, lim  [ (log2(«m) -  f l> ( iUt <712, , , .  . qnm) ] =  .. ;
"  » - * »  ■; ; ** ‘ - \  - * ' 

m ~*oo • • '  -

»

b i
=  J J / ( * .  jO log^(*, y) d x i y  -j- log2 [(i -  .«)(<*- c )]

D ém onstration. On rem arque que

■et
qij > 0 , i =  1 , «, ;  =  1 ,tn

•: <;• J) :::

J '- / t

£ £ ? - =  , r * £ £ A /  ! 1

:•> .v • y
i : ■; , :. i1 ; ’

»-i y-i i ’»» <_i y-i

ainsi que f t 2, 'donné par (4) constitue un  schéma de probabi­
lités. •.

Soit l'expression ■ 'r
E  =  log2(»m) — Hf(qn , ql2, . • -, ?»«) —

=  T )  ¿ ? < y lo g 2(«m) +  22  '¿ fc / ïo g tfÿ f»  S E  ?.y loFiï*«?«) 
* -i / - 1 » - i y - i  " 1- 1 i “ 1
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tatimis antérieurs, on a ,

Conformément aux no _ _  e) j ~  al{d.~ c> s

ni»
Pnm i*l J**1

■ Ê  £ / « . * >
a*,a*  { W ^ .  %> +  log' t(!' "  a)ii ~ C)1 ~

* +

Pnm i= 1 ; = 1
. ,  , . .  . 1 . y  y  n u  %) l W ( 5 i .  %>A*'A*  +

- l o g ,P , . } -  _ _

¿ / (E„ „ ia îa » : -  lo& p >“ Ë  Ë /(Ç ”
\P»m ¡=1 ;' = i

OU

Ax, - x t -  Xi-1 — Ë - ^ i ,  » =  1 , «

Ay/ =  yj ~  y>-x =  ~~z~ ’ i ~ 1 ’ m

Mais
6 é

lim Pnm =  lim f  ¿ / ( ¡ i ; ,  T)y) Ax.A^ \  \ f ( x ,  y )d x iy  =
U -4»  »-*CO , _ j  ; B J V J»-*00 l»-*CO tf C

ainsi que

“ lim [log2(«w) -  H,{qxi, qn> . . qnw) ]

b i r.

=  \   ̂ /(*, yj Hî f i x ,  y)dxdy +  log2[(è -  a){d - c )  J

Conséquence. On déduit de la relation (6) pour l 'en tro p ie  d 'une  variable 
aléatoire bidimensionnelle; continue la valeur de l'app rox im ation

b 4

» '( ? . ,  * »  ■ ”  H  <*«*’ +  lost.
nm

?gi- (6 -r «)(<* '  C)
E**1

où q;j sont donnés par (5). 
L’expression
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qui ne dépende pas de « e t m représente l'entropie caractéritUquc de la variable 
aléatoire avec la densité de probabilité / .  Cette entropie peut être ta n t  positive 
que négative. ^

1 / expression

(ÿll* ?1Z» • • -, Çnm) --  H/ -f- l®gz
(d -  a)[d -  c)

représente l'en trop ie  de la variable aléatoire continue avec la densité de probab i­
lité f  d’ordre d’a p p r o x i m a t i o n .

E n  considérant les densités de probabilité

A : Il -> l l + , gx : R -  R+ . .  .

ainsi que

 ̂ h[t)dt =  P{X  <  x)

\  gx(t)dt =  P[Y < y  \X = x)

nous avons

-  ■ / ( * .  y) =  h(x)ë*{y). x> y  e  11
t h é o r è m e  2. Si la relation (2) est vérifiée alors

lim  [log2(ww) — Jli{qn ,'qn , q„m)] =
» -»co 
m -+ co

= - H ( X )  -  HX(Y) +  log2[(6 -  fl)(i — c)] ■

b
H(X) =  -  Ça(z) logzA(*)

• • ; j : ■ * ( a . -

< f* -- • ■
"  - H„{Ÿ) = -  J g ,b ') îogrf,(y) d'y

r £ i l .  . •• ,  ,  - . . ■ '  ;J I ‘ •• * ' * *■"

_ JS fjrpO  .=  $ H ’ (Y  ̂ ix  ,v  , • • ,
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Dêmonstratwn. On considere ■ —

«(*<-!» *•)' * A' W'

_  d ~l  j  +  c, T¡je  (yi-i>.yJ’ j  — 171
y0 =  c> /j — »  ■

r v — nw
A I»

? . = E E f c  « « “ f 1fri fri •P"'”
(8)

Dais ce cas. en mode analogue avec les calculs du théorème 1. nous avons 

lim Pogs(uw) — ?!*'•••' î ’eei ]
»-*00
m-»oo

6 ¿
= ji  ̂HxkÁy)P°&Mx) + i°%2ix{y)] ix iy  + i°g2C(* — ¿)(d — c)] —

« t
b i  b d

=  j  H*) logth{x)ix J g,{y)dy +  J h{x) J g ^ l o g i g ^ d y  +
* « •  C

+  log2[(6 -  a)(d -  c)] =  -  H(X) -  Hy(X) +  log2[(6 -  a){d -  c)] 
parce que . % .

i ' '
\  g x iy ) h  — P[Y < d \ X  =  x ) =  p«y <  ¿) n (*  =  *)) -  P ( a c \ ( X  =  x ) L  =  ! 
i  P { X  =  *) [P(X =  *)

Conséquence. 1. H résulte de la relation (7) que ; .1 ■

«A u, =  H(X) +  Hl(y) +  logt

où ç,y sont donnés par (8). •. . . . . . .  . .
2. On déduit de même maniirm v f- . ’

mamère 1 approximation

(6 — a) (<2 — c)
-h C»«» (9)

nmSXiru îu , • . . .  , J  =  H(y) +  ff¡.(X) +  lo & ___________

. i ^ í - ^ d l e s v a ú s  ' ' <‘ ~ ‘K Î" ‘>

+• &**
(10)

Rentes on déduit*" '1““UU 1CS Vanable* X  e t Y sont des variab les

HMu- fa . =
ff(ÿ> + ' * , ( * ) + l o g , - nm

(* -  « )(¿  -  C)
-+■ e»»
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4. Si les in tervalles [a, ô], [c, d ] se divisent dans le même nombres des' 
sousintervalles de (9) e t  (10) on déduit

' H[X) +  HX(Y) =  H(Y)  +  Hy(X) +  
où

H{X) -  H y(X) .=  H (Y) -  HX(Y) +■ Snm 
t h é o r è m e  3 . S o t ï / : R 2 - » R ,  ’

f {x ,y)  > 0, x , y  e l l
et D =  [a, b] x  [c, d] ainsi que' " ' : ' ■

mes (D) =  +  oo

f ( x , y )  =  0, (x, y) £  D ■ : '

J $ /(* , y)dxdy = 1

| J $ /(* . y) loStf{x, y)dxdy
D ....

