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SUR L ENTROPIE DUNE VARIABLE ALEATOIRE CONTINUE

E. OANCEA* et K. RADULESCU*

jggnuserii Ttçtt 1« 20 M ats 1987

Au profoKur D. D. Stancu, ' 
pour sou 60c anniTerssuire

ABSTRACT. — On the Entropy of a Continuing Aleatory Variable. Some 
theoretical results on the entropy of a continuing aleatory variable are set 
forth in the paper, given through three theoremes and some more consequences.

que
Soit X  une variable aléatoire avec la densité de probabilité f : R - * R  ainsi

f(x) £ 0, JC e  II 
f{x) =0,. x $ [a, ¿i]

b
^f{x)dx =  1 (1)

où [a, b] est une intervalle finit de l’axe réele. Dans ces conditions on a 
THÉORÈME 1 Si ,

b • " . .
$/(*) lnf(x) d'x <  +00 (2)

alors en considérant une division du l’intervalle [a, i]  dans n intervalles égales 
la limite, pour n —*■ oo, de la différence entre l entropie maxi)ne

* ( r ........t ) - u *

m

Hf(q.........

et

ou

• VninrsiU U Cl»j-NApocA, FacaIU it MAtkimaUl»**

— ÎL (b — «), * —. 1» n
i Pn * ”___ ",
■ - x = !LZ±i + a, i '= 0, n \

• n , ■ '
[xh xi+i], i = 0, n — \,

P . ^ t h  -  V :
*«1
a  Pkysitut, 3400 ClAi-Sépoct, MoumAnit



4 E. OANCEA, M. RÀDULESCU

est
»

Jim (ln » -  Hf (qlt qn)) =  j / ( * )  ln f(x )dx  +  lti\b ~  a)

Démonstration Soit l'expression :

E  =  ln n  — Hf (qlt qn) =  £  qf ln n +  £  q{ ln q{ =  £  q. ]n inq]
• “ 1 * — 1 |  — |  ' a * /

Conformément aux notations anterieurs, on a : : '

E  _  1 yN (b -  «)/($,) ]n f(l,)(b -  a) 
P n i - l  n  JP*

î în  no tan t
. j  ,

À # ,' =  i =  , I  =  1, W —  1

il résulte :

ln » -  . . . , q n) =  A x ^ ln /fc ) +  ln (6 -  a) -  In P*] =
~  Pn

= ±  E/(W W.&)A*, + -  V  a) £/&)A*,- -  ln P* ¿/(UA*{ (5)
»-1P . “

E n  tenan t compte de (1), '(2) e t de
' ' »

lim P m =  lim ^  M i )  Axt =  f  f(x )dx  =  1
•-*00 »-*00 t—1 J■ ■ •

la  xélation (5) à la lim ite pour « —*■ oo dévient ;

»

lim (ln n — . . . .  q9)) =  (  /(*)ln/(x)d* +  ln (b — a)
•-*00 J

#

donc le théorème 1 est démontré. , J
Conséquence. Soit X  une variable aléatoire qui vérifie les con d ition s ; 

théorèm e 1 alors pour n  suffisamment grand on a la valeur approxnua j 
pour l'entropie ; !

»
Hf (qu ^ f ( x )  ln f{x)dx  +  ln ^ 0 :



SUR L'ENTROPIE D'UNE VARIABLE ALEATOIRE
CONTINUE

ou
7  =  h  _ m ¡ )  . .   ̂ ____/. p<> . P i -------—  (o — « ) , » =  1,  »

e  W> *<+i]» +  a, » =  o , n — 1, PH =
* - i

THÉORÈME 2. Soi/ / :  |R -  |R ,  f(x) > 0, x *  R et I  C , R  intervalle
etnst que

mes (I ) =  -f-oo 
f(x) =  0, x $  I

J f{*)dx =  
/

IJ /W W W  dx <  + 0 0

on considère une suite d’intervalles fin i (/*)*«|N, I k Q I k, A s|\ I  q  Ik+U k s  |N,
U  /* =  / .  et .soÔ /*:,|R-*|R
»« i

/* ( * )  =

m . *  e  h

alors

J Md*

0, x £  J *

 ̂/(*) ln/(*) dx =  Hm  ̂/*W ln f k{x)dx (7)

Démonstration. On considère l'expression ;
Gk(x) = f(x) lnf(x) - f k(x) ln/*(*) = /W  W W  -

/(* ) ln /W x  ̂ /*
j  /(* )¿*  $/(*)<»*

Alors ;

lim { =  lim C T/W WW ~/*W  W*W ] dx “
l i n  J A-*oo J

7* 7*

lim j /(* ) lnf(x) dx -  Hm J /*WW*W dx =  J /W  WW "

1

*
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— lim f f k{x) =
*-4 00 J

— In. J f(x) dxJ dx =  ţ f[x) ln f(x)  -  j  /(*) \nf(x) dx =  Ô

rt i

d'où il résulte (7). 1 i
On remarque que la fonction /  est une fonction densité de probabilité ! 

et donc * |

j  /*(*) ln /*(*) dx ~ ~  ( . . . ,q„ ) +ln
m es (/*)

OU

Pi =  —  ~ mcs(/*), * =  I, w 
P n n

& « ( * ,* < + 1], t =  0, « — 1, A', —— — * -f- a», t =  0, n

h  =  [«*. 6 * J . P .  =  ¿ A -
• - i

THÉORÈME 3. SorV X ««c variable aléatoire et / ;  |H —► |H /a densité de pro­
babilité corespondam de chaque façon .,

/ ( * )  *  0 . *  e  /

/ ( * )  =  0 , x  <£ I

\f{x)dx  = 1

où I  est une intervalle de l’axe récle ainsi que

mes (7) =  +oo
et soit (/*)*«|n une suite des intervalles f in i  7* Çf I,  A+i * G |N

i  =  U h
*e|N

O» considère



SUR L'ENTROPIE d  u n e  VARIABLE ALEATOIRE
CONTINUE

eu

q' j>> ’ à  ~  j~ -  &  -  «*). i = ô T ^  

ÿ e  w * A'+,]< i - ^ =ri  x î = h ^ i + a i ' . = ô^

*  =  E * ?

et fk ; |R — |H

/» (* )

m

\f{*)dx
-, x e  I .

, x  #  I t

Si

alors

*klim 
9k~*0Û mes (/»)

=  L

hm H/k(q\, . . . , q t )  = — [/(x) \nf{x)dx + ln L 
* * - œ J

Demonstration. De la relation (7) on a

-fyiteî. • • Çn„) =  -  (/*(*) ln/*(*) +  ln— 5 L - +  o( 1)
* J “ «s (h)

*k

En tenant compte du théorème 2 et de la relation (9) on a

(9)

(10)

lim Hf (qî, . . . ,  qk ) =  -  Jim [/„(x) ln f„(x)dx +  lim ■ =
•4-»to * * »,_«> J »L—œ mes (/*)

* >k

=  -  £/(*) lu/(*)<** +  i  .
/  *

Eonc la relation (10) est vérifiée.
Remarques. 1. De théorème 1 donne une evalution (6) pour « suffisamment 

£rand de l’eutroie d’une variable aléatoire avec la densité de probabilité f .
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l ’expression donnée par (6) représente l'entropie de la variable aléatoire coati 
nue avec la densité f  d’ordre d’approximation — » 1

»

H J J )  =  ~  $/(*) !“ /(*) dx +  ln ~ T J
€

2 . L ’expression
»

-  $/(*) ln /W  dx (uj
«

qui ne dépende pas de n représente l’entropie caractéristique de la variable aléatoire 
avec la densité / .  Cette entropie peut être tan tô t positive tantôt négative. 
Pratiquement l’expression (11) est utilisé dans les applications concrètes poui 
l'entropie d'une variable aléatoire du type continue.

3. Relativement à la rélation (10) si L  =  1 on obtient la limite

lim . . . , « £ )  =  - ( / ( * )  ln f ( x )d x
J

* I

L’expression

-  j/(* ) ln/(*) dx

est l’entropie caractéristique de la variable aléatoire X  corespondante.
4. Dans le cas que mes(I) =  +oo, soit a >  0, il existe l’intervalle 

I a C  I.  mes ( I J  <  +oo, et la fonction |R |R

/ « ( * )  =

m

/(* )  d x

X e  7

de façon que
, x $  I a

“ $/(*) ln f { x ) dx =  — Jf j x ) ln f j x )  dx +  cl

Alors on peut utiliser pour l'entropie Hf, dans les applications, l’entropie Hh 
Exemples. 1. Soit X  une variable aléatoire uniforme sur l’intervalle [*• 1 

et /  ; |R —*■ |R la densité de probabilité

/ ( * )  =
— î— , * e . [ a ; 6 ]
b — m
0 , x $ . [ a , b ]



9
alors l'entropie caractéristique est

t

-  j/(*) ln/(*) dx =  lu (J _  a)
* ■

et l'entropie d'ordre d'approximation —
n

: ’ H»{f) =  ln ».
Donc pour une variable aléatoire qui vérifié la loi uniforme, l’entropie H (f) 

est maxime. Cette propriété, donne pour les variables aléatoires continues une 
propriété analogue de la variable aléatoire discrète '

SUR LENTROPIE D UNE VARIABLE ALEATOIRE CONTINUE

X  =

parmi les variables aléatoires

*  =  M  _

2. Pour une variable aléatoire X  qui vérifié la loi normale N(m, a) on a

— \f(x) lnf(x)dx =  ln {a^2ne)

Soit a e  |R, 0 <  a <  -  ̂ on considère la fonction f a ; |R -*■ |R

m
2

/.(*) =

ou <ï> est la fonction de Laplace

2®(*«)
0

* e  [-*«, *«] 

X *  [ - * .  2a]

iÎ
2

’ u. 0 
On prend za ainsi que

Ka
—  ̂f a{x) ln f a(x) dx = \nj2ne a — a

^ a
alors on peut évaluer l’entropie F/ par H/ .̂

B I B L I O G R A P H I E
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ON A BIVARIATE INTEGRAI, S P U N E  OPERATOR

P. Bl.AGA*

Rscsivcd: April 16, 1987

Dedicate«! to Frolessor D. D sta«^ 
on 1* is tiOth anniversary

‘ REZUMAT. — Asupra unul »părător spline Integral biillniriisional. îu  această
lucrare se defineşte operatorul uotat T ^ a, care se aplică uiior funcţii de două 
variabile independente, integrabile pe domeniul Z) = (0, 1] x [0, 1] şi care au 
ca imagini prin acest operator funcţii spline polinomiale de două variabile. Se 
studiază cîteva proprietăţi ale acestui operator, printre cure remarcăm cele rela­
tive la convergenţa şirului la funcţia / ,  care sînt date prin teorema
3.1, precum şi evaluări ale restului în formula de aproximare construită cu 
acest operator şi care sînt date In teorema 4.1.

1. In  [1, 8 ] it has been considered an univariate integral spline operato: 
which is a generalization of the Kantorovitch operator (4j. Ih this paper i 
is constructed a bivariate integral spline operator and there are statied som 
of this properties. '

Eet us consider the domain D =  [0, 1 ] X [0, 1] and the grid realize 
by the partitions

Am . x —k . . .  =  Xq =  0 Xi < ! . . . < !  xm _ i <  1 ~ . . .  — xm ̂
and

An- y - t =  • • • =  y 0 =  o <  y i  <  . . .  <  y—i <  l = y , =
with m, n, k, l e N .

One considers the nodes

respectively

We have

* ,+ i +  • • • +  * ,+*  . ,------------- -
<Zijt = --------------------------------, t  =  — k ,  m  —  1

-  _  yi+i + • • • + y,+i . ;Y)iV = ------------------------— , ;  =  1.

® —  S - M  <  S -A + 1,A  <  • • • <  5 m - l.A  =  1
and

0  =  T J - y  <  Y )_ ,+1(,  <  . . .  <  =  1 .

-  y.+i

1

Umursity of Cluj-N*pocm, Faculty of Mathcmotics *nd Physics, 3400 Cluj-Napoc*, Rtmani*



... O ne defines the normalized B-splines of the order k +  1 (or of the degree »,

i - - r s ^ T

respectively the normalized B-splines of the order I +  1 („, 0f the degree I) 

NM  =  ¡¡u  W , y _  t,

where

ON A BIVARIATE INTEGRAL SPLINE OPERATOR

11

— [xit . . *j+i+, ; (/> -f- l)(s — *)* ]
is the (k +  l)-th devided difference of the function u(s) =  (k -f l)(s — *)* . 
Af,-4 is called the B-spline of degree k. Similarly, M~u defined by *

MjAy) =  bj,  • • .,>/+i+1; (/ +  1)(< -  
is a B-spline of degree /.

Among of the properties of these functions we recall:

m - l  «-1

J2  N >Ax) =  i. £  Nj,i(y) =  i. [o, i],
* j ——i

i i

 ̂Miik(x)dx =  1, j  Mjil(y)dy =  1, 
o o

M,-,*(x) 0, supp (M,,») =  «i+i+i],

Afy.,(y) > 0, supp =  [y,-, yy+i+i]-

2. I^et us consider the operator Tm\n:

T*J,n(f\x,y) =  £  £
•— * / - - »  ,,wt,»y

where U,‘j =  [£,_,.*+„ &,*+I] X [ r , i j y . i + i ] . a n d  /  is an integrable function 
on Z). Xhis operator is a bivariate polynomial spline operator. It associates 
to an integrable funtion f  a bivariate polynominal spline function of the degree 
k on respect with the first variable and of the degree l on respect to the se­
cond variable.
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The operator T^.n is a linear and positive operator a n d . T k̂„R 
where Ri.fx, y) — x<y’. Indeed, taking into account the properties o f  the°R” 
spline function, we succesively have

m —l n —l
Tt'ARoo. x ,y )  =  j )  M ilk(x)ifrj'l (y)(Zi'k + t *+i) j

I -  —k j - - l  * 1

tn—\

= E
*»+A+l « — l

♦ — — k
m—1

k + - t - M M  E  ^
1 i— i 1

y>+i+1 -yy .
— Af/,f (y)

= E  E  ^(y)= L*--» y- - j •

The linearity and the positivity are evidently.
3. The operator T ^‘,„ can1 be considered as a linear approximation method 

on the space L p[D), 1 < p  < oo, with the usual L p—norm, || • | | p.

Theorem 3.1. I f  | Aw|= m ax  {#,■ — xlW, i = l ,  m}, | A„| =  max {y;—y ^ ,  t =  1, »j 
/  <= L P(D), 1 < /  < oo, ¿Ae«

lim | | / -  ( / ) | | > = 0  (¿, i are fixed)
IaJ .'S .I-.o ‘

lim | | / -  T kJ n{f)\\p =  0 (m, n are fixed).
k,l-tO ’

(3.1

(3.2

Proof. First, we prove th a t the sequence of the operators {Tkm[n) is uniforr 
bounded in m, n, k and l. For this, one considers the positive defined function

Hm,n {x, y ;  s, t) =  22 £  M i k {x)MjA{y)\ ^  (s, /).

where 1 « is the characteristic function of the set Uu. I t  follows that
°H

[[ [X, y, s, t) dsdt =  £  £  Mi'h [x)MjA (y) ( [ dsdt =  1
n <_-*/— / JJ

and

\[  Hml \x, y ;  s ,t)  dxdy =  E  E  1vS ^  \ { M <k \x)MjA (y)dxdy =  1- j
D i - - k j - - l  ’  »  j

Using the function H*in the operator T ^ n can be written in the integral foi® .
I

* £ ! .! / ;  * .y )  =  j ; s,t)/(s, t)dsdt. j
D



ON A BIVARIATE INTEGRAL SPUNE OPERATOR

By Holder's inequality, for 1 < ¿ < 00. one obtains

y ;  s, t)\f(s, t) \P dsd f

with l//> +  1 iq =  1. This way, we have succesively

li'T'». ~(/)IU = ( $  | #".«(*, y \  t)f(s, t)dsdt\P dxdy)'IP <
D D • I /

* ($[$$#"/»(*' y -  s. t)\f(s, <)|' isdt\ dxdy\'IP =  " ‘
D 1 D ■* *

13

=  (55l/(s. O l 4 J 5 < y ; s. /)*rfy] dsdt\,p =  •
D £ >  * ’

“ (jJl/(*. 01 '**)'"  =  ||/||,.
z>

So, II < 1, for 1 < p  <00.
For p  — 1, we have

II 7«in(/)|li < 55(55 y ; s, t)f(p, t) datt | ¿*rfy <
D D ’

< 55 l/(s- *) I ( S 5 < '( , ,  y ; s, t) dxdy  ̂dsdt =
D D .

= 55\f(s . t) \ isdt=  ii/n„

SO that II r& lli  < 1 . *
If p  — oo, we also have

II T % M U  < supessl ( f  Hkm\{x, y ; s, t)f(s, t) dsdt\ =
| J J 1

< supess(iCf/m,n(.r, y s , /) II/ IU  =  ll/ll®- 

n
Hence, || T ^ H , < 1 for any p, 1 « P < « . . * lDf
Taking into account that C(D) is a dense subspace of the space LJLf[ 

and the sequence (TkJ„) is bounded, it is sufficiently to prove the theorem 
only for /  e  C{D). ’
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Let us consider the bivariate Schoenberg's operator S iJ .:

- • 1 : 1 ' ' S~Uf> x, y)  =  £  £  N iAx)N3Ay)Mi.k ,  ^ . 0 ,
i — * j - - i

which was studied in [2]. Then we can write

I ThJ A f ;  x .y )  -  x ,y ) l  4  £  {$!/(*, t) -
3 UM

.  —  /(£ • '.* . ^ jv) I
But, using the property of the bidimensional modulus of continuity, we ha

l/(s . l) Vi.i) I < “ » ( / ;  I s -  I, 11 -  7],fi|).

Because of the inequalities

Is ~  5 a  I < 5<.*+i — 5i-i,*+i < m in{( 1,

I* -  W \  < tyV+i ~  ty -u+ i < min J| A J , j - ^ J

i t  follows th a t

l/(si 0 Y1},») I ^  w«o( / j |Am |, |A„ |)
respectively

l/(s, *) - M * .  %..) I < Woo ( / ;  ^  - ,-y y ) -

Thus, we have

I *. y) -  SmUf) X,y)  I < <o„(/; |A„ |, | K  |)

I T l i i f ;  x>y) — Smln( / ;  * . * ) ! <  r + ) ‘l A +  1 #4-1/

So,

II riiln •(/) -  s &  (/) IU < <*„(/; I Am |, \Kn \)
respectively

II r t ! . ( / )  -  s iU / )  II. < » .  I / ; - — , - U  •
V A +  1 *4-1 /

On the other hand, we have || • < || • ||„ , so that, by [2], it folio'

' * 11/ -  Si!.(/) \\p — 0 when !^=-l +  — 0. i3

(3

(3



ON A BIVARIATE INTEGRAL SPUNE OPERATOR
is

As,

I I / -  T iA D W ,  «  l l / - S “ ( / ) | | , +  H I "  t f ) - S " ( / ) | | , .  (3.S)
using (3-3), (3.4) and (3.5) i t  follows (3.1), and (3.2).

4. Let L P(D) be the space of the functions f  e  LP{D) with / ( ,  y) and 
/(* , •) absolutely continuous when [x, y) <s p  is fixed, and / „  / ,  s  Lt {D). 

