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SUR Lf}ENTROPIE D'UNE VARIABLE ALEATOIRE QONTINUE

E. OANCEA® ot M. RADULESCU*

Manuscril 1668 16 20 Mars 1987

Au professcur D. D. Stancu,
pour son 60¢ anniverssaire

ABSTRACT. — On the Entropy of a Continuing Aleatory Varlable. Some - .

theoretical results on the entropy of a continuin i
; . g aleatory variable ar
forth in the paper, given through three theoremes and some more conseque:cse:t.

Soit X une variable aléatoire avec la den'sité ;ie probabilité f: R — R ainsi
que a10S
f(x) 20, xR
flx) =0, x & [a, 0]

{7z =1 o (1)

.

ott [a, b] est une intervalle finit de I'axe réele. Dans ces conditions on a
THEOREME 1 Si : , -

| § f(x.).l‘r‘i'f(x) dx l :<'+oo '

ervalle [a, b] dans n intervalles égales

2

]

alors en considérant wne division du U'int ) ]
la limite, pour n —co, de la différence entre Ventropie maxime

H(l, -‘-);'m "
” 1]

et
Hiqy .99 = — L4106
on : ; 3 s S
_p o B —a), =T n
9;—;;;1’; n( ) T
Ly e
Es' € (xi; xl'-l-l]n ‘ = Ol n — 11
. " '
Py 211)'
T mma e o dl‘ﬂ'/sina, 3400 Ciwj-Napocs, Rosmanie

® Usiversité ds Cinj-Napocs, Facuité de Mahimaliques



4 E. OANCEA, M. RADULESCU
est

v ‘
lim (lnn — Hfg,, ..., q,)) = s J(x) In f(x)dx + Inp — g)

Py . (3,
Démonsiration Soit 1’expression :
E=lnn—Higy ..oq) =1 gmn+ 3 qIng =Yg (ng)
s - t=1
Conformément - aux notations anterieurs, on a:
_ 1B —af(E) | SE)G ~a)
E=+ ,-2: . L b
En notant
Ax,'=x,‘+1‘—'¥.'= b—a , 1 = l, n—1
»
il résulte:

Inn — Hygy, ..., q,) =Z:’:L;)Q Ax;Inf(&;) +In(d —a) —InP,1 =
= L 36 mf@)A% + 289 - se)as — 1 P, 3SR 6

Py i=

En tenant compte de (1), {2) et de

[}
lim P, = lim 3 f(E) Az, = { f(0)dx =1

B0 ge=l

la rélation (5) & la limite pour 7 — o0 dévient;

g

b
lim (In #» — HJgy, ..., ) = 5 f(®)Inf(x)dx + In (b — a)

donc le théoréme 1 est démontré. .

Conséquence. Soit X une variable aléatoire qui vérifie les condit
théoréme 1 alors pour # suffisamment grand on a la valeur approx
pour l’entropie :

ions &,
imat®,
|

: . ]
Higs o0 0 % — (i) Inf(m)ds + 10 -2 ¢
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5
ou
b !(E) —
=% b= ) i=1n

€ (%, Xyl x,-=b"““
»

'+ a 1=0, n—1, P, = - )
| =B
THEOREME 2. Soit f:|R —~[R, f(2) >0, xe R o I CIR une intervalle

ainsi gue
mes (I) = 40

Jx)=0 2 ¢TI
Sf(x)dx =

le(x)lnf(x) dx, < 4o
1

on considere unc suite d'intervalles fini (L)sapw, Iy C I, kSN I C Iiyy, k€N,
UL =1, ¢t soit f;JR —[R

hey
——{(—1—, xel,
) ={ § e
(;, x ¢ 1,
alors
{ 700) 10f(x) dx = Jim (102 1n fim)ax @)
’h Ih

Demonstration. On considére 1’expression ;
Ga{x) = f(2) Inf(x) — fil2) fa(x) = f(x) In f(x) —
F(C I [ P A
S f(x)dx S flx)dx

l‘ 5

Alors;
lim { Gi(x)dx = lim S [(x) Inf(x) — fi(#) In fi(x)] 4% =

k— B ]
o 5
= lim { /() Inf(x) d — Jim j A Infa() dx = § () Inf() d =

i
i
i
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—lim_ffk
iy § T

rt i

—1In.J f(x) | dx= t f[x) Inf(x) - J1(*) \nf(x)

d'ou il résulte (7). 1

On remarque que la fonction / est une fonction densité de probabilité !
et donc * |

j %(%) In1*(%) dx - o) *
QU
o Pi= - ~08(/*), *= I, w
&«(**<+1], t=0, «—1L A — —*Ffa, t=0,n
h = [«* 6% P. = (A -

THEOREME 3. SorV X ««c variable aléatoire et/; |H —»H /a densité de pro-
babilité corespondam de chaque fagon .

I(*) * 0. *e |/

I(*) = 0, x <1

\f{x)dx = 1

ou I est une intervalle de I’axe récle ainsi que
mes (7) = +o00
et soit (/*)*«|n une suite des intervalles fini 7* Cf I, A+i * G|N

i = U h
*e|N

O» considere
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A
Y% A(E)
= p=20
"5

(b‘“—ﬂ‘), 1=O, ny — 1

1 ] A . B —
Ye («x) '. — A by — —_—
gle (v, 21y, i= 0,1y — 1, L2 54 a i =0,
’

"
x
A
el fj ; IR g ln
J(#) 1,
Nilx) S/(x)d’
1y
O ’ x ¢ Iﬁ
Si
lim —%__ 1
n~o mes {I))
alors

im Hy(gh ..., ¢h) = -S f(#) Inf(x)dx +In L

8, — 0O
A 1

Demonstration. De la relation (7) on a

Hyleh .o gh) = = (0) n fila) dx + 1 —2 ()
(Ix)

mes
1

En tenant compte du théoreme 2 et de la relation {9) on a

: A A — . . ny —
Jim Hylgh oo gh) = = Jim ,SM In fy(x) dx + lim s
A
= \fmpmaz+1 ...
1 PR

Done 1a relation (10) est verifiée.

(9)

(10)

Remarques. 1. Le théoreme 1 donne ‘une evalution (6) pour # suffisamment
8rand de Y'entroie d’une variable aléatoire avec la densité de probabilité f.
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I'expression donnée par (6) représente l’entropif de la variable aléatojre cont;
nue avec la densité f d’ordre d’approximation = i

Hf) = = (/) 10 f() dx + In -

b—a

2. L’expression
1]

— {f2) 1n f2) ax m

qui ne dépende pas de n représente U'entropte caracteristique de la variable aléatoire
avec la densité f. Cette entropie peut étre tantdt positive tantét negative
Pratiquement l’expression (11) est utilisé dans les applications concretes pour
I’entropie d’une variable aléatoire du type continuec.

3. Rélativement 2 la rélation (10) si L = 1 on obtient la limite

im H(qh ....¢%) = — S f(x) In f(x) dx

"y — 0O
* I
I’expression

— /) 1 (2) dx

est 'entropie caracteristique de la variable aléatoire X corespondante.

.- 4. Dans le cas que mes(I) = 40, soit « > 0, il existe l’intervalle I,
I, C 1, mes (I,) < 4o, et la fonction f,; |R — R

I(x)

fd2) = ,S’ e

, xel,

0 , x ¢ 1,

de fagon que

~ () mfm) dx = — () mfu ax +

1

Alors on peut utiliser pour I'entropie H s, dans les applications, I'entropie Hy

Exemples. 1. Soit X une variable aléatoire uniforme sur lintervalle [%. b
et f; JR —|R la densité de probabilité

1
flx) ={bt—sa .
10 , % & [a, b]

, x<.[a;b]
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alors I'entropie caractéristique est
t

- ) I dx = lu @

et I'entropie d'ordre d'approximation —
n

’ H»{f) = In».

Donc pour une variable aléatoire qui vérifié la loi uniforme, I’entropie H (f)

est maxime. Cette propriété, donne pour les variables aléatoires continues une
propriété analogue de la variable aléatoire discréte

X =

parmi les variables aléatoires

*:M

2. Pour une variable aléatoire X qui vérifié la loi normale N(m, a) on a

—\f(x) Inf(x)dx = In {a"2ne)

R

Soitae |R,0< ac< -2" on considére la fonction fa; |R “m|R

m * *
e -7, K
[.(*) = 28% [ ™
0 X* [-*. 29
ou <>est la fonction de Laplace
]
. o U
On prend za ainsi que
]
—"fa{x) Infa(x) dx = \nj2ne a—a
Na

alors on peut évaluer I’entropie F/ par H”.
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ON A BIVARIATE INTEGRAL SPLINE OPERATOR

P. BLAGA®

Recsived : April 16, 1987
Dedicated to Prolessor
on his 60th anui\'etsn:yD' D Staa
5y REZUMAT. — Asupra unul operator spline Integrul bidimensional. tu aceasts
lucrare se defineste operatorul notat Tf,;f", carc se aplicd unor functii de doud

variabile independente, integrabile pe domeniul D = {0, 1] x [0, 1] si carc an
ca imagini prin acest operator funciii spline polinomiale de doul variabile. Se
studiazi citeva proprietiti ale acestui operator, printre cure remarcim cele rela-

tive la convergenta girului (Tf,;‘”(f)) la functia f, care sint date prin tcorema
3.1, precum gi evaludiri ale restului in formula de aproximare construitd cu
acest operator §i care sint date in teorema 4.1.

1. In [1, 8] it has been considered an univariate intcgral spline operato:
which is a generalization of the Kantorovitch opcrator {4]. Ih this paper |
is constructed a bivariate intcgral spline operator and there are statied som
of this properties. )

Let us consider the domain D = [0, 1] X [0, 1] and the grid rcalize
by the partitions

Ay = . =% =0< %, < oo < Xt << | = Ky == o = X

and

~

Ay ya=...=9=0<y < ... <Yy <l=y,= ... = Vasu

with @, #, k, I € N.
One considers the nodes

Fpr o,

&ix = ° , = —k,om—1
respectively

S
We have :

O=( i <Eammp<...<Eps=1 :
and

O=npy<nu<..< Na-1g = 1. }

® Umiwrsity of Cluj-Napocs, Faculty of Mathematics and Physics, 3400 Cluj-Napozs, Rcmanis .



ON A BIVARIATE INTEGRAL SPLINE OPERATOR

1
oqe,deﬁnes. the normalized B-splines of the order 4 + | {or of the degree )

]

. — Fiargr — & T -
Nip(z) = g1 M), i= kw1

v

,espéctiVely the pormalized B-splines of the order I41 (or of the degree 1)
oy _ Vit T Y ~ . —
Niy) = "I:\l’Mm 0, 5=—-Ln—7,

where
My (%) = [%;, ..., Zignyr: (B4 1)(s — x)*]

is the (k 4+ 1)-th devided difference of the function uls) = (k + 1)(3 —

2} -
M;y is called the B-spline of degree k. Similarly, M;;, defined by

M) = 3+ g3 (1 DE = 9

is a B-spline of degree 1. ,
Among of the properties of these functions we recall :

m—1 n—1
2, Nu@ =1 B R =1 Vxy <01

S —k J=—
1 1
(Mirta)ax =1, { M)y =1,
0 0

Mip(x) 2 0, supp (Mip) = [%; %itas1],

My(y) 2 0, supp (M;y) = [3; Yisisr]-

2. Let us consider the operator Tep:

TH,(fi2,9) = = 11/[.-,,.(x)11;[,-,,(_v)sg 7 (s, t)dsat,

U"]'

where Uf',‘ =[&i_yat1, Eins1] X [gj-1041, njs42) and f is an intergrable func.tltox;

‘on D. This operétor is a bivariate polynomial spline operator. It t}a]ssc:ic(:a :e

to an integrable funtion f a bivariate polynominal spline function ott ! ethegrse-
on respect with the first. variable and of the degree / on respect to

cond variable.
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The operator T,’:.',. is a linear and positive operator. and. 7* l..R =R
where R;;{x, y) = x'y. Indeed, taking into account the properties of the's’
spline function, we succesxvely have e B-

m—1
T:Ifu(Roo, x,y) = 2}; E,M'k(x)M]l(y)(E»lH‘—E' —tk41) (N rr— M- ll+1)‘
fom —k fm—
"m— FitntrF L Y =Yy VI
o e N )"_\;’——H_l 4(3)
E Ntk(x E N/‘(y
o —R f=—}

The linearity and the positivity are evidently.
3. The operator T%' can'be considered as a linear approximation method|

on the space L,(D), 1 < p < 0, with the usual L,—norm, || - {],. '
Theorem 3.1. If | Aw|=max {%; — %;q, t=1, m}, |A,|=max {y,—y,_,, i=1,%
andf e LyD), 1 < p < o, then ' " Y !
lim  {If— T (f)ll,=0 (&, I are fixcd) "3
|aml, Enle0 ‘ G
. Y _ o
kl}_.mo Nf— T (f)ll, =0 (m, n are fixed). (3.2

Proof. First, we prove that the sequence of the operators (I is unifors
bounded in m, #, k and /. For this, one considers the positive defined function
t

H:;fl(xr y: s, t) __"Z: EMﬂc (x)M;,(y)l u S 1)

frm g fou—]

where IU,,, is the characteristic function of the set U"’ It follows that
ij

SSH’,‘...'(x y, s, £) dsdt = E }: Mioa () 31,4 ( )Ssds‘u:l

D Sk fum—]

Al
Ul‘j

and

0§ 22 (5, 95 5, 9 dray = ) )‘_j Ly (s, 4 S { Mou ()0, )y = 1

D S —k f=—1

Using the function HL', the operator Tl can be written in the integral fors
{

Tonlfi %, y) = 55 Hilu(x, 55 s,2) f(s, t)dsdt. |

i
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By Holder’s inequality, for 1 < ? <o, one obtains '
.y ) k1 . SAL Y N
T ) < {SS Halsn, 535, fasa) W85y s, 0150, e dsir}”

s .
b

={S§H:'l'("' yios Olfs, t)l'dsdt}"’ 4
D h B
. with 1/p + 1j¢ = 1. This way, we have sucéesively

s Ll = (SS,S(H:‘(x yi s, OfGs, t)dsdt["dxdy)"’ <
D D ‘

< ‘§S[SSH',‘,:".(x, ¥i s, 1) f(s t')i, t'lsdtl dxdy)'”’ L .
= (SS [f(s, t)l’ [SS H:,"ln(x, ¥ s, f)dxdy] d‘sdt)l/, _ {

= (SS fts, A dsde)"® = I

So, || Tufly < 1, for 1 < p < 0.
For p =1, we have

T < (§|§f HEnte 95,0 £ 6. dsdt |dxdy <

D D
< (C1LAs 01 [(CES . 5 s, 8 dudy] dsdt =
<SD1f<s t)l[SjH (%, 95 5, ¢ xv]s

= S [ (s, 8) |dsdt = || f]],,

so that | Tufl, < 1.
If p = 0, we also have

[l Thia(flle < supess

(s.y)eD

S (Heal 50006, 0) dsdt! =

< supess(ﬁHﬁf»(x. yi 5.0 dsdt) 1 e = 1/ lla

(xy)eD

Hence, || T:.‘ Il ' < .1 for any 15.‘1 <p <o : ' '

Taking into "agcount that C(D) is a dens? .SUbSpace' of e st[:aoethelc;’ri?n(
and the sequence (T%.) is bounded, it is sufficiently to prove the .
only for f « C(D).
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Let us consider the bivariate Schoenberg’s operator S),:

R
b LRI )

Sumlf: %, ¥).=

m—1 n—1

g —k f=—]

which was studied in [2]. Then we can write

m—1 n—

| T2alf5 % 5) — Sf:.’»(f_; N < 3 2 M;p(x)

But, using the property of the bidimensional modulus of continuity, we ha

[t —mjal).