<  +  00

et Dk =  [a*, 6*] x  [c*, dk], D* G  -D, -D* C  Ak+i» & e

. -, C £ II b ; ' t . .

on considère
/* : R2 -► R i ,

fi*, y , (x,y)  e  Dh

fk{x, y) =  ■
 ̂  ̂ f(x. y) dxdy

■Dk ; t 
■./ '

0 , ' (X, y) <£ Dk

alors : y  ■ ■ ■  ,
j  $ f(x.  y) log2/(* , y) dxdy =  lim J  ̂f k{x, y) log2 /„{x, y) dxdy

Démonstration. On considère

Gk(x, y) =  f(x,  y) log,/(*, y) - /* ( * ,  y) log*/*(*. y) 
^lors pour (x, y) e  '¿) •' ' ■ ■ 1 • '' %

/(*. y)
Gk(x, y) = / ( * .  y) log2/ K  y) j j f(* ,y )d x d y  l0g* Jj7(*. y)dxdy

K*, yi

i

(12)
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* . « « * » * * “ £ $ \ M ^ i f{ , ! ' y ) i x i y
i - t o  J J  Dhn *

— lim ----------
* -*  jfA*.y)d*ày v

n. *

J 3') ' -  l0§2 $$/(*> =

/ i

=  (  ( / ( * ,  y) log2/ ( ^  y) ¿« ¿y  -  j  J / ( * ,  y )d x d y  =  0

a a

d’où il résulte (12). .
On observe que /» est une fonction densité de probabilité  e t  donc

\ \ fJ * .y )H M x ,y ) i* iy  = - B , ü  11» ?12» • • • » Çnm) +

log2 mes (ûj) +  e»

où ç,y sont donnés par (5). '

THÉORÈME 4. Soit {X,Y) une variable 'aléatoire et f :  R 2 -» R  la densité de 
probabilité correspondante de façon que

f(x,y) * 0. {x, y) e  D

f[x>y) = 0, (x, y) D
< .

SS/ ( * » y) dxdy =  1 ■

<  +  oo• y) ^ f { x ,  y)dxdy

w I ) = = [ U ] x  [c, ¿,1 es» , '
J WW «t«s» que

mes (Û) . ‘
*  SOI/ (A)*«A, de façon que D„ =  u  » , ' '

*  6 N *  *’ x fa. ¿*] C A  A  C  A +1
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On considère

k k
H / i i Ç l l i  Çi2> ■ • ■J Î n kmk) —  ^  / l o g 2 Çy-

* “ i y=i
■0W

q% =  p ! r - .  tfj =  fk{^ ’ rS) (6* -  «»)(<** -  c*), » =  i ,  n4> y =  ITST*
«J«* «*»'* ■

6 * — a* _____ dk — ct  '
*Î =  fl*, x! =  —  i +  fl*, i =  1 . n„ ; y 0 - c*, y) =  ~ ^  /  +  c*, ;  =  j

Eî e  (*?_,, *î), t =  1 , nu

Ti e  (y}-u y *). j  =  i. >»*

"A  mA

^  =  E E A > o»=i y=i

■et /* : i î 2- » R  de façon que

fk(x, y) =
— , (*, y) s  A*

/ /  /(*. y)dx *y

0 , (*, y) Dk
Si

•alors

1
A-»Qo mes (TJ*)

îim  ......... t ikmk) =  -  J $ /(* , y) iog./ (* .  y)dxdy +
-‘°° D

Démonstration. On observe que

Hfk(q\u q\2, . . ?**„*) =  -  \ $/*(*. y) l°ga/*(*. ^  ^  +

+  l° g 2
"A » 'A

nies (TJ*'
+  ( 1 )

. '»*

(W)

(14)

(15)
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• • m )  et (13) il résulte
ainsi que =  __ lim ((/*(*, y) lo& M x> y) dxdy  +

n*. n%. ..•).?»*>»*/ It-tao JJ \
j  Di ......... '• ■•••>-*eo

lim 9‘2’ • ’
1 “  i • .

.. »kmk =  _  l C/(*, y )  log2 /( * ,  y) dxdy +  log2 L 
mes (Dk) 3 J , ' .

et donc la relation (14) este venfiée.
Dans le cas quand L =  1 nous avons ^

1 ito H;ifeîi, f j /(*•>)>»*./(*< * * * * *
k-* 00

L'expression

H® =  — J j /(*,' y) log*/(*, y) dxdy
D

est l’entropie caractéristique de la variable aléatoire (X, Y).
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A SEM IG R O U P A PPRO A C H  TO HAM ILTON-JACOBI EQUATION IN
H U B E R T  SPACE ; ' ' '<v

' VIOREL BARBU* . ,, , /

Jieceived : Kovember 2, 19S7 ' 1' . • î

REZUMAT. — O abordnre semiflrupnlu n ecuaţiei lui Hamllton-Jncobt în spaţii 
llilltcrl. în  prezenta lucrare se demonstrează că semigrupul asociat ecuaţiei lui 
Hamilton-Jacobi într-un spaţiu Hilbert este generat de un operator univoc m- 
disipativ in spaţiul funcţiilor uniform continue şi mărginite.