Theorem 4.1. I f  f  e  LP(D), 1 ,^.p ^  oo,. then •

| | / -  I  »!»(/) lip < (l + Y i K . I ( I I A ( - ,  0)||, +  11/̂ 11̂ ) (4.1)

and • v

I I / -  TmlM )  II, ^  ( l  +  V t ) 7  ((!/*(■' °)lli +  ll/yllp)> W-2)

where r =  max{A, ¿}, s =  min {k, 1} and, |A „ | =  max{|A„,|, |A„|).
Proof. L et us denote ' ' x

R l U f )  = / -  T i U f h
the remainder term of the approximation formula generated by the operate* 
Tm.n- Using the Taylor formula ,

i . ' . - i ' .
f ( x ,  y) =  /(0, 0) +  J (x -  «)•/,(., 0) ds -f J [y -  t)%fy[x, t)dt,

by Pcano’s theorem, one obtains ; I

where

and

So that, 

where

Rm,n {f>x, y) =  (  K i0{x, y ; s)/,(s, 0)ds +  ^ o i(* .  y > l)fy(x> 
o 0

7v10 (*, y ; s) =  ((* -  s)°+ ;x .y )  =  9 ioK  s)

/v01 (*. y ; 0 =  Km**.* (ly -  ; ; y) =  ?0l(3'’ i}-

l|/?i;,'-(/)llp< iia10||p + I IVH/ -  ,
((4.3)
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and

h01(x, y) =  $ K ?1(x, y ; t) f r(x, t) dt.
' '■ o ]

: ; In  the case 1 <  p  <  oo, using the Holder’s inequality, we can write 

H hl0| | ,=  | $ *)/»(*, 0)ds \p d x i y y  ' '
X D 0 ■'i • 4 ;

< ( y [ $ l<Plo(*’ s)l s ) l / « M ) |# is ]  dx dy)1" .
V D 0 “ '

If
a -

M 10 =  sup ( | cp10{*, s) Ids, N 10 =  sup { | <p10(*, s) |d% 
x« [0,1] J  *« [0,1] J• o

we have succesively

i
II AlO IIP < l<Pl0(*’ ^  ^*(S' ^  l ^ d ^ ) ^  =

(4.4)

D 0

s )H l/,(s ' w dsdy ) 'IP< M % N n u . , m P. (4.s
D 0

On the same way, we obtain

P o x llp  <  M & N #  ll/y llp , (4.6)

where

M  oi =~  «¡P  \  19oi(y , 0  |* . N 01 =  sup f I <p01(y , t) I dy 
J . i«ro,i] J

In  the case p  =  1, we have

HAio l|i < N l0||/,( ., 0) |U, || A01 ||x < Noxll/Jlx,
while, for p  =  co, one obtains

H *10 H» < M 10\\M; 0)11«, \\hQl\\a ^  M 01\\fy \\».

1



Now, we ex.ta.ate the values V „ , and ^  We ^

. ?..(*< s) -  < * -* )?  — X ,  Mi>(*)Mu (y) 5j  (« -  s); i u i ,  =

ON A BIVARIATE INTEGRAL SPLINE OPERATOR

»»-I

*/ 
5»\*+I

^ - M + l
« —I »̂'.*+1

=  (* ~  S)+ ~  . £  ^  (*) 5 (m -  s)l du.
5< -M + i ’

Hence, for s < x, one obtains

»—I__ _ ?i>+i

<Pio(*r s) — 1 ~  E  (x)  ̂ (w — s)® du =
t i -M + i 

— i ti-*+1
= E  Mv\x) \ [1 -  (u -  s)l ]du>  0

while, for s >  x
« - i

<Pxo(*. S) =  “  £  (*) \ (« -  *)J <*« < 0.
t i -M + i

So, we have
1 * (
( I <Pio(*. s) I*  =  J ?io(*. s)ds ~  ) ?w(*» s)ds —
i  0 ■ *

ti,k+l

=  E  5 [ * - * »  +  2 (*  -  * )+  =

=  E M i,*W \  \ x - u \ d u .
* * E«-i,*+i

Hence,
i > .

 ̂ Wiolx> s) l^s =  I* — MI» x)>

where r t  is the univariate integral spline operator studied in [1, 8]e

2 Mathemalica 4/1987



As in [1], we have "

' h a * — «1; *) < ( V ^ +  1) !Awi '

a n d

T i ( \ x ^ . u \ ; x )  < ( V * 2  +  l ) j -  

From (4.4), (4.7), (4.8) and (4.9), it follows th a t

A/,o < ('V t  +  l ). I 1 ancl M 10 ^ +  L) T ’

lie n e e

M l0 ^ Jl. +  y  y )  inin{l A«l. j }  * . r

For the estim ation of N 10, avc succcsively h a v e : 
i * i

j  I <Pio(*. *)\dx =  -   ̂<Pio(x, s)dx +   ̂<Pio{x> s)dx =
0 0 J

=  \  £  MiJt{ x ) [ { ^  ~  S)+ -  (Si—M +t-  s) + ] ^  +  
J i — k

+  i  (*)[(* “  5<-M+l)+ -  (s -  Zi.k+l)+]dx=
S

* 1

=  V —— S m+ 1(M) [ ( w  s)+ l x] dx  (  S m + 1 (a) [ ( s  if )  i- , x]dx,
J d x  J dx
0 «

where Skm+i is the Schoenberg's operator [7, 9]. Then,

(4.8)

(4.9)

(4.10)

u

1

 ̂ I Ihoi* > s)l — S m+1 [(« s)+. ; s] — Sm+1 [ (u — s)'+ ; 0]
o

-  S*+1[(s -«♦)+;  1] +  Sm+I [(s -  u)+ ; s] =

=  S»+i [(« — s)+ +  (s — «)+•]; s) =  S*+, (1« — s I ; s).

I t  was used the property th a t S*+i interpolates the corresponding function 
a t  the edgees of the interval [0, 1] and it is a linear operator.



ON A bivariate integral SPUNE OPERATOR 

From [6], we have that

S*+i ( | « - s | ; s) < m i n j v / i ± i |A: | . t/ Z H
1 V 2 V 2{k -f 1)

hence,., from (4.4) and (4.11) it follows that _ . ' ,

19

N 1A ^io n mm

(4.11)

( 4 .1 2 )

and

Taking into account (4.10) and (4.12), one obtains 

’ <4135

M ! « < ( 7 L + i ) ' » ( v = n : r < i ( > + V ! ) -
(4.14)

respectively

(4.15)

(4.16)

In  the same manner, one obtains that

< ( l  +  y i ) ,A ~ ,

< i | i + y i j .

Finaly, from (4.3), (4.5), (4.6) and (4.13), (4.15), it follows that

11/ -  (/) ||, < ( l +  y  | ) |  A. 11!/, o , 0) II, +  (l +  y i-] | A. (11/ ||p

which implies (4.1), respectively from (4.3), (4.5), (4.6) and (4.14), (4.16), one 
obtains

11/ - t;:.m>cT(i + VI)11" ' 0)ll'+t{‘ + Vi)m”
which implies (4.2).

The cases p — 1 and p = m must be considered separately, but the result 
is the same.

Remark. If one takes an adequate Taylor's formula, we can prove that

I I / -  T iU f ) \ \ r  <( *  +  y t ) 1 A---1(HAIU +  11/ ri0' -)IW

II/- riwii, <7(1 + Vi)(||A|l'+IIA(0’
and
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REZUMAT. -  Un
/_*. îu  articolul [1] operator liniar pozitiv asociat cu distribuţia Pearson -

k k*i* *• - r,i al“ aefiiut un operator liniar pozitiv folosind o metodă 
probab.hst.ca [4] asociată une. distribuţii z*. î n prezenta lucrare se dau unele 
proprietăţi ale acestui operator.

1. Introduction. In our paper [I], we defined a new linear positive operator, 
using a probabilistic method [4], which was associated with the Pearson’s 
— -jf distribution:

dt, X >  0, (1.1)

where the sequence of independent random variable having the same
normal distribution N(0, <Jx), x  >  0, E[X*] =  0, D2[X*] — x, k e  N, and ./ 
is a real function bounded on (0, +oo) such that the mean value of the ran­

dom variable / ( —J^X*] exists, for any n <= N.
V» *-i /

2. Some properties of the linear positive operator, t h e o r e m  2.1. The ope­
rator (1.1) admitted the following representation:

(L n /)(X )  = x >  0 (1.2)

Proof: Taking / / ( 2 a ) =  « in (1.1), the proof is immediate, but the repre­
sentation (1.2) is very important, because the parameter x passing from e 
kernel to the argument of function, and so we can demonstrate the following
properties. . , .. /A

t h e o r e m  2 .2 . :If f  is a real bounded and non-decreasmg f*™*0* ° n  ' ’ 
+<?o), then Lmf  is a non-decreasing function on (0, +co), for any n .

U n io c ity  of Brafov, FocuUy of liotkanatia ani Informaţia, 2200 Bra>oo, Romani.
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Proof: Let be 0 <  * < y. Because f(x )  < f(y )  we have

( L J ) ( x ) =  —i -  f  m2 V ' / l -  4 * *  < — 4 "  ( / ( -  »)«*« =
r ( f )  •) 1 M i ) - )  U J

=  (Lnf)(y)>n ^ N -
T H E O R E M  2.3: I f  f  e  Lip (a) «  « Lcpscliitz function of order a, 0 <  a < i 

L , /  e  Lip (a), 0 <  a < 1, for any n *  N.
Proof: l i f e  Lip (a), 0 <  a  < 1, then exists a positive constant Kt >  0, 

so tha t
I fix ) —f{y)I < K j \x- jy |« ,  (V)*, y  > 0 .

Hence

(! ./)(* ) -  (L .f)(y )l

r h  V

1 — 1/¡2x ] r(2ye f  1— «1 { -  «
1 l * } u

'(f)
* / l *  — y  1“ ^ :«+•/*-> <T" du h i )

-If)

du ^

Kf \ x - y \ * .

t h e o r e m  2.4. I f  f  is a non-concave ( )  function of first order oi 
(0, ' -f-oo), then Lnf  is a non-concave (non-convexe) function of first order o»'(ft 
-f-co), for any n ^  N,

Proof: Let be 0 <  X <  1, x, y>  0 and /  a non-concave function : 
f(Xx +  (1 — X)y) < X/(*) +  (1 — X)/(y)

Them,

{Lnf){hx  +  (1 -  \)y) =  J -   ̂ " V “ + ( ! - _ %> <

=  X(L„/)(*) +  (1 -  \)(LJ)(y), 0.
3. Asymptotic estimate of the remainder. Since, in the paper [1], we ^  

studied the convergence property of the sequence (1.1) for /  s  C(0, «). ? 
<  a <  -f oo and we have given an estimate of the order of approximation 
in this section, we shall deal with the-asym ptotic estimate of the remaindeI' 

Using our results [2], [3], we obtain :
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THEOREM 3 .1 . Jf j  1S rcal
derivative at a paint % ? £ » . « »  <0. + » )  ^  * ,

/ ( * ) -

23

lini « 
«-*00

oo *
the

=  - * r w (3.1)s i s r  '*«•,
Proo/: In the case of our operator (U), -

( I ,/(A) -  E  [ / ( -  g  A ljJ , where (**W  having the same normal distribution 

A'(0, yjx), X  >  0, our results [2] , .

S i : l / W  -  £ W i ^ ‘)J| -  -  {/"W D -ec. 1.
become (3.1), since ■ ,

/P[.YJJ =  £ [AJ] -  (£[AJ])*;= 3*s -  «* =  2**.; :■ *
» . •

/• /  *s a rea  ̂ bounded function on (0, -foo) having the d eri­
va ivt. j  at a p0mt x  e  (0, -foo) then for the sequence (£„/)„ , lV we have:

hm »*f (!„/)(*) - / ( * )  -  £  r  (*)] =
»-» + »  £ via* ' v j ' " / ‘“' t oA I

(3.2)

"  *K',C  ̂”.v M  — P  AJ — nxj  J , (Xk)kmff haviug the same normal distribution

A{<), v*), x >  0, with E[Xk] =  0 and P2 [A*] — x, It ^  N.
■Proof: With I)2[A|] — 2x2, our results [3]

J™ n‘ [ ' f  -  S  & T ~ < * j - £ l t W . V J t

become (3.2), in the case of the positive linear operators (1.1).

CM)
*)
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TH E REMAINDER OF CERTAIN SHEPARD TY PE INTERPOLATOR
FORMULAS
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Dcdlcntcd to Professor D. p . SUocii 
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REZUMAT. — Restul unor formule de interpolare de tip Shepard. î n  lucrare 
se stud iază term enul re s t al unor form ule de aproxim are generate  de operatori 
liniari şi pozitivi de tip  Shepard, pen tru  funcţii de o variab ilă  respectiv  de două 
variabile. R ezulta te le  o b ţinu te  sîn t p rezen ta te  în  teorem ele 1—5.

1. Introduction. On of the preferable field of Professor D. D. Stancu is 
the theory of linear and positive operators. In  many of his interesting papers, 
using such operators, Professor D. D. S t a n c u  has studied the uniform 
approximation of the functions of one and several variables and the remainder 
of such approximation formulas (i.e. [6], [7], [9], [11], [12], [13]). I t must 
be also remarked the linear and positive operators obtained by Professor D. D. 
S t a n c u ,  using probabilistic methods (i.e. [8], [10]).

Inspired by the works of Professor D. D. Stancu, in this paper, I shall 
study the remainder of some approximation formulas generated by Shepard’s 
type linear and positive operators, for functions of one and two variables.

First, let us remind Shepard’s interpolation function [5]. One considers a 
function /  defined on the real plane R2, and let P,, P , =  (*,, y j,  » =  0, « 
be distinct points in R2. Let also p be a metric in R2. For a given point P, 
P  — (x> y)> let r„ r< =  r({x, y), be the distance between the points P  and P„ 
i.e. rj(x, y) =  p((x, y), y,)). Then, Shepard's interpolation function is de­
fined by '

F{x, y) =  J2  A >(x, y ) f ix i. yd,
»-o

where

M*> y) =  f l  M * , y ) r  I  ( E  r i  [r* (X,  y ) r )  $
17°. I Vj-0 k -o  /

. k* i
and (i is a real number, 0 <  ¡i <  op.

The functions A it i =  0, «. have the cardinality property : 

______________  M*i> yj) =  h ,  *i j  =  0 « ,

University of Cluj-Napoct, Faculty of Mathematics and Physics; 3400 Cluj-Napoca, Romania
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i.e. . .
F(x<. y.) =  /(*,-, y t), i =  07« "*

and

THE REMAINDER OF CERTAIN INTERPOLATION FORMULAS

Ai(x, y) > 0 for all (x, y) e  R2. ;
S h e p a r d himself [5] has pointed out some of the properties and appli­

cations of the interpolating function F, Such a very important property is 
that min /(*,-, y t) < F(x, y) ^  max /(*,-, y<) for all (x, y) e  R2. Next, in the
papers by G o r d o n  and W i x o n  [1], S c h u m a k e r  [4], as in the 
thesis by P o e p p e l m e i r  [2], mentioned in the provious papers, were remar­
ked new and interesting properties of this function. ’

As it is remarked in [1], the interpolation function F can be viewed as 
.a projection of /  onto the finite-dimensional linear space spanned by the func­
tions A it i  =  0, n. Let us denoted the corresponding projector by P. So, P  is 
a linear and positive (A{ > 0, i =  0, n) operator.

Next, we study the remainder of the interpolation formula generated by 
Shepard's projector, in both one and two-dimensional cases. • ►.

1. One-dimensional case. Let /  be a real-valued function on an interval 
[a, 6] and x, e  [a, b], i =  0, n. Shepard's interpolation formula is •

f - P J + R J

where

(Pj)(x) = Z M .(* )/(*•■)<<-o

with

a m - n i * - * i i ' / ( £ n i * - * , i * ) . (3)
y/» i*k

and S J  is the remainder term. The operator F, is » P™iector, i.e. F , is li­
near and idempotent. For the remainder erm we ■

THEO REM  1. I f  f  ^  absolutely continuous on [a, then ■ 1
6

:w(Rj)(x)  =  (s ;« )/'(« )* ,

where

and
? i ( * ; * )  =  ( * “  s )+ “ S)#+'

\(Rj)(x)\  <
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where

K(x) =  * -  ¿  M<(*) +  2 ¿  A(*) (*,• -  x)+ »~o >=o

26

and
M J  — sup | f'{x) |.

Proof. Taking into account th a t R Lc0 =  c0, where ek{x) =  xh, formula (4) 
follows by Pcano’s theorem. Now, let us suppose tha t *  e  (* * _ ,, xk) and <p((x; ,) =

=  ior 
Then, we have

n
«pi (a; ; s) =  (x — s) + — ] £  A M ­

i-j
Using the properties tha t A 0(x) +  • • • +  -¿„(x) — 1 and 
Ai(x) > 0, i =  0, «, one obtains

* { ( * ; « )

y - i
X )A (*), for s < x
Í-- o

n
— £  (a:), for s >  x.

Hence, <p* ( x ; s) > 0  for s < x  and <p{ {x\ s) < 0  for s >  x.
As, x  «  (a;*_i, xk), it follows th a t <pi(A;;s) ̂  0 for j  =  0, k — 1,
<pi(x; s) < 0 for j  =  A +  1, n and <?y(x ; s) > 0 for s < x  and
<p}(a; ; s) < 0 for s >  x. This way, one obtains tha t <p,(A:; s) ^  0 for s ^  x aud
<Pi (a: ; s) < 0 for s >  x. From (4), we have

b

I (* ./)(*)! < M 1/ j | < Pl(*;s) | ifc.

But,
* * b

< j  I <Pi(* 1 s) | ¿s =   ̂<px(a; ; s) rfs —  ̂y y{x ; s)rfs =  A'(a:),
* « i

and the theorem is proven.
Now, let us suppose that at each point x„ i =  0~ n  there also exists the 

derivative f {x ,) .  We define the’ operator P 2 as follows:
n

(PJ)(x) =  g . 4  ,(*)[/(*,) +  ( x -  x t) f ' { x , ) l
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THEOREM 2 . I f  (A >  r  then ( P J ) W ( r )  — m r ' \  • a—  ■ «
Proof. I t  is obviously that {P.)f(x ) — f(x ) ' ' n~1 Yor =  0, I

For the first derivative, we have ' * *’ ;
n ... v

(P J Y W  =  E i ^ . w / ' w  +  i4:(*)[/(*,) +  (X -  Xi)f'(x,)}},

and, for (i >  1, _using the formula (3), it is easily to check that A ’lxJ = 0 
for any t, p -  0,n. Indeed, if A, is written in the form A, =  &/*,., where

s m  =  n  i * -  *. r ,  •• • hfa) = ' £ h \ x - x i \*
f t  . _ ;

then A , =  (g,h, g.A;)|A.. But, p >  1 implies gt{xn) = gi{Xk) =  0 for any
h =  0, n, k # », /»,(*,) =  g,■(*,■), ¿'(x,) =  g/(*,.), i.e. ■

=  0 for any k, i  =  0, n. Hence
• *• • f

(PJY(Xk) =  E  i(**) /'(*.)•
t -=0

As, A'(xk) == XlJk, it iollows that (PJ)'(xh) =/'(%*), k ..= 0, ». So, the operator 
P 2 interpolates either the function /  and its derivative / '  at the points Xu, 
k =  0 , n .  .

U?MMA 1. P 2 is a linear operator and P2ck =  for k = 0,1.
The proof is a straightforward computation.
Let ,

/  =  P J  +  R J

be the interpolation formula generated by the operator P 2.
theorkm 3. / /  /  e  H2[&, b] then

( R J H x j ^ f a x  -.s) f"(s)ds (6)

where

a

9t( x ; s) =  (* -  s)+ -  E  M *)  K* "  s>+ +  <* “  Xi){Xi ~  S)0+,]-

If, more than that, f " is continuous on the interval [a, b) then

(7)
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Proof. The integral representation (6) follows by the lemma 1 atl(j 
Peano’s theorem. Now, q>}(*; •) =  ?*(*» ’)l[,
has the expression

n
<P»(*; s) =  (* — s)+ — [x — s) £  Ai[x).