[ I TR

— f(&in, mjp) | dsdt.

1f(s, &) — f(Ein, mi)| S 0wlfi]s — Einl,

Because of the inequalities

it follows that

respectively

Thus, we have

So,

Tespectively

[t — i3] < Mjpe1 — Nj—rg41 < min {IK.

1£(s, 8) — f(&ins m4a) | wm(f

1
A+1 1

1£(s, ) — f(Einy mia)| < oo (f;

(f x:y) —S-n(f X, y)l < O.)w(f _—_— —]

¥ EN,.(x Nis(9) f(Einy i),

M;u(y) j S 1f(s, 8) —

. 1
Is — Eia| € Eipgr — Ei1p41 < min {l A'l'h_-i-l}

)

)

1 -
+1)

| Twalfs % 3) — Senlf; % 3)| € 0ulf; IA L 1A, 1)

1

h+l I+1

| T 1) — Skl (N o < 0alf; 1Al

| Toalf) — Ska(f) lleo < oo (f

k+l

1AL 1)

1 )
i1+1

6

(3‘

On thg Qt,her’hand we have || ll, < ||,,° , so that, by [2] it follo

Hnf— S:m(f) llp—vO when'A""—l— lA" —

— 0.

@
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As,

I/ = Toallls < 1If = SENlp + 1 T () — Saalfll  (36)
using (3.3), (34) and (35) it follows (3.1 and (3.2)

4. Let L;(D) be .the space of the . functions f € L,(D) with fti, y) and
Jlz, ) absolutely continuous when (z,5) = D is fixed, and f,, f, < L,(D).
Theorem 4.1. If f & Ly(D), 1 <.$ < co, then .

1f = Tl < (1+V3) Busl(lZe OVl + WA (A1)

and

17 = T < (1 4+ VE) £ 1sbe 0l + 141, (42

where v = maxi{k, I}, s = min {#, I} and [A.,|=max {|A.], |A.]}.
Proof. Let us denote- o v
Ria(f) =f —~ Taa ()
the remainder term of the approximation formula generated by the operatot
T:;f.. Using the Taylor formula
1 L

flz, ¥) = f(0, 0) + g (£ — $)2fl

0

gk

s, 0)ds + [ [y — D25
1]

by Pcano’s thcorem, one obtains L .
1 { S

Rua(f: 2, y)={ Kiol%, 5 s)fuls O)ds + { Kol 5 Of( Hat,
4

A
.4

]

\A'hcre

Ky (% 95 5) = Riay (£ = )% %) = #ul® 3)
and ' |

Koy (5, y:8) = R (v — 05572 9) = ealy. -
So that, ‘ ' |

IRM (Al < holly + 1 halle (4.3)

‘where > o

hyo(%, ¥ = 5K10(x, y:s) fils 0) ds
°
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and

‘ N .
horlz ) = { Koz, y38) Sz, 1) at.

‘ In the case 1< p < oo, using the Holder’s 'ineqqality, we can write "

Il 3o llp= (SS !i P10, s)fs, 0)ds |# dxdy)"’
< (S [i'q’“(" SH"S]'"[il P10 (% 3)1/:(5. 0) ? ds] dx dy) "

1 1
M, = sup Sl?xo(xo s) |ds, N;p = sup S|¢Plo(x' s) |dx
sep0a1 ) se101] 3

we have succesively

1310 lly < ”'(SS[ |P10(%, $)|1/s(s, 0) |’ds]dxdy) =

=M“"(5S[§l Pl 9)1d] s, 0) 1pdsay) ™ < M NI 1L Ol
_ Do

On the same way, we obtain

1 Boxlly < M Ne?11f, Iy
where .

My, = sup Sl%l ¥, t)ldt, Nm— sup Sl‘Pol(y' 1) |dy-

In the case p = 1, we have

Hhiolly < Nyolifel, 0) [l Nhorlls € Noallfyllss

while, for p = o0, one obtains

”hl(’“ﬂ) < Mlollfz(-n 0)“@“ “hm“m < Mo]_”fy”w‘

(44

(43

(48
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Now, we extimate th
e values M, My, Nyp and N,,. We have:
. (x ) =[x —s)p .z—:"—l -
L Bl &, 2o M) 505) {§ 0 = )0 dudo =
uM
Sins1
= (x — )0 — E NJJ(J’) 8 M; (%) S (8 —s)0dy =
Gt
Gt ’
= (% —s)3 E M;p(x) S % — s} du.
S—1p41 N
Hence, for s < x, one obtains
m—1 E‘.'H'i..
P10(%, 8) =1 — E Mia(2) S (# — )0 du=
= USSP IS
Lint1
=‘_E_ M;a(x) S [1—(»—s)2du >0
Li—1,041
while, for s> «
m—1 E""‘H -
P10(%, §) = — 2 M%) S (u — s)g du < 0.
= Gi—ip+1
So, we have
1 x 1
{10105, )1ds = § ool )5 = ouale, s =
'] 0 . F
m—1 :i,h-l-l
= E Mix(%) S [x—u+ 2(u — x), Jdu =
==k Ei—1 a4t
Eix41
- 2 My § 12— wids.
==k Gi-1ht
Hence,
1 . . L .
S |910(% 8) lds = ﬁ(u)(‘x — ul; z) (4.7

0
) B . R : - R 1 in. {1; 8
where T» is the univariate integral spline operator studied in. [1; 8]+

2 — Mathematica 4/1987 N

—



As in [1], we have

: ' Y 3 . : Y,
ri(lx —ul; 2 < (VE+ 1) 180 v g
and ‘
sz —ul; ) < [VE+ 1) L .
Tvu(lx 'u'lrx 2 1 % (49)
From (4.4), (47), (4.8) and (49), it follows that
My, é(\/};+ 1}|A,,| and M, < (\/g+ 1)%
hence '
S S N 1 -
My, < (1_+ V—z-) mm{l Aml, 7} . . X (4.10)
For theestimation of N, we succesively have:
1 s 1
S"Pli)(xn s)ldx = — S(Pw(xv s)dx + S‘Plo(": s)dx =
0 0 H

= S "‘2—1 Ma (%) [(&ipr — $)y — (Gicip+1— s)+ 1dx +

t—=—k

S E M x(x) [(s — Eicipa)y — (5 — &ingr)y Jdx=

s|=—h
f a ¢ a
= S = Smiiwl(# — $)+ ; x]dx — S = St [(s— )+ ; x]dx,
0 H

where Sh,y is the Schdcnberg's operator [7, 9]. Then,
1
Slmo(x; ) dx = Smyr[(# — s)e; s} — Shat[(# — s)+; 0] —

— Smrr (s — w), ; 1] +$f,+l[(s—u)+;s]=
= Sm+1 [(“—3) + (s — #)41: 8) = Smir (I — s|;3)

It was used the property that Sk, interpolates the corresponding | function
at the edgees of the interval (0, 1] and it is a linear operator.
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From [6], we have that

Ml(lu B mm{le \/2(»1 1) l (4.11)

hche, from {4.4) and (4. 11) 1t follows that

| Ny, mm[Vk+1| Anl, \/2““)1 - (412)

Takmg mto account (4.10) - and (4.12), one obtains

R RE e MY

and
l/( llp /g 1
(J— ) (\/2(»+1)) < ( +\/ ) (4.14)
In the same manner, one obtains that
mirwit <1+ V)& (13)
Tespectively
mone o 1 2 (4.16)
Mo <3 (1 + v 2 ) ’

Finaly, from (4.3), (4.5), (4.6) and (4.13), (4.15), it follows that
ILf = Taa (Nlls < (1 +\/§)1A.1uf, (- 0)l|,+(1 +\’/§)|5.| 1/ 1l

which implies (4.1), respectively from (4.3), (4.5), (4.6) and (4.14), (4.16), one
obtains

1 = T80l < 21+ YA a0+ {0+ V2 s

which implies (4.2
The fasis (p -—) 1 and p = co must be considered separately, but the result

is the same.
Remark. If one takes an adequate Taylor’s formula, we can prove that

”f Tm,n f)”p < (1 +V'§')|Aum“”fx”P+”fy(0: ) “P)

1f = T < {1+ V2] GI 150

and
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— x* DISTRIBUTION

CRISTINA S. CISMASIU*

Recerved : Jume 20, 1987

Dedicated to Professor D. D, Staricu
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on his 60 annjversary
REZUMAT. — Un operator liniar pozitiv asociat cu distributia Pearson —

48 In articolul {1] am definit un operator liniar pozitiv folosind o metoda
probabilistici [4) asociatd unei distributii y%, In prezenta lucrare se dau unele
proprietiifi ale acestui operator,

1. Introduction. In our paper {1], we defined a new linear positive operator,

using a probabilistic method [4], which was associated with the Pearson’s
— %2 distribution : :

L = E[s(L 5 13)] = ;y G g e x>0,
@202 I‘(-;i) J

where the sequence of independent random variable (Xi)ren having the same
normal distribution N(0,4/x), * >0, E[Xi] =0, D*[X,] =%, k fN,hand S
is a real function bounded on (0, +o) such that the mean value of the ran-
dom variable f (-l—EXi)exists, for any n € N,
» k=l
2. Some properties of the linear positive operator, THEOREM 2.1, The ope-
rator (1.1) admitled the following representalron:

Rl £ (1.2)
: 2 S w)du, x>0
= e u) u, x>
L) === (T
b Bl B
[2) 0
Proof : Taking t/(éx) = u in (1.1), the proof is immediate, b1.1t tlfm reptrl(:;
sentation '(1.2) is very important, because the parameter x passx:g f;;)lx::wing
kernel to the argument of function, and so we can demonstrate the
Properties.

THEOREM 2.2, :If f is a real bounded and non-decfeasinga{l“"cf‘z 1‘:," (©,
+), then L, f 1,s ;z son-decreasing function on (0, +o0), for any

e i , Romanis
* University of Brasov, Facully of Mathemalics and Informatics, 2200 Brayos, Ro
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Proof: Let be 0 < * <y. Because f(x) <f(y) we have
(L)(x) = —i- Tm2 V '"[]- 4*%* <— 4" ( [ (- »)«*« =
r(f) e 1 Mi)-) ulJd
= F AN -
THEOREM 2.3: Iff e Lip (a) « « Lcpscliitz function of order a, 0 < a < i
L,/elLip(@), 0< a <] forany n * N.
Proof: lifelLip (@, 0 < a < 1 then exists a positive constant Kt >
so that
l fix) —¥< Kixjyl«, (V)*, y >0.
Hence
— 1/i2x r A
(L) - (L.HY)I 1e 1{ T«% Y« du
rh V
o r—yrn ‘«tof*-> <T" du h I ) Kf\x-y\*.
'(f) -1f)
theorem 2.4. Iff is a non-concave ( ) function of first ordera
(0, '-f-00), then Lnf isa non-concave (non-convexe) function of first order
-f-co), for any n * N,
Proof: Let be 0 < X< 1, X, ¥ 0 and/ a non-conce
fXx + 1 —Xy) < X(*) + 1 —X)(y)
Them,
{L){hx + (1 - J)y)=J- 7 "V o+ (1-_%> <
= X(LAHCF) + @ - H(LI)(Y), 0.

3. Asymptotic estimate of the remainder. Since, in the paper [1], we
studied the convergence property of the sequence (1.1) for/ s C(0, «). ?
< a<-foo and we have given an estimate of the order of approximation
in this section, we shall deal with the-asymptotic estimate of the remaindel

Using our results [2], [3], we obtain :
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THEOREM 3.1, Jf f ¢
derivative at @ p Oi"{jxf‘t‘; ‘(lOm:szog())m;;l ed function on 0, +o0) havs
AT R), then for the segyen aving the second
, Quence (L, ey ong
im n|f(x) — 1 s N e hgue:- !