1. Iu lro  duct ion. We will study  here the  H am ilton-Jacobi equation
y,(t, x) +  F(— D<px(t, x)) +  (Ax, <px(t, x)) =  g(x),\ : ■ , (1.1)

9(0,x) — <p0(x) , in R +  x  H  . ■ .- . I " •! , } . ,
in a real H ilbert space I I  w ith the  norm  11 • 11 and scalar product (., .). The 
unknow n function 9 is a real valued function defined on '[0, + 00) X H  and 
90, g a re  given functions on II. .,

As reg ard  th e  function F  and the  operators D and A we will assume th a t
(i) .F : U -» R =  ( — 00, +  co ] is a convex continuous function on a real H ilbert 

sp ace  U ; D is a linear continuous operator from H  to U.
(ii) A is a m axim al m onotone (multivalued) operator from H  to  itself.
We will denote by  || -1| and ( ., ,)v the  norm and respectively the scalar product 
of U. Given a m etric space X denote by BUC (X) the space of bounded uni­
form ly continuous real valued functions on X endowed w ith the norm

l l / l l i  =  sup { \ f (x ) \ :x  e X } .  (1 .2)

By P ip  (X) we denote the  space of all Lipschitz functions X - ^ R  =  (—0 0 , 
+ 00). In  the  following X will be the closure D(A) of the domain D(A) of A. 
I t  is well know n th a t  Eq. (1.1) is related to  optim al control problems governed by
the equa tion  t

y'(t), +  Ay(t) s  D*u, t > 0 (1.3)

: . y ( ° ) = *  .........• : ,
and w ith th e  pay-off

t • - •• '■
^(g(M s)) +  ^(w(s))) +  ?o(^W)-
0

(1.4)

• University of Ia fi, Department af Uathemalirs, 6000 la v . Hamama
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Recall that for every * 
unique integral solution y 
'.Moreover, we have

D(A) aud « 
y[t, x, « )iu

t

| y{t, x0, u) — y{t, z\„ v)\£\yo - z*

e  V  (0, r ;  U) p ro b lem  (1.3), admits a 
the sense of Benilan (see e.g . [1] p

| j)*u — D*v | is  i t  e  [0, r ] .  (15)

Sere i : U - - R  is t ie  conjugate o f f , « - .

i(„ )= sup {(?, «>« -  m  ■ p  • D> v * s  u  (>-s)

More precisely, the function ,

9(f, *) =  (S(0 9o)(*) =  inf { 5  (g(Ms)) +  h { u ( s ) ) ) d s  +
0

+ 9o(y(t)):« e m  t; U), y(s) = y{s, X, #)J t > 0 , x *  D{A) (1.7)
can be viewed as a generalized solution to I5q. ( l.l )  and in  fac t i t  is a viscosity 
solution in the sense of M. G. C r a n d a 11 and P. b . I ,  i o n  s ([4 ], [5]). 

Here we shall prove (see Theorem 1 below) th a t  for <p0 a n d  g in  a certain
subset of BUC (D(A)) this function is the solution to  nonlinear evolution equa­
tion  of the form .

di  = a * in R  + ( 1.8)

<P(°) =  <Po : '

I5 “ 1S a .m‘dif iPative single valued operator on BUC  (OTX)). More 
■ e y ip is given by the Crandall-Idggett exponential fo rm ula

. 9 W = iLm« ( i “ 7 a °)“' W  V i >  0. (I-9)

This resuit improves and precises Theorem 4 in m
Chernoff theorenW B ^z'i ^  foll°wing nonlinear version  of the1 i e z i s  a n d P a z y  f3B

PROPOSITION 1. Let C he l , * ' i
let a? be a m-dissipative subset nf ̂ ^ c o n v e x  subset of a Banach space Y an
pansive mappings from C into itself'such^tha^^ ’ 1 ^  °} be a f amily  °f  n°W '

for all

where ea«‘

lim i /  — l r (p) -  1 \ ,
___ . Pl0'  1 ) *== (i -  x a 0) - ^ x
D (a°) H C and X >  0. Then

l im ir ( ; ) r = e V x
is the

'it > 0,

semigroup generated by 6t0
* e  D(a0)C\ C

( 1-10)

(l.ll)

x
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2 . The construction of the generator. Note first th a t  since F  is every­
where finite, the  conjugate h has th e  growth property

. \
lim h { u ) / \ \ u \ \  = o o .  (2.1)

F or any  /  e  BU C(D(^)) and  X >  0 define the  function

00

(R(X)f)(x) =  inf J J f i - x'(/(y(<)) +  h(u(t)))dt;
0

« e l J oc(ll+ ; U) :y '  4- Ay  s  D*u in  H+, y(0) =  *J (2.2)

where D* is the  ad jo in t of D. ;

l e m m a  1 .  For all X >  0 and f  e  BUC(D(A)), R{X)f  e  BUC (D(A)) and

R(X)f  =  R(|i)(([i — X)R(X)f + f )  i f  0 <  X (i <  oo. (2.3)

Moreover, i f  f  e  L ip  (D(A)) then R(X) f  e  Lip (D(A)). ■

Proof. The proof is essentially the  same as th a t  of Lem ma 11 in [2]. Howe­
ver we outline i t  for reader’s convenience.

L et * 0 e  U be such th a t  h(u0) <  +  oo and let y 0(t) =  y[t, x, «„) be th e  
solution to  (1.3) where u =  u0 and * e  D(A).

We have th e  obvious inequality •

(R(X)f)(x) < \ e - u{f{y{t, x, u0)) +  h(u(t)))dt < C for all D (/l). 
0

Hence__sup{(R(A)/)(%): x& D{A)} <  +  oo. Note also th a t  inf{(R(X)/)(*) »
x *=D(A)}> — oo because otherwise i t  would exist the sequences {*»}, {**•} such, 
th a t

j  x»• *»)) +  *(*•))*
o

for «■ oo which would contra-This would im ply th a t  ^ e )Jh[um)dt — co

J e t  (2.1). T hus R  ( A ) / ^ b o u n d e d  on D(A[. T o show th a t R(X)/is uniformly con­
tinuous consider tw o a rb itra ry  points x, x m  D(A). For ev<_ y ¡0

5 ~  Mathematics 1/1988.
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«6

and ¡u such that : I ' '<
■t;;

— z

r  i

m m  >  K " ( / M , )  +  H v ‘ m i ‘
: . 0  4

m m * )  +  hf c {t)))dt ~ - e 1
0 ,

where yt = y(t, x, ««)... 5« *>:**>■ 'We '̂ aye

(R(X)/)U) -  (R(})})&) ^ e ' >J i f i zM - f i y M ) dt +

\R[l)f){x) -  [R(l)f){x) \e  ™(/{zt[t)) -  f { y M ) di +  e 
r . „■ • -  V\ ' i ''

■where z, =  y[t, x, tic) and zt =  y(t, x, «,)•

'  ' Inasmuch as by (1.5), | zt(t) — yt(i) | «£ | x — x | and  

— zt(i) | < | x — x | we, infer that >'.

m m * )  -  m m x )  i < s w  a i *  -  * i <  * -i ____

By a similar argument it follows that i?(X)/ e  L ip (1)(A)) if /  e  Lip 
Next by definition of J?(X) we have for all X, ft >  0

00

R(ti ((n -  X) R(l)f+f)(x) = inf j (f(y{t)) +  h{u(t)) +
0

• oo v _ >

+  (t! -  X) inf ( j e-Xs (/(z(s)) +  h{v{s)))ds ; z' +  Az  3  D*v,
0

\

z(0)= y{t)) i t : y ' -f Ay  3  D*u, y(0) =  -cl

and therefore

W W + f ) ( x) $ j« T *  (f(y(t))+ h(u(t)) +
0

co
+  {[L X) J e (/(y(* +  s)) +  h^ t +

for all [y, «) satisfying Eq. (1 3) ' ■ ! < ... :



This yields ' •'
/ . . “ . • \ ‘ \ , x* ; ‘ co • \ .