% —A

So,
i

f>»(*; $) =  (
[x — s) ^ A ¡ ( x ) ,  ÍOT S ^  X 

1 - 0  

n

— (*  — s ) C  M * ) .  fo r  s >  * .

i.e. <?\(x\ s) > 0 for any k =  1, n. This way, it follows that (p2(* ; s) > 0 f( 
■x, s e  [a, b], and by the mean theorem (/" is continuous), one obtains tl 
representation (7).

2. Bivariate case. Let /  be a bivariate real-valued function defined on tl 
rectangle D, D = [a, &] X [c, d ] and (*,, y,), i =  0, « distinct pouints in [ 
One considers Shepard’s interpolation formula

f = P u f + R n f .
where P „ /  is given by (1), i.e.

{Pnf )(*. y) =  ¡C  Ai(x, y) f{x„ yi),

and i?u /  is the remainder term. P u  will be called Shepard's bivariate open 
tor. I t  is known that P u  is a linear and positive operator [1].

Next, we shall study the remainder term R nf.
THEOREM 4. I f  f  e  Cn (D) then

y) =  J y ; s ) /“-0) (s, c) ¿s +  J cp01(a;, 3;; t ) f A) [a, t)dt
• I

+  f J ?u[x, y ; s, /)/*•■*'(«, 0 ¿s

b

where



and
2 »

with
' y U « a »' *- y )M „ f+ H l M yW u f,  (9>

H u { x , y ) ^ x ~  g  y) +  2 g  a  f a  y) (,, - xK

n .

H n (x,y) = y -  T . y ^ , y ) + 2 ^ A l(x.y)iy , - y)t 

y> “  (* ~  *)(y -  c> -  y) (x, -  a)(yt - c )  +
n

+  2 E 'M * .  y)  [(*.' -  a) (y ( -  y)+ +  (x, -  *)+ (y> -  c) _  (*. _  *)+ (y. _  y)+ >

where

Miof  =  sup | / (,’0)(*. c) |, M01/ =  sup | / W-I>(y,«)|,
•<*<* <<y<4

M uf =  sup y)|.
D

Proof. As /  e  Ca (£>), we have [6]

/(*. >) =  /(«. c) +  (Rf)(*,y),
with

!(*/)(*, y) =  j  (* -  s)+ / (,’#)(s. c) ds +  j (y -  0+ / <0* V  0 *  +

+  J J (* - s ) ° +(y-<)°+/ (,,V 0 d s * .
D

Taking into account that P ne0o ~  £oo> where «*/(*, y) =  the formula (8) 
follows immediately.

To prove the second part of the theorem, we remark th a t.

<Pi0(x, y ; s) 2 0 for s < x  and ?10(x, y ; s )  «$ 0 for s >  *;

• <9oi(x ,y ,t)  > 0 for t < y  and ?„i {x .y . t )  < 0 for t > y

respectively <pn (x, y ; s, t) > Q for (s, t) «  [«, *J X [c, y) and <pu (*, y ; s , t )  * 0
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i or (s,t) e D H a , x ]  X [c, y].  Thl,s»  ̂ ,

(<p i o (*> y  > s>>is ~  y ) ’ j <Po1^ ' y :  ^  ^  =  * « ( . .
•J c : ,
- '■

and . 7
^  <Pn(*< y > s>l) dsdt  =  Hi\{x >y)- 
d ' .

But, from (8) we obtain
» ?

I(f?i,/ ) { * . ; ' ) I l<pu>(*. y:> s) I *  +  jVW | j  l<Poi(*, y ; t) | *  +
« «

’’u

and the theorem is proven. • 1
An interesting interpolation formula is generated by Shepard’s type ope­

rator P 22 [4], defined by

(P2J){x, y) — Aj(x, y) [f(x„ y.) +  (x -  x ,)fiifi]{x„ y,) +  (y -  y , ) f M{xu y)].
t«o0

. lem m a  2. P 22 is a linear and positive operator which interpolates the function 
/  and its first partial derivatives at the points (x it y,), i =  0, n, and Pn tkj =
— Ckj for ( M e {(0.0), (1,0), (0,1)}. ___

Proof. The positivity follows by the relations A { > 0 ,  i — 0, n. The inter7 
polation properties: (P22/)  "■*>(*,•, y t) =  /t>» (at,-, y t), i =  0~n, (j, k) e  {(0,0), (1,0), j 
(0,1)}, can be checked , by a direct computation. i
Also, it is easy to check that P 22ejk =  ejk for {j, k) e  {(0,0), (1,0), (0,1)} a“d 
the lemma is proven.

For the remainder term of the interpolation formula

/  =  Pzzf +  ^ 2 l fwe have: ,
theorem 5. I f  f  e  B ltl(a, c) [3] then . v

(^22/).^ y) =  J q>20(*, y  ; s ) f {2-0)[s, c)ds +  J <?02(x, y  l t) t\dt +
. c *

+  5 j  ?ii(*. y ; S, t ) f {lA\s ,  t) ds dt , il0)



the remainder of cert^ n interpolation
formulas

3 1

¿where

and

with

-  g  A(*. y ) [(*, -  s)+ +  (* _  x,)(x. _  s).  j .

9ntX' y ; ‘> =  ~ S  A‘<*’ 2 )0 *  -  ' l  +  to -  y)(y, _  /ft]

■Pul*. ') =  ( * -  i)+*fa. -  /ft -  g  A to;v)to - . / f t  to  -  /ft.

I (-ft22/)(*. I < # 2o(*. y)M2ef +  H02(x,y)M02f  +  H n (x, y)M uf  (11)

* » (* . y) — — — +  — £  xiA,-(x, 7 )i  L i*0

H0i{x, y) = ~ ^  + ~  ¿y fA, (x ,  y)L 2t (bQ
H n  is given in (9) and

M 20f =  sup | / (2,0)(*. 6)|,
M<s<b

M 0zf — sup \ f m {a, y) |.
c<y<i

Proof. The integral representation (10) follows by the lemma 2 and by 
the corresponding Peano’s theorem [3]. To prove the second part of the theo­
rem, first, we observe that <p20 3* 0. Indeed, if fio(x,y;.) = <p20(̂ » J'i-)
then

tp20(x, y  ; s) =  (x — s)+ -  Ê  A,(x. y)(x -  s), s e  [xt -u  **].

or

9to(x,y, s) =
(a: -  s) | l  for s < *

(s -  x) ¿ A i i x ,  y) , for s > x
»■■A

As, A t(x,y) >  0 for any (*,*) e  D and ^  »(*.*) +  ••• +  £ * * ’ *1“  !j f£  
follows that <pi«(x.y'.s) ?  0 for s e  **]• Hen e, <f>to( > y  > )
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Any s <2 [a, 6] and (x, y) e  D. In  the same way, one obtains th a t ® '(* v . v 
for t e  [C, d] and {x, y) ^  D. ’ y ‘

Now
i i

I {R 22f){%> y) I < M jo / j  9ío[x> y ; «) ds +  M 0if  J <po2fo  y ; /) dt -f
« *

+  i W u / J  [  I <Pn (*, y , s , t ) \ d s  dt.
D

But,
* . 4
J <P2o(*. 3'; s) &■=* H i0(x, y), j  9oi(*. y ; <) =  #  o2(*, y)
« C

respectively

\9n (x>y: s> l)\dsd t =  H n f
D

a n d  the theorem is proven.
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R E Z U M A T . -  O m e to d *  nnu lunu  cu m e to d a  Iul Cclnşev de rezo lv a re  a  e cu a ţiilo r  
o p c r u lo r ia lc  d e f in i te  in  s p a ţii  F rc eh c t. ! u  lu c ra re  se  s tu d ia z ă  p ro b le m a  rezo lv ă rii 
u n e i  e c u a ţ i i  o p e r a to r ia le  P(x) =  0  P  : X  Y, X  ş i Y  f iind  s p a ţii  I 'r i c h e t  
f o lo s in d  m e to c la  i t e r a t iv ă  x n - \ nP [ x „ ) ' -  A„ [Xn, P]
^ n - 1  P ( x n-i)^-n^‘{x n) u n d e  A„ =  [>â, ; P J - ‘ şi ‘A„ =  [x„, x „ _ E ] -1 .
S ţ i r e  d e o s e b i r e  d e  s tu d iu l  s im ila r  f ă c u t in  I, in  lu c ra re  se  e v i tă  u n ifo rm  
m ă r g in i r e a  n o r m e i  g e n e ra liz a te  a  o p e ra to ru lu i  A =  [.v\ x'.; p -» J , p re su p u u in -  
d u - s e  n u m a i  e x i s te n ţa  lu i. • ' ■ ; .

1. L et be the equation
P[x) =  0 ( 1)

where P : X  - * Y  is a nonlinear continuous mapping,' X  and Y Freehet spaces 
and 0 the  null element oi the space Y. Suppose also that P  admites divided 
differences up to the third order, inclusively. . . . . .

The existence and unicity of the solution of the equation (1), using the 
ite ra tive  m ethod , . ..

- x n — AnP(x„) — A P] An-iP [xn~i)AnP(xn) (2)

where A„ =  [*„. x ^ y P ) - '  and A. =  [*.. ™  st" died iu [2]’
proving the following theorem : ■ ' - '■■■■ ; ;

THEOREM A 1° I f  U exists A =  [x', X," \ P]~y, V *', x ” J  S(Xq, P), 
and ) |A |K  B, by j| - |(  we denote theevasinorm, of an clement of a Predict
space [1J.

2°. — 2,V -E ' 0 -and t)0 < < n - 2 ;
3°. For any x 'i X "X x't, ^  s >' W6 ‘havc ’ *' ; y

)![,;. P) If ,< Af. U K * " *  ■ * ' P J'< « ,V '
4°. A _ ,E _ z< X ' where /i_2 =  F 2My)-2. .

P .  _  i / s  +  l ^ - T ' l ' I t i  v * 7.)”l >  0
^  H_, j I »  ' \ _  23,1.,

then the equation (1) has, in  S(*o* (A_,£-«)*

------------------------- ~ V bocă FacuUy o fM « * « «  ” * >***■ 1106 ROmania- of CluJ-bapoca, facuny w ‘

2Bri-i___  a solution x*. .and

University <
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only one, which is the limit of the sequence (2), the convergence order being gjVCf 
by the i n e q u a l i t y ■’ ; '>>i

*-i • •
2 2  U

. »—1 . • • ' 2
)| x* — X„|(^ ■ ~” 7’ * —{k-tE - i)  ' 2 ^  R (fl- 2E^ 2) ’ 2

1 -
where /,• =  /¿_3 +  ^ - 2  +  U-i (*' =  2,'’3 , . .*:) aiid A_i =  L t0 =  t1 =  1.

2. In  the following we will change the condition 1° of the theorem^ 
removing the uniform bounded of the mapping, proving.

THEOREM 1. Suppose that for some initial approximations a_ 2, ?
'e S(x0,'.R) .the'following conditions are satisfied:

1. The mapping A0 =  [*0> *_i 1 P] exists)......  ^
2. There exist. r\i f  .Q siich.theit A...

: -■ )|'A'0P (^ ) |(  < r),- and v)0 < v3_ 1 ^ t)_2 ; ! • "
3. ) |A 0[*', x" , 2;'" ; P ] l( < M, ) \A 0[x', x", , x iv ) P ] | ( <  N  V a',

x IV e  S > '• * i . ::

4. h^2E _2 <  1, where //_2 == M t)J2

E l ,=  - ^ 1 3 + \ l +  l] ( l  - A_2)31 and H _2 =  ,1 — h~A l +  A_2) >  0.
H-x 1[ 1\ AM )

. . Then the ■ equation (1) has, in S(x0, R) with l i .— -— , a solatia 
_ . t V1—

x* and only one, which is the limit of the sequence generated by (2), the come- 
gence order being given by .

) |x* #„|( < P _ 2)

n —1
2 £  «'-2

; = = 1 ,  t0 =  1, =  /<_3 +  /,-_2 +  •(» =  2, 3 , . . . ) .  .
Proof. We will show th a t in the hypothesis of theorem 1, the liypotcS 

of the theorem A are satisfied for equation

' ' "v "  " P{x) = A0P(*) =  (T ’ O'1

where 0 is a null element of the space X ,  equation equivalent with (1)~ 
To approximate the solution of the equation (1') we use the algorithm

*„+1 =  *„ -  K P ( x r) -  A n[xn, *B_2 ; P ]A B_, P( x P( x„). : (2)

x - 2. f f  x - 2> x- i  — x~i, x 0 =  x0 the sequence (x„) generated b y  
is identicaly with the sequence generated by (2), which is easily proved, usub 
the induction., . . : ,

We show that the hypothesis of the theorem A are satisfied.
1) A0 =  [x0, x_x ) P fi~}~  A0|>0, Pi]-1 =  I .
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hence exists and )|A 0|( =  1 =  b o

' 2) Vi / ( s H t -  »lA.pfe) i f  s
3) )| [*'. x”, x" '\  PJ |( == )| *,[*•, *•"; P ]|( < j f '  ' KL' '

) |[ t f ,  x", x " ’, Xvr) P]|i[ =  )|Ao[i', 'V '; x/r',“b v ; P]\{ ^  N  
V*', x", x'", xIv e  S

..4) A_2£ _ 2 <  1, where h_2 =  B W ^ a =  '*

E - s : “  i  |*:+ f e !) ;• f 4 A  ^  >  0. . . . .. ‘ •!>l’ *• «. ¿{Mijwr,
: in S ( * „ ,  55) with' R =

"  ' "■ •'...... '
It results th a t hypothesis of theorem A are ' satisfied; by P ?:hfenc‘e equation 

(T) has a solution x* e  S aud only oue, which is the limit of sequence genera­
ted with algorithm (2) or, (2'), rapidity of convergence being .given ;by (4)..,, , 

Remark. The theorem above improve the condition 1° and, 4°; from theo­
rem A. So, the bounding of inverse operator A is not suppose and, also, inequa­
lity h _ h _ i takes place. The last relation results from the following property 
of divided differences; ,.r ,-i m w v v v

J \ ^ ; ;x ; [ ^ " :\ko P ]  = Abix', x ' ' ^  '  '■■■■

which causes M  < B0M * N  < B0N. ' ■ ’ j " ' " , ' '
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REZUMAT. — Aszpra rezolvării (M-uiiţlIlor operaţionale defin ite in  spaţii Frechrl 
p r|n tr-o  m etodă modifieată a coardei. Folosind m etoda coardei in  rezolvarea 
ecuaţiilor operatoriale definite in spaţii F r ic h c t, lucrarea îşi p ropune slăbirea 
condiţiilor de e x is te n ţ ia le  soluţiilor ei da te  în lucrările [1] şi [2] prin  renun­
ţa rea  la ex isten ţa  diferenţelor divizate de ordinul doi ale opera to ru lu i P  : A’ -*
- » y .  A' şi V fiind spaţii F reclie t şi la  m ărginire lui A0 - [*„. ; P]~l

1. The chord method for approximatively solving of an opcratorial equation,
given by algorithm ' ' •

( : •: ’=~ Ap. [A,,, An—1 » I ]  ̂ I  i'̂ n)
has many disadvantages in practical applications, because, in real calculus d 
approximates of solution of given equation, in every step of iteration operate: 
[x‘, x" ; P ] _1 must be calculated. To eliminate this desadvantage, to gene 
rate the sequence of approximations of solution, the modified chord met hoi 
can be used, based on the algorithm :

•*'» + ! =  ~  [A0> 1.» -P] 1 P(X„), 0!
where [*0, x_x ; P ] _1 operator is calculated only once, for initial approximations
x0, X—i- ■ .

In paper [1], enough conditions concerning convergence of modified choii 
method to a solution of a given equation are given.

lh is  paper proposes to study the convergence of this method, establishing 
conditions given in [D].
2. Let be the operatorial equation

P[x) =  e , Pi
where P . X  —*■ Y  is  a continous nonlinear operator X  and Y  are Frcchrf 
spaces and 6, the null element of Y.
Concerning the existence of a solution of (2), calculated by iterative method 
XI), we prove:

THEOREM 1 . I f  for the initial approximations x0, x_, e  S c X  the follow"'* 
conditions are satisfied: 1

• VnivcsUy of Cluj-Napoca. Faculty of Mathematics and P hysic, 3400 Cluj-Napoca Remania
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1, There exist A. -  [*, P ]-. ^  )|A0|{ * V
2. There exist v)0 and t)_ , which for

).|A0P(*0)|( Y)0 and )\x0 ~ x ^ \ [ ^ n _ l -, -r>0 ^  ^

S(x ^ ' ^ X ' X ’ ^ K^ X' ~  x ' \ ( f or every x', x", x'" from

4. h0 = B0K{r¡o +  7)_x) <  i

then : ' <
i) sequence (x„) generated by (1.) is convergente ; :
ii) lim x„ = x* e  S(x0, 2•/)„) is a solution of equation (2) ;

iii) rapidity of convergence is given by

) \x* — x„ |( < Kn~l ) |% — x* |(, where K  =  3h0 <  1.

Proof : Conditions 1—4 of theorem are the same with those of theorem presen­
ted in [2] ; it results that the sequence (xn) of approximations, generated by 
initial chord method is convergent to a solution of equation (2), rapidity of 
convergence being given by ' '

' : ) I** -  xH |( < 2,-,» i/"-'(4/i0)I»T)0 , .

where q = ^  and sn = ¿ « 1  =  h»-i 2 — 1, m, being the terms of a Fibonacci 
sequence.

We show that sequence (xn) generated by method (1) has the same limit 
x*, hence 7

)\xn — **|(-»0 for »-*oo.

Notice that x0 = x0 and x ^ t — #_i then xt — xL.
Consider the set SUL = S() S*, where S* (**,) |*, -  ** l( ). hence ) |* -  ** |(

Let * e  .oil be some element and the operator A : X^> X, so that, for a e  X  
we get < ''

A (a) =  a -  A0i> ) . ' "

I t  has the properties:
>i A(x„) *»+i t4(x*) — x*

[u, v ; A] = I  — A„[*,Vj.'P], V» « ^ X 

[x0 *-i ; A] =  0t. " ’ ' ‘
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Let .v =  A(x) we .prove tjiat ($11. hence it, belongs fcoth to S\and to
S* hence ) |.3 — .'Cq | ( 2t]0 and (|3  — 3p|( ^  ) \x* — #il(- . ......... . ,
Indeed, we have "

) \xi-?x*  !•(>= ) M W  -1 A W ) A ]!(•) 1 ** |(.
Tb’keval'uated)'['[x-x* A  ] |(' consider tife evidently inequality ‘ ’ ; ■>'

) | [ ^ * ; ^ ] | ( - ) | [ « , * 0M ] |(  ^  ) \[ x ,x* ;A ]  -  [x,x0 ;A ]  |( " 
which, taking account of operator A properties and condition 3 leads to '' 1

) \[ x ,x * ;A ] \[  O i l * ,  ** ; A] -  [x, x0 ;A ]  |( +  ) I [x,x0 I A ] |( =  ...
=  ) | [a-, s* ; A]  -  [3, :*•;•.} - A]  |(+ ) I [xj x0 ¡A'] -  [x0, x _ v \ .4]'[( • "

: ( - k 'B 07i('. ) > 0^ V * r ( + ) l * - ‘* - i l (  )• '•
Because ' ' ' •' ' ' ' '

.1 . J-V, A )•!•#*-.*o1( < 2t)0 <  3v)o ■

- I I ■!>. ' K j  I I I

it:results that
ii ! :!!•: !.•:

M*,TT IC&)\x,! i: : x~
th a t . *iiiixni>*.<I !" ' ■  " n ■

" ) \ x  -

I ( ^  if" rti 3’/) _ t

x* |( == K) \ x — x* |(.
Because K  <  1 and ) \x — 3 * |(^ ) |3 *  — 3, j,( results th a t x  e  S*. We must 
show only that X e  5. Bor this, consider '

. )l* - * o  1(^)14(*) 31|(+ )> '1 -  je0l($ )M (*) — A [x0) |(+ )  13 r  — 30|( =  .I. In <itn >: -*«1! ,i, -
=  ) I [3, X0; A](x  -  3„)|( +  7)0 =  ) | ( [3, 30 ; A] — [30, X ^  \ A]){x — Xu) |( f.Y ^ $ 

fiillil •»Hill* -Jl  ̂ ^o)l(S^oli??li;I>ll?] /Tt [x,! X0 -i B\){x — 3<f) |(; +  ' - 1
^  B 0IC ) |3 -  3_1|(0  |3 -  30|(+  7)o ^
<  6 B 0l f 7 ) 0Y|_1 ‘ H --7)i = ' 6 ^ o / f ( « 0 4 -  V )_ i)v)0 =  6 / i0« 0 <  2 7)0.