[ 2% n - t:; .e.“l!h’f i &l = vers
(zx)zp(:) A (.’ A 3.1)

2

[

Proof : In the .case of oyr operator (1.1)

(Lof (3) = E[f(i S x3)]L W
v o ” g k|1, where . (Xidrar having the same normal distribution
N(O, JA'), X > 0, our results: 2] ) - |
lim 2! f(x) — P&y
_ [ /) - E [f (“ EM)” =~ L/ D2 X,],

” =1 2

become (3.1), since -
DAXE} = E[X$) — (E[X]]fp = 3¢° — 22 = 240,
L)

THEOREM 3.2. If f is a real bounded funci "
live {2 o ed function on (0, +o0), ; 3
bafive ,/ at @ point x & (0, +) then for the sequen(ce (—l{'.-,, )),. .lf: vz;’;g};g';e fie‘"'

Jim n* { (L)) —f(2) = 3> %) . (x)] =‘% M (32

n— o et vimv

\\'hcl:c Th,(x) =E U ‘E X3— nx) J , {X)hren having the same normal distribution
. —t . )
N{0.42), x>0, with E[X;] =0 and [2(X,] =%, k = N.

Proof : With D*[X3] = 242, our results [3]

. N P Wt Oy L 1 203 2x
tim ot [E[(4 x|~ = 5 L T )] = o

»
Rihed k=1 y=t Vv

become (3.2), in the case of the positive linear operators (1.1). ]
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on his 60th anuiversary tancu

REZUMAT. — Restul unor formule de interpolare de tip Shepard. In lucrare
se studiazi termenul rest al unor formule de aproximare generate de operatori
liniari §i pozitivi de tip Shepard, pentru functii de o variabild respectiv de doud
variabile. Rezultatele obtinute sint prezentate in teoremele 1-—35.

1. Introduction. On of the preferable field of Professor D. D. Stancu i
the theory of linear and positive operators. In many of his interesting papers,
using such operators, Professor D. D. Stancu has studied the uniforn
approximation of the functions of one and several variables and the remaindu
of such approximation formulas (i.e. [6], [7], [9], [11], [12], [13]). It mus
be also remarked the linear and positive operators obtained by Professor D. D.
Stancu, using probabilistic methods (i.e. [8], [10]).

Inspired by the works of Professor D. D. Stancu, in this paper, I shal
study the remainder of some approximation formulas generated by Shepard's
type linear and positive operators, for functions of one and two variables

First, let us remind Shepard’s interpolation function [5]). One considers :
function f defined on the real plane R? and let P;, P, = (x; %), £=0,1
be distinct points in R2% Let also p be a metric in R2 For a given point P
P =(x, y), let r,, r; = r,(x, ), be the distance between the points P and P,

i.e. 7i(x, ) = p((%, ¥), (%, 3)), Then, Shepard’s interpolation function is de
fined by

Fix, 3) = B A ) (s ) 4
where
4i(#, 5) = H [rjx, »)* / (): H [ (x, y)]u) @

e ket
and p is a real number, 0 < p < co.

The functions 4, ¢ =0, », have the cardinality property :

Ai(xj, 3;) =8, 4, § =0, m,

'Y 3 . . : .
University of Clu;-‘Napou, Faculty of Mathematics and Phrysics, 3400 Ciwj-Napoca, Romania
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ie. S
F(x;, ) =flx y), i=0,n B
and |
Az, ) >0 for all (%, y) € R2.

S$hepard himself [5] has pointed out some of th i i
cations of the interpolating function F. Such a veryeiglggri;ttlletsparl;ge:‘g}, 111;
that min f(x;, %) < F(%, y) < max f(x, y) for all (, y) € R2. Next, in the

0Cikn 0gCign
papers by Gordon and Wixon (1], Schumaker [4], as in the
thesis by Poeppelmeir [2], mentioned in the provious papers, were remar-
ked pew and interesting properties of this function. ' :

As it is remarked in [1], the interpolation function F can be viewed as
a projection of f onto the finite-dimensional linear space spanned by the func-
tions A;, £ = 0, n. Let us denoted the corresponding projector by P. So, P is
a linear and positive (4; > 0, ¢ = 0, #) operator.

Next, we study the remainder of the interpolation formula generated by
Shepard’s projector, in both one and two-dimensional cases. .

1. One-dimensional case. Let f be a real-valued function on an interval

{a, b] and x; € [a, b], 1 =0, n. Shepard’s interpolation formula is .
f=Pf+ RS
where
(P f)(%) = ‘E‘)Ai(x)lf(xi): :
with
Ai(x) = Hlx—xfl“/(?;o Elx—xfl")» (&)
. ;J‘:o'o j#k !

and R,f is the remainder term. The operator P, is a projector, ie P, is li-
near and idempotent. For the remainder term we have:
rrEoREM 1. If f is absolulely continuous on [a, b] then )

1]

(Ruf)(2) = (oule 517650 s, 4)
where
ou{%; s)=(x— S)i _§Ai(x)(xi - 5)1:’
and

(Rf)(#)] < K(x)My],
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where

”

K(x) =x — Z’::ox.'/i-‘(x) +2 Z)Ai(x) (% — %) 4

and
M,f = sup | f'(z)].
agr<h
Proof. Taking into account that Ry = ¢, where e (x) = 2*, formula (4)
follows by Pcano’s theorem. Now, let us suppose that x € (x4—,, 43) and ol(x; )=

= ?l(x ;.) l[xj-_,,xj
Then, we have

p for j=1, n

Pix;s) = (8 — )% — ’Z‘;A;(x)-
Using the properties that Ao(%) + ... + Au{x) =1 and
Aix) = 0, i =0, n, onec obtains

=1
: 2 Ai(x), for s < x
Pifx;s)={ %°

— 3 Ai(x), for s > x.

=

Hence, ¢f(x;s) > 0 for s < x and ¢f(x;s) <0 for s > x.

As, % € (%-;, m), it follows that ¢j(x;s) > 0 for j =0, k — 1,
ei(x;s) <O for j=k+ 1, # and ¢f(x;s) > 0 for s < v and

¢}(x;s) <0 for s> x. This way, one obtains that o,(x;s) > 0 for s < x and
¢1(%;3) <0 for s> 2. From (4), we have

LR =) < lej lpu(x; 5) | ds.

But,
§ x b
] S |<p,(x.; s)|ds = Scpl(x; s)ds — ‘ ¢.(x; s)ds = K(x),

and the theorem is proven.

. No.w, le:c us suppose that at cach point x;, 1 =0, n there also exists the
derivative f'(x;). We define the’ operator P, as follows:

(P,f)(x) = Q_A-'(f‘) (%) + (2 — ) f/(=)].
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THEOREM 2. If (A> r then (PH)W(r) —mr'\ ¢ a— .«
Proof. It is obviously that {P. )f(x)—f(x) "'n~1 Yor =0 |
For the first derivative, we have *? :

n .v
(PIYW = Eir.w/'w + iM% + X- X)FK)M,

and, for (i> 1, using the formula (3), it is easily to check that A’lxJ =0
for any t, p - 0. Indeed, if A, iswritten inthe form A, = &*,.,where
sm = n i*- *r,eehfa) ="£ h\x-xi\

ft

then A, = (g,h,gA)A. But, p> 1 implies gtn) = gi)k) = Ofor any

h=0, n, k #» %)= gum, ¢'(x,) = g/(*) ie ]
= 0 for any k, i= 0, n. Hence

(PIY(XK) = E_ (™) I(*)e

As, A'(xk) = Mk it iollows that (PJ)'(xh =/'(%*), k.=0, ». So, the operator
P2 interpolates either the function / and its derivative /' at the points X
k= o0, n

UMMVA 1L P2is a linear operator and P2k = for k = 0,1

The proof is a straightforward computation.

Let ,

/ =PJ+ RJ

be the interpolation formula generated by the operator P2
theorkm 3. // /| e H2[& b] then

(RIJHxj~rfax -s) f'(s)ds ©)
a
where
9t(x;s) = (*- )+ - E M*)K*" s>+ <= X)X ~ S0+}
If, more than that, f " iscontinuous on the interval [a, b) then

()
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Proof. The integral representation (6) follows by the lemma 1 atl(
Peano’s theorem. Now, g>}*; ¢) = 2*(*» ’)I[,

has the expression
n

P59 = (* =)+ —[x —9£ AilX).

So,
[x —s)*Aj(x), lor s~ X

>»(*; %) = ( n
— (*—s)C M *). for s> *,

ie. <AX\s) > 0 for any k= 1, n. This way, it follows that (@(*;s) >0
® se [a b], and by the mean theorem (/" is continuous), one obtains tl

representation (7).
2. Bivariate case. Let/ be a bivariate real-valued function defined on tl

rectangle D, D = [a & X [c, d] and (*,Y,), i = 0, « distinct pouints in [
One considers Shepard’s interpolation formula

f=Puf+Rnf.
where P,/ is given by (1), ie.

{Pnf)(*.y) = iC Ai(x, y) {x,, yi),

and i?u/ is the remainder term. Pu will be called Shepard's bivariate open
tor. It is known that Pu is a linear and positive operator [1].

Next, we shall study the remainder term Rnf.
THEOREM 4. If f e Cn(D) then

y) =1 y:s)/*-0 (s 9¢s + Jqll, 3;;t)fA [a t)dt

+ fI?2u[X,y ;s Ni*m*(«, 0¢s

where
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and

{Ruf)(% )| < Higlx, 9)Myof + H, (. )

it Mo,f + Hylz, _y)M of, (9

Hlo’(x’ y) =X — g xiA!(x; y) + 2214,’(17, y)(x; - x)+

Holx,5) =y — gy;A;(x, ) +2 gAi(x, Iy — ¥y
Hy(% ) = (x ~ a)(y — o) - ?;As(xs (%~ a)(y; — ) +

+ 2§A,~(x. (= — a)(yy =Y+ (0 — %)y —¢) — (% — %), (5 — Y+ >

where

Mf = sup ‘f”’m(x: ol My f= sup ,fto'l)(y; a)|,
s<r<h e<y<d

Myf= S})-‘P |f(l'”(x» I
Proof. As f e CY(D), we have [6]
f(x, 3) =fla, &) + (RN)(z 3),
with

[ d
(RN),3) = | (2 = % 1%, 9 ds + [ b = 0% F*a, Nt +

+ i S (x — )%y — 8% f™Vs, £) ds dt.

Taking into account that Ryeqe = €00 Where (%, y) = &', the formula (8)

follows immediately.
To prove the second part of the theorem, we remark that:

P1o{%, ¥;s) > 0for s < x and P10(% ¥;5) €0 for s> %;
¢or(% ¥; %) > 0for ¢ <y and (%, y;t) <O0for £>y
Tespectively (%, ¥; s, 8) = 0 for (s, f) € [a, z) X [c, y)and ou(x, ¥;s, ) <O
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for(s t) € Dlla x] X [¢, y]. Thus, ‘. )

b
Sq;w(x y;s)ds = H,of x y 5‘?01 %Y, )dt Ho,(x, y)

.aud G
Sg eul% ¥:s lydsdt = H (%, y).

D

But, from (8) we obtain
]

(RufE) < Muof [ louol 3 5)1d5 + Morf§ lownls, 3 0)at'+

d

c

+ M/ { loulw y:s.0)1 ds de

v
D
)

and the theorem is proven.
An interesting mterpolatmu formula is gcneratcd by Shepard’s type ope-

rator P,, [4], defined by -
(Pouf)(, 5) = EA (£ ) S5 3) + (2 — 2" (2 ) + (0 — 30/ ).

LEMMA 2. P,, is a lincar and positive operator which inicrpolates the function
f and its first pariial derivatives at the points (x;, ¥;), i =0, n, and Pyey =
= O f07‘ (kr .7) € {(010): (1:0)' (0'1)} _

Proof. The positivity follows by the relations A; > 0, { = 0, n. The inte? |
polation properties : (Py,f )04 (x;, ;) = fiM (x;, %), 5 = 0, », (, k) = {(0,0), (L0) |
{0,1)}, can be checked by a direct computation. T
Also, it is easy to check that P,,cp = ey, for (5, k) = {(0,0), (1,0), (0,1)} and
the lemma is proven,

For the remainder term of the interpolation formula

we have: f = Puf + Rnf

THEOREM 5. If f & By.(a, ¢) [3] then
H r
. ,
(Rzzf)(x, y) = S(on(x, ¥; s)f(2,0).(s’ C) ds + S (Poz(x' v; t)f(oﬂ)(a, t)dt +
T SS ouls y; s, 0" s, ¢) ds a - .
)
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‘-wherc 3,

P20(%, ¥ s) = (x — s)+ - §Ai(x» Mz — Sy + (x — %) (% — S)°+J
‘Poz.(x: 'y; )= (y - t)~L - §A,-(x, Ny — ), + (v — Wy — 't)‘-)n-]

el 2380 = (& = $)ly = 0% = 3 A, 3)( —5) (05 — 1%,
and

[ (Raaf)(%, 3) | < Hyglx, y)]"lzof"‘ Hy(x, NWMof + Hyy(x, y)M,,f (11}
with

Hzo(x: )’) = - :; + ‘l 2: x?A;(x, y)

2 =0
M »
He(2, ) = — % +%Z;y?A.-(x. )

H,, is given in (9) and

Myof = sup | f*x, o)),
a<s<h

Mof = sup |f*Pa, )|
c<y<d

. Proof. The integral representation (10) follows by the lemma 2 and by
the corresponding Peano’s theorem [3]. To prove the second part of the theo-
rem, first, we observe that @,y > 0. Indeed, if @lo(%, ) = @ao% ¥ 5 ) gy 2y

then

Sl 73 9) = (2 = 91 — B3 Ads Mx = 9), 5 [0y ],

or

”»

(x —s) [1 —§A,~(x,y)], for s < %
(s — %) Z_"L:A;(x, ) , for s> =

As, A gy e D and Aoz, y) + ... +4Aalx, y) =1, it
s, Ai{x,y) >0 for any (% ¥) i ox,,]. e, oo 525) > 0 for

follows that (%, y;s) 20 for s <[

Pho(%,y;8) =
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any s € [a, b] and (x, y) € D. In the same way, one obtains that Poa(, yit)s
for t € [c,d] and (%,y) € D. ‘ * 2