R{v-)[(v- -  *)R W f + f ) { x )  < j« ~ " (/(M 0 )+  h{u{t))dt. 1
■\ > 0 • V . / ,■ ...

In  o ther words , .

R ( M ^  ~  *)R M f + f ) ( x )  < (RWfilx)  V * ±D(A), '-kiV. > 0. - U .
Tor opposite inequality  \w e s ta r t  w ith the  inequality ‘

< i- , 7 . '

(R{\)f)(x) < j  e~y (f(y*(s)) -f- h{u*(s))) ds. + ,
1 ■. o t ;

CO

+  j  i/(z*(s -  0) +  *(»*(* -  t)))ds
If

where (y*, u*), (z*, v*) satisfy Eq. (1.3) w ith initial conditions y*(0) =  x, 
z*(0) =  y*(t) and  chosen in a such a way th a t

CO

E(|J)((H -  X)E(X)/ +  / )  > $ (f(y*(0) +  h{u*(t)))dt +
0

CO co

+  (n -  X) f +  ( ^  (/(**(*)) +  *(»*(«))).* -  *
o ’o

where e >  0 is a rb itra ry .
M ultiplying inequality  (2.4) by and integrating on R + we find

after some calcu lation  th a t  for ¡z. > X

(R(l)f)(x) < E(|x)(([z -  X).K(X)/+  /)(* ) +  e Ve >  0. '

This com pletes th e  proof. ____
Now let d :  D{d) C B U C  {D(A)) -* BUC (D(A)) be the operator (even­

tually m ultivalued) defined by  y

aR{\) f  =  R( l)f  ~ f  V /  e  BUC (D{A))

with th e  dom ain  '

D{&) =  {<? =  R { 1)/: /  s  BUC (D(^))}‘

We will denote by  Y the  space BUC (D(A)). 
lemma 2. The operator & is m-dissipative in Y X Y and 

(X I  — a ) -1 =  E(X) /or a/Z X >  0.

(I is th e  id en tity  operator in Y).

A SEMIGROUP APPROACH TO HAMILTON—JACOBI EQUATION

(2-5)

(2.6)

(2.7)

(2.4)

67
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Proof. By Eq. M  and thC ^  < 7  ^
■ p j  __ a ) - i  =  R(X) for 0 <  X ^  1, (2.8)

whilist by (2.2) w i " v f t * f / / e V
i | j i ( x ) / - S W i l l .  < x ' " I I / - « 11* v x > 0 ’ / ’ «  ¥

Hence a  is »dissipative |see e.g. [1], V- *)■ *  <2 5 >’ *2 '8> “ I  tt,
obvious resolvent equation

(x7 _  a j - y -  ftJ -  ^ ( ( n  -  v x, ,x >  o, /e Y>

we infer that (2.7) holds for all X > 0 .
According to the Crandall-Liggett theorem (see for in s tan ce  [1], p. 104) 

for all <p0 eT){a) (the closure of D(&) in Y) and g e  Y th e  Cauchy problem

6 8  .

e  &m -j- g in R + 
it

<p(0) =  <p0

(2.9)

has a unique weak continuous solution 9 : R + -+ Y defined by  th e  exponential 
formula

<?{t) = lim |  <p0 V4 £  0
»-*00 [ «  j

( 2. 10)

where /(X)<p0 =  (I -  Xd)-» (kg +  9o) =  ( / -  x a 0)-»<p0 
(d0 is the operator 9 -> dcp -f- g).

Equivalently, 9 =  lim 9, where 9, is the solution to  d ifference equation«10

e“1(9,(0 -  9,(4 _  g)) e  fl9,(/) _|_ g for t >  c (2-H)

*P«W — <?0 for — e t < 0.
The map r W : 5 [d j -  5 ®  defined by

. . =  r(/)9o V O  0 (2-12)

18 a contractions on 5 ( a j .
into itself and 11 ls readilly seen th a t  S(t) m aps BUC(D{A))

In other words Sit] ^ H* V i ^  ° ;  <P„. ^  BC7C(Z>(^))- <P)
The main result Ss K 3 K m 8ro“P of nonlinear con trac tions  o n  BUC l« ^ 1 

Assume that .  .  ' _ _ _
5 BC7C P M )) , r/iew.

9" ~  T{,)% and a  0(3).  I’ 15’



Moreover the operator GL is single valued and for all <p0 e  D(€L)

Km ((5(/)<p0)(*) -  Vo(X))t-> =  a 9o(x) +  g(x), V * e  D{A) (2.16)

in the strong topology of  H .
In  few words Theorem  1 am ounts to  saying th a t  the  operator <3 is the

generator of th e  sem igroup S(t) (see [1], p. 98). As regards the set D(0) i t  is 
precised by  Proposition  1 below.

p r o p o s i t i o n  2. Under assumptions (i), (ii), we have D{&) =  ®  where 

® =  |  <P e  BUC (D(A )) D  ï/ip  (D(A)) : |ç(y(/, x, «)) — ç(*)| ^

t

< £ ,  {t +  J I |**(s) 11 ds), V t e  [0, 1], « «  Z i(0 ,l; U )J . ’ (2.17)
0

Here y  (t, x, u) is the  solution to  Eq. (1.3).
If A is linear the  domain D{&) can be described more precisely (see [2]). 
The representation  of Eq. (1.1) as a nonlinear dissipative evolution equation 

allows to  app ly  the  theory  of nonlinear semigroup of contractions and in particular 
the approx im ation  and perturbation theory  to H am ilton-Jacobi equations of 
th is form . For instance if [x : R -» It is a continuous and monotone increasing 
function th en  the  operator

(*?)(*) =  ~  P(<5>(*)) V * ®

is continuous and  dissipative on BUC (D(A)). Thus â  +  S> is wi-dissipative 
(see [1], p. 158) and so the  evolution equation

—  <f =  &9 +  +  g, 9(0) =  <Podt

has a unique w eak solution which may be viewed as a generalized solution to  
H am ilton-Jacobi equation

<p, +  F ( -  D<p„) +  {Ax, 9,) +  (1 (9) = g  in R + X D{A)

9(0, x) =  9o(*)- i2*18)

3. Proofs. ^

Proof of Proposition 2, We will prove first th a t

{1 — ( i â ) - y  e  9  for all >  0 and all Ï3.1)

A  SEMIGROUP APPROACH TO HAMILTON—JACOBI EQUATION g g

/  e  BUC {D{A))f]Uv {D(A)).