From those presented, above results th a t operator A lets invariantds tin 
elements of set §>11. . . .  . . .  , . , ■ ■: '• j. ; ;• <r!-iii .1 ) •••'•; ,7 1 .'"1 ! ■  ̂  ̂ .1 ' vi.' : i .. -

Returning to (3), taking account of properties of operator .-A and takiu$ 
J. ul'n*’l tv-. — 7. : I. ■;< Ul, l-n ■(. ■' ■ 'd

) \X 2 -  3* |( <  A)| 3t -  x*\{ is found.
By induction, one deduces>,;‘\ ,/ > ..,u .

) | 3 „  -  3 * | (  <  A " - ' ) | 3 !  -  3 * | i f l  - :■■■!

and because K  <  1 we have for n.-^ p o ,)^ , x*]{fr  0, hence

7. : v
So the theorem is proved.

Jim. 3, = ,3* . x
• n ’-+ 00 • 1 n' *

. i' ! . . .

f
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_ Thc convergence of modified-ehm-d j • , . ,
may be proved by weaking the conditions of ore *° & ,s.o utlou c^uation (2) 
pv L g  up to the bounding

TH E O R E M  2. I f  for,•■initial approximations x0, S we have the condi-
tions

1. There exists A0 = [x0, x_1; P ]-i -• .if:..- -
2. )| A aP(xc) |( < t¡0,| x0 — x_x |( ^ r¡_lt (7)0 < kj. j)
3. )| ([*'. *" ; A0P] -  [x", x"' ; A0P]) -  *") for every

x \ X", %"• s  S(XU 2 t)0) ^

4. A0 =  7C('% + ;ï)i) < — -
. - 4 , .

then the sequence generated by (1) is convergente to a solution x* of equation (2) 
the rapidity of convergence being given by relation

)l** — *.l(< K)\Xl -  x*\{, K = 3h0 <  1 
Proof. Consider the ecnation

P(x) = A0P(x) = 0 (2')
equivalente with (2). We show that from the conditions of theoremo 2, results 
the conditions of theorem 1 for equation (2').

To solve approximative^ the equation (2'), we consider the algorithm
Xh+i = x ] - A 0P(xn) (1')

where A0 =  [x0, x_n ; P ]_1
If we suppose that x 0 =  x 0 and x_ y =  x based on (1'), we can deduce

that
x[ = x0 — [x0, *_i ; P] lP(xo) =  *o (A0Oo. x- i ’> £*]) lAoP(Xo) =

= x0 -  A„P[x0) =
Repeating the argument, we deduce that sequence (x„) generated by (1 ) is 
the same with sequence (xn) generated by (1).

We verify now the performing of conditions 1 -4  of theorem 1.

1. A0 =  [x0, x_x; P ] “1 =  (A0[*o. *-i i p ])_1 = = I
and so there exists A0, and )| A0|( B0 = 1

2. )| A 0P(x0) |(<)l A01( ■ ) |P W K = ) lAo W I «  1.
and evidently )\x0 — V-i (/ ,,,

3. )| [*', P ] -  [*", P] l(=)l a °(Ca;'' *" ; ^
< K{x’ -  *"')
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From those above,, result that equation (2') has a solution x *■ .«= S(x -2  \ 
which is the limit of sequence generated.;by (1) or .(l'). ¡rapidity of conver^ene
being characterized by , ... :o ° e

•••)| < / i - * ) | *t -  x*l(, K  =  3/;0 <  "1 -
Because (2') is equivalent with (2), the statement results. .•

, . . ,, \ , , , 1 
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H K Z U M A T . -  A s u p ra  c o n s iru e ţle l  u n u l p ro fil c x e c u llu d  o  ro io trn n s ln tlc  în l r - u n  
f lu id  p r in t r ^ o  p ro b le m ă  Iu lln .il«  In v e rs a . î n  p re z e n ta  lu c ra re  se  c a u tă  s ă  se  re z o lv e  
p r o b l e m a  c o n s t r u i r i i  a  p o s te r io r i"  a  u n u i  p ro fil  d e  a r ip ă , c a re  e f e c tu e a z ă  o 
n u ş c a r c  d e  r o to t r a n s l a ţ i e  în t r - u n  f lu id  id ea l, cu n o sc în d  d i s t r ib u ţ ia  „ a  p r io r i”  
a  m ă r im i i  v i t e z e i  f lu id u lu i  în  to a t e  p u n c te le  c o n tu ru lu i  n e c u n o s c u t  a l p ro filu lu i . 
P r e s u p u u îu d  c ă  f lu id u l  e s te  a n im a t  la  m a r i d is ta n ţe  d e  o v i te z ă  c o n s ta n tă  d a tă ,  
i a r  m iş c a r e a  f lu id u lu i  p ă s t re a z ă  c a ra c te ru l  in c o in p re s ib il p o te n ţ ia l  ş i p la n , p ro filu l  
a v î n d  ş i  u u  b o r d  d e  fu g ă  u n g h iu la r , p ro b le m a  v a  fi r e z o lv a tă  în  c a d r u l  u n e i 
p r o b le m e  l a  l im i tă  in v e rs e  a ta ş a te  o p e r a to ru lu i  lu i  L a p la c e .

In what follows we shall try to solve the problem of an ,,a posteriori" con­
struction of a wing profile (c) performing a rototranslation in an inviscid fluid 
by ,,a priori” knowing the distribution of the velocity magnitude

v =  /(s. (), 0 < s < L, 0 <  t0 < t,
tn all the points of the contour c, of (c). (We denoted here by s, the natural 
parameter on the contour c„ by t and t0 the current and the initial moment 
respectively and by L the contour perimeter supposed given with the problem).
One supposes that the fluid flow'having á constant velocity V& at great dis­
tances, is incompresible potential and plane. Denoting then by l{t), m(t), to(i) 
the parameters of the rototranslation of the profile (c), the complex potential 
f(z, l) of the fluid flow in the physical plane (z) -  resulting by superposition on
the uniform stream with the velocity Va> of the fluid flow induced by dis­
placement of (c) and estimated in a mobile system of coordinates Oxy originated 
in the center of the profile have the form: ,

f(z, t) =  Vm e« z +  (1 -  Va cos 0)g") (2) +  >  +  V* sin 0)gW (z) +<og^ (z), 
where g(l), g,2), gi3) are holomorphic functions in the whole domain of the flow,

q _  0Q _j_ ’f 0o being the angle between the fixed axis 0 x l (oriented as

FA  and the mobile axis Ox, at the initial moment l0. ■ '
If the profile has an angular pjmt at the trailing adge zf(F) as voupiiose, 

then admitting that the semi-tangents angle in this point is * -  F™ ( 1 «

' • University of Cluj-Supaca, Faculty oí Mathematics and
¡‘Ir/iics, 3100 Clitj-Xapoca, Romania



42
T; PETRILA

< IL <  0), the fluid flow has to be considered with a circulation V chosen so 
;that; oiie vhaS'ithe houiudress: ofA the. velocity .in this point. ■ Precisely ' [ l }: w«5' 
ta fy q  VM/aI / ’H U: J-i-.Mj-iV/.l 7 A >11 U  ! A A! i-U RO jpl

T =  4-aim  +  Foo sin 0 +  coil).
* / .mi i - ¡¡is

where a is the radius of an origin-centratiug disk (C) of the plane (Z ) on whose 
exterior one maps conformally the exterior of the profile (c) by a canonical,con-; 
formal . mapping, .z =  M {Z ) ; here £2 is the real quantity [1]

vis-1 -.-ini'- Il‘> _

-  - -  - w - ”«« .! \ ' i ;,!:
”  ■ i • '  ' • »  H“ " ' ' "« ' ■ C"  ' ' C ' ................

- I I . I t ■ ■ ■- ' '
LIwhere . V:.'1 ' , ,

.1 i l l  I» l i  !• -Tcj \:■ St
I* ..H i > »•>
;i ) m* in' nih • I' • > *i -:

; -, i;J r. i l.v ,-.- i :  i i . '  *. •" " -r  1 ■ * ' '
.-.•wÇ.iss: cbiety-.q-n i (0 ^  v <  2ït),"‘

Z =  a being the image of the angular point zP e  c-,. In th a t case to the complex 
-poteiitial/(ey ¿), one i must iaddi>a. term of th e  type1 ' ■ ' •' ’
btijll b i-x iv n i in; ni uoi)/:l.M:!.-i ... \ 4 ‘‘ ■ViII Ilj; (II

•)i>ntinnr.i'i •' ti-.M'l-i
n

!,!̂ W

MOI 

U’ J

A ,,\ . ■ 0 .a . r. . ■ i \
pyl^Cjg^i lis^aii’hojoinprphiç.funütion ini,all the. .points iat a  finite distmice d 
.¡1jh£, ;. çlorquiu;,, flojyyhaving, , a ;, logarit ](iniic singularity., a t  ..infinity.'and.! w ho* 

YAijishçs,^.^lx t ,( uni. «j n.i.in.. i -ill A 7 . • -i r - •
^ I f t ^  velocity j magnitude, ,the. .fluid |is k,nown on the ¡contour cf,,and,,;ii! 
£âm£ tî^è .^e jîp ip içu l^^u .^ is  givei^, ;th£U;tjie, equality;. , . ;i \  .... •

In i i ! i -» io ' j  t ' a lu iu o a  \>il t .('<) *>Ii»'i«j -»«• ! :«* ;! l" ' . i : i : !«> i • ,li: i
••• jltMMIVjmi* Vil >|uitllJ,. .̂-|_ J,.) • • 11 i : 1 • ; J. • ' ■L\ ; : i ! >■' ' ' ■ '

.. . ' r . ' f  f=  [ - y W  dr = . - ^ .  V F(s)ds + 1 K(s)ds, . ;........
<n b v - ju b m  '//o il I ' l i j i !  - i . l  m . i J ' ” ' *• J  •

i. v. . n i v ,<A> ijjaiil'iofi. i<> m ■■■ i. ; i : 1 > 1 : 1 -o ,|!i ’ "
. . * I ■ ! I • > I . ; ■ ■ ' ; : . , t, , ' ' ' ' '

where sA is the natural coordinate of the attack edge, establishes a relation between 
«» ^n)i"'H(^)ii6n .£1. In  the sequel we admit th a t the mobile systein d
axis Oxy, . with the, origin in the center of the profile, has the real ax is. passif 
.through1 thfe'ttailliiè èâïgé! zf(F) whose ' distance to the center of the profile is 
known, together with the date of the, problem, as we shall see a t once, 

'th é 'sahlfe"time thé naturâl coordinate of the angular point (trailing edge) w3 
always be constant in zero (sF — 0), w'hile the same coordinate for the point A 
variable in time, will have the form sA =  sA(l), function which is ,,a priori 
unknown., Concerning the .function V =  /(s , t), the magnitude of the absolut« 
fluid velocity in .the points of the unknown contour c„ this is a positive, 
form and continuous function, for (s, t <= [0, L) x  [/„, oo) satisfying with regafj 
to  s e  [0» L) a Holder condition. From the obvious conditions connected wit

I
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and

/  (s ^> 0  l 2 +  m 2 —  2 lo>yA - f  2 m < ù x A +  co2 r \  ; '  ' ' ‘

A ’

(Ml :

'(v

i h r l ^ 1 i n ? ^ a i ^ ^ u ,' ^ ^ ‘!teVe''^re^ y;i^ d Pat®a' fixed position of the tra ng edge, i7, with respect to that of the center of the profile ■'-’¡I'oq
flow ^ 1 7 ^  V''0Citi6S P*“ «  of,the absolute flukl

; ' '  !<’ 1 ‘ i ; • i j ! < >*; /vici i i -o •.■:!;'!.) n ;  >iv,; or  :•.„•>!

$  f ....>-f^ r i 9.;T> i ( ih ^ ! i P ^ e r , , s u r i 2 i c e )  ; , t;;

U(s, Ï) = •/*ii >•) ! • ; !»: ,>i •» / ,  il ><l [\  ,-/.)ÿ h im  (\ ,y.)o / b l u b - m i m i  . i \  /.»ç 

a  +  f  h  +  \ / ( s .  t ) i s ,  ioi sA ^  s < L (the ‘üppet1 ’siirfaCe)’ 1! ,v

0 ’
,* ;! :rt ikitnij ■.[! r io • * J : ; i >•ji! ; ii .xt-j-iiij f >:;( )

;j /id M*i ¡:' •îv 11 /)' ! ¿>yvy/nf i.l'inmd 7(11 .eirî ii-Kf.-; i
; w-'îoî; / i.;i1î< 1.Idvi'iiU •■il; ;d , >ih.

\r ■r ¡'for sic=?ilLv !•: ï.jui; ll.'I 1 ! Vi (!’// • v . '•■-•v .
by . .,■ iti >!• ; t(K .

'•if < i ! i ?;;< > î ni »0 nv.oc.ir n i mi ■ )i\<i : i':î:
■! i>in)7 oil; ')/i iii )i(l«ni i Aù t •.J*/î( V '|V « • 1

■'■ •a : i-MîitM;5;IT! : M;THtiflO
' ;..o , M i u M <  -„u :o » M

. •: . .  ■ •.’ - J..|,| '-‘. I I I !  ;M iJ  7  • 11. I I1 1 1 ’l l  1 to  - f j l t  > IX M < ,V  n  lo v  \ \ )  - » . J o ' ,  - ' l l  i

: . . ; . •/.,('! f . . . f t  °J(, vji'iiil'jv /. »Iqirmv oilT i.ilif aonA m  rail
and by',;’1/  ' ’ . /  .H,; >. 'v!Sj;, m .mi mux -=ii J ximrnoVt *[ *< 'I'/■ : '[/

<P// =  J / f c .  t) &

•.! ,'i >■)'• i! ■ ' SA ' 1 ••
We remark that the function <p(s, l) is a continuous and with respect to s a

r _ _ . « « « n  1 • 1 t  • * t {\ i I x v I r a a  1 « if m  I e  r  I
multiforme

)(fV i )if i ill c\ , l

,\> ii

multiforme function of period T, ^derivable on (0, L) X [¿o> 00) where 9(s, i)
=  ~ /{ s ,  t) for 0 < s  a sA, t0 Hi l < oo'-and <jr(s, t) = /(s , t) for sA < s <  L, 
^  < » <  oq, , while it does not^adnii}; drivâtes ̂  § fftftA iÿHSW w "  jii

Z ’* ,1 , " \  ¡,(ii; .n,n m •).: Imr. I.
/analogously*'for *='•!/.' '' ' , ()) P iM

ConOcriihig thé streâ'^fuhttfôii '#V f)*thé kftdxVn̂  siÿpery bondnions, lead
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where * =  *(s) and y  =  y(s) are the equations of the unknow n curve c, m  
SC(t) an arbitrary frunction of time. This last function could be precised by tht 
condition that

<j,(0, /) =  — m xF — — Xp +  3C(/) — 0.

As the contour ct is necessarily closed i.e. z(0) =  x(L) and y(0) =  vm  
we also have ^(0, t) =  ij/(L,/}, while the nonderivability of the functions'*(s) 
and y{s) in s — 0 or s = .L implies , the nonderivability of ^(s, /) in the same 
points. , "
• ‘ We also mention, tha t the existence of a sharp trailing edge in s =  0

leads to a behaviour of the complex potential w(z, 

and, correspondingly, of one of the type 0 (s1 '1)

t) of the type 0 (2 — zFj
. 1 
i-w

for the functions <j.(s, /) and

/). Immediately <p(s, t) and <j;(s, /) behave in the F(0) like s1_|t, result which 
will be used later, on.. ; \ ,

Once precised the date of the problem let us formulate it exactly. Mathema­
tically speaking, the boundary inverse problem involved here is an external 
one, of the Dirichlet type for the complex potential 10(2, /) =  <p(x, y, /) -f 
-f- y, t) which admits at infinity a simple pole and a logarithmic hinglaritv 
and satisfies on the unknown contour c, the condition w\c — <?(s, t) «{/(s,/).

To solve this problem we are considering, for the beginning, the canonical 
conformal mapping z =  H(Z) which conformally represents the exterior of the 
airfoil (c) of the physical plane (z) on the exterior of the disk {(')!'■ Z  j < «// oi 
the plane (Z) correspondence of the infinity points of these two planes being assured 
But we know that the complex velocity of the fluid flow past a circular obsta­
cle which is performing the same rototranslation, with the same circulation 
T, is of the type .

W(Z, l) =  Vu e* Z  — [1 — cos 0 +  i(m — Vm sin 0)J -- —

2 1 r  T 7 • , I— -  ai +  — L°g ~  + k;l  a

Here the real'constant a and the function of time k are fixed by the con­
dition of vanishing of the relative fluid velocity in the images of the critical 
points A and F, i.e. in Z A =  ae'^ and ZF =  ae^  = a (y2 =  0) where the 
values of the potential velocity 4> are also known. More exactly on the circum­
ference | Z | =  a we have

^  ~  aY« [cos (0 +  y) +  cos (0 — y)] — cos y +  m sin y) +
ji ^

+  2^Y +  k  S  2 a F « . C0S 0 COS Y — a (l cos Y +  m sin y) +  -  y +  k ’
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while the magnitude of absolute fluid,.velocity 
ferenee £ will be; given bv, ' in the points of the same circum-

xr. 1 d<t> -
n  =  -  — =  2aVma 'dy ■ . ® COS 0 sill Y +  / sin  Y hi COS Y' -f -  —  ■

imposing now the vanishing. cmiditious;of the relative velocity in the 
images of the points A and F. the. values of the velocity potential S g  pre "™ d

;:\:,!L !,r , t r t h e is y s tn ‘hc rcal ""**>•*» *  . «

2«FX cos 0 — al + k =  0; ~

2(iVK cosOcos Yi -  « (/cos Yi +  >« sin Ti) ^  Yi +  A = <pA

m  +  =  2«io>a +  to'2«2; 2);

f — 2Vm cos O sin Yi +  fsin y! — m cos yi ' + —‘1*= •,V 2;? a'

( 1 )

(2)

(3)

=  l2 +  m- — 21 to« sin Yi +  2»i to a cos Yi +  to'2«'2 (4)

We now observe that, the equation (3) ¡allows to determine, «.what leads through 
the definition of P to.il. The equation (1) fixes .then k, w hile. (̂ ) precises y,jJ 
the relation between sA and Yi is obtained by the equation (2).