Now
b d Tt
[ (Raf)(%, 3)] < Mzofs Pa0(%, ¥ ; 5) ds + Mozfs Poa(%, ¥; ) dt +
+ Afufsg [@u(x, ¥:s, t)|dsdt.
D
But,
' ’ . P
S?zo(x: y; s)ds = Hyy(x, ), 5 Poa(%, ¥, £) = Hyy(x, y)
respectively §

SS len(x, y:s, ) ldsdt = Hy, f
D

and the theorem is proven.
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REZUMAT. — O metoda nnulouu cn metoda lul Cebigev de rezohure a ecuuullor
upcrulorlllle definite in spatii Fréchet. Tu lucrare se studiazi problema ‘rezolv3rii
unei eccuatii operatoriale P(y) = G) PR: XY, X si Y fiind spatii Fréchet
folosind metoda ' iterativd z,_ -1 = %n — AwP{x,) — A, [x,, Zpo1 Ay_s P)
Ap_y Plry- ,)A P(x,) -unde An =[%5, Xp_,: PJ- 5i Ay = [, Zn_g PN
Spre deosebire de studiul similar facut in 1, in lucrare se 6évitd uniform
mirginirea’ normei generalizate a operatornlui A = [\ x°; P71, presupunin-
du-se numai existenta lui. e e '

[ " I

Let be the equation S o -
Plx) =0 (1)

where P: X — Y is a nonlinear continious mapping,’ X and Y Fréchet spaces
and 6 the null element of the. space Y. Suppose also that P admltes divided

differences up to the third order, inclusively. .
The uusltem:(_ and unxcltv of the solution of the cquatlon (1), using the

itecrative method e ~
Xnpr = X, — A P(x,.)b'—'- A [5«’,.'.-43..':—'1.’ %a_2; P] An-lp(x"—')A"P(x") @)

where A, = [x,, xu~1, Py and A [?‘{"' ,x"."‘_;. Ij]nl“as S,t.l}died fu (21,
proving the following -thecorem= , " —1 A S(x 'R)

THEOREM A. 1°. If it cxisls A =T, 2 P17V x;v f a Fréchet
and )| A|(<~'.B by ) - | we denole the, cvasinorm. of an clement o,

Space T1]. . -
20 ) PLi(€ mii = — 2=l 0 and g <-4 € Ae T
Q0 i - ,,x “) x'the S, we have ”" o '
8% I)IOExa"y x PI|( <M, N, R x_'V;.. .1_3],]( sN )

B"’"I‘I)_o, )
4°, h_E_,<'l; wlzerc 1;_1 -
R (- bl et and H_p= 1 —hig (1 Hihoa) 2 0

E20 == — 3 +(——- T, lJ (1 . 72 . - '
-2 H_, vlBMA L ) —_2—3—7]2’_, “ _s_ol’zidl'i)n"x"f‘,_‘,(lmi

: R) wfl”l,le ?z» A= (g E_y)?

e

thew the equation (1) has, 11 S(

IS ERE SRL-A RN ‘ | |
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only one, which is the limat o_f The srqucncc (2) the convcrgencc order bcmg gm'
by the mcquahty S SRS AN S TR

VIS I R N B . : ‘___,_,. 4 ).~L'

T e At i e
P s : APt e

L ZBT)__ " N {—"7 § = !

* — s——-—'——-h»—_«E__ =2 g R(h_,E_,) =2

)= % | T ("_’E_t),( :E29) (h_gE )

where ;= tig+tice+ i (=208, ) and fy =~ 1, fp=t; =1 |
2. In the following we will change the condition 1° of the theorem ,\
removing the uniform bounded of the mapping, proving:

THEOREM 1. Suppose that for seme inilial approximations x_,, -r,_l %, €
'€ S(x,,. R).the’ following conditions are satisficd :

1. The maj)pmg A0 = [%p %_1, P]) exisls ; - .
2. There exist w;, i =.=2, . —1, 0 such thal’
S ) AGPE) I < mi and g < ey < Nez; P

~

<
3. )IAa[x’. x &5 P]l( < M, )IA [x ", ’~ & PI(<Nva, 2

%", %V ES;.. e

—~

4. h_,E ., <1, whcre g = Mvn_

Fr,= 1 {3 +( + 1)(1 - 7[_,)3} and H_y=1.—T_,(1+%)>0.

1 — (I, P
1* and only one, which is the limit of ihe sequence gemeraled by (2) lhe conre
gence order bcmg gven by

..., Then  the: cquation (1) has, tn S(x,, R) with 17—-,——2"—"’—— a solutio

o 2?2—“.' ‘
;, 2% — %, < R(h_, E_,) t
where t_y =<1, to=1, =4 s+t o+ ti, (i=2,3,...).

Proof. We will show that in the hypothesis of theorem 1, the hypotes
of the theorem A are satisfied for equation

iV Veow P(x) = o (‘vx) ="'6‘_‘ (lr,

where 6 is a null clement of the space X, equation equivalent with (1)-
To approx1mate the solution of the equation (1’) we use the algoriths

Zngr = - A P n) o -A [x ” 2,,_1, x"._z ) P]Aﬁ-l I(x"_])A P( ) (2"
. TFor x_, = Xy %y = X, Ko = %, the sequence (z,) generated bY ('”

is identicaly with the se uence generat , d, usi
the induction., & generated by (2), which is eas11y proved,

\\\\\

We show that the h}'pothesls of the theorem A are sat1sf1ed
1) Ao = [%, = —l:Pﬂ =A%y %y;. P]TI=1.
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hence ,Ko e\1sts and )[A (=1= B,
) ')I P~( )(— )IA P(x,)il < " D et e U AOR AT Vi
’ o, +1 ( - n_\ ?’ 2’ ! "l,‘ gl’an,d %’015 )Q-L-}!;:g 7‘—3
) [x; X .:; ?1](: )IAO x” ’V”, x’”; P]I( s M

|
N, v 2 B

4) h..zE—z < 1, where i_, = Elﬁn_z_ M")-z R

f—zf }}_{3 ,' ( _J_ 1)(1 —h 2)3}.!

It results that hypothe51s of thnorem A are satisfied” by P ‘hence” equatlon
{1') has a solution x* € S and ouly oue, which is the limit of sequence genera-
ted with algorithm (2) or,(2), rapidity of convergence being given by (4) o
Remark. The theorem above improve the condition 1° aud 4° from theo-
rem A. So, the bounding of inverse operator A is not suppose and, also, inequa-

lity #1_,< h_, takes place. The last relatlon results from the followmg property

of divided dttferences Vet g . e e e
' [x x ", un A P] Ao[x x P] oot Tol

', . B . N

which causes A 7[ < 'BOM ;-' 1~ “ByN.* - o

TR RS A SR P ;
RE - e
REFLRENCLS

SREIRT Caro T TE VP EATE B U NN NN 2
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REZUMAT. — Aszpra rezolviirli ccungitlor operajlonale definite in. :-:pulll Fréchet
printr-o metodé modifientdt n coardel. I’olosind metoda C.()f.\l’(h'.‘l in rczol'vzfrea
ecuatiilor operatoriale definite in spatii Fréchet, luc'm.rea igi propune sldibirea
conditiilor de existentd ale solutiilor ci date in lucrfmle (1] si [2] prin_renun-
tarea la existenta diferentelor divizate de ordinul doi ale operatorului P : X
—Y, X si' Y fiind spatii Fréchet §i la mirginire lui Ay = [¥o, ¥, P

.. + E
R R RN . B

1

1. The chérd method for approximatively solving of an operatorial (quation,
given by algorithm S :

. ’
o LR PR - ; '

AP O s Xpep = Ap_' [x,,, p—1, 1)]—1 1)("31)
has many disadvantages in practical applications, bceause, in real caleulus d
approximates of solution of given c¢quation, in every step of itcration operate
[, 2; P]7! must be calculated. To eliminate this desadvantage, to gene

rate the scquence of approximations of solution, the modified chord methel
can be used, based on the algorithm : |

Xntt = %, — (%, %_;; P]7? P(x,), (k

where [x,, x_, ; P]™! operator is calculated only once, for initial approximatios
Zo, %y ‘ -

Tii paper [1], enough conditions concerning convergence of modified chori
method to a solution of a given equation are given.

This paper proposes to study the convergence of this method, cstablishin
conditions given in [1J.

2. Let be the operatorial equation

P(x) =, ¥
where P: X —Y is a continous nonlinear operator, X and Y arc Fréchd
spaces and 6, the null element of Y.

Concerning the existence of a solution of (2), calculated by iterative method
{1), we prove:

THEOREM 1. If for the initial approximations %o, %y € Sc X the fouowiné'
conditions are satisfied :

® University of Cluj-Napoca, Facully of Mathematics end Physics, 3400 Cluj-Nopoca- Romania
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1. There exist Ay = [x,, x -1; P]11 and )|Ao|(
2. There exist g and v_, which Jor

),|A0P(xo) I{ < no and )% — 22|

3. )1 2" Py — [a", 25 PY|( <
S(xo; 27)(‘)

SN_y; Mo S Y-y

K) %' — 2" |( for every ', ", %' from

4 o = BoK(ng + 1) <1 F e

then : !
1) sequence (x,) gencrated by (1) is convergente ;

ii) lim x, = x* € S(x,, 2n,) is a solution of equation (2);

’
9=t 00O

iii) rapidity of convergence is given by
J1x* — %, [{ € K=V |xy — 2% |(, where K = 3hy < 1.

Proof : Conditions 1—4 of theorem are the same with those of theorem presen-

ted in [2]; it results that the sequence (%,) of approximations, generated by
initial chord method is convergent to a solution of equatmn (2), rapidity of
convergence being given by

Uyl = T (€ 20 gtner (dhg)n e

where ¢ = 3 and Sy = Eu; = #yy2 — 1, #; being the terms of a Fibonacci
9 $=1 . :

scquence, - o

We show that sequence (%,) generated by method (1) has the same limit

x*, hence s

) [%a — x*l(-—»O for n—= . e,

Notice that %y = xpand x_; = %, then x, = .

Consider the set M = Sn S*, whcre S* (x* ) |:|¢l — x*|( ), hence) |x — x*|(
< ) jx* — x,(. o
Tet x El M be sonie Llcment and the operator A: X — X, so that, for ae X
we g(,t , o
A(a) = a — AP(a). o e

It has the propertics: '
ceon o A(%) = Far A(x*) =
0,9, 4)=1— Ao[#, v Pl, VYuve X

[xox__l;A]:Ol. FEREE ',.:‘;
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Let & = A(x) we, prove t} at &%, & (Jh, hencee it belongs both te .S Land g
S* hence ) |5 — % [( < 2no and (|% — l( < ).lx* N xll( e
Indeced, we have S A N
) 18— (= ) | ARy L Al )I(““)l[xx*‘A]'(){x—x*l(
Tokvaluated) [[x/x*" A]l( consider the ewdmtly mcthty - | !.. ‘4'?‘ o
Yita*; AN~ ) 1[5 %0 AT < ) jlmas ] = [x0; AT 7

which, taking account of operator A properties and coridition 3 Icads to "
JUlx 2% A1 <) w2 5 4] — [% %05 AN+ ) 12505 A]1( =

=) |x % A1 — [xmen A (%) 26547 — [%0, s ALY - 0
HSCBK( ) Txe = () v = 1(0) o

Because IR Lot
dan A Mzl < 2o K81
I O T te! )l i -11L<)|x T /xol(‘}‘)l“n =2l <200 4w < 3"%1' .
it ‘results that .- uoiismiz OO oL e ,:.;-.» o ‘ : - C
1 " t ! :
R R S K(no% h) VA (= K Al
Because K <1 and )|x — #*|(<)[#* — x,j( results that £ € S*. We must

show only that £ € S. For ‘this, consider
)h = xol(<)|A( ) : x1|( )l*l - tol(<)l 1 (x) “‘A(xo) (F) 12— 2% l(= .
=310, 205 A1 20 [ mp =) T 707 4] — (s 65 AN — 44 V(- g, <
sionil onise S Bl (Wotdian Bt [0 (¥ — %) [ no. € it

< BK )% = 24() 12 — %1+ 10 <

< 6By Knen-,'+ 1 é)éé) K ’:‘oﬂ."‘f‘ N ")'40 = Bhgiy < 2%,.

From those presented, above reshlts that - opcrator A lets inv anantés the
elements of set M., .

e o - VI "

R(.turnmg to (3) takmg accouut of l)fbl)ertlcs of opcmtor 41 aud taklu§
x = x,
7 WO gndos =T b ot o b

N P DU R
) %5 — x*]( < K)] %, — x> |( is found, '

By induction, one deducesw:'' ,/ ) not
%, — x*|{ < K1) Xy — wx [l . ot g

and because K < 1 we have for 1.3 00 M Xy — x* I{r 0, hence

Loy Mm%, —/x*

' neeo’ A ! t

So the theorcm is proved. m t

ok
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- _T'he convergence of modified. ok 3 =
- : ed- cliord method t i f ati
i 0 a solution of equation (2
n}gi}; bi I:T:g'igebg:):lfgilﬂng fthe conditions of previous theorem; for gfstan'ce' gbi)’
giving uf _ ng ,O, operator Ag. So we have @ v isioTals i
THEOREM 2. 4f for .initial approximations 1,

sions %1€ S we have the condi-
1. There exists Ny =[x, x_;; P]7 U S P I
2N AP (%) [( < 74, %o — X4 {(< -y, (o < m_y)
3 275 AgP] — [x”, &' ; APHHSK (2 — x") for every
xl, xu, xlll = S(x(, 21)0)
. ;70 = R"("io + 1) <T:-

N

then the scquence generated by (1) -is convergenle to a solution %* of equation {2)
the rapidity of convergence being given by relation

Nw* — zl(< K)o, —2*),  K=3h <1
Proof. Consider the ccuation

P(x) = AP(x) = 6 (2)

equivalente with (2). We show that from the conditions of theoremo 2, results
the conditions of theorem 1 for equation (2').