P >  0 and  f  ^  BUC  (0 (1 ))  f l  IP\A)) ^  arb itrary  b u t fixed. We set
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' , ,w - 1A For every s> 0  there are (yt « ,) e  C([0, 7 l;ii»y

a  D * “ ‘  “

9(,) -  ¡ j r '1' 1' (/(%$)!'- 1 -i- /*(«« W )^

Let,(y, «) be any pair satisfying Eq- (1.3). T hen-by  (1.5) we have 

|y(i) -  yc(t)\ =S 11D* |I ( (II •*«(*) 11 +  11 M(s) ID V r ^  0

and 

, . (3.2)

and therefore

b O #  -  <p(y.W)l < c  $ ( 11 We(s)- '1 +  11 " (s) 1 i)is v * > °  (33)
o

because by Lemma 1 <p is Lipschitz, , . ...
(We shall denote. by C several, positive constants independen t of e, u and /).

. On the other hand, from the well known op tim ality  p rinc ip le  wc have for 
all i. >  0 ,
■ . .j j i • • •

" (W ) W  =  inf U  e-»{f{y  (s)) +  h{u(s)))ds +  ■

+  [RWf){y{t)): y  +  Ay  3  D*u, y(0) =  x  J . GM

Along with (3.2) the latter yields I : ; :

Hence
< e.

,• a
e ?& (*))!< C(( +  l^ /t(tte(s))ds|) +  e V t 2  0. (3^

On the other hand, by (3.4) we have
t

■J.;;

\  , ^  +  A(«o))dk
-i ''-: h >I

E( 0 )

+  c" ,i~1i? (> 'o(0 )
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-where «0 e  U  is such th a t  h{u0) <  +  oo and y 0 — y(t_. The la tte r  yields
t i
^ h(ue(s))ds ^  C(b -(- ^ | | me(s ) I fds) +  e Vf >  0 •
o o '

because h is bounded from  below by  an  affine function.' T hen by a little  calcula­
tio n  involving (2 .1 ) we ob tain

| J /i(«t (s)) ds | +  J ||we(s)|| ¿s < a  +  e V í ^  0. (3.6)
0‘ o f  \  '

S ubstitu ting  the  la tte r  estim ate in (3.3) and using (3.5) we get

i •

I <P(M0) — <p{x) I < C (< +  J 11 u(s) 11 rfsj +  e - V e >  0, t > 0
0‘

• I '• : . .
where C is independent of s, u a n d 't. Hence o s ® .

Since the  space BUC (D(A)) Q  Lip (D(A)) is dense in BUC(D(A)) (see 
e.g. [6]) and  the  operator (I — p #)“ 1 is nonexpansive in BUC (D(A)) we con­
clude th a t  (7 — pel)-1/  e  ® for all /  e  TJf/C (D(A)). On the other hand, we 
have (see for instance [1], p. 73),

lim  (7 -  p d ) - » /=  /  in  BUC (0(A)). '
ixl 0 ' ' • <'■'

for all /  e  D(61). Along w ith (3.1) the  la tte r implies th a t  D(&) C  ®*
To prove th e  converse inclusion relation consider /  an  arb itrary  element 

of ® and  set

h  =  { i -  p ii)-y =  ¿«(p-1)^ -1/). p >  o.
- i

We will prove th a t  f ^ - * /  in  BUC {D[A)) as p-*-0. Indeed for every p > 0  
and  all x  in  D[A) there  are y ^  u  ̂ satisfying Bq. (1-3) and  such th a t

^  , h (x )  > -  v- _

-and
- tAJ

A M  < ( e ‘‘(P 'Vb'it)) A- Mutt)))

Í3-7)

(3.8)

’’where (y, «) is an  a rb itra ry  solution- to  (1.3).
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m  _ / w  < / ¡ . < W D  - M )  +

< c , - -  + IM».)I* + cd v s > 0
Vcause J .  ®. Similarly, by (3.7) «  tave

/(*) - / , ( * )  « f + 1*”1]  ' " “" '( /(* )  - / b v M i W  -
0

oo
— h ^ J ^ d t  < ¡i +  C5-'*“ ,8 -f-

0
a <

+  Cp“1 J e - * - ' 1 j/ +  J 11 u ^ s )  I ! d s  j d< +
0 o(

I ®

. +  Cj «-■‘"“Ml #„’(/) II dt 
o

■where C is independent of (i and 8.
Finally, again by (3.7), (3.8) we obtain

. “  ® »

j e 11 ‘hlu^tydt  ̂ C((i +  |i-1  ̂11 «Js) | )¿sj dt C
4 o o

CD

 ̂ ^  v (ti) +  C ^ -* ‘- ,' | | M(t( / ) | | i i
‘ o ,

where v(n) -  0 for i*.-. 0, because /  «  l j p (B(T)) and b y  (1 .5)

W O  - y . ( l ) l < ( | | D * K ( . )  _  «„ ) ! | & < C ( i + ( I  I i , i ( s) I |ds) -

U i l  ° DCe agaiD M  »  O to h  the estimate ’
«0

j < - ' ' ' l » K ( i ) ) l *  +  f
I «»(<) | \dt -h 0
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as JX-+ 0 and  by  (3.10) we have
*

/(* )  - M x) < C[tù(|x) +  +
0

V n, 8 >  0 (3.11

■where to (¡a) -*■ 0 as [x-»0. Since 8 is a rb itra ry  we infer by (3.10) and (3.11)- 
th a t for ¡x -> 0 , / ,* - » /  in  B UC (D(A)) as claimed. Since e  D(d) we conclude 
th a t /  e  Z?(£). H ence ® ç ;Z )(£ )  an(l  th e  proof of Proposition 2 is complete

Proof of Theorem 1. L e t us prove first th a t  S(t) maps D{&) into itself. To- 
this end we fix ç 0 in  ®. By the  op tim ality  principle we have for all 0 < $ < t

S

(S(t) <p0) (*) =  inf { j  (£(>(*)) +  Hu{t)))dx +  {S[t -  s)<p0)(y(s)) :
0 i

y '  +  Ay  s  D*u in (0, s) ; y(0) =  x, 

u e  V  (0, t ; U ) |

Hence
S

(S(t)<?„)(%) -  (S(t)<?0){y0{s)) < $ (g(yoW) +  4­
0

+  I I 5(sj<p0 — <Po I I» (3 -12>

where u0 =  constan t and  y 0 ( t )  =  y(x, x, u0). (Here we have used Eqs. (2.13),. 
(2 -H).)