Once precised the quantities a, k and Yi wc could furnish a complete solu­
tion o f  the problem. More exactly; from the equality <?(s) = <&(y ) , we determine 
the dependence s =  s (y ) through which it immediately obtains [3]

" ' ' . i ..o ' .i
dZ / ;

,.<1 t . \  . . .;

function by which we determine the image of the' circumference- I 'Z | =  a, i.e. 
the ,, a priori” unknown contour c„ and also the loocked for complex potential
w(z, t) .= W(H-'(z, /)). - V.„'v ■ . • , ; i  . : ... .  ■ -' i ' ' f -

•Ik .

r == H(Z) =
<b iiY -  ^

>) From  ?.4 =  -  (  VU)ds -  $ I'c(y)® <*T. « a"‘Plc' we could dircctly ° btain th '  fU" Cti'

o< -  "■ •  "*«*» O'. ^
U ,  =  U -  I H- 6>V. 

y  =  V  — m — m.V.

we get in the points of relative stagnation that
f j i  .f. y*  - j /* -f- w * — 2 1 « V  -f- 2ww.\ +
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• We remark th a t the determined function z =  H[Z) fullfils the demand 
lim — =  1, accordingly to the canonical feature of the conformal mapping

At the saxhe time the multiformity of the .restriction of w[z, t) on c3 /due to tk 
period T of the function 9(5, t)f is satisfied, correspondingly, by the existent 
of the same period, of multformity T for the function W[Z,t). I t  is also Wcy 
known that' in order to have.a profile with a sharp trailing edge in zFj as image 
of the disk |Z | ;=  a, one must admit for the function z = H{Z), in th - neigh­
bourhood of Z = a, a development of the type

z — zF — A(Z — a)1-“ -)- . . .

But from the behavi.our of <p(s, t) in V (0) one has th a t in the same neighbourhood

= o ( s l-|t) .  i.e. Re{l,og — 1 =  In — behaves like 0('\Z — = 0
id s  '  l  6  d z j  dr  '

[\z ~  zF \ 1_|1) which f inallyleads f or the solution (Z) to a behaviour of the type

, , 2 =  H(Z) =  A{Z -  +  . . .  q.e.d.
Finally to avoid the multiple points of the contour cx it is sufficient that 

the conformal mapping 2 =  H(Z) would be univalente. Univalence - criteria for 
such functions defined outside a disk could be found, for example, in [4].
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I tK Z t îM A T . -  A s u p ra  u n o r  o p e ra to r i  de a p ro x im a re  de t i p , s p l in e .  î n  a c e a s tă  
h iL r a r e  . iu ţo r u l  la  iu  d is c u ţie  u o i c a z u r i  im p o r ta n te  a le  u n u i  o p e r a t  i r  l in ia r  p o z it iv  
d e  t i p  s p l in e ,  c a re  d e p in d e  d e  d o i  p a r a m e tr i  n e -n e g a tlv i , in t to d u ş  iu  l u c r a r e '[1 4 ]  • 
x e p r e z e n t i t id  o g e n e ra liz a re  a  o p e ra to ru lu i  iu i  I. T. S c h o e n b e r g  [10]!' 
Iile a s e m e n e a  s e  c o n s id e ră  u n  o p e r a to r  d e  t ip  sp lin e  in t ro d u s  a n te r io r  d e  T . P o p  t i­
v i  c  i u  [8  J ş i s t u d i a t  în  c o n t in u a r e  în  lu c ra re a  [ 9 ] ,  . • :!  .i i  >

\ u
. . 1. Iu an earlier paper [14] we hav.e introduced and studied, a spline-type 

linear positive operator, depending on two non-negative parameters, generali­
zing the operator discovered in 1965 by I. J. S c h o e n b e r g  [10], investi­
gated in detail in 1966 in ..a joint paper by M. J. M a d d e n  and I. J. S c h ­
o e n b e r g  [5] and later in two papers of M; J. M a r s  d e n  [6], [7],

In the present paper we discuss new important cases of this operator and 
also a polynomial spline-type approximating operator introduced in 1942 by 
T. P o p o v i c i u  [8] in-the- case of equally spaced knots.

Let m (m 3s 1) and » (» 3s 0) be two integers and denote by « and ft 
two real parameters satisfying 'the condition ;0 ^ a £,-pv o v . iw

The Schoenberg-type linear positive spline operator which we have intro­
duced in [14] is defined, for any function /■ [0,1] by the following-for-
mula

where 
0 =

(S“'p„/)(*) : =  £  N (1)
y-o

. . =  X - l  =  *0 < * ! < • • ■ <  Xn <  X" + l ~  • • r  ~~ *»+■»+»,—
Wl + l ' m±X

£® : =  —  (*-«+.+/ +  • •; +  *-. +  *0 +  * < + . . .  +  *i +  “)' (2)
m + P

i V : -  (**, -  * - '  V  ? t ‘ ’ (3>
ihe brackets representmg the symbol lor divided diilerences.

„ ■ ■ -x are the knots, are the nodes and N«,.,/
are represeo.ing n o rm a l^

University of Cluj-Napoca, Faculty of
Mathematics and Phytic«, 3100 Cluj-XapocA, Romania
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I t  is seen th a t
'• ' *" ra,0 ’>1 ; ■ >a,0' _, S«,l —m + p

A'l + ® ‘ ca,0 _  *1 H~ ' *1 ~t~ g
m + p

ra ,p _, — m + p

f a.P _  *» +  m ~  1 +  g
• • • » b m ,m + n  — 1 , „ 1m + p

r« ,|3  __  w* +  <x
Sm,m + » — ^m + p

and we have
0 < afo <  &?, • <  S & + - .  <  £?»+. < 1.

If a =  |3 =  0 then we obtain the Schoenberg original operator: Smiia 
=  SXn, which is in te rpo la to r a t both sides of the interval [0,1].

One can distinguish two cases: •
(i) m ^  n > 0 and (ii) n >  m >  0.

Iii our paper [14] we’ have investigated the first case (i) and we obser­
ved th a t in the special case n — 0 we have no knots and we obtain

(s £ /) ( * ) £  [0, • - 0, 1, ' . . 1  ; (/ -  x)m+] f [ i ± ^ \  =
>-° ------ 7+i lm + (i'

which is the Bernstein-type polynomial B i f f  on x, depending on the para­
meters a and (3, which has been introduced and investigated in the papers 
[12], [13] and [3],

2.,:In the second case (ii) we can write

(S # /)(* ) =  £ [ 0 .........0 . x , ..........*y+1 ; (t -  x ) ï ] f ( x' + ’” + —  ) +
— —  l - m + P )

+  £  (-*';+1 -  * - .+ /)[* -„ + ,.........*,•+, ; (< -  X) 7 ] f ( x- mhi+l ) H>=m + l V m + P /
» + m

"4- 1C (1 »+>) [x —m+j, • • x„, 1, . . . ,  1 ; (t :— #)+]/=»+1 j+ i—«

■/I/  *-«■+> + ! + ~ • + * » + / — * + « )
l  W +  P J '

By making use of the following decomposition formula for divided difference 

lao> ai> • • am> bo. bv . . . .  b„ ;/( i)]  =  la0, a1 ( am; -----  , ^  ’T Tt]

+  [¿o. &i> • • -,b„; ------- ---- --------- 1
L . (t — a0) — am) |



and the relation . rr * ; . • .
<< — *)? =  ( ( _  *)- +  (_i ) -+, ( j [ ' "  1

„¿  can „ rite  the preceding formula in the folhnring more compact fori.
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+1
*-f m

+  . E  ( - i ) ”,+”--''(i -  x -m+i)
y=»+i

•4

• . * y + i ;, {l X)+ \ f [ * X "l" ■ * * +  xj Æ  
m  +  ß - y -

• . % + : ( t -  * ) $ ] / { * - f * j  +  a
m  +  ß

x - m + j )
' • 1 \ , . 
X - m + j ,  ■ . . ,  X„ ( * - '* ) ? ; 1 ,

(i -  i)} + l ~ n J
f - m + ;  +  l  +  • • • +  * y  +  i  —  «  +  I

>»+ ß (4>

Remarks. 1°. The Marsden [6] condition for uniform convergence: — ||A ||-*
. m-* 0, where ||A || is the norm of the partition of the interval [0,1] by the

knots Xj, when m is bounded, is assured by ||A || -* 0, which implies »■-* oo.
2°. I t  should be observed that in the case (ii) we cannot obtain the Bern­

stein polynomial as a special case of S£,»/, since always we have knots xj(j > 1)- 
As M a r s d e n [6] has pointed out, in practice it is preferable to choose 

this case, when n is large and m small. , ,.
3 Since n > m, there follows that there are no ¡divided differences con­

taining all three types of points: 0, 0, xv x2, . . . ;  1, 1,—
Now let us consider the case in = 1 of the formula (4):

+  £  <*.. -  * - . ) « - * *  <*■ : « -  +  T ^ ! / ( iM )  ■

If we set a =  p =  0 then it becomes

( S , , / ) ( * )  -  ! 5 = * / ( 0 ) + -Xl

+  g  (*<+' -  *<• **■; (<­

3 .  Wc’ further note that if “  ^ l  < Ï « “» T
polatory polygonal line for the pom s. o i
under the form ' ' '

P l ( x )  =  4  +  12 AAX ~ x j ) + ’ ^

—  Mothcmatica 4/1987
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then we can obtain directly that f>, ...|. :
'”n  •* ) , "(v \) V

p i { x )  =FjM P )ut{t £Q*»ä i  f a z A U f a  n v / ^ f . ,  (6)

So wdliave two. distinct!representations of the.,same, function,, i.e.,; 5 ,
. T . - J i. I t<*. ' • ' ! ■—• ’ ' • ,n J  Ä

=  p / .  V •! •" f ! 1 ‘

,4 . Let us further derive the formula for the polygonal line P£, interp0la. 
ting'the function/ on the distinctipoiiifcs; f 9,-tXl t . , ...» where #0| ==. _
=  • •' _________ • '"r

If we fr ite  tha t Pi,(**) =  /(**) (A> =  0. n -f 1), then we obtain the linear 
lower triangular system • ' .............* 1 \ ' ■ " ' ‘ L

k . . .  .. ________
s X  +  y^jAjfxk — Xj) — /(-vjfci (Æ — 0 , 1«  -j- 1),

tha t, is 1 . . . . . .  . , ,
i .  • ' r>it>%v>-/:ui'> r . i v t l m u  r o i  n u i U i n v f j  ' )  r. »>••:• V  »1 ! I i ... ' '

- ,  4  = / ( * 0 ) .nil '•! 1 .-I l „¡: io ■>n; :o ; r : : < 111 ( .. ; •
. - . - . ^ - 4  : " b  ^ 0(̂ 1 T T / ^ o ) / A  - / > i  : , , . ; ; x x ; .  - i  . ; r , I i , /  , .

:v \,'A  X0)it^ > A i {x2 nT x t), r= ,/(% ); ! , . / r  ,w? . •„! | ; , f ¡1 . ‘.;
.1 '  *'• r'l i /aîI 'j -» -•'>//*■; i-> .x ». •>, : . ( >. •., ( r ,

. - o - , A  w » ¿ )  +  A - X( & * x ir r  r i r  4 n (i* „+ , - p  * „ ) . == / ( * ' , ' +1) .
. ! ! . M ; i x  -.*( •« i f - ,  . . . .  ,

Fr,oin th e .fu s t two.,equations find,, , ,, ' , . ' '

A = / / x 0)■=■ [i 0 [ x ; x  . j j j  !'=. x
• >*) . f : ï f : i to! if I] 10 I ;u • >.r0ii! ! j - i . , A f  f

Let j  >  1. If from the equation < * » . . .  , .
I f .  ! ’ ,• ‘ ‘y+i '

B; ~ y  ^  -  'V  T ./^ + f ) ;  , , ,« ; .-1 
we substract

^ ' I f f l l  l i - x l  il  ( ( ) / [ }  I )

4  + ' (S  4  *(*,' —
ft*=o ,/

then we Iget t ,y. /.' •- I ‘ * ' '• * 7 .. / *! / I •') J l

:7r
A=0 » foil 1 .fI ! 11 : î • A’

• • • 1 *• -  ■> ■ ( •  . x  ;  ¡ 1 1- >• I ■ ; ! I { , ; ! i î I M i l  > ■ ' . ' [ ' »  :

If we next substract from this equation :! • ■
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we -finally'¡obtain;:'..» Invito! ... • , .. .
f.i y. (¡0 fii Tvh^niv.. '"j "

^  “  fo+» ~  %-i)

Thus, in the jgeneral case, of jirpken. (lines« jnterpolation we ̂ have

P{(x) = f ( xo) +j ;«o)+ +i xjf xj+i .*,)+,

! ; ■) V i7 - ~  ' )  : I ' .1 ■ ' .7. ,7  ! ,; < , ^
where : a =  *0 <  #i <  . . .  <  *„ <  x,,+i =  J and / :  [a, &]-*• R. 1

Remark. I t  should be noticed that in an earlier paper r i l l  H_. S c h w c r -  
d t f  e g c r  has also derived an expression using divided differences for P£, 
hut it is incbrrect; in'plate of seebnd-order/divided'differences: he found (wron­
gly!) divided differences of higher) ofdere; 0„tl„;i;k). m. . vi.

At (7) we have, a "Newtonian'iorrii ’ of .the broken line interpolant..
T he ; "Ifagrapgian^^o^iu.^.o^^upli^n^rpplap^ is(,.f ,hi(.7: , ^
•'! «•* •'i-jio-irl! irv/unjl r-. .'//¡tir/iri!- n:uv.,>: -:jo.'jf»ir.<o
! ' 1 , ! 1 •v ■J ).fU: ni j';;

y-o
K. ilj.'i
:: /. n; r- 'j

where' * wi’ u fi.il; ibni; ov/j •><! u bin; ;« :-j.l .i*
. . .  i : ; / T i i ! i i  l o p o l - j  I n n ;  b ' j b ' i r i ' . w l  j i I:  m >  p . n o w n i f i u v ;  I >r i r .  !>• - m i .’!■ r n / r . ‘ n i n ; r  

, ! i -.>r! ? 7 ( 1  l : ,  / i  j i r i i  p i i l  I ’I n  l i o i ' i t l i v i j  .* r - i f f c - f o f 1, 1

: ; M*)  =7 (xi+\ —
*i~< n ; !i .>!

- i \ x  u i m  • : i i i t ; h  v 7 '

* e [**
’.xy+i *j

{ / ) \ ,.,Ol : (/)(\ n,n.‘M
The functions 1, r e p r e s e n t  the, so called “to t functions" ana.(hey have the 
following properties

<•+1 /(i | l) f|! tri ) Il.MCOM /lo<| I. *1 \,.r'l OTlli'.V

M ^ )  =  s;, . E V ( * )  =  1' ^ 6  b l;

- m ........... v . :,7 ,- ' ^  : ^ V *
These functions form a basis for the linear spacei«J alll continuous broken 
lines on [a, b] with breaks at xlt x2. . . . .  ^  (scc' f1])- .

i t  iskhbWn th a tifW tak b '^  ^  + i *  0  ^  %
then if /  e  C[fl, i]r we have -y/i.it ■>// I w if-I

,fi, n . ( . « I V - M M »
„ I I ̂  0 *

where to is the modulus,-p^^ntjnuityr. pfi, the .function/. ,v; .• .p=:r.vr>;.l ‘
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5. Since cubic spline functions appear as the logical next- step after pjcc„ 
■wise linear ("poligonal” ) functions (tn =  1), let us consider m (4) m =  3 Bj' 
taking a =  p =  0 we obtain

*1) *2. *3; +  'x* [*" x2> *3’ *4: ^+  x3

+  (*;'+! — Xj-3)[Xj-3, Xj-2, Xj-1, Xj, Xj +1 , (/ x)+]f
; ,4

ri-* + xi-l + *,■

{— —w)-f / (  1).
.. (I - 0 SJ ' 1 3

I t  is. known- (see : [10]). that in the,case of equally spaced knots;
gives an approximation of order ' w j—jj

Concerning the remainder of the approximation formula f(x)  =  (Sm,„/) (jc) -f 
+  (R„„f)(x), which has the degree of exactness equal with one, assuming that 

/  has a continuous second derivative, by applying a known theorem of Peano 
it can be expressed in an integral form (see D. I, e v i a  t a i l  [4] and Gh 
Co m a n  [2]).

6. Let m and n be two natural numbers auch tha t n >  2wt — 1 and /  a 
function defined and continuous on the bounded and closed interval [a, b j 
of the real-axis. Consider a partition of this interval by the points Xj (j = 
=  0, w +  1) : « =  *0 <  *1 < ; ■ • • <  *„ <  xn+i = b.

We define now a (inear spline operator P„t„ :C[a, b]-+ C [a, b] by the 
formula ' ' '

n+.I -»), (Pm,nf)(x) : — (Qmf{x) +

+  iC  (Xj + m Xj-i)[Xj-,, X j , . . . ,  Xj + „  ; f]{x  — Xj.j )7,

where Qmf  is a polynomial defined by . ,
• ‘ • ' 1 - • ' ‘ v. v ' . Km •••

(Qmf){x) . =  £  —— [*<,. Xx, . . . ,  xk; / ]  [xk_u Xk, . . . .  xM-i ; (x — /)"].

-  ------------n . ) ; - :
. -One observes th a tf /  represents a polynomial spline function of degrcC 
m, having the knots Xj. \

For m =  1 we have ■ ’

(QJ){x) - f ( x 0) +  (x x0) [x0, x x ; /]  =  l _ i î  f ( Xo) +
x9 Xx

-  the Lagrange two-points interpolation polynomial. ' -

f ( x i)>



The corresponding spline operator is . : . :
c •• ' ■ , . • .

(p i.»/)(x) =  / ( x Q) +  (x -  Xt) [ x 1i, Xy , f ]  -f ■ ' •
n : . * . .

+  (* > + »  “  xi-i)[X j-\, X j, xj+ l ; f ] (x  — X j) + , V  • ,

which is just th e  broken line interpolator/ operator. - • v
i t  is easy to see that Pm„ reproduces the linear functions. . ,, .
The operator Pm_„ in the case when xf — a -f j(b — a)[[n +  1) (j = 0" n +  1), 

has been considered first, already in 1942, by T. P o p o v i c i u [8]. He calls 
“elementary function of order m” a; function which now is known under, the 
name of “polynomial spline function of order m”. f . •

In ;S] has been proved that for m-* oo we have liin Pm„ /  =  /. uniformly 
on [«, b] and we have . '

'■ i i / ~  Pm,nf\\ <  % [ 1  +  (b - . « ) m ] c o [ - U ) .  ' ' .
m\ 1.»» + lj

where Cn is a number independent of in. , i .„ .
T. Popoviciu has found that when a — 0, b =  1 and Xj = jl{n -j- 1) {j — 

— 0, n 1), then we have

-  ^ - . | s / w | s  M > f  ; ■ ) ( . -  -
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where A == 1/(«-(- 1).
In 1959 he has proved in [9] that if / h a s  on [0,1] a continuous deri­

vative of order k (0 ^ k m -  1). then the sequence (Pm,n/)W converges to 
/ w uniformly on [0,1] when w - oo. Moreover, he has proved that

i! /“’ -  Pn.nf)W II « (»* +  1 -  *) M (t J t ) ’

w here to* is the modulus of continuity of —/* *» w'hile

M =  - (2m -  * )-*  (2m+l~* -  1).
‘ (m -  k)!
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A POLYNOMIAL SPLINE APPROXIMATION METHOD FOR SOLVING 
SY S 1 EM OFAOR-ÎMNARY—DIFFERENTIAL F.OT r A T T O N S-DIFFERENTIAL. EQUATIONS

CU. MICULA*, TII. FAWZY** and Z. HAWAIIAN***
:1 V!v'i

Im.'»

* ’ - ' 1 V' < >
1 *E> " IV.".