‘I'o solve approximatively the equation (2'), we consider the algorithm
Tugr = 5y~ Ko P (%) (1)
where A, = [2,, %x_y.; P17

If we suppose that %p = %, and x_, = x_, based on (1), we can deduce
that

~ ~

%, = %y — [%g) %—y; P171P(%e) = %o — (Ao[%a %1 P1) T'AoP(%0) =
= x4 — AgP(%0) = %,

Repeating the argument, we deduce that scquence (%,) generated by (1) is
the same with sequence (%,) generated by (1).

We verify now the performing of conditions 1—4 of theorem 1.
1. K, =[x #-1; P17 = (Aglze s P) T =TT =1
and so there exists, Ay, and ) Aol(= By=1
2. )1 KoBlag) (€)1 K l( - ) Pl (=) AcP (o) (< 70
svide Xg — X_11{<€ N-1
3. ;‘I“&“:il“;l]yjl [; x"';lllf’]l(=)|/\o([x', x"; P} — [z, 2" P]I(<
< K(x' — ")

~ ~ 1
4. by =Ko +1-1) <7
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From those above, result that cquation (2') has a solution x* e § Xy 9
which is the limit of sequence generated.:by (1) or (1"), rapidity of .convercrm?())
being characterized by .1 . oh F el o g I Stlice

0
4 .

.-,.’~)I x* AN x”‘,(s 1{”—1)' xl — .x*.,(’ ]{ =3llo \< I .
Because (2') is equivalent with (2), the statement results. -

. SN i [
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REZUMAT. — Asupra constructiei unul
fluld printr-o problemi ln limiti Inversd. 1n prezenta lucrare se cauti s se rezolve
problema construirii ,,a posteriori” a unui profil de aripd, care efectueazi o
migcare de rototranslafic intr-un fluid ideal, cunoscind distributia ,,a priori”
a mirimii vitezei fluidului in toate punctele conturului necunoscut al profilului.
Presupunind c# fluidul este animat la mari distante de o vitezi constanti dati,
iar migcarea fluidului pistreazi caracterul incompresibil potential si plan, profilul

avind §i un bord de fugd unghiular, problema va fi rezolvati in cadrul unei
probleme la limitd inverse atagate operatorului lui Laplace.

profil executind o—l'-olotmnslnue intr-un

In what follows we shall try to solve the p}bbiem of an ,,a posteriori”’ cou-
struction of a wing profile (c) performing a rototranslation in an inviscid fluid
by ,,a priori” knowing the distribution of the velocity magnitude

v=f(s,4), O0<s<L 0<if<4

m all the points of the contour ¢, of (c). (We denoted here by s, the natural
parameter on the contour ¢, by ¢ and 4, the current and the initial- moment
respectively and by L the contour perimeter supposed given with the problem).

One supposes that the fluid flow having a constant velocity Vo at great dis-
tances, is incompresible potential and plane. Denoting then by {e), m(t), wft)
the parameters of the rototranslation of the profile (¢), the complex potential

f(z, 1) of the fluid flow in the physical plane (z) — resulting by superposition on

the uniform stream with the velocity 1700 of the fluid f}ow induced_b_y dis-
placcment of (¢) and estimated in a mobile system of coordinates Oxy originated
in the center of the profile have the form: .

J6t) = Ve 605 + (1 — Vo cos 0)ghh () +(n + Vo sin 0)g (2) +ag® (2,

]
where g, g, g® are holomorphic functions in the whole domain of the flo“f,
; .

6=296 +VSO>(I)(1/ 0, being the angle between the fixed axis Ox, (oriented as
=Y \b i, A

[ ) ] ,
= . . e s it mt £, - .
V) and thé mobile axis Ox, at the initial moment £, ' s
=) ];f1 thr-‘l‘Lroﬁle has an angular poiut «t the trailing adge ;Zp(I‘:), as we .blllil_)fsi.
then ﬂdn;ittinn that the semi-tangents angle in this point is @ —um ( £
<« o N X St R

RN
-4 .
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< w < 0), the fluid flow has to be considered with a circulation T' chosen %
that; one has:the boundress ‘of theivelocity .in ‘this point. Precisely: [1} wa niast
takﬁ:z IR S T AR BER U NA TS ARSI N A N RS G IR

I = 4na(m + V sin 0 4 0Q).

AR E S RERIEE Y B '.
where a is the radius of an origin-centrating disk (C) of the plane (Z) on whos -
exterior one maps conformally the exterior of the profile (¢) by a canonical. coy. -
formal .mapping z = H(Z); here Q is the real quantity [1] ,

e
e iape, Slo el o

1 dr? 1 7 v o4, )
an --Z}r.lr||r.1ln|vsg-:ﬁ_'lli".r,n- TR T -\‘.‘-tg-'d—-dr-w I B AN
: g e 4’:1 § '-\'1.a| " “,‘87“.1» Lot sl e o e o
P R PR SR S e (TS Dl PR 1 ¢ ]

[EY TS FR

SN rHie s T oeTn e oh e o
Topejup o+, vitn
Gaiplitag L fimeomie Brrtarade ey bt o

IRt R S T SRR R RN B ot
where NIRRT S IS
. s

il B HE,

H AR T N A DA

EERTS R ATATNT S R H Llevpe R LV B Iv-‘tw
.'e'):aﬂ_':' [/ Al AR ST IR (0 FY £ Y 21’5)"'. o ERREE RN

Z = a being the image of the angular point z; € ¢,. In that casc to the complex
potcitial f (2,8} eneimustiadd .a term of the type: .00 o o e

Bingll Bioeizm s o goidpbecantobor ooafnieeing O Moo one e et
shittouse ook, ol T (4)«\(2‘)1.&1:;»:? aid o o Vot g, n
v ’
P
N 442 N
AU RN} WA o NATUEEAY

nwhore g is, anjholomorphic. fungtion iniall the points.at a- finite distudie o

e rEai]

“the,. Jlomain; floyy; having; .a.logarithmic - singularity. at iafinity. and whos:

{xxl.ellgllpq.r‘yﬂpagg, le ‘.'uaalli§h€5..9u-l‘qw Tyt «p toinon b N e b voitae
-¢ih Jf the velocity magnitude of the fluid is known. on the;contour Gy and,
(§;§ same tife the circulation Tjis given. thew the equality; .. .0y oo

[sitieaion wolipguon ol R B A TR IT AT (L BTSN LR UL POt FEERTRR I BRI AN INMTILAPEE S B
1

. . I"
TR R RN o

s oo od gnitheea, L) '-Ils:[“;:,‘.‘;.";m-‘n-“ SNt BV IS FERVS IR U
-l "_’)' I)-;')r:!.-n'x 'IIUE }_;IS’V(’l)ldl,:'_‘— 3 ’[‘/"(S) S ‘_*— S V(S)(l§, '
B it agsuilaofs looanode o oG8 T e e D0 T e vk
. MR TS TS - Viteiror ter o R RN
where s, is the natural coordinate of the é‘étack cdge, establishes a relation betwed
a, ;) opliy and"H(L)ion Q. In-the sequel we admit that the mobile system ¢
axis 0_::;_y, ,‘Wlth't‘he(origig,in the center of the profile, has the real axis-.l)f-.lsﬁiug
tlitbugh' the 'trailliig ¢dgd zx(F) whose 'distance to the center of the profile ®
known, together with the date of the, problem, as we shall see at once. ¥
‘the- safite''time thé ‘natural’ cdordinate of the angiilar point (trailing edge) wil
always be constant in zero (sp = 0), while the sam= coordinate for the point 4
variable in time, will have .the form s, = s4(f), function which is ,,a priof
unknown., Concerning the function V = f(s, £), the magnitude .of the absolut®
fluid velocity in the.points of the unknown contour c,, this is a positive, ul
form and continuous function, for (s, t=[0,L) x [£o, 00) satisfying with regaf
tos = [0, L) a Hoélder condition. From the obvious conditions conuected Wit
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the yanishing :of.. the Telative.

VQ]O n ) i
vely;we.also geti | i) cityin thi att

ac
()".'}u”‘ senl =0T il }(’ a,n,(d trat]mg cdg(s reSl)(ctl.

f (sd’ )“?2+1"2—21wy4+2m@xA+®-72. rr»ln NOi s
T R g

and iv
/.‘ v (" 'l- f2(0 t). _fz(L t) = l2‘+) m2'+ 2"{(5 é‘f + m x- m'; -.'l'! //'.
the- last relation precising; ! SO e

as’we: have alread ant\ .
the trailing edge, F, with respect to that of tie cenilel;ag;dt the fixed posmou of

. Concerning the function ¢(s, £) the, he profile. -~ itioy
ﬂow it wﬂl be 0bv1ou51y, dch:r(led)by e velocities potential of the absolute fluid

. N ’

RER L I " Piiaton el il o Tl

s Tiol (R RS SSIE
I\ —=f(s, ¢ (
S ~fle0ds 1], for 0,5 5,<,84 (the dovwe, sorface)
0
U(st) S A ey e b ahd Ao bas O oye bbbt
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i AR v rsatnngian 21 sl aldorg ot o duh oot Dttt
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sad ot aet aadt o ey ots v gendoig efnt oorloe W

. D "'4 ‘.n R i i'// Y g fasnoimy
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We remark that the function gfs, f) is a continuous and with respect to s a
multiforme function of period T, d(.nvablc on (0, L) x [¢, o) where o(s, t) =
= -f(s £) for 0 <s < s4 o &4 <od"and ¢(s, t) = f( t) for sy <s <L,
Iy <4 < 0, W hile 1t docs not, adnut derivates inQap ,Lh,, Presisdy; it

R (e 0l
iy l(‘l Sl .
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where x = %(s) and y = y(s) arc the equations of the unknown curve ¢, 5
3 (t) an arbitrary frunction of time. This last function could be:precised by the
condition that

$O, ) = —m 2 — % Xy + () = 0.
As the contour ¢, is neccssarily closed ie. x(0) = x(L) and y(0) = (1)

we also have U(0,#) = ¢(L, ), while the nonderivability of the functions x(s)
and y(s) in s=0 or.s =, implies the nonderivability of (s, ) in the same
points. . . ‘ .

.+ We also mention. that the existence of a sharp trailing edge in s =
leads to a behaviour of the complex potential w(z, f) of the type Ol(z —zp)'T
1
| 7}

] for the functions ¢(s, 1) and
W

U(s, ¢). Immediately o(s, ) and $(s, ) behave in the V(0) likes' ™, result which
will be used later.on. ::

Once precised the date of the problem lct us formulate it c¢xactly. Mathema-
tically speaking, the boundary inverse problem involved here is an external
oune, of the Dirichlet type for the complex potential w(z, 1) = ¢(x, ¥, /) +
+ d(x, ¥, t) which admits at infinity a simple pole and a logarithmic :inglarity
and satisfies on the unknown contour ¢, the condition wi. = o(s, {) -+ 19(s, {).

To solve this problem we are considering, for the beginning, the canonica
conformal mapping z = H(Z) which conformally represents the exterior of the
airfoil (c) of the physical plane (z) on the exterior of the disk (C)/!Z] < af o
the plane (Z) correspondence of the infinity points of these two plancs being assured.
But we know that the complex velocity of the fluid flow past a circular obsta

cle which is performing the same rototranslation, with the samc circulation
T, is of the type ‘

and, correspondingly, of one of the type 0(3

{

W(Z )=V, e Z—[1—V,_ cos0+ilm— V_ sin 0)] /—

L3
. . . . - N
(R K A D N

. "ot '.‘ F Z.
S R ——at 4 —Log—+ k;
R R 2 2 a

'

Here the real constant @ and the function of time % are fixed by the coi
dition of vanishing of the relative fluid velocity in the images of the critical
points A and F, ie. in Z, = aen and Zp = ae' = a (y, = 0) where the
“values of the potential velocity @ are also known. More exactly on the circum
ference | Z| = a we have ‘
® = aV, [cos (6 + Y) +cos (0 —y)] —a{lcosy + msiny) +

: ., .
+2—RY +k52an”cosﬁ cos y —a(l_. cos v + m sin y) +21;Y+k.
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while the magnitide of absolute fluid. velocity

. . in_the poi :
ference .C will be. given by, (the.points: of the. same circum-

- bl Jotis I

Ve == 2 = <20V cos0 sitt 4 ‘b i i r e -
a""aY R I )"Q CO‘S e Sln'Y-’JZSI“ Y—77Z~COSY'+ ')r‘j-. A
, i SR L N 12 - AT T PR

. BY 1[11;11])osmg now the vanishing . conditions of the ‘relative velocity in the
?ln%;:;s ﬁomoelopg(::? ):l)ia'?d lt:l; the,\ialues of the vélocity potential being preserved
in the ' S points, the real constants or functi ime '
a and k satisfly the system : stapts or functions of time Yo lorsa)b,

24V, cos 0 — al + k =“;0; i (1)

v N R A TR ' o
o , . - _ , L ot nr ‘o, o [
2al’ cosBeos v, —a (lcos y, + msin y,) + Znith=o4 (2)
N T { .

. .
L <

I iz S ' N ' !' i '
(— m 4+ ——) = 2mwa + wla?; ¥’ : (3)
27 a
o ._‘,.' o r 2
— 2V, cosOsin yii+ Fsin "y, '— m cos vy +o=p=
ina
=2+ m® — 2loasiny, + 2m w a cosy, + w?a® (4)

' : el . R I P S TR AR S L S I
We now observe that the equation. (3) :allows toudetermine 2 what leads through
the definition of T to Q. The cquation (1) fixes then £, while (4) precises v, ;
the relation between sy and vy, is obtained by the equation (2).