Sim ilarly, there  ex ist (y„ ut) satisfying (1.2) such th a t
S  ’

(S(0«Po)(*) -  (S(0?o)(y.(*)) > -
0

— I I S(s)<Po — <Po I Ifc — C- ^

As a m atte r of fac t we choose (yt, «,) such th a t

j  0?1% (t)) +  h(ut (x)))dx +  {S(t— s)<p0)(yt (s)) < (S(/)q>„)(*> +  *
0

s

■ : ■ ^  ̂ (g b ’o(T)) +  a (« „ })*  +  iS(* — s)9o)(yo(s)) +  c
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-and th is  yields ,
S  S

 ̂h(ut (x))dx ^  C |e  +  s +  ^ | |  Me(x) | (¿xj 0 «S s < t.
0 0

b a t in g  e ~  s and using (2 .1 ) we get
$ s

 ̂I I dx +   ̂11 w , ( t )  I \dx < Cs V s 6 ( 0 ,  t). 1
0 0

¡Coming back to  (3.12), (3.13) we obtain  ,
$

I (SW?o)(*) — (s W?o)(y(s)) I ^  c  (s +  1 u(x) 11 ¿xj +
0

( + | | S ( s ) 9o - 90 ||» Vs  e  (0 ,0  (3.14)

where (y, u) is any pair satisfying Eq. (1.3). (To get (3.14) we have used estim ate 
(1.5) and the obvious fac t th a t  S(0?o e  Lip (D(A))).

Finally, by definition of S(t) i t  follows by a sim ilar argum ent th a t

I (S(s)f0){x) —?„(*) | Cs V s >  0, x  e  D(A)

and by  (3.14) we conclude th a t  5(0?« ^
To conclude the  proof we will apply Proposition 1 where C =  r(p ) =

=  S(p) and d 0f  =  d f  -f- g for 9 e  D(d). To th is end we will prove th a t  for
-all p >  0,

lim  (f — p s-^S ie ) — I)) ̂ 9 0  =  t1 ~  p < 3 ) +  pg)
1 Ÿ ç ,  6 ®, (3.15)

Since (I — p<3)-1 and (I — pe_ ,(S^e) — I)) ~l are non expansive on ® =  D(d) 
i t  suffices to  prove (3.15) for <p0 «= We set

9t = (I — Pe_1(5(e) — f ))_1?o. 9 =  (I — f*&)- 1(9o +  {*?)•
W é have

or equivalently

9*1*)

9 * =  —r ~ ? »  +  « +  ^
5(e)?, 

e +

—r ~  9o (x) +  inf { (  {g{y(t)) +  h{u(l)))dt +e + \t ix+e [J0

+  ?t(y(e)) ; y ’ +  Ay 3  D*u, y(0) =  *) .

(3.16)

(3.17)
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i n the following we shall denote ., by- | |  ■ | |u P(5(Jn the U pschitz  

Lip &{*))•
By definition of 5(e) we see th a t

I I •S(e)cp0 I |uip(D(H)) ^  I I §  | |uip(D(/4)) +  I |<Po I |uip(D(/l))

I I 5(e)<p0 I Ij, ^  e(t I g I |4 +  C) +  I I <p0 ||j.

By (3.16) th is  y ields ’

I I <P* I kip(D(7)j < | | cp0 | |l.ip(D(7j) +  (i.| | g | luP(U(7)j.

11 <p. 11» < c  V e >  0.

Now let (y t, ue) be such th a t  y '  -f- Ayt s  D*uz in (0, e), y e(0) =

[ $ (giy,) +  +  <P«(j'.(e))J +  <  <Pe(*) +  e2-
e +  (i

This yields

E +  (I

E . E

{h{ut)dt ? E(y(e)) -  <*(*(*)) + - J - [  (g (yM  -J ■ E + (I J '

— g{y(i))dt +  h[u0)e +  e .

where y'  +  Ay  s  Bu0, y(0) =  x  and  by (3.20) we infer th a t

c e

J h{ut (l))dt ^  C |e  +  J 11 «.(f) 11 * J  V e >  0.
0 0

Then by (2.1) we see th a t  (
e e
$ \h{ut (l)) I dt +   ̂ I I«,(/)_ 11 f t  «  Ci  V e >  0
0 o

where C is independen t of e. Since <p0 <= sD the  la tte r  yields

I <Pob’ (0) -  <PoM I < Cz V* e  DjA), ; V t e  (0,e).

On the o ther hand , we have (see (3.4)) ;
e

9(2) =  inf |   ̂e~i,rl,(g(y(t)). +  M>"l 9ob’(0) +  h(u(i)))dt+
U

+  « - ^ ^ ( i ) )  ; y  + Ay & D*U in  (0, e), y(0) =  x  J

norm  on

(3.18)

(3.19) 

: x and

(3.20)

1 (3.21)

(3.22)

(3.23)
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76 • /„ v ) such th a t
,„ d  therefore there « » *  * Pa ^  ,  aod

,■ +  At. =■»*>’• t0' c]' ■*

Arguing as above we see that

t | h W< ) ) l ‘» + \ H ' . « l l J , < C E  V e > a
o 0

and therefore

(3.25)

! <p0(z«W) "" ?•(*> I < C V/ s  (o, e). * 6  -P ^ ) -  (3-26)

By (3.23) and (3.24) we see that

-  »M  « ^ W * )  +  r r j teW  +  +  r h ? ,W s))  '

-  \  *-*-'■ (g(*.(0) + r ’?o(*. (0) +  H VM W  +  6 (3*>
0

whilist by (3.17) and (3.20) we have
t

<p(x) -  <p,(x) < Je-̂ ‘'(g(yt) + + e~* lt9iy*W  "

-  ~  ^(s(y.) +  M*.)) *  -  ~  cp0 (*) +  e- ;

Takirg in acccnnt estimates (3.18), (3.19), (3.21), (3.22), (3.25) and (3$ 
we see after some calculation involving (3.27), (3.28) th a t

11 ~  <P I It ^  8(e) -*■ 0 as e -► 0
and (3.15) follows.