Receivcti: August 28, 1087

) .• '' ’ ! -J } ■ U!U; > i.) /  ;;f!i î ; ii /..' )[■ [f ^tior i'iitiM ■ I[.'!:■ j Oi i  Pedicnteil ilo Professor jD. i>. Stucu
ou tais BOI11, anijivcissţy > ¡m:»

i H li/W U T . -  O melodii de rezolvare luime.rlcil a sistemului neliiilar de ecuaţii, 
ir;l diferenţiale. In. această lucrare se prezintă o n6ufi îiictodu d< -̂rezolvare 'uumerică '•

' a  ¡sistemului neliniar de ecuaţii diferenţiale7 y ' - / , ( . r .  v. z), z ' =  f t (x, y. z),
y (xo) — y<f '(■*<>) =  r0 cu ajutorul funcţiilor spline polinomiale. Metoda propusa i ,i:;. 
este o m etodă cu un pas de ordinul 0(Aa+f) pentru soluţiile exacte y  şi z şi de 

.¿.p, ordinul'0(/ia+., )- .i  + ') ’ pen tru ,deri.vatelc y W ' ş l '***) ialei acestora, q =  -l(l)r -¡h 1,. A
' şi 0 < . a  <  1, în ipoteza ca /, ,  / .  e  C’. ” •!

.... ), hai; i . f . i ,  >. ,f • v.'ijO i 'A . : - a f • -< \! -,v. i t //
î (I ' I i : \/■' ■ t >>,il • ?•.. ,! , >\ \\ . ir/ / ’ M .

Ktaseriplion'.pf, iho, m^lhoil. Coiiiîidcr. the
c q u a t io n s  ■,,•[///,iUtt iţii ni — ¡roicavrz > ft'.'olynT vd ai! tuv>

y ' =-fi(x,:y, z), y(x0) = y 0;7 

* '  ^ V t f a y .  * ) !  z(*o )’ -  z o ~ '

where .A. / ,  e  C'([0, 1] X R2) . .
n, Let A be the partition ?;;i- • ••■'.' '■ ' :■! : .

( 1 )

(2)
[>n.;

'7

A:0 =  *0 <  *i < {. . .  <,fy <  ţ ; *T)~ •»•» «I n
, , ; , ,  ,  , ,  , , n -,1) a  - <■( )•/ ■ OI filfll $4 J -'/(iii ¡ i lwliore AVilI1 — **!=±Wi!<o'l and k 0,(1)«' — >y.\i a ii

In t L y and L., be tlie‘ Lipscinc/,'constants satisfied by the fiinctions /i
and J-f respectively, i.c., ; • 11t'"

\ f t \ x ,  yu Zy) ^ f f U iy i , ^ \ k L l { y [ - y 2 \ +  (3 )

tM) | f&(x, y lt zy) - $ ”(*, y l '% )  I < L& Vi -  1 ~  ^  (4)
for all (x, yy, zt) and (x, ^  z2) ip .the donuin of definition of fy and / ,  and

aU \'he^fmictions'v/i(u;i /^V ?  I ( 1) ^ : ate-functions' of 'x; ?$ and ? o n ly  and
they are defined by the following algorithm

i )  \

Shain$ Univ‘,sily Cai,°’ Etvp‘



56 GH. MICULA,, TH. FAWZY. Z. RAMADAN

and if f\  l\  f i  are defined, then
1) : ai(i— t)

and

f ' 1n <»> 8 f ^ l)
bx

by

dfp-l)

bz

+  - ^ — A +  2
a/.(,” l)

bz h

■ Then, we define the spline functions approximating y(%) and z(x) by SA(x) 
and SA(x) where

*)'+1SA(x) = Sk(x) =  S*_, (xk) +  £ / i ,')[x*. S*_, (**), S*_, (x*)] £  .
y=o 0 + i)!

and

S A(x) = S*(x) =  5*_i (xk) •$*_,(**), S*_i (**)] -  m(* -  *k)

(5)

(6)

where * * « ? * <  xk+l, k =  0(1)« — 1, S_j(x0) =  yo and 5_!(x0) =  z0.
By construction, it is clear that SA(x) and S A(x) e  C[0, 1].
Error estimations. For all x e  [xk, xk+i ], k =  0(l)« — 1 the exact solution 

can be written — by Taylor’s expansion — in the following forms:
r

y{x) =  Ey=o j '■
xky  +

,,(f+l)(5*)
(r + 1) I (x -  **)'+•

and

*(*) =  E  (* -  xky  +  Z\ {x — xk)’+'
y=0 J I (r +  1) !

(7)

(8)

where Ek, i)* (**, xk+i) and k =  0(1)« — 1.
We now estimate |y(x) — Sk(x) | where xk ^ x ^  xk+\ and k =  0(1)« — 1. 

For this purpose, we state first the following notations:

and

c{x) = |y(*) -  SA{x) |, 
e(x) = | z(x) -  SA{x) |, 
ek =  | yk — SA(xk) |

k̂ I Zk S^X/t) [•

(9>

Now, using (5), (7) and the Lipsehitz condition (3), we g e t:

I y ( x )  -  s*(*)
»■ jj)

E * ‘r <*y==o ]'■ xky  +
(5*>

(r + 1)1 ( *  -  * * ) ' + 1 -

f j I 1
-  (**). -  E / , 0)[**, S*_, (xk), S*_, (**)}•

y=o U + 0 1
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i.e.,-

ly W  - S . W I  Í  g  S, s , . ,
(*»)]!

I x — ** IJ+I
+  l3'(r+,)(ş»)- / i w [**, S*_, (**), 5*_, (**)]| , l l — f i l l ! ’ (10)
' ................... . . . : i)  x. ■ ( '  + } )  .

(Í + 1) 1'■ • •• 1 ■ ■ :| ¡ x.- ■ ,
Now let,

T  =  I 3 '* +1) - / i WK ,  S*_ ,(**), S * _ / ( * , ) ] |
; > ' > . . I ' , ■ t ‘ t .: . ■

Then, using the Lipschitz condition (3), we get:

^ 13** “  5*_i (xk) I -f- \zk — S*-! (xk) |}

. : r, r*.

( i i )

Using the fact that SA(*) e ;C[0, 1] and SA{x) e  C[0, 1] and the nota­
tions (9), inequality (11) becomes: '• --n * ■ •• •. ; . . ’

, T  =$ /-.,(<•*.+ **). (12)
Similarly, if we let

V =  I y ^ [ l k) - / ¡ r) [Xu, V 1, (xk)\ Suit (*»)]( '

Then using the Lipschitz condition:(3) and the notations (9), we, get: {

V< \Yit+"(%u) -  yi,+,,| +. \flr)(xk,;ykl zl!) - f \ r)[xk, SuUx»). Su-i (**)f|. <

< <o(y<'+M, h) +  !,(** +  h) (13)

Using (9) -  (13), we get: " , ,
y ~) ,,/+! l.f+I

c(x) < f* +  !,(<•* + / * ) £  (- ^  +  t  h) +  h]} ■■ {14)

Noting that

£ -
h’

7=5 (7+1)1
< r  <  e

Then, inequality (14) yields:

e(x) <-V*(l +  cch) -f- c0hek
ftr+ l i

(r + i) •'
co(y<'+1>, h)

\

(15)

where (r + l)!
is a constant independent of h and h <  1.
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Similarly, utilizing (6), (8) and the Lipschitz condition (4), it can be sho,
t h a t

.1 ’ . ' / V /*f+*
\it S iW 'l < c j i e l + j l  + c j i % ~  co(2(^o;

{r + 1) ! (16)
■where 'C ,= l A c -\-----------) , is. a constant independent of A-and A <  p
■ol) - — ’ ' \ , u(*Hr WJ .{)>'• i ■ »' ' ’ '• ' . '

To' 'complete the proof of the convergence vve recall the definition of tl* 
matrix inequality. '

d e f in it io n  (1). Let A =  [<?,,], B = [bjj] be tw o  m a tr ic e s  of th e  samt 
o rd e r , th e n  w e sa y  ,th a^  A?. ^  B iff >. t

(i) a,y a n d  bjj a re  n o n n e g a tiv c ,
(ii) a,j < bjj V/, j. : ;•.>.■ ■,•// . , f  »<>1 ,i i ■; ,!T

According to this definition, and if we use the matrix notations
’.ID -I (M . £(*) =  {c(x) e(x))T: '

j ,, "i .E k f=,.{ckseh)T, k  == 0 .(1)»-.1  ; ; . ,
th e n , w e c a n  w rite  th e  e s tim a tio n s  (15) a n d  (16) in  th e  f o r m ;  ;

E(x). ^  (I -f hA)E„ +
}tt + \

[y  - I -  l ) !

<a{h)B

where A =  (c ,̂ f lc°j & .fr ),.. co(A) =  inax{co(l’(,+ 1>, A), o>(i,,+1Vj)},

w(y(,+ f), Ji) .and (¿(zitt.1),; A),are the  modulii of continuity of the functions 
Y(,+1) and z(,+1> respectively, and I  is the identity matrix of order 2.

Then, we give the following definition of the matrix norm. . 
d e f in it io n  (2): Let T  =  ] be an m x n matrix, then w e define j

if.!)
^ II 2 'II — m a x ^  |

* >=i
Using this definition, we g e t:

■ w-1) i.s , \\E(x)\\ =  max{c{xy, e(x))

i < . I .

. ■ (IS)
Since (17) is valid for all a re  [**, ]/ A =  0(1)» — 1, then the follo­

wing inequalities hold tru e :

M M  II < (1 +  A || A ||)]| E k || - y

■> •• ....- - r <

;/+> f. i:

(<• + 1) ! 61(A)

( 1 + A M I I ) M a|| < (1 +  A|M||)*||'£*_; ,|r  +  _ ^ _ w(/,)(1 +  A M  ID

A,+1 ..........  ’ M il)2(1 +  AIM II)2 M * - i  II < (1 rf.A || A  || )3 || E k^n II + — ------0>(A)(1 + h
i -A)  ------ . r,V'-.  vep.-I-WtItI).! ¡ h

(l +  A|Mi|l;)?Mi;|| -t-AIMHI•)$«!'!,E * | k i + . 6 ) ( / / ) ( J  #  A||^ll)‘,!
l*+ 1) i
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Ao. sW nW  'A u s^ .v u ,, MV\ IIæ Z i\ f r ‘v  ,n Vw‘ .{i>'r. '■*•' K:i>" ‘ !ln
■ ■ i IMIl • 1 ■■•''• •*” -J l: »'■ '"'V «.1V\ ,(- A b7. i. s\
where c2 - - e+ ( , is a constant independent of A.

Thus, applying définition' '(l'â'j, we get: W '" '

an j

(\\)i.»VVA T' (/.:“ V. ;-,k.
J(-'v) < c2h'<ù(h) =  0(ha+ ')

i ; •'(i)i

(20)
i  > i i  . •

w -T t*  (2i)
We are going to estim ate»¡iliy^^'-'S^^) || whete q ^  l'(4)rU. .> ,m\f: 
Using (5), (7) and the Lipschitz condition (3), we get:

| y (,,(.r) -  S{?[x) | < S*_, (**), S*_,(**)]| .
/*?

• ' ■' •' / • '  \-\n ><v/. >Vi < nW. A \ i /.;t >.*v.U’A v., ¿V\>. . Î I  ,i> ./; ( r i t : M /
• \‘.x  — *k \:  . ' - I I ,<1 1 'j(f-K.i)yiy:-i/. : f ^ A & tC ,,u  e ? ’' ,l«/L  y « « ÿ  r 1 ■ -'-.v.v.
• (y _ a) ) ' +  ’!V ..... UM ~A< A -f .s

•) . i . v i f i i i i f ' i l i » ; ! / !  s/t\v>< . j t /1 ') . / i r t ’ f

.. i* -  *k\'+!-'r
v» m ■.*/ V- . . Î  / 7 i  i .  ,1 .7 > ;! i: if :  i; if ■* ,ç‘.

?M\ .:.Iîo 7  a  >/. •
\\i iU'V\̂  .ft i; I» i: ill i; *A .X . / \ v/ i; *1 .if T .'

' ‘ M
(r -f- 1 -  ?) I

■r ■ ' . t f f+ iX f .r>< .) .M  . nu ! a-it::i:r. I

< !,(«•* +•«*)• B ';7 ^ - r r  + ; f ^ r ^ r r  \  (If?2). : ((/;?«*̂)i I • V|il(|»8̂  lv+«̂ ) ,v.v.\ Mt.-.y Atm .A.O.v
.M i .»j*[ <>,»?! tii .<»/.

Using (20) and (21), inequality (22) yields:

I / ' ( * )  -  Si"W | < =  0(A“+,+1- J) (23)

where c3 is a constant independent of h and h <  1.
Now, for the case q = r +  1, we have:

| y r+,,(*) -  Si,+,)(%)| =  \ f r)[x, y{x), z{x)} - f {,)[xk, Sk-\ (xk), S*_,(^)]| <

< ! /w[*, y ( x )> z (x ) }  y>» +  If {r)[xk, yt>, Xk] —

- f V [ x h, s h-i (**), 5*_, (%*)] I < «(^(r+,)» *) +  Li(c* +  *») <
<cjW(A) =  0(/t‘) (24)

where c4 is a constant independent of A and A <  1.
Similarly, using (4), (6), (8), (20) and (21). it can be easily shown that:

, 2«> {x) _  $?»(*) | < c6A,+1_i «(A) =  0(Aa+' +r )  (25)
where q =  l(l)r +  1 and c is a constant independent of A and A <  1.
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T h u s , w e h a v e  p ro v e d  th e  fo llo w in g  th e o re m  : ; ; , • ,... : . .
t h e o r e m : Let y(x) and z(x) be the exact solutions to the problem (n  
- ■ • '  ”  1 ' ' ‘ and (6 ),: are the approximate solulioL ^- - ■ - ■ fliijI f  SA(x) and SA(x), given in (5)

/i> h  e  Cf([*0. X K2), then for all x e  [Xk, xk+l ], k
|:3’(*) — S&(x) | : <  ch'<x>(h),

-  i. «  c

i / > ( * )  _  s S ’ w i  ^  c* i r i+io>(h), i =  i ( i ) / '  + 1  

| *(*) — S A(x) I ^  Kh'tù(h)

a n d

' | *(0 (*) -  S^ (%) I +  * =  l(l)r +  1
w h e re  c, c*, K  a n d  K* a re  c o n s ta n t  in d e p e n d e n t  o f h.
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POLYNOMIALS OF BINOMIAL TYPE AND 
' OPERATORS

APPROXIMATION

I LUCIANA LUPAŞ* «ud ALEXAXUHU LUPAŞ* •
 ̂ ‘ • ir ; : : • * .

Jfectivtd September 5, 1987

’ 1 ' ' . Î; ■ { • t • ; Dcdic-Med to Professor D. I>. Stanca
'•V *.j ‘ • \ on '̂s mmivcrsary

niiZUMAT. — Polinoame de tip pozitiv fi operatori «le aproximare.' Folosind •
un şir de baza (jp„) pentru un delta operator ,Q (in sensul precizat in lucrarea, ■

[10]), autorii introduc şi sţudiază un şir de operatori liniari polinomiali xPn ;
]1 ~*^-[0, 1], definiţi prin formula (8). Considerînd cazul cind, aceşti opera- _ . 

tori sint de tip  pozitiv, prin aplicarea criteriului de convergenţă al lui Popovi- 
ciu — Korovkin, se demonstrează o teoremă de uniform convergenţă a şirului 
(L^f) către funcţia f e  C [0, 1 ] şi se evaluează ordinul de aproximare corespun-i 
pător. Se menţionează mai multe cazuri speciale, cunoscute de operatori liniari 
ozzitivi, arătind modul de obţinere ale acestora din operatorii introduşi la (8).

I

1. During the past three decades a number of classes and sequences of 
linear positive operators both' summation type and those defined by certain 
integrals, have been introduced and studied by various authors. Among the 
persons interested in the field of this kind of approximation operators, we 
mention with partidular indebtedness Professor D. D. STANCU and the group 
of .mathematicians around him ([7], [8], [9], [19]). 7. '
’ By a polynomial- sequence we mean a sequence of polynomials (/>„), n — 
=  0, 1, where'/*, is exactly of degree n, for all n. A polynomial sequence 
is said to be of binomial type ([10]) if it satisfies the identity

pn(x +  y) =p “ jjM*) P»-k(y)- ,

These special polynomial sequences occur in, combinatorics and in analysis. 
The enumeration properties of these polynomials have been studied lately by 
G i a n - C a r l o  R  o t a and others in a series of papers on the foundations 
of umbral calculus ([10], see, the references from [14.]). _

Our aim is to construct sequences of approximation operators A ,. C ( )-*■ 
-*• C(l), n = 0, 1, [0. 1]. of the following form: ..

• Faculty o/ Mechanic*, 2JU0 Sihiu. Komania
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Operators A ,  : C(I) -  C(J), « =  0, 1, . . . .  of the form
y y  ) I 'IV. J/. IXOM'IM/. ( [ / / .  ,-lM / I  J / .  ! t/ < 1.1 •«)

have been studied [17].
2. This section contains basic facts needed in the subsequent analysis 

Let <3 be the algebra of all polynomials in one variable, with .real, coeffiqçntj 
By II„ we deuote the linear space of all polynomials of the degree at m0s 
«J- A1L operators we- consider will be tacitly assumed to be linear. The shift 
operator E* ^ " d  'is  " defined by {Eap)(x) =  p(x  +  a), p e  ¿1. An operato;
T  : & — âf!fpn,whjçfe1̂ ?X,1î= aTÆ^.feç.ali. a ;s. R , f s called, ashift-invanankoperaloi.

In  thé following let us denote' e„{£) =  /”, n =  0; 1, ►? . :  A delta1 operate 
Q: d -*  a . is '-defified: as :-a;: shift-ittvahàtf t ,:bpéràto'r for'’Which Qe[ is à' non-zer« 
constant.- 'Deltas operators -'possess1 'm an y ' of., the properties of the'/dérivativ*
operator.\Dl'.'jseë'.£’1 0 '  Fpi  ̂ i - - W .-<■> .v

i) Qe6 i -  0 :
ii) Qpf^- n^.i.'lWhcnjeafcf s  -il?-, .¡Wj- J

A polynomial sequence (p„), n =  0, I, . . . .  is called the sequence of basic poly­
nomials for a delta operator Q if : ¡ 1

‘ . ' ;•: ’ -3 o .(4 -= T i ?) pl(0) =  0,; -w >  lv 3) ■<#„ ^ . n p n L,. ,(lj
I t  is known that ¿very delta operator has an unique sequence of basic polyno­
mials associated >: with iti Moreover; if K : d - * d  is the  operator {Kp)(x)'= 
=  -xp{x)-\h&xi: T' T K  ■— K T  ! is the so-called Pincherle-derivalivc of an,>opera­
tor T  If Q is a delta operator, then Q' is shift-invariant and raoreo
ver (Q[)_1 exists. Further, shift-invariant operator commute. Ronald Miillii 
and Gian-Cario Rota prove th e 1following beautiful result : ’ .

’ theorist À ’([10]) a) I f  \pn) is’ a' basic sequence for some 'delta Operalot 
Q, then it is of'binomial'-type y - ^ i l J . - ; -: - ; : v

h) I f  (p») is a sequence of polynomials of binomial type, then it is a bash 
sequence for some delta operator ; * ■« \ -y

c) Ç :a-*-(3  is a delta operator i f  -and only i f  Q =  DP for some shift- 
invariant operator P, where P~l exists and Dp =  p' ; .

-■ d) Let (p„) be -the■ sequence of b’dsic polynomials for I'he della operator'Q* 
=-DP.-.Then . - . f- A A t i u n v - x  ,.fr • , - .i; : a..i ;,.f , am; - •.»*'

i j  -pr £ y .? In >-,h-x ■» nr A .> f •; ¡. ')  - « -  ' <

_ ii) pn =  p~ne„ — (PiH)'Pfiii- / 'J ,:i n ,:’n j:,; ■ 01 : ! !(I: i:î (2)
iii) P ^ 'J C P ~ * e i - l i ::^ ::::o,:,-i i“ ! ' •'•’•c.'cjp/- : y . . r - A  nr..- n»G

”  ' ( i  l u  , i  . ( )  \  ......................( I ! A  , '  f  j 1 'iv) pH =  K(Q')~lp H-u  H

3. If (pB), pAn) ¥> 0, is a basic seqqcnce-Ton the delta operator Q let us 
denote ! . j '■ -,i- ' ' | , j ji

.. .. (3i

I ••-'' •'• ' I . I -
=  «(*-»)

/>!•(»»)
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d e f i n i t i o n . A linear operator 
only if the following conditions are satisfied belongs to the class W  if and• ' ' t.