Once precised the quantities @, k and y, we could furnish a complete solu-
tion of the problem. More exactly, from the equality ofs) = (y), we determine
the dependence s = s(y) through which it immediately obtains [3]

2 \ S TS ' I |
: i i L WD e e
| ds &Y+ 2Z 5T .
=H(Z) =\ exp = =\ ln-=-2=Zdy|dZ s v
’ H(/) S I 2 S dy JY _ 7 ! O A
(TP B N - ER 4 g

function byr which ‘we determine ‘the image of the circu_n}f_gr‘cnce- [ Z|'=a, ie.
the ,.apriori” unknown, contour ¢, and also the loocked for 4complex.-l_po:t‘ex’1_t‘1a¥

w(z, 1) = WHz 1) . e e L
4 h () . ) .
1} From ¢4 = — S V{s)ds == S Velra dy, for example, we could directly obtain the fancti-
. 0
0

onal dependence ¥, = ¥v,(s4)
?) I'rom the obvious expression O
U, =U—1+aY,

f the componeats of the relative velocity (U,, V,) i.e

V=V —m-— wX,

we yet in the points of relative stagmation that
U Ve - 19 ot — 2leY 4 ZmeX 4 wlat.
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*We remark that the determined function z = H[Z) fullfils the demand
lim — = 1, accordingly to the canonical feature of the conformal mapping

At the saxhe time the multiformity of the .restriction of w[z, t) on c3 /due to tk
period T of the function 9(5, t)f is satisfied, correspondingly, by the existent
of the same period, of multformity T for the function W[Z,t). It is also Wy
known that' in order to have.a profile with a sharp trailing edge in zH as image
of the disk |Z |;= a, one must admit for the function z = H{Z), in th- neigh-
bourhood of Z = a, a development of the type

7 —2F — A(Z — a)1-*)-

But from the behavi.our of s, t) in V (0) one has that in the same neighbourhood

I
o

. =o(sl-[t). ie. Re{l,og d—zjl: InJ behaves like 0("\Z —

[\z ~ zF\ 1 |D)which finallyleads for the solution (2) to abehaviour of the type
,, 2= H(2) = A{z - + ... g.e.d.

Finally to avoid the multiple points of the contour cxit is sufficient that
the conformal mapping 2 = H(Z) would be univalente. Univalence -criteria fo
such functions defined outside a disk could be found, for example, in [4].
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ON SOME SPLINE-IVPE OPERATORS OF APPROXIMATION.
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NEZUMAT. - A}up‘rn unor operatorl’ de aproximare de tip spline. Tn aceasti

lucrare autornl ia in (lLe'cutie 1oi cazuri importante ale unui operhbi’ liniar poz'tiv

de t:p'sp.l‘me, care depinde de-doi parametri ne-negativi, introdus;in lucrare’[14 ]'~~ b
seprezentind o geueralizare a operatorului lui I. J. Sch‘o'énberg ‘[lO]:\ .
De ascinenea sz cousiderd un operator de tip spline intigdus' antetlorde T. Popo- -+’
viciu (8]sistudiat in continuare inlucrarea [9].:. o o, v ool are !

[} LH

R § I\

. 1. In an carlier paper-[14]). we have introduced and studied a spline-type
lincar positive operator, depending on two non-negative.parameters, generali~
zing the operator discovered in 1965 by I. J. Schoenberg [10], investi-
gated in detail in 1966 in a joint paper by M. J. Mafsden and I. J. Sch-
oenberg [5] and later in two papers of M: J. Marsden (6], (7].

In the present paper we discuss new important cases of this operator and
also a polynomial spline-type approximating operator introduced in 1942 by
T. Popoviciun (8] in.the-case of equally .spaced knots.

Let o m (m 2 1) and # (n.20) be two ,@qteggrs a._x;d‘dgpgj:e by @ a_x_n'il‘g-
two real parametgr,'s satisfying 'the condition; 0 < « < B.; ' & Dhan v oot

The Schoenberg-type lincar positive spline operator which we have intro-
duced in [14] is defined, for any function f: [0;1]-+R, by the following- for-

mula . - .
‘ ) T mda i by -
" (Smn /(%) : = 20 N, i(%) f{Emp) (1)
= -,A
where R e e
0= p=...=2,=5<% <. <%t =--"=Ztmt1 = 1,
— L S
b = L (Sompigi T oo h For + %ok %y + ...+ %+ (2)
B T+ B " : . t

©

41 t—2%1 @
Nopos) 1 = (st — Fomif) [Bomiy 200 Fopo Foy Fao woer FtLs ( o )71 ©)

the brackets representing the symbol for div'idgd dalffer.ences. |
The abscissas %y, % -+, % ar¢ the knots, £%8 are the nodes and Na,aji

are the fundamental spline functions. Tepresenting n_ormalzzed B-splines.

s University of Cluj-Napaca, Faculty of Matkematics and Dhysice, 3400 Cluj-Napoca, Romania
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It is seen ‘that

. . .- , . " -
B - N c,B"'__ »+a GB
Emo =

) % + %+ d';
—_—

e H S Ee
O L LEE &L N EX
! m+4 B m+ g
and we have
0 < E < E:',‘i R A 1 < Bt < L

If o =

B =0 then we obtain the Schoenberg original operator : S

Sy, which is 1nterpolatory at both sides of the interval [0,1].
One can distinguish two cases:

i) m>2n20 and (i) n>m>0.

In our paper [14] we’ have investigated the first case (i) and we obsy
ved that in the spec1a1 case # = 0 wec have no knots and we obtain

(Swa /) (%) = }'3 [0

1= ) ]f(1+¢]_

“
m-il—; J1 + B

= 2 (1 — x m—j j+ a)
RGP0
which is the Bernstein-type polynomial B%®f on #, depending on the par
meters « and B, which has been introduced and investigated in the papes
[12], [13] and [3].
2.

In the second case (ii) we can write

(S f)(x) = E %[0, ..

m+l—;

00, %y o Ky s (8 — x)':',]f(" + ";":_‘;f + ) +

+ 2 (1 — Zompi) [%omis,

x AT S 1 T
e Xiars (8 — 2)T] fl =R ’——)Jf
=, | s = 7 (T
ntm ' .

T 20 (1= i) [Fmtis e Zm L, ooy 1 (8 — 2)3] -

J=n+1 — o’
jtl—n

.f(x_m+j+l+...+x"+j—‘n+a\

m+ B
By making use of the following decomposition formula for divided differencé

[20, @y, - - a,,,, b, bu -0 bas f(0)] =[¢0, a,,

e _J0) 1+
. e (¢ = by L —=bak
| +[bo, by ..., b, Q) l ‘
. (¢ — am)

t — a,) .
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and the relation
Gt S o ) -
C=27 =2 4 ()™= o
we can write the:precedi '
P ing formula in the. followmg more compact form:
B
(Swh (%) 2 %' [xl, Sty S Lyt s g
A ] BT S
’ ) m + B
: B e o
+J.=§'\_'H (xj+| —_ x—m+1) [x-—m+]» veey X4, (t —Xx +]f( Lachdl + + x + “) +
m+4 B
Ky mt n—j N ' o . a _ ’
+ 2 (_1) j(l - x-m+j) [x_"'ﬂ" crer Xy ’Mi— -
2 = t')j+l—n
.f x_m+j+|+-~~+’j+f—”+°‘ " 5
; — : (4¥

Remarks. 1°. The Marsden [6] condition for uniform convergence : l Al -

— 0, where ||A|| is the norm of the partition of the interval [0, 1] by the
knots x;, when m is bounded, is assured by ||A|| =0, which implies 7 — co.

2°. It should be observed that in'the case (ii) 'we cannot obtain the Bern-
stein polynomial as a special case of S35 f, since always we have kuots x;(j > 1)-

As Marsden [6] has pointed out, in practice it is preferable to- choose
this case, when % is large and m small.

3°. Since # > m, there follows that there are no d1v1dcd dlffcrenccs cou—
taining all three types of points:0, 0, ...; %, %5...; 1, 1.

Now let us counsider the case m = 1 of the formula 4):

(SE/)(m) = ey (L) T

% B+1
- ! . %+ a (x—2p)y ffa+1
+’_§ (%41 — %j—1) [%i-15 % %41 (0 — x)+]f[;+l) + f(“_ 1)

If we set « = f =0 then it becomes

(Sif) ) = EZ210) +

+ E (%741 — %i-1) [Zion % Zirs (E— %)+ ] f(x) + == v")*f(l)

e seek to “find the equatlon of the inter-
0=2,<% <. L < Xy < X = 1,

[

3. We further note that if w
polatory polvgonal line for the points:
under the form .

P =4 + E A — 1xj)+, (5)'

— Mathematica 4/1987 LT
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then we can obtam dircctly that ottt g, Lo
('i I,E m'»l ) : ( \) (’l, \‘)

v

(x) =f=)f(0). + {,Q.,“in /f]%"hfz ('r)-rll.r ..%7‘11) [frl'r'lm 7§ ".FT"J;J(%ITU%,L (6

So wdhave two: dlstmct'reprcsenta.tlons of the, §ame function, Jher S, fs
= P ¢ S | o '

4. Let us further derive the fouuula for the polygonal line P/, mterpola
tmg‘thc function f on the dlstmct,pomts F0,1%0 .+ -0 Ens1i WheTe %, = g xm

1

~

If we Wnte .that P{,(xk) f(xk) (k‘_— .1) then we obtam the linear
lower tnangular SVStem : P ‘ o R
k A ¢ ' " s 3 . ’_-'—_'
A4+ ZAJ(M " ) _-f(xk; (% =0, )n 4 1),
7=0 Y
that )s ! .. o, ) . .
St crralintg 1ol fattithno, e 1 al i Ly
f(xo ;7 ' S i+ e . !

: l (45 Lis I’I.HI':.‘ ofbE o0 grnonr it / alod e i

N *‘-'A +A0(x1 .u)xo)/—’lf(xl) /. A BV T AT St B SRR AP RN TEVS RTINS Lt

.!l:'H 7"'L Ao( iy T xo')’f‘l")A;l(“i{Tr xl) F:/(xii): Paly b riadd o Dt 1t

l e ey “.:l‘b..“ BN e S I N L 1 ,.'? S I IR

! NAFRERI ’:n '

oy +i Ag(Tnpi 7 %) o Ai(Foy = 1:-1). w4 (x,,,,_, — x,.) = f(%ip1)s
. IS FY AR TS T I ot : ISR S
From the.first two eguations find ' - v

yi, il .1” maralfol ll‘.-l;"f LG ' -“:'" ¢
A A ) 38 -_'__ flxy)- ""f(xo) i
‘f( i n«[no:mf]m W mpimtgiti ! g :x' xl’ '”
Let 5 2 1. I from th‘n(. equatlon R
L AR ey
)
i1
(5o sy . b
4 1? + EAk (%jr = %) ,=f(xf,+l,),- fy S
we substract . -5
sotttered bl 4 »: i :
i ’
{9 4 gt . A .
A -}-@ A,,(’x, — %) = f(x)),
= t
then we jget i oy , 4 , -
g, . : --_:).. (/. \'i.; reer o oy ) ‘li~,_{;
f [
"’:"” )”“", i :‘”"'f:“'";" it EAk —r‘[’x!”xJ‘Fluf]ul o vaituss ol RX
- Tl i .f Dedmny iy w0t uil booertons
If we next substract from this equation cirol -abnoil

Y

g=1 *

y\ di= [%’—l. !,'ij'."')“l\
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we {inally.obtain; A Lituol ls oy ”' i oy o .
w il N i ”) i1} T‘,‘i‘l(f,[;() arp Jnd )[ln!/ I

A =15%57 5l) Goardr, Cppesier sl e
AT

o et -
EERP S A PR

)—l) ]r J+} [
...... D 3 1
Thus, in.the \general case of roken hl\les‘ mterpolatmn we, ,have
o ry o
L

( ) f(xo) + [xli)““x]‘f](x/ xo )4 + E! (xH{l'— x,.1|) [x,_., x,, %41 ,f](’x, )

3

: l\ . - Y - @)

'/

. . Ve
O I R ALY NS Y Y A by Y N (
where: a = xo < <...<%<Zp=b and fila, b]1—=R. g

Remark. It should be ‘moticed that in an, earlier papér [11] H; S chwer-

dtfeger has also derived an expréssion using d1v1hed dlfferences for P/,
but it is incorrect’; in' place of second-order “divided  differences ‘he found (wron-
gly!) divided differences of hlghcr( otders; 0,,1,,2;

boibai®ioe s Pt son LT P R

o

At 7) we_ have, 2 ‘Newtonian form f the broken line mterpolant
The L ; “;n” .l,f RS i mt ‘r ln TR IR ) EYTH I DI
g ‘he ., agrangan ﬁog of such epoanﬁ.,”f”, st Ry

j l)‘ retd
rnt da vtond s treoesl o oear 'h[uv _“ ottt o s coonnitnen o oenid
[ | . N H . .. ' v
T Y L T BT RV ATIN Yt )‘«‘ "r e Bure moze ol mas o
Py (4) =0 £ (5 -

AT A O ML |

Wherg!: | -.'E\L' wofld dons Zidas Lonteo aul ud bug s
g dnreasat bozoly T bobaood  wadd no f['(”,f”“l(" brea Dot gortaugs
) Ftmog ot oud l,nmn il do nol! m;q rn""J—kn)xE[xJ 11 x., _in

e :,' J-t,, ot _n
)\ (x) (21+1,—x1——12[x4-h ’Fp S .((t.(, ’ m", ,x“,t S A Ny
_———, x € xi, xj.}.xl_ PR
]+l ;,, LR aed S8
OO m.‘\)
The functions A; represent th(.l so ca]led “hat functlons ‘atnd,thcy have the
« . BRI EY PR - RN
following propertxes ' -

nt1 2 banitab IlH('lel/hN( fooml VWY ol
€ .
A(m) = 3. 27\,(:: y=1 % a, J.
7 -
i 2 DU TS YT AUV T S _{ EVATRWNNE