Then by Proposition 1 we have

T(t)9° JL® (S(i)),cPo = S(f)?;  V<p0 «  • ,  * >  0.

We will prove now (2.16). By definition of S(f) we have

(SW9j(*) ~  9oW * \te(y(s)) +  h(u(s)))ds +  ?û(^(/)) -<?„(*)
(3.3°)



A SEMIGROUP APPROACH TO HAMILTON—JA C O BI EQUATION 77

fo-r all (y , «) satisfy ing  (1.3) Since <p„ e  D (a) there  is /  e  BUC(D(A))  such
th a t 00

<?„(*) =  ( m / )  (x) =  inf { J *(/(y(s)) +  * (« (* )))* ;
0

/  +  Ay 3  D*u, y{0) =  * J =  infJ J e" 1 ( /  (Ms)) +  *(«(*)))* -f
0

+  «“ * ?0(y(0); y  +  ^  3 £*«. M°) =  *1 .
Then by  (3.30) for every  e >  0 there  ex ist y t, ut such th a t  y't +  Ayt 3  

D*ut, y t(0) =  x  and
1 1

(S(0 ?o)(*) -  ?o(*) < $(1 -  c-')/i(Mt(s))ifs +  (g (y ,(s )) is  -
0 0

- t
-  {e-> -  1 ) <p0(y,(t)) -  j  e--‘f ( y t(s))ds +  e.

0
On the  o th er hand , we have

t t

(3.31)

t

J«-* (/O o(s)) +  M *o))* +  e~l <?o(y0{t))
0

where y j  - f  .4y0 => D *«0, y 0(0) =  *. This yields 
/ <
^ e~‘h(ut (s))ds < C  ̂11 w*(s)l Ids)j V t >0
0 0

and arguing a s above we ob tain
t

5 ( I^K (s)) | +  11 Me(s) ||)<fc <  Cl , V / e  [0, 1 ]
0

"here  C is independen t of e.
N o tin g  th a t

1

ly . ’W — X I < t \A x \  +   ̂ 11 D*ue(s) 11 ds V t 0
0
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we conclude by (3.30) wiere e — /“1 that 

lim sup / —I((5(/)<p0){^) — ?«(*)) *g(x) +  To(x)~~f(x) for all a: e D(A)
uo

Similarly, we have
(3.32

(3.31;

?o(*) ~  (S(*)?o)(*) < J e~s(f(zt(s) +  Hvt(s)))ds - f  e - '9o( z ^ _ _
0 i

/
-  J fe(*«(s)) +  A(vJ) ¿5 -  <p0fo (/)) - f  £>

0
where +  ¿re 3  £*»„ re(0) =  at.

Arguing as above we find that for x e  D(A)

i/rnsup (?oW -  (SW?0)W )r i  <>(*) -  9oW  

Combining (3.32) and (3.34) we see that

 ̂ * s n m r i M - « w ) - , t{x)- / { x ) +g { x )  Vje ^

follows. The proof of Thfmnfis compile & ^ Sbgle valued aild (­

on HEthenK *' ^  S6e by i3-31) and (3.33) that i f g , f  e  ®

_ 1S , " W 9 . - ^ . a 9 o + i

whether 9̂^  £  ! f  J fc However, i„ ,
^ _Hote also that Theorem , g/ enerator of S(t).

IS m-d^sipative for some“ * tre a tm e n t rem ain valid i,

(3.34;

D(A)

(2 M

or if A is bounds 

111 general we do not no*

J- V. B;». * a r b  x R E p E R E N c ES
Leyden 1976. °*hiKar Semigroups and n „
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3. ^ i % a^ ! ^ c o b i
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B a v i c h S j , ' ^ '  P  a  2 y ^ C o w M r ^ “ 31' 03 P u r a ^ e ^ “ ^ .0” 5 iM S / m c m  ; Varia t ional  ^
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' ' . ' R E C E N Z I I

A. P i e t s c h ,  liiflcnyalues and s-Num -
Akademische V erlagsgeselschaft Geest 

aud Portig K .-G .. Leipzig 1987, 360 pp.

The book m ay be considered as a sup­
plement to author's well known monograph  
„Operator ideals”. V E B , Berlin 1987, North- 
Holi a ml. Amsterdam 1980 and Russian trans­
lation Moscow, 1982, but it is fairly sclfcon- 
tained and can be readen independently. The 
theory of eigenvalues for operator originated  
with the famous paper of F. R icsz published  
in 1918. Since then the theory developed, 
first in the context of integral operators and 
then in abstract Ililbcrt and Banach spaces, 
by the contribution of great m athem aticians 
as J. Schur, H. W eyl, J. von Neum ann, 
A. Grothendieck, II. Kiinig and others. The 
theory of operator ideals permitted to obtain  
many striking results on eigenvalue distri­
butions for operators, proving how tools front 
modern operator theory yield new results and 
solve old problems in classical analysis. The 
aim of this monograph is to  give an extensive  
and systematical presentation of thes pro­
blems. Written b y  an em inent specialist in  
the field, the book is very well organized. 
Its contents is :  Preliminaries, I. A bsolutely  
summing operators, 2. s-Numbers, 3. E igen­
values, 4. Traces and determ inants, 5. Matrix 
operators. 6 . Integral operators, 7. H istorical 
survey. A list of open problems, stim ulating  
the reader to  do his own research, is also 
included.

•The book is a valuable contribution to  
operator theory and its applications and will 

e of interest to  all working in th is branch 
ot functional analysis.

S. COBZAŞ

EeiiiMr U,UC,^Ci'1 Treatm ent of D ifferential
held h! w S| Pr^ eedings of t,le  Third Seminar 
Teubner T i I985)' E ditcd  b ?  K arl Strekmel.
«ig. 1985Ta e ^  Mathei«atik- 82' LeiP-

a widw^ranp»61? ° f tb e  Present issue tackle  
development o°/ a,ctual looks concerning the 
integration ,,t l e  methods of numerical 

8  ,0a of tbe differential and partial

differential equations. T he issue consists o f  
30 papers whose topics can be dicided into, 
the follow ing ca tegories:

(i) N um erical analysis of som e differen­
tia l equations w hich  describe certain m odels­
taken from nature and science. (

(ii) N um erical m ethods for differential-, 
equations.

(iii) Num erical m ethods in  th e  theory  
of partial differential equations.

(iv) Q ualitative theory, optim al control­
ând differential inclusions.