0peTat0r with th t basic sequence (pn) ;(n) p„{0) > 0 for n =  1, 2 , . . .  • F
(hi) lim w„{Q) =  0 where m„{Q) \s definedin (3). ^
_ . , V"..' « i; ' ' ' " '
Let us consider the following examples:
I) The differentiation operator D with the basic rm i.: :.T

sequence c„(x) — x , n — 0, 1 , . ;  then D' — J, J  being the identity operator„

'I-mI j,!T
w n ( D )

1» • \
II) Backward dij/crcncc 'operator V == J  —.£

[x)„ - x(x +  1) . . . ( *  +  « -  1 j' (x)0 = IV M ‘
In  this case i , ■ ,.! u <

V' =  £-*, V'"2 =t £*

■ M V Iţty
■m \ ' »V. n.'iviA v.YY : V !
_1, with th e  b asic , sequence

and

w-(V)-= ,« Hr V1 U ) ' r, .\
(5)

III) Thc: Toitchard-operalor t Ţ  : ă-*.ă, T  = \n(J -{-D), is a delta opera­
tor. I ts  basic sequence (/,,) is the so-called systtnv of 'exponenţial polynomials 
(or Touchard polynomials), where '  '■ 1

'■<\ \ »  - . ’ A)  . ■ -• ' A

/.(*) =  £  [o, i. . . m 'a-ï W  =
\l.i „M

feci J » " *
(6>

■

By the symbol [x0, x ,......... xk; / ]  've_ have denoted the divided difference
of a function /  on a system of distinct points x0, xlt . . Xk, from its domain. 
For the operator^ T  pnje has v \ . j .j 'L* u)Cf -du ; et-.-

~; t ~ 1 =  / !+  D; > r  -* = ' /  +  2D- +  A*.' • : \  »

From theorem A (see (2)), we may 'write # ( /  4" » that is
t„{x) =  x{tH-\{x) +  t'n-i{x)).

Taking into account that the.'Stirling numbers of'the second kind S(n, k) =
=  [0 ,1 , . . . .  k ; <•.]. A =  0; 1, are non-negative, we have

. ; i i i  y u  I Ï )  i n o i l  .11 u-a*Î V 1 ^ ^  n
r jili-i# v .♦ W; f



« 4
L. LÜPÀS. âl. lupas

Now

and

Therefore

\ < i

\ i ( r - * M ( * )  =7
tn(*) tn-\(x) -■>"

* 9\ *; , ■ | * ,-.r: ,f,

:o! 1 i

wn{T) =  -  +  —— — —
»  «  tH(n)

' I  <  »„(7) -
n »

and in conclusion T  «= W.
IV) The Laguerre operator L \  Û-* L =  £  ■ The basic sequence fo;

this delta operator ife (f„), where f0(%) =  1, 'and

u * )  = E - f  V -  » > i.' fax k \\k r- ll
If

» = o , i ..........
A=0 1 n  — l i '  k  !

are the Laguerre, polynomials (of order a), then t„(x) =  u ! — x).
In  this case

L' =  J , {L')~- = ( J  +  D)*(J f  £>)• ' ' '
•

and from Zf„ =  »f„_, or Dt„ =  n(J +  D)tn- {, we find

(L’~- t„-2)(n) =  - l
«(«* — l)(n + 2) tfW *).

From

* * - « ( * )  =  * ( »  +  ! ) ( »  +  2 )  [ ( «  +  l ) ( x  +  2 )  f „ ( * )  -  2 f „ + 1 ( * ) ]

f»+l(*) =  (2m -f- x) t„\(x) —' « (« — l)fnr_x(*)
=  (».+.1). [f„+i(x) — ,«fn(a;)] .

one obtains ,

! Wn(L) ~  -  ^ ± 1  +  ,1 .
,, , , M") !l' . ;

Using the inequalities L +1(x) >  0, %3fi,+2(%) >  0, * >  ¿ f r o m  (7) we find

«*»(«)< L+i(«) <  3m f„(«j'

n
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In  this manner

~ ~  < w n( L \ c l
n . n

which enables us to assert that L e  w. "
If (pn) is the basic sequence for a delta 

the sequence of linear polynomial
operators L l : C(I) — C(I), n =  1, 2, . . . .  by

operator Q, then we define

{Ll){x) ~  S ( 1 ‘ ) * - *  ( » -  * * ) / [ §  (8)
where /  e  C(I), * « I  =  [0, 1], £,(«) /  0.
Using theorem A we observe that

Lie 0 =  e0, Lie l =-e, (9)
(L?,e2)(x) = c2(x) +  x(l — x)w„(Q).

Likewise, in a similar way as in the proof of lemma 4.2.2 from [8], we have 
proved that

{LQncs)(x) -  1 23 k ! i n ) [0, 1.........k ; es]ckiS (nx, n — nx) (10)

where c*s (x, y) = (PkEyp„-k)(x), P : 6l —> & being the linear operator P — KQ' _1, 
i.e., (Ph)(x) = x{Q'-*h){x).

LEMMA I . I f  Ll, n = 1,2, . . . ,  are positive operators then the sequence {w„(Q)T~i 
is bounded. More precisely

0 < wn(Q) < 1, n =  1, 2, . . .  .

Proof. For t ^  I, t- -  t + -  2 0; therefore ,

LQ„e2 -  Lie, + i  Lie0 £ 0. '

From (9)

* ( 1 t * ) » . W )  +  7 -  * ( 1 “ * ) > 0 ' x s L

If we select * =  -  we obtain wn{Q) >0. Likewise, from ¿(1 -  t) Z 0, t •  I,
2 ■ •

one finds
Lie, -  Lie., 5= 0

that is x(l -  -r)(l -  w M )  >0, x = I. which implies wn(Q) « 1-

J$ — Malhcmalica 4/1987
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lemma 2. I f  Q «  W  then L®, n =  1 , 2,  . . arc positive operators.
Proof. From the identity (see [14])

Pn(x) =  X ^  Pn-l-k  ( (11)¿ = 0
it follows th a t pn is non-negative on [0, oo). Indeed

p0(x) =  1, p fx ) =  Xp[(0) ^ 0, x e  [0, oo),
and if we suppose />,•(#) ^ 0 for x ^  [0, oo), j  =  0, 1, . . w — 1, then (11)
furnishes us the inequality pn{x) ^  0 on [0, oo).

theorem 1. I f  Q e  W and f  <= C(7), then

l i m | | / - L « / | |  = 0
n—»co

wAtr* | |/ | | =  max |/(/) |. .
/«/

Proof. According to the P o p o v i c i  u-K o r o v k i n  theorem ([13], [3]) 
it is sufficient to show tha t

lim || ek — L°nck || =  0, k =  0, 1, 2.
»—* oo

In our case, from (9)

11 Cj — Lie , 11 =  0, j  0 ,1 , IIe2 — lSs*|| < T
4

where lim 1 ^ (0  =  0.
»—*00

theorem  2. Let (£»)“_j, ^  e  I f ,  k  the sequence of linear positive operators 
defined in  (8).

i) 7/ he C(7) t's convex on 7, then h(x) < ( L l  h) (x), «  7 ;
ii) 7/ f® Cl2)(7), W/ =  min /" (* ), (12)

#«/
37/ =  max f " {x ) ,  then fo r x ^ I

•i • »„(0) *(1 -  *) < (£«/)(*) - / ( * )  < 1 37/ • w .^ )* (l -  *)• (13)

Proof. If c0, (v. . cH are non-negative numbers with c0 - f c ,  -f  . . .  +  
+  c» =  1. then for every system of points *0, xv . . . .  
from I

h ckh(Xk). (14)
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Let us consider

Ck Pnin) ( h ) M**) ̂ ‘~^n -  «*). x„ = - ,k
x  being arbitrary in I. Then

g e .  ■'* “  (* i ) M  =  *

and (14) is the same vtith (12). le t  /  .  C»(J); the functions

/,,(« ) =  i  A f, . *= _ / W , hA%) _ / ( l )  _  i %  . ^

are % LV>  b  « ” > L »e conclude with (13).rHOEiviM 3. Let Q <= w, f  S c  i  , rtMrf o (/; 8), the modulus of
continuity of the function f  I f  x e  / > //,ew . u h J

\J(x) -  {LQnf)(x)\ « 2co(/;V^(l -  * K (0 )

I I / - ^ / l l  < 4 W( / ;V ^(0 )-4

Proof. If L : C(/) -> C(7), Z.f0 =  c0l is a linear positive operator, then (see 
for instance theorems 4.2 and 4.5 from [7])

l/M  -  (*/)(*) I 4 2(o ( / ;V (n W )
and

H / - I / H  <<,)(/; 8) inf {1 +  r -H IQ .II} . 8 >  0, (15)
m —1,2,,..

where Q; p, *) =  — #p. Because

(!&,)(*) =  x(l -  x)wn(Q),

choosing m =  2 in (15) the theorem is established.
5. Now we observe that L? is the Bernstein operator

(Lnf)(x) = (B„f)(x) =  g  (* ) **(1 -  ’

At the same time

t w m -  ' ' 2; -  ■
This seauence of approximation operators may be obtained from the class of 
operato^lntroduced^by D. D. S t a n c u  [15] -  [17]. By mean, of a  beta-
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transform (see [4]), the operator X» admits the representation
1

(Lvn f)(x) =  — -- ------ f /- '" '( I  -  t)n~nx~l(B »f) (0 dl, x  s  (0, 1).
J B (nx ,n  -  nx) .)0

I t  is easily deduced that in this case

L̂ Ch =  i'kt k — 0, 1, {LnC-i){x) ctix) T
2-v(l -  x) 

w + 1

(Lvc ) l x ) = c  (x) +  6*(1~ * } +  6”*>(1 -{ n 3){ ) 3( ) +  (M + X)'(n + 2) +  („ + 1)(/1 + 2)

( « a * ) = +

+

(« +  1)(» +  2)(« +  3) (» +  1)(m +  2)(#i +  3)

(26» — 2).v(l — *)—   ̂ , J > 4 .
»»(» +  I)(n +  2) (» +  3)

Consequently

(16)

(¿JBJ (,) = (ijQJW =, [<i...... ~ " +  a " ~  11 ■
2 M  '  » 1 + 1  '  '  M(N +  1)(« +  2)(«l +  3)

Using the inequality

co(/; 8X) ^  (1 +  [X])co(/; 8), X > 0 ,  8 >  0,

the first estimation of theorem 3 gives

!/(*) -  .(!?/)(*) I < 4* ( / ;  y  , /  e  C(I), X  e  / .

As a consequence of the equalities

lim n[c2[x) -  (L?c2){x)] =  -  2*(1 -  *), lim «(XjQJi*) =  0,
W-»X

the following asymptotic approximation formula is true (see [7], theorem 4.II): 
if /  65 C(7) aild if /  is twice differentiable at a point x 0, x0 e  / ( then

.¡l”  M[̂ o) “  (L»/)W o] =  ~  *0(1 ~  *c)/"  (*<>)•

We note th a t (16) enables us to write

(« /) (* )  =  
*̂=o

(» + A — l)j I ~~n k’
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by 1,1 *he CaSe °f Touch"<i-°l>'-'rator, the corresponding operators are detined

( i i / )  w = " ¿ r  £  ( Â ) '*<”*> ‘- I »  -  »*>/| 7 ) -
1“e  t —v hn

In
n i_vicw of the convexity-preserving properties of the Bernstein operators Bn, 

. we conclude that i f /  is convex of order s on I, then the poly­
nomial Lnf  is also a convex function of the same order s on the interval / .
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R E Z U M A T .  — 0  p r o p r i c l a l e  (le m i t o i n o r r i s m  a  u n e i  c l a s e  (Io o p e r a t o r i  c o n v o l t i -  
t iv i  p o z i t i v i .  în  această no tă  se generalizează un rezu lta t al au tru lu i, (lin lucrarea 
[2,]  pentru funcţii de m ai m ulte variabile.

1. Introduction. Bernstein's operators were and are object of study for 
many mathematicians ; as a consequence, many and various results in this 
domain have been published. One gave different generalizations, firstly (or 
functions of several variables, then, using probabilistic and non-probabilistic 
methods, new classes of linear and positive Bernstein-type operators were con­
structed. We must particularly mention the important results obtained in 
this domain by D. D. S t a n c u  [4, 5], and by many other authors as well. 
The positive convolutive operators also constitute generalizations of both Bern­
stein's operators and other operators of this kind.

Most of the studies concerning the Bernstein-type operators refer to pro­
perties of uniform convergence to a function to which one associates Bernstein's 
operators.
, In this note we deal with an algebraic property of the positive convolu­
tive operators for functions of several variables. More exactly, the author's 
result obtained in [2] is generalized for functions of several variables.

2. Polynomial convoliUivc operators. We shall consider the positive cou- 
volutive operator :

L»(f x) — A„ (II

where :

A„(x) = [P„(l)] \  n e  N n] x, x[n) e  X  c  Rm,

• University of Cluj-Napocaf Faculty of Mathematics uni Physics, 3400 Cluj-NaOora. Romania
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an cl

=  W .  .................. 4 " > )  ; k,m' * *

% =  (̂ 1, %o

= 0, w, ; ng e  JV; » =  1, W ;

• ■ • » m̂) »
f :  X R t X  =  [0, 1]«;

•P*(Z) =  ta) • PS, (z2) ■ ■ . Psm (*m) ;

Thii operator is associated to a relation of convolution, as the author 
showed in [3].'

ihe  positive convolutive operator (1) is a polynomial-type one if P,[z) 
are polynomials ; we shall consider it as being defined on C[X] and with values 
in the same set of the continuous functions on the compaction X  — [0, 1 ]“ .

niEORUM. Let be the restriction of the operator Ln, defined by (1), for the 
set of polynomials %, r =  (r,. r2, rm) and 0 ^  r, ^  i =  1, m. This 
■linear polynomial operator achieves an automorphism in the set S„ namely

Ln% = %.
Proof. The similar result for polynomial-type positive convolutive opera­

tors relating to functions of only one variable was established by us in the 
paper [2]. For the convolutive operators defined by (1), this property may 
lie naturally generalized by performing a tensor product of some relations for 
the unidimensional case. Hence, the stated theorem holds. •

e x a m p l e s . 1° Bernstein’s operators. If we consider in (1)

Pk{z) =  z\'zz . . .  z*«,
"tlien these operators become Bernstein’s operators Bn of the firs.. kind i ela­
ting to functions of several variables; they arc known and we have for them*

• Bn% =  %.
2° D. D. Slancu's operators. If we consider in (1)

Pk,(?) = * ( * — ! ) . . .  (s ~  k +  *)■

then we obtain Stancu’s operators Sni defined in [4], for which we have there­
fore :

S„3, =
It goes without saying that these operators have many other interesting 

and important properties as well.
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MECANICA NEWTONIANĂ ŞI LANSAREA PRIMULUI SATELIT 
ARTIFICIAL AL PĂMÎNTULUI1

ArpAd pAl*

Aniversam in acest an împlinirea a 300 de ani de la apariţia monumen­
talei opere a lui I s a  ac  N e w t o n  Philosophiae Naturalis Principia Mathe- 
matica, ce reprezintă o piatră de hotar în istoria gîndirii omeneşti si — prin- 
tr-o coincidenţă fericită -  30 de ani de la lansarea primului satelit artificial 
al Pămintului Sputnik / —, care a deschis o nouă eră ştiinţifică şi tehnică 
denumită — pe drept cuvînt — era cosmică.

Publicarea lucrării lui Newton, sub auspiciile vestitei Societăţi Regale din 
Londra (Royal Society) a reprezentat o cotitură decisivă în dezvoltarea gîndirii 
omeneşti, în general, şi a mecanicii (ştiinţa mişcării) — una dintre cele mai vechi 
ştiinţe ale naturii — în special. Apariţia Principiilor — cum i se spune pe scurt 
operei lui Newton a însemnat pentru mecanică ceea ce a reprezentat opera 
lui Euclid Elementele pentru geometrie — matematica mileniilor anterioare.

în  Prefaţa la ediţia I, Newton expune scopul şi programa lucrării. Astfel, 
în concepţia sa, rostul cercetării naturii esté ,,să reducă fenomenele naturale 
la legi matematice” . Deci scopul cărţii este „cultivarea matematicii, întrucît 
ea priveşte filozofia”. De aceea el spune că nu se ocupă cu cele cinci puteri (maşini 
simple) : pîrghia, scripetele, roata cu sul, planul înclinat şi şurubul, care formau 
preocupările celor vechi, ci cu forţele naturii, cum sînt : gravitatea, forţa elastică, 
rezistenţa fluidelor şi în general forţele de atracţie şi de respingere. Acestui mod 
de tratare a mecanicii îi dă numele de principiile matematice ale filozof ici naturale, 
numire care justifică şi titlul cărţii.

Deci Newton concepe mecanica de două feluri : cea practică, ce include 
„toate artele manuale care se ocupă îndeosebi de corpurile în mişcare”, de la 
care s-a împrumutat chiar numele de mecanică, şi cea raţională, care proce­
dează prin enunţuri şi demonstraţii precise privind „mişcările ce rezultă din 
forţe oarecare şi forţele necesare unor mişcări oarecare”. ^

Deoarece — spune Newton — „orice dificultate a filozofiei constă în a găsi 
din fenomenele de mişcare forţele naturii şi din aceste forţe să demonstrăm cele­
lalte fenomene”, el şi-a propus rezolvarea acestei probleme în Cartea I  şi a 11-a, 
iar în Cartea a III-a  să descrie „un exemplu al acestui procedeu prin explicarea 
sistemului lumii” . „Căci acolo, din fenomenele cereşti, cu ajutorul propoziţiilor 
matematice demonstrate în Cărţile precedente se deduc forţele gravităţii după 
care corpurile tind spre Soare şi spre diversele planete. Apoi, din aceste forţe, 
iarăşi prin propoziţii matematice, se deduc legile mişcării planetelor, cometelor, 
Lunii si mării” -  scrie Newton şi adaugă: „De s-ar putea ca toate celelalte teno-

i Prezentat la  Simpozionul „300 de ani de In publicarea operei lui Isaac N ew to n PMlosophiaf 
Naturalis Principia Mathemalica şi 30 de ani de la  lansarea primului satelit artificial al Pămintului ,

15 octom bne^l987.^ ^  Cluj-Napoca, Facullatda de Matematică f i  Fizică, 3400, Chtj-Napoca, 
Romăn’a.
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inene ale naturii să se deducă din principiile mecanice prin ^acelaşi fel 
uam ent", încheind cu modestia-i cunoscută: ,,Spci însă că principiile stabil'? 
aici vor aduce oarecare lumină fie acestui mod de a filozofa, fie altuia mai aăp l«c 
xat” . a~

Deosebit de im portantă este şi concepţia lui Newton potrivit căreia , ge 
m ctria se întemeiază pe practica mecanică şi nu este nimic altceva decît’ac? 
parte  a mecanicii universale care propune şi demonstrează arta de a măsu/ 
precis” . Reluînd această idee profundă, Al beri Emstcin şi-a construit mecanit? 
relativistă sub formă de geometrie a unui spaţiu-timp curbat de materie, carp 
aveâ să schimbe din temelii reprezentările noastre despre materie, mişcare, spaţiu 
şi tim p, producînd o revoluţie în ştiinţă ce a fost pregătită, clin punct de vedere 
m atem atic, de o revoluţie similară ce a avut loc în matematică o dată cu apari­
ţia  geometriilor neeuclidicne, în prima jumătate a secolului XIX, la Gauss 
Dobaccvski şi Bolyai. ’

' Studiind cu atenţie opera unor g mi iii şi atenţi obvrviLori ai naturii ca 
Lconartlo da Vinci, Nicolai Kopernik, Jonunn Kepler, Era nas Bacon, Galilco 
Galilt i, care, eliberîudu-se de dogmatismul Evului Mediu, au pus la dispoziţia 
ştiinţei fapte- mecanice de o expresivitate deosebită. Newton este primul care 
intuieşte necesitatea definirii unui spaţiu absolut — modelat matematic cu spaţiul 
euclidian cu trei dimensiuni (Ej) — şi a unui t imp absolut — modelat matematic 
cu axa numerelor reale («) ~  a unor noţiuni fundamentale ale mecanicii — ca 
acelea de spaţiu, timp şi masă — şi a formulat axiomele sau legile fundamentale 
ale mecanicii care îi poartă numele. Acestea sînt prezentate la începutul lucră­
rii lui Newton la care ne referim. ,

Mecanica clasică se bazează pe aceste noţiuni şi principii, se dezvoltă in 
cadrul. acestora ca o ştiinţă teoretică şi aplicată, confruntîndu-se şi confruntîn- 
du-şi mereu construcţiile cu realitatea (terestră şi cosmică), cu observaţia şi 
■experimentul.