These functions form a basis for thc lincar space

Lof» all continuous broken
lmes on [a, b] with breaks at %, %, -.-, x, (sce,

g. [11). o

LTt ik kilown'that if we take'wj =a ikt (5 = )\ :F' )/ ‘\f’,"_h’ @ »—~ )/(ﬂ % l)
then if f € Cla, b], we have et T

b—a ) -
L e (S fP£1{q§,A2@f(m]'-._) L\ (W)

W

where o is the modulusof. Gpntmmt)» of. the, function. ‘f v st dn -
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(3]
(2]

5. Since cubic spline functions appear as the logical next:step after Picce
wise linear (“‘poligonal”) functions (m = 1) let us consider in 4) m=3 By
taking « = B = ( we obtain

' S,” ( = L (x1—-z)+f( 0) + ".’:["flt x;,(t—X):]f(x‘)—F

— ) ) z N (VR L= 2% a4y
+:c,,[x1) %y X3, ¢ I,x)+lf‘(z :xf)+'-"4[%-xz- %3 X4, ; Jf( .24 v]+

3

Xj_gtb X 4o
+E 2]+1 - x; 3 [x] 3 x]—-n x; 1 X Xjt1, (t - X)_,_]f(———;\]‘ +

Sl : ae " . e e ,—l) xp + 2 _1 (‘ - Rn)
0 e s B
Vot Lt : [ET R

It is: known- (see: {10]) that’ S.,,f in the.case of uLmll\ spaced knots,

L.y
gives an apprommatlon of order’ w(—:)
n
' i I i

Concermng the remainder of the approximation formula f(x) = (S.f)(x) 4
+ (R f)(x), which has the degree of cxactness equal with one, assuming that
[ has a continuous second derivative, by applying a known theorem of Peano
it can be expressed in an integral form (sec D. Leviatan [4] and Gh
Coman [2]). '

6. Let m and # be two natural numbers auch that # > 2m — 1 and f
function defined and continuous on the bounded and closed interval [4, 0]
of the real-axis. . Consider a partition of this interval by the points x; (j =
=0, n—}-l)a_:u:o<:|:1 < Xy < Xpy1 = b,

We define now a Lmear splmc operator P, ,:Cla, b]— Cla, b] b,v‘the
formula

N i ( ma f)(%) : = (@ f(x) +
+ El (xH-m»_ x] l)[x,_.v, ZJ, .. , x,-;’,,,; f]('\, _";xj-i'm:l ):'
where Q,.f is a polynomial defiued bv ‘
(me)(x) L= z: L[xo, Xy oo, xk f rk L Xk ey Xt (,c _ l)m]_

R A ';'u,rk"'fvo‘m.] N e b g
i VAL . . S

-:One observes that: P,,. e resents a pol degret
m having the Rmote 2. " f p I ynormal splmc functlon Of 4

For m=1 we have

Q) = f(x0) + (% xo) [xo, 3, 5f] = 5= > ) + L = f()

— the Lagrange two-poitits interpolation’ polynomial, ©1rieerr i
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The corresponding spline operator is ' ;
(Prs /)x) = f(50) + (¥ = x) 5o, 2, 1] +
j | S ’
+§ A(’sz+l = H- - &y, xpa f](x = %)+, Vs
which is ‘just the:broken Alinc iutcrpoiat'or‘)vz.”v(;I;zf.z;;clor. ce N

It is casy to see that P,, reproduces the linear functions. ..~ .
‘The operator P, in the case when x; = a + j{b'— a)/(: i
; s . i jb—a)ln+1) (j=0n+1),
has been considered first, already in 1942 by T. P o poviciu (5] He calls
“clementary functlop of order m” a; function which now is known under. the
name of “‘polvnomial spline function of order m’.

In 8] has been proved that for #— 0 we have'lim P, f = f; ‘uniformly
on [¢, b} and we have e .

st

o ”f- Pm,nf” € 9’.\[1 -+ (b —.{t)'m]m.(__l_'_), ) .

m! n + 1
where C, is a number indcpcudi.nt of m. . .. e .
T. Popoviciu has found that when a =0, 6 =1 and x; =j/(n +1) (=
=0, i + 1), then we have o A

(Qm/)(x) =~ lll‘m{éf(xk) :‘Z_;\:(—l)i(’”j l) (x — xk+j_1)"‘” =
I R NPT TR |

where == 1/(n 4+ 1). .

In 1959 he has proved in [9] that if f has on [0,1] a cimtinuous deri-
vative of order & (0 < & € m — 1), then the sequence (Pma )M converges to
S™ uniformly on [0,1] when #— . Morcover, he has proved that

(/™ — Puu )M < (m 41— k) Mm( " )

n+1
i inui f Lr® while
where w; is the modulus of coutinuity o /T"/ , V
-k 4 i-1—k
M = k! (2”1 . k)m (Znn _ 1)

(m — &)1
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REED Ty
1 REZUMAT. — O metodid de rexolvare numerled a sistemulul nelinkar de ecuatit .
07 diterentiule. In accastd lucrare se”prezintd v 16ud nietoild de¢.rezolvare numerici -
a‘sistemului neliniar de eccuaii diferentiale’ y” =« f,(x, v, 2), 2* = f,(%, y. 2),
(%) = Yo 3(x9) = z4 cu ajutorul functiilor spline polinomiale, Metoda propusa i,
este 0 metodd cu un pas de ordinul 0(A%¥) pentru solutiile exacte y §i z §i de
o ordinul’ O(h'f"f",'“.q tly pentru, derivatele 39 s 29 «ale, acestora, g =-1(tyr 41,7
' si0<a<1 inipotezacalf, el 7

. P PR PEY N (0% PR SRS U § S B Sy A A s

S T | DA S W T A R St RO T L L RN T E T s3] R L S
.. Beseriptionof, the ﬂ?!'lO(!s Cousider, the system: of, a5 linary.differential
Cquations N e

Ceninl rstaobiot sttt — aeiasgers @bt oad o ttiree ol g
¥ =hx .y, 1), y(x) =0, (1)

P T I LT PR ¥
Y =y 2)) 2w = )
hus

where fi. f, € C°([0, 1] X R?) . . .
2 Tot A be the partition ' S g Y
vip o :

+ o
.

D10 = B <p S < B

. - R
RS .

4 [;.1". 'R ,4; r ol #r
wlpy. b4y i o il

where wigi) — xistih i<l and k== 0,(1),’# —i"l.‘z e
Y B weniirOaial itlo e e ..;.;. / . .-‘~ PR Rt
Tt L, and L, be the Lipschitz constants satisfied by the functions
v i R TR VLARE PR TR
and [ respectively, ie., |+t !

reor et

AETeY)!

b

| ey A ) 5 . 3

! :d)(x. Y 2y) "}f}q)("): ygf,:zjl S %1{}’1 : vl + 121 21}, (3)

) ' BT T gy — 4
Py 20 =05 52 2)| < Llye— g T 12—l (4)

for all (x, y,, z,) and (%, Ja ) in the domiin of definition of f, and f, and

all g = O(D)r. : ! e iz i
I’l‘hc (fu)néti‘ons'f‘f fo; gy = (1)r ate - functions’ of 'x, ¥ and’z only and

they are defined by thgvfollowing algorithm : .

ten, .
ial

e PR

T s =R
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and if f,("_'), fg("_') are defined, then

o Do afemn o pelemn
( 1 1,
h? = t——fi S
ox oy oz
and oy
(g—1) (g—1) (g—1)
(@) o, o, e
£ = + hH+ A
ox oy az

Then, we define the spline functions approximating y(x) and z(x) by Sa(x)
and S,(x) where

L A

Sa(x) = Sa(x) = Sa_i1 (1) +Efm[xh, Sk—l‘<xﬁ)_p gu_.;(xk)]( TETY

and

_ . ] ERY RS

Sa(®) = Si(x) = Saos (1) +Lf"’[x., Sit (1), Sea ()] EM (9)
where % < 2 < Mgy, R =0(1)n — 1, S_;(x,) = vo and S_;(x,) = z,.

By construction, it is clear that Sa(x) and Su(x) € C[O, 1].

Error estimations. For all ¥ [k, 2kt1], % = 0{1)n — 1 the exact solution
can be written — by Taylor’s c¢xpansion — in the following forms :

r (D)

y (r+1)
yR) =D (x— m) + 2 (x — )0 (7)
j=o0 §! (r+ 1!
and
4 (J) 2(r+1 )( )
2(x) = 1 2 (2 — m) 4+ (g 8)
j=0 j! (r+ 1!

where &, 7% € (%, 2a41) and k= 0(1)n — 1.
We now estimate |y(x) — Si(x)| where ) < % € x4y and 2 = 0(1)n — 1.
For this purpose, we statc first the following notations:

e(x) = | ¥(x) — Sa(®) |,
é(x) = | z(x) — Sa(x)],

e = |y — Sp(x) | (9)

—

and

& = |z — Sa(m) |
Now, using (5), (7) and the Lipschitz condition (3), we get:

r 0
y Y+
| y(x) — Sa(x)| = E_E‘(x*x)’—l——fi)-(x—xh)'“—
0 j! (r + 1)

x — x.)"“

— Sk xh Lfm {2, Sh—l(xh), Sia (xn)] (’(j Y
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.. . [ S T S B : !

ie., f F B O S LT I ” L i -
i

. r—1 . .
[y(x) — Sel¥)| < L% = Sa-i ()|, + ;0 | = S0, Sacs (%), Sact ()]

NERE i +] oty AP 1%
Y yrr(E) — .[%&.m)mlmm 7%%T(m

! o, e P iy |v Y . __4'._':'

Now let, S

I ' P I BEEEEE

(

pa— | 3,l+|) f(”[xh» Sk I(xk) bk {(xl)]‘ T N

Then, usmg thc LlpSChltL COndlthll (3) we gct : U
< Llion = St ()] + 13— Sacs () ) mw
Using the fact that S,(x) €'C[0, l] and S,(x) C[0, 1] and the nota-
tions (9), incquality (11) becomnes: < ii i o Cee e
L T<Lfata) (12

Similarly, if we let ‘ ' ]
V=1 yr(E) — f [, 5»;—1 (=), 5h—x (x;.) o

Then using the Lipschitz condition(3) ‘and the notations (9), we get b
V< YO ) Y('“)l +. lf(')(x/n"y;, '2:'{‘) - (% Sk—;l (%), Sa-1 () 11 <
< (¥, b) + Ly(% + &) (13)
B . s .
Using (9) — (13), we get:

'—l- 323!

e(x) < e+ Lyfa +'5h)2

{L4( "h + &) + o(yerh, A} (14)
S j=0 (j-l-])!' (r+ 1)!

i

Noting that

r—1
£edr<e
=0 (j +, !
Then, inequality ( 14) yields :
] +l l \

[EEERAREE

e(x ) (1 + coh) + coltex -

v+ w(y+y, k) (15)

‘where ¢, =L, ( e ¥ ‘J, is a .constant. indcpendent of # and & < 1.

v+
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Similarly, utilizing (6), (8) and the Lipschitz condition (4), it can be shoy,
that

l
1)1

},' is a Loustant 111dq>c11dc11t of h and h <.

eri () = 4E(w) S;(.i)’] < o hel+

Ly 1gh
(=0, ) (g

W.}-lue. ~c,,—f Lz( + rit 14 :
To ‘¢omplete thc proof of the convcrgcncc we recall the ddmmox- of tg
matrix inequality.

L '| I
DETINITION (1), Let A = [a;], B = [b,,J be t\\o matrlccs of the sam

order, then we say that A4 <.B il .« " )

(i) a; and by are nonnegative, -

(ll) a; < bl] vi, ] RV TENE Y IR RIRRET PR S T sren oot
According to this defmlllou and if we use the matrix notations
) Sl B(r) = (e(r) d)TT 0wt

Seton ot b 100 Eh:’ ((’b“é'h)r’ k = 0(1)" —1

s
. R !

then, we can write the estimations (15) and (16) in ‘the form ;.