T he first category contains five papers- 
w hich m ay certainly be classified as belonging  
to  the other categories too , according to  
their subjects. W e m ention  for instance M. 
Schleiff's paper en titled  A  M athem atical 
M odel o f Sedimentation, in  w hich  th e  pheno­
m enon is m odelled b y  m eans of partial d if­
ferential equations.

In  the second group of problem s one  
can include nine papers; various look s con­
cerning the R ungc-K utta-type m ethods (six  
papers), equations w ith  retarded argum ent,, 
stab ility  of different num erical schem es are 
developed. We m ention here th e  bidim ensio­
nal m ethods of R unge-K utta-type (M. F rit- 
sche, p. 19; H . Toparkus, p. 175) in  w hich  
Lie series are used.

T he third category, concerning th e  
numerical m ethods for partial differential-: 
equations, con stitu tes th e  w idest part b y  
both the number of papers (eleven) and  
their topics. One deals here w ith  fin ite  e le ­
m ent-type m ethods (R. Lehm ann, p. 102), 
Galerkin's m ethod for th e  convection-d if­
fusion equation (M. FrOhner, p. 25), d iscreti­
zation of hyperbolic d ifferential equations, 
w ith periodic so lu tions (P. J. van dcr H ouw en, 
p. 75), as w ell as problem s concerning th e  
convergency of different m ethods applied to  
solving the partial differential equations.

T he fourth category of problem s is  
tackled by  rather few  papers; th is  fact can  
be explained by th e  top ics of th e  Sem inar. 
T hese papers study th e  periodic so lu tions- 
(M. H olodnick e t al., p. 72), th e  b ifurcation  
of th e  perii die so lu tions (SI. K ubicek  and! 
M. H oledniok , p. 94). or deal w ith  th e  op ti­
m al control (F. V. L ubyshev , p. l<36) or 
incluşii ns (H. D. N iepage, p. 121).

th e  papers of th e  presented issue con­
stitu te  a real success for th e  Sem inar, by-
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• « i i ,  i.vel and value (both 
their high ^ « n t ' f ^ 1 1 bv the appHca-
theoretjcal and | « g  J ^  vanoui

n ic o e a e  l u n g u

H a n s  S a c h s  E b ene , Isotrope
'Geometrie, v. Friedr. Vieweg and Solrn 
Braunschweig/Wiesbaden, 1987, 198 Seiten, 
.54 Figuren

Das Buch ist eine Darstellung der iso- 
itropen Geometrie begründet auf einer syste­
matische gruppentheoretische Methode. Nach 

-der Meinung des Verfasser er hat eine zwei­
fache Ausgabe: einerseits diese interessante 
ebene Geometrie auf einem elementaren Weg 

‘darbieten und andererseits die nötigen Grund­
lagen für das Studium der isotropen Raum­
Geometrien zu vorbereiten. Das Struktur der 
.Arbeit ist in dem Inhalt Verzeichnis wieder­
spiegelt: §1. Cayley-Kleinsche Geometrien 
und Erlangen Programm. §2. Ebene isotrope 
^Geometrien und ihre Invarianten. §3. Ele­
mentar Geometrie der isotropen Ebene. 
§4. Lineare Kreismaunigfaltigkeiten der iso­

tropen Ebene. §5. Kurven 2. Ordnung in 
•der isotropen Ebene. Metrische Dualität ist 
den isotropen Ebene, 7. Die Kurventheoric 

•der isotropen Ebene bezüglich der Gruppe 
3 i V rallßen*inerte komplexe Zahlen; 

• euklidische, pseudoeuklidische und isotrope 
^Geometrie. Möbiusgeometrie. 9. Die Kurven- 
Jieone der isotropen Ebene bezüglich anderer 
Gruppen. 10. Ergänzungen.

Die Literaturverzeichnis berücksichtigt 
•Onginalarbcten bis zum Jahre 1986. vieU 
•m Deutsche und Russische Sprache.

ŢARINĂ

H a g e  U M e l t z e r ,  T l*  
of Indeeomposttble Module«, Teubner t 11 
zut Mathematik, B and 83, Leip2ig

The book presents the elements 
representation theory of finite-dimension 
algebras, investigating the inner struct« 1 
of indecomposable m odules over an al  ̂ , 
It contains a historical survey of classic*! 
prototypes of indecom posable modules 1  
studied bv KOtlie, Nakayam a and Tachikawa 
together with recent rcsulst concerning net 
classes of indecom posable modules.

The main pupose of the monograph 
is to present a characterization of finite-di­
mensional algebras over a perfect field fot 
which every indecom posable module has a 
core (part of the doctoral thesis of the author) 
More precisely, th is is th e  theorem 6 .1 : 

For a finite-dim ensional algebra A over 
a perfect field K the follow ing statements 
are equivalent:

(I) Every indecom posable A-module has 
a core

(II) The core of any indecomposable nonlo­
cal A-module is colocal

(III) A satisfies the follow ing conditions
(1) The radical of any nommiserial 

local A -m odule is a sum of two 
uniserial subm odules

(2 ) The radical o f  any local noncolocal 
A-module L is a sum of two uni­
serial subm odules L, and L,. whew 
B iL J/soctL J or E(G,)/soc(Etl u 
colocal

(3) Any colocal nonlocal A-module L 
is a sum of a uuiserial submodule 
L! and a local submodule E, sue 
that L 2 0  L t is simple or, h
is uniserial, then  Ei/Ej B Eg 13 
simple and P (E t) is uniserial.

(IV) A is isomorphic to  a bounden sPeclc 
algebra (T 2 ) /R , where the bourn« 
species (2 , R) satisfies twelve technic 
conditions (which we avoid)*

GRIGORE CADUGAREA*0

C^UJ Municipiul Cluj-Napoca c-da nr.

I



in  cel de al X X X IlH ea an (1988)
spccifll itâţil©.

Studia Universitatis Babeş-Bolyai apare în

matematică
fizică
chimie
geologie-geografie
biologie
filosofie
ştiinţe economice 
ştiinţe juridice 
istorie 
filologie

In the XXXIII-rd year of its publication (1988), Studia Universitatis Babes- 
Bolyai is issued as follows:

mathematics
physics
chemistry
geology-geography
biology
philosophy
economic sciences
juridical sciences
history
philology

Dans sa XXXIlI-e 
spécialités: année, Studia Universitatis Babeş-Bolyai paraît dans les

mathématiques 
physique 
chimie • :
géologie-géographie
biologie :
philosophie
sciences économiques
histoire
Philologie
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