; Ca o culme a  virtuozităţii sale matematice, Newton îşi expune rezultatele 
-sub formă geometrică, pentru a- le face mai accesibile contemporanilor săi. 
Preocupat de problemele de mişcare puse de mecanică, el îşi făureşte însă, ca 
instrum ent de lucru, o nouă doctrină matematică — teoria fluenţilor sifluxiunilor, 
adică calculul diferenţial şi integral, cu denumirea de astăzi. Se ştie că, in 
aceeaşi perioadă, Lcibniz punea, sub o altă formă, bazele aceluiaşi calcul diferen­
ţial şi integral,, fiind contiuuat în această realizare de marii matematicieni Iacob 
Bernoulli şi Ioan Bernoulli. .

, De acum o perspectivă imensă de dezvoltare i se deschide, mecanicii- 
Vastul edificiu, ale cărei baze solide au fost puse de Newton, va fi supraetajat 
prin opera unor demni urmaşi, dintre care amintim pe :

— Mac-Laurin, care va studia formele de echilibru relativ ale corpurilor
cereşti în rotaţie în jurul axei lo r ; •

— D'Alembert, care va dezvolta teoria mişcărilor de precesie şi nutaţie ale
P ăm în tu lu i; . . . "

' — Daniel Bernoulli şi Leonhard Euler, care vor desăvîrşi opera lui Newton 
prin  stabilirea teoremelor generale ale mecanicii;
• — Lagrange şi Laplace, care vor crea mecanica analitică şi mecanica cereasca,
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cometelor etc. din observaţii astronomice; etCrmiuarc a orbitelor planetelor,

Sundman, Chaz’y , HUI ^Brown^Delaun V\mer' Polncari- Birkhoff, Liapunov, 
matice de rezolVare ¿ £ S S i £ Î T Z £ ^  W 8“  “oi ™*ode mate-mişcare a corpurilor. proWemclor de ^ecamca, elabormd totodată şi teorii de

cînd noirco!icl,fteWsi°r'nor .contin“ -Şi îu secolele următoare, pînă în zilele noastre, 
c e se“ steaotKwoVvn^Î1 ?'natlce mcel) si Pătrundă îu mecanică ; de la ̂ unor probleme specifice mecanicii, rămase încă deschise.

i ecanica ui Newton a înregistrat succese epocale, printre care se cuvine 
r>i TifCn̂ j°na _ escoPerlrea; numai prin calcul a unor noi planete, ca .Neptun si 
1 luto, dezvoltarea aviaţiei subsonice, transsonice şi supersonice, laiisarea sate­
liţilor artiUciah şi a navelor interplanetare [Spuinik I — în U.R.S.S., la 4 octom­
brie lJo7, Explorcr 7 — în S.U.A., la 1 februarie 195S), primul zbor al omului 
in cosmos (I ostok 1 12 aprilie 1961), aselenizarea omului (Apollo 11 — iulie
1969) etc. Dar întreaga tehnică modernă este tributară mecanicii, care stă la 
baza tuturor disciplinelor inginereşti.

Se poate afirmi cu certitudine că, fără cunoaşterea legilor de mişcare a plane­
tului. şi sateliţilor, şi fără contribuţia tehnicii rachetelor, realizarea satelitului 

.artificial al Pămîntului ar fi fost cu neputinţă.
Privită acum în perspectiva celor trei sute de ani de la crearea sa, opera 

fundamentală a lui Newton trezeşte — aşa cum arată acad. Caius Iacob — aceleaşi 
.sentimente de admiraţie pe care le-a produs şi la contempranii săi, matemati­
zare,! mecanicii servind şi continuînd să servească drept model pentru dezvol­
tarea şi a celorlalte ştiinţe fundamentale ale naturii, care urmează lin proces de 
matematizare analog.

Universitatea noastră se poate mîndri — pe bună dreptate — cu faptul că 
traducerea îu limba română a valoroasei opere a lui Newton a’ fost realizată 
în acest lăcaş al ştiinţei, învâţămîntului şi culturii, de uu distins profesor, Victor 
Al arian, fost şef de catedră în cadrul Facultăţii de Matematică şi Fizică, ţestul 
definitiv al traducerii fiind stabilit împreună cu profesorul Victor Valcovici e 
ia Universitatea din Bucureşti; lucrarea a fost publicată la Editura Aca etniei 
R.P.Române, în anul 1956. Textul original după care s-a făcut traducerea este 
acela al ediţiei a IlI-a a Principiilor, din 1726 -  ediţm cea mai completa şi 
apărută în timpul cît trăia încă Newton, avîud şi aprobarea ui. a. s Ş 
traducerii, profesorul Victor Marian a plasat o instructiva prezmtare a w cj 
si activităţi lui Newton, însoţită de bibliografia cronologica a operelor savan 
tului (pag5! 421-441), precum şi Adnotările personale <P^.
-  în intenţia profesorului -  „au drept scop sa fla^ r i Ve s ^  
chestiunilor fundamentale tratate, mai ales m ceea c i   ̂ P

Z° iiC Această carte, cu principiile şi teorii!le f e c i o r  ^ n ^ r f  car7 s -a 'o o sÎt

ăr nz
v ă ra t^ ' îiffiSrâ de t o *  relativităţii s-a «flec

AN AUTOMORPHISM PROPTRTY OP A CLASS OPERATORS
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ştiinţe
m măsură m care i 

fie indirect• A -a * «  în celelalte ştunţe »«= tite  mai înainte ne muirect
S  dl“ u ?e  categoriile oriCe 5‘
tind cercetătorii la a P?VI t  de cedere intuitiv^ cuanticâ sau cea orifcj, 
de j u s t . “  ^ d i e o f i a  ci doar au compl«^

• D ’ îÎlătSrât mecanica lui Newton, n  «  . ite din natura, cu care n e întîl-
ne n-au mlatu ____ „«nriice. fenomenele ? valabilitate, lată jT  ven ele  microscopice, fenomenele * valabilitate. Iată tfenomenele maci^ 1tiA KfcWton lşi pastrcaza ^  ^>nlhcmalica cstc. ttaJto n e :

%  Z ^ V a “  i e r & ^ i a r e a  ei valoare.
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Y. C h o q u e t-B r u h a t, B. C o 11, R. R e-
T n e r ,  A. L i c h n e r o w i c z ,  Geometric ct 
physique, Journées relativistes de Marseillc-Lu- 
jiiinÿ, avril 1985, éd. Hermann. Collection Tra­
v au x  en cours, Paris, 1987, 211 pages

Le volume édité par l'équipe de mécanique 
relativiste de l'Université Paris VI rassemble 
■les travaux  présentés au ,,Journées relativistes 
1985" organisées sous le patronage de la Société 
M athém atique de Prance. Les contributions des 
partic ipan ts à cette reunion s'exprime par 22 
tex tes ries conférences et communications faites 
au tan t sur les problèmes classiques de la Rela­
tiv ité  générale que sur des nouveaux problèmes 
concernant les théories relativistes modèrnes, 
la théorie des jauges et les théories de super­
gravité. Quelques exposés relevent aussi des 
■questions théoriques avancées de Géométrie 
différentielle ct de Topologie algébrique posées 
p a r les nouvelles théories de la Rélativité.

M. ŢARINA

J a v i e r  B a r j a P e r c z ,  Succeslones 
exactes de Ocho lermlnos en IIomolo||lu de 
Grupos. Il (O, Z  ), Universidad de Santiago 
de  Compostela, Departamento de Algebra, Nr. 
45, 198(5

Prezenta monografie este al 45-lea volum 
d in  colecţia ,,Algebra", colecţie realizată de depar­
tam entu l de Algebră al Universităţii din San­
tiago (Spania). în  lucrare se studiază şirul exact 
de  omologie, eu coeficienţii în Z , asociat unui 
opimorfism din categoria grupurilor. Recoman­
dăm  această monografie studenţilor şi cercetători­
lor cu preocupări in Teoria categoriilor de A ge rr 
omologică.

IOAN A. RUS

7 u 1 i i A. D u b i n s k i j. Sobolev Spates 
o f  Infinite  Order and Differential 
Teubuer Texte zur Mathematik, Baud 87, Lei­
pzig 1986, 161 pp-

For a complex valued infinitely dUfcrcntia- 
ble function « defined on a region G S  A». put

00
P(“) =  ai  \\Da «Ilf® where att 0, pa >  1 

I a I ~0 * ’
=* 1 are g‘vei1 sequences and | | . ||, denotes the 

Lebesgue norm in L,{G). The Sobolev space of in­
finite order Wt°(aa. pa) is formed of all functions 
u for which p(u) is finite. In  contrast to the finite 
order Sobolev spaces the first question which 
arises in the infinite order case is the nontriviality 
of the space. The nontriviality of the space 

pa) depends on the parameters aa, p  
and on the region G (the values of ra are imma­
terial in the question of nontriviality and so a 
not used in the notation of the corresponding 
spaces). In the first chapter the author solves 
this problem (giving necessary and sufficient 
conditions) in the cases of a bounded region, 
of all space R n, of the tours and of a strip. The 
theory of Sobolev spaces of infinite order is 
closely related to the boundary problems for 
differential equations of infinite order — the 
nontriviality of the energy space Wm(a,. p ^  is, 
essentially, equivalent to the correctness of the 
corresponding boundary problem. Other topics 
treated in the book a re : elliptic boundary value 
problems, trace theory and inhomogeneous Diri- 
chlet problems, imbedding theory, nonstationary 
boundary value problems (all the considered 
boundary problems are of infinite order). 1 

The book will be of interest for those doing 
research in Sobolev spaces and differential equa-' 
tious. ■

S. COBZAŞ

H. T r i e b e 1, Analysis and Mathematical 
Physics, BSB B. G. Teubner Verlagsgcsellschaft. 
Leipzig 1986, 456 pp.

The book is based 011 a ten term course of 
lectures read by the author at the F. Schiller 
University, Jena on various topics in analysis 
and mathematical physics. The book is only a 
skeleton of these lectures since the proofs arc 
largely omitted. The book is adressèd to mathe­
maticians and physicists. The mathematicians 
will find the principles of classical and modern' 
physics presented in a language familiar to them 
and physicists will find concise descriptions of 
the mathematical theories on which these priuci-
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pics are based on. As the author points ou in 
the preface "True to Hilbert's ideal, mathema 1­
cal theories are carefully separated from their 
physical interpretations”. The mathematical part 
of the book contains: differential and integral 
calculus, measure theory and Lebesguc integra­
tion in R n, complex function theory, elements of 
functional analysis in Banach and Hilbert spa­
ces, ordinary and partial differential equations, 
calculus of variations, distribution theory, geo­
metry in R 3 and geometry on manifolds, singula­
rity theory and catastrophe theory. 1  he physical 
theories presented in the book are: classical 
machanics, liydrodinamics, classical field theory, 
special relativity and electrodynamics, quantum 
mechanics, general theory of relativity. Some 
applications of catastrophe theory to biology 
and to other domains (c.g. there is a section 
suggestively entitled "Hogs and mathemati­
cians”) are also included.

The book will be very useful for all interes­
ted in mathematics and mathematical physics.

S. CObZA!?

I v o  M a r c k, K a r e l  2 i t n ÿ , Mntrix 
Analysis for Applied Sciences, Teubner Texte 
zur llathematik, vol. I, band 60, Leipzig 1983, 
vol. II, band 84, Leipzig 1986, 196+149 pp.

. The authors present the theory of matrices 
as representing linear operators acting on finite 
dimensional vector spaces. The connection of 
the matrix with the linear operators facilitates 
the application of the functional — analytical 
methods to the matrix calculus. The book is 
fairly self-contained — the reader is assumed 
only familiar with elementary matrix calculus 
(including determinants) and with fundaments 
of mathematical analysis. The first volume con­
tains : algebraic preliminaries, metric spaces, 
elements of mathematical and functional analy­
sis; spectral properties and Uicsz operator cal­
culus. The topics treated in the second volume 
are : operator with rational solvent functions, 
complexification, Jordan reprezeutations, varia­
tional principles, Drazin's and Moore-buire sc’s 
pseudoinverse operators.

by the use of rather deep concepts and resul­
ts of functional analysis the proofs are presented 
iii a most natural and transparent manner and 
the book links these to fields of research : func­
tional analysis and linear algebra.

■ ' The book will be useful to all interested 
in matrix theory and its applications (e.g. in 
numerical methods, differential! equations).

S. COBZAÇ

F. K l e i n ,  Hlcniunnsehc iqjpv
ner Arcliiv zur Mathematik, r , -Cn> Tcm, 
284 pp. )Z1S 19$̂

The book ccntains a reprint of the ■ 
lectures on Kiemann surfaces taught by ;
in Gottingen in the winter semester "i«11**11 
and the summer semester 1892. The |
F. Klein of Riomann surface had and still? 
a great influence on various fields of jUv . f 
tion as theory of functions of one and CSl'*’a' 
complex variables, algebraic gee me try, 
theory. The lectures are edited and comni. I 
by G. Eisenreich and W. Purkert. The w  j 
contains also a list of books and papers w|i°°e 'i 
are referred toto ill the original text and l ■ 
a list of contemporary books on Kiemann sur* I 
faces and related topics. A sketch on the live ^  j 
mathematical work of Felix Klein is also iociu ' 
dcd. ' 1

S. eOBZAÇ.

C h. P o s t h o f f, L>. b o c h in a n n,
K. II a u b o 1 (1, JMsUrcIc mulhemalili. Teubner 
Yerlag, Leipzig, 1986 (Matin mat ¡sell— Natur- 
wisscnschaftliche Libliotek, baud 70), 2tS- 
pp. 74 fig.

A book for students interested in disrret 
mathematics, with the following chapters: lope 
and sets, Numbers and number systems, Alge­
braic structures, binary fuuctie ns, Tilt cry of 
graphs, Applications of graphs, Theory of auto­
mata, a reference list of 55 titles. Yell  written, 
with a lot of examples and figures and with 
refere-nces to computer science, this ke>ek is 
greatly recommended to all beginners who ai* 
interested in these subjects.

z. kAsa

Iteprezenlaliiin eif Lie (ir«iu|is »«‘I J'1. 
Algebras, (A. A. Kirillov, editen) Akadimiai K'3“0' 
budapest, 1985, 225 p.

The book presents the completed ' crs'°> 
of the lectures for beginners of the 1971 ®SI**,]ie. 
School organized by the Janos bolyai 
matical Society in budapest. The volume 
the basis of representation theory as well us ^ 
most up-to-date results. The lectures 
follows: Introduction to the representation 
ry of finite and compact groups (A. A.
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Representations of contragradicnt Lie algebras, 
and the Kac-MacDouald identities (B. L. l''eigin 
A. V. Zelevinsky), On Gelfand—Zetlin bases for 
classical Lie algebras (D. P. Zhelobenko), Repre­
sentation of SL(2, F,,) (S. Tanaka), Models of 
representations of current groups (I. M. Gelfand, 
M. I. Gracv, A. M. Vershik), Unitary represen­
tations of the infinite symmetric group : a semi­
group approach (G. I. Olshansky), On the appli­
cations of induced representations to quantum 
mechanics (G. W. Mackey)

A. B. NEMETH

E. G r i e p e n t r o p ,  R. M a r z. Differen­
tial—Algebraic Equations and Tlielr Numerical 
Treatment, Teubner-textc zur Mathematik, Baud 
88, Leipzig, 1986, 220 pp.

This monograph deals with the theoretical 
statements oil differential-algebraic equations 
and their numerical treatment. The chapters

of the book are the following: 1. Analysis of 
differential-algebraic equations; 2. Integration 
methods; 3. Difference methods for boundary- 
value problems. We recommend this book to 
all interested in differential equations.

i o a x 'a , RUS

T. M. R a s s i a s ,  Foundations of Global 
Nonlinear Analysis, Treubner-texte zur Mathe­
matic, Leipzig, 1986, 218 pp.

The aim of the book is to present the thcory 
of minimal surfaces and the problem of Plateau 
from the point of view of Morse—Palais—Smale. 
critical point theory and Morse index theorem. 
We recommend this book to all interested in 
global nonlinear analysis and its applications in 
analysis, geometry and physics. '

IOAN A. RUS
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X. Puhlkn(ii nie semlnnriilor de cercelnre 
ale eatedrelo.r de Mntcmutieü (serin de preprin-

1U**' Preprint 1 — 1986, Seminar on Functional 
Analysis and Numerical Method;

Preprint 2 — 1986, Seminar on Computer 
Sciences ;

Preprint 3 -1986 , Proceedings of the con­
ference on Differential Equations: _

Preprint 4 —1986, Seminar on Mathemati­
c a l  Analysis ; .
. Preprint 5—1986, Seminar on Geometric 
Function theory;

Preprint 6 —1986, Seminar on Stellar Struc­
tures and Stellar Evolution;

Preprint 7 -1986 , Itinerant Seminar 
Functional Equations, Approximation and Con­
vexity; .

Preprint 8-1986, Seminar on Optimii-
lion Theory;

Preprint 9-1986, Proceedings of the Con­
fer ance on Algebra;

Preprint 10 — 1986, Seminar on Geometry, 
II. Manifestări slilnjillce organizate de 

catedrele de matematică.
1. Şedinfele de comunicări lunare ale cate­

drelor de matematică;
2. Seminarul itinerant de ecuafii funcţionale, 

aproximare şi convcxitate.

în treprin der ea  po lig r a fic a  c l u j ,
Municipiul Cluj-Napoca, Cd. nr. 551



matematică

fizică

chimie

geologie-geografie

biologie

filosofle

ştiinţe economice 

ştiinţe juridice 

istorie 

filologie

In the XXXII-nd year (1987) of its publication. Studia Universitatis Babeş—Bolyai is issue« 
as follows :

mathematics

physics

chemistry

geology-geography

biology

philosophy

economic sciences

juridical sciences

history

philology

Dans sa XXXII-e année (1987), Studia Universitatis Babeş —Bolyai parait dans les spécialités

mathématiques

physique

chimie

géologie-géographie

biologie

philosophie

sciences économiques.

sciences juridiques

histoire

î n  c e l  d e  a l  X X X I I - l e a  a n  (1987) Studia Universitatis Babeş—Bolyai a p a r e  î n  s p e c i a l i t ă ţ i l e
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