<t E(x) < (I 4 hA)Ex + e alh)B i
1! o 1 i
€0 Co 1 o
where A4 =( Loy, | B o) = max{e(Yr, &), w(ztthh),
Cl ’C'l T : l .

o(YU+h, ) and (1Y, /) are the modulii of continuity of the fundlolb

Yo+ ‘and 0+ Tespectiv ely, and I is the identity matrix of order 2.
Then, we give the following definition of the matrix norm. . 4
DEFINITION (2):TLet T = [t;] be an’ m X # matrix, then we define

Gl ("
' \ I|1H —m'l\zll,,]

t 5=1
Using this definition, we get:
W oa s NE@I = max(e(x); é(x)) -

l\ ,-"’.'-.'\ 'l
7 Since (17) is \ahd for all x € [m, 24y ], k-
wing incqualities hold true:

= (18
0(1)" — l then the folle

I3

Pt e

WE@®)] < (L+MMHHEM AP
< (r+ 1)1
(L+ Al AN El < U%WHMUHB:H+(+”GWUTMMW
'r:.ll:' ':;: I“.'-: Hot
q+hnAmnEknl < LABANPNEas || 4 oo + blATT
(‘r AL G e AN I \\»)"r (i (4

7

(1 4 AP INE] () -.l,»,;h,|;|;A;||..)ﬁ;r,y,H,E‘d|H+ii_w(h) @4 4 Al
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Adding L.H.S. and R. H!Suf these*mdqﬁa‘htiéé a'“d"notmg sthat ||-Egjll = 0

ICIBNEE \ \
\‘VC goﬁj FATAIR) \ \\ DA AT \\\\\/ ‘\\\11 )\\ )\:(, s\" ( )f \‘\ MO

SITCTRETI PR TR TR S m;m(\f n oy H\ ( ))|| Wy

: (2 hf(o(h) W 2\

- e \ 2 vive o c. wy, (1), 7 19
S W s \l“l Y A Y Y A I R T VW J5A )I',,’I. ) )\ ) :.,l ( )

. .. \ . - \ ot
where ¢, = o1’ 1S @ eohstint-independent wof k.
I U1 Yo |~l-~“._',: - e .
Thus, applying d(‘zf‘ilnitioh'((\l'gj we'\gét" Giyde ()™
WA = (4 1)
A(x) < c,hw(h) = o(;,m) (20)
an,g bt
oot (:x)';&ﬁ«lr"zh'w"(h)'/?,,O(ILE‘T,’),:'/, ()" 21)

We are going to e‘stimabc»blww(x)i—xS("(x) Il »wheré gra= T(1)ris . e
Using (5), (7) and the Lipschitz condition (3), we get:

I y(q) (T) - Sg’)( )I < \ /| "(I) A—‘fl({":’—ll)i[xh;'z Sa_t (x,), 3,_, (-“‘k)]l .

j=q
] |" T R N \\\h\ RL VT R EY STE U SRPSTRRTORTIL ISR KOZRS § BRI ST IR Y G
N s "'It Gl )J(r-ﬂl)( xlf(r) Al @l n' sl AT v '
AL 0 LA \n i ntiy
- ll)"'+ l \u\\k)\\\\ Ly 1‘#' S" J( g" 1("‘)][ NIRRT SN
R t| ANt D et asituieaDell aaite |u|) tnslesl b I i ! stha s
¢ IV‘ £ I,.H_q o .‘. e k-:\x:‘.a.;, \‘.\\.‘-‘U i tad) ..2__/_‘*.11 .l R W s [T
R ] PAURIR b 8B W g Lidaet olust olet sanirnapy luinmtstiod
(r 41— q)l = eael o'l s omitdl
R S N T N E A LR UPR TR P TS RTIR (L T |\\<\/ mob o N 1w 6l 1( T o
T ‘l a0

h/-q [T (,.,.H_qJ/ I ERSTRIIE N UV A 1| aofege
< ] 1(‘1: + 6/«)2 et ' y"*" "h ‘-I-L‘l(e. -|-e, ]“ L ('{(22)

ET RS NS P (j-—q)l uh(»+ L g) b sl
e mn/l AL q[ L] BN Ry A
Using (20) and (21), inequality (22) yields:

|59 (x) — S(%) | < e (k) = O(h*TITY) (23)

‘where ¢, is a constant independent of 4 and 4 < 1.
Now, for the casc ¢ =r + 1, we have:

19" () — SEH )| = 177 x y(0), 20)]— /O [ S (@), Sar ()] <
< 1fOx, y(x), 2(%)] = O, o all + 100 3 a] —
— fO (x5, Sx—1 (%), Sk-1(m)]] < (YD, h) 4 Li(ex + &) <
<cw(h) = 0(h®)

‘where ¢, is a constant independent of hand b <1
, (8), (2J) and (21), it can be casily shown that:

(24)

Similarly, using (4), (6)
129 (x) — 5i0(2)| < ch™' T 0(h) = ot (25)

Where ¢ = 1(1)r + 1 and ¢ is a constant independent of hand & < L.
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Thus, we  have.proved the following theorem :: i i . ‘
THEOREM: Let y(x) and z(x) be the exact solutwns to lhe problem ( -0
If Sa(x) and Sa(x), given in (5) and (6), are the a/)jbroxmmfe solut:ons “”d
fu fo € C([%0, %] X R?), then for all x € [0, Zae1 L A =0()m — 1, 4 5"

e,
l’,y(x):,_ Sa(x)}:< ol w(h), oo
|y (%) — SHx)| < B o), 1= 1(1)r + 1

|2(2) — Sa(%)] < KWe(h)

\

v

and
|29 (x) — 30(2) | < K o), 1 = K1)y 41

where ¢, ¢*, K and K* arc constant independent of /.

e
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POLYNOMIALS OF BINOMIAL TYPE AND APPROXIMATION
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REZUMAT. - Pollnosme de tip. pozitiv sF-operntori de aproximare.' Folosind - *
un sir de bazii (p,) pentru un delta operator. Q (in sensul precizat in‘lucrarea; .-
_[10]), autorii introduc si studiazi un §it de operatori liniari polinomiali ,Lg; .
'C[Q, !-] —.»}C[f), 1], dt:fiuiti prin formula (8). Considerind cazul cind. acesti opera- - ;
tori sint de tip pozitiv, prin aplicarea criteriului de convergentd al lui Popovi-..
ciu — Korovkin, se demonstreazi o teoremi de uniform convergentd a sirului

(Lgf) ciitre functia f € C[0, 1] si se evalueazii ordinul de aproximare corespun-

pitor. Se mentioneazii mai multe cazuri speciale, cunoscute de operatori liniari
ozzitivi, aritind modul de obtinere ale acestora din operatorii introdusi la (8).

; I P, s o

1. During the past three decades a number of classes and sequences of
lincar positive operators: bothi- summation type and those defined by certain
intcgrals, have been introduced and studied by various authors. Among the
persons interested in thé field of .this kind of approximation:operators, we
mention with partidular indcbtedness Professor ‘D. D. STANCU ‘and- the group
of mathematicians around him ({7], 8], 9], (19)): .~ .° o '

By a polynomial’ scquence ‘we mcan a. scquence of polynomlal.sy_ (pa), n =
=0, 1, ..., where p, is exactly of degree #, for all #. A polynomial sequence
is said to be of binomial type ([10]) if it satisfies the idcntity

Do .

pult+3) = 2 (] ) Bassls): L
- ! k=olk)
v ’ * : "4' N "‘ N -x - ‘ "~ . - v, ..

These special polynomial sequences -occur. in, combinatorics ’an,d.vm gnalysls.
The enumeration properties of these polynomials have been studied- latcly' by
Gian-Carlo Rota and others in a series of papers on-the foundations
of umbral calculus ([10], see, the refcrences fror'n [lfl._]). B ~(ft1

" Our aim is to construct sequences of approximation operators. Ly: ) —
—~C), n=0,1, ..., 1=101], of the following form: I

(L.f)'(x')=;”—l(”—n&(,‘)/h(nx)/)»-n(n nx)/(n)

. AV
3 S

h o
© Faculty of Mechanics, 2400 Sibiu, Komania
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rs A,:C(I)-»C(), n=0, 1, ..., of the form '

Opemj/t"c())l'l‘l'.::/.!7.(())‘/l‘l‘,l§~ s ,'-l‘l‘/”'I‘ JLIOZRL O SO0 oy
N = LSNPV poslt = 1) £( )
(4 (2) = DTl po-a(l = 2) £ ]

have been studied iﬁ'?’[l']~'—-”[21,':"[8~]’-—’"[‘3)]',3"[1'I'],.’ s M 17
9 This section contains basic facts neecded in the subsequent an
Let & be the algebra of all polynomials in one variable, WIth"\r‘eal.\¢9eﬁficients
By II, we denote the linear space of all polynomials of the degree at mos
a.~All: operators: we eonsider will bz tacitly assumed to be linear. The shift
operator E*v@= @ “{s"defined by (E*p)(x) =p(x + a), p =d. An operatq
T : &— & founwhich, B¢ L= TES forall «.& R, js called.a: .slnft-m:va'rmm.l DPcraloy,!
In the-following let-us denote™e,(f) =%, n =0, 1’ A“.d‘.”lt,‘fboﬁerata‘
Q: &— a.is ~defified: as ‘4 shift-invariant“operator for'which 'Qe;-is a' non-zer,
constant: ‘Delta’ opeérators -'poss253 ’xn'af'r‘iy-";cjyt';; thg PYQPCFUQS: o.f the 'Eiﬁf?fivativg

alysig

Y f e I Y TN TR R e S R
operator D ~(s2e’ [10])," Fot " instance” " " "0 e
i) Q,e:o"ir__.‘o NTLLLOT G el o el s e ) RS M LA R A |:’.-

A polynomial sequence (p,), # =0, 1, ..., is called the sequence of basic poly
nomials for a delta operator Q if:

st o, err e RS TR S st

e L

SR e S T I L T PR PR TIPS A LR NP PURT S ST T S |
oy ‘ : ;ﬁo(x) =,1: 2) i)n(o)‘: Ori "ﬂ?l, 3) qu ~:'71Pn-—l- - Tietayod, -(li
Tt'is kinown that évery delta operator has an ‘unique sequenice of basic polvie
mials :associated ‘with.it. Moreover; if K:d—'a 1is the operator (Kp)(x) =
=-xp(x) then: T' = TK — KT:is the so-called .Pincherle-derivative of an..opera
for T:@—-4. If Q is a delta operator, then Q' is shift-invariant. and ‘moreo
ver (Q')7! exists. Further, shift-invariant operator commute. Ronald Mulli
and’ Gian-Carlo Rotd prove the' following beautiful result: = a /,"‘“

" rHEOREM A ([10]) a) ‘If (p,) is"a’ basic sequence for soime’ dclla operato
Q, then it is of ‘binomial typéy - = it i Lo e e s e

b) If (pu) is a sequence of polynomials of binomial type, then it is a bask
sequence for some delta operator; =~ | +\ 7 L
. ©)Q:8—a is a delta operalor if -and only if Q = DP for some shift
wnvariant operalor P, where P~V exists and Dp = ¢’ ; .
=7 ) ‘Let () be the’ ségucice of busic ‘polynoials for he della operdtor (=
='DP. Thew! - 7o 5 < uivn o ) o i

' 1ry

L R R A AT st iaa i 1 e
R N o L T R D SRR YIS NS B R RS ST R
l) Y Q-—I: .e”',i SR AIRIU Sy YN | -)"I’ e :"l ! //'""" fo Dodai ")
) Ba= e, — (PG 0 S e O e T
- i'ii) pa = IfP'—n'e,;_lf‘;'.'I;’.'.‘:.';~’.'>T=.,’ BB BouitNpae Tut ey, oy = Tl
iv) pe = K(Q')1p, 200 arirolld wely o kg N T
3. If (pn), ;b,"(n), # 0, is a basic seq exlg:df?forxthe delta qperator Q let ¥
denote i Y AV E I JRTIIN ‘T ! AR VEUN L
g L L .
- il | PP VI 3
w”(Q)_.l._L W YERY " (
e @) L
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DEFINITION. A linear operator Q:8~4a belon

only if the following conditions are satisfied g to the cass W il aud

(1) Q, is a declta ope;étbr' with the 1

»(n) j?,,(O) 20 for =1, 2,...:
(iti) im w,(Q) = 0 whee, ,(0) is defined in (3)
L . . ‘:\ )" . ‘"

T
basic scquence (p,) ;

»

. 0 n “

Lct' us cgnslder' the following examples :
1) 1 lzve(d)f;/fercmmhon operator D with the basic srotes ey

sequence 6,(x) = x* 5 =0, 1,. ~ - r . . . ]
unld " e then D ——h] , J being the identily operator,
. : w,(D) =L_ SN potagionon ol | (4)

. NN HE N o "-“ [ L A ".-'\".'v»"\ S U RV WA &
11) Backward dijference operalor V 'T:,] E7 with: the. basic. scquence

() =2(x 4+ 1) ... (x4+n—1), (x)g=1 SN

In this case .
dow R oz (1)
V = I:“, W2 B2
and . )
2 . _
G () Tael 10 mma (5)

IRORLE S

111) The: Touchard-operator | T:8— @, T =1In(] + D), is a dclta opera-

tor. Its basic scquence (f,)'is thc so-callcd systei'’of ‘exponential -polynomials

(or Touchard polynomials), where TTeml
‘\

LA L

Y
ta(x) =2 [0, 1,

R -
A S
L K=o . , ,
1 AN Vi 0 e N

” I k LN 6

= Oy~ oory = Ca n."—"'x.’f‘=cv-f2‘ . (6)
ol v o n, ORI vy SA B

|- ted

, xx; f] we have dcnoted the divided differcence

%, from its domain.

o

By the symbol [xg, %5, ..., %; '
of a function f on a systcm of distinct pomts %o, %, .-,
For the operatorc T ong-has. 1 oy ¢ Wil e L

T'-1 = Joop Dy T 22 + 2D + DS
From thecorem A (sce (2)), we may write 1, = K(J 4 D)t,_y that is
' EE TR 1O
t,,(x) = x(l,.-.(x) + f,...](x)). f !
Taking into account that the. St_‘i\rlin{; .n‘ur'nbcrs of the secend kind S(u, k) =
= [0, 1 k; e, k= 0,1, ..., are non-ncgative, we have
'r:a;’é '_:'u (VY anort 0 -7 T2 PR TN R YRR IR S 31 PR TINS L R L

1
Wl Ll x>0
.(‘-'.f.)l,!l',,f('x). um L) Pig
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NO'“, . _;;;-»f i e v ,(, [V '-f\"-i"'ii i
- yogbe. " RIS DR YT R U DD PP
. f,,(i’) - ’n—;(x) e dreotoy
=2y ) x) = 2P C
N :--:a(.-zz'.‘ ",:?)(.) ! O S ST D
[ 84 :
t vt 0 L .
and R oy
‘ L =1 fym) T D R
YT S e
”( ) n ”n Uy(n)
Therefore T T L '
4 1 . ] i .\l ! 2
BN ! ooy — < w"(T) g -
” n

and in conclusion T € W. o
1V) The Laguerre operator L:4—a, L = 73D The basic sequence {g

this delta operator is (t,), where fo(x) = 1, 'and

t,,(x) — in' 7w — 1

l ’ n = I
klk k/—l

If

9 (%) 2‘"“"“ (*") , n=20,1, ...,

n—5k

are the Lagucrre polynomlals (of order @), then €,(x) = »n! I.‘,, I)( x).
In this case

’ j "n =2
L = , (LY 2= Dy
T (LY =] + D)

and from Li, = nt,_, or Dt, = n(J + D)l,_;, we find )

’—s : 1 O]
5 (L. )b = e ey )
From , ' e - o o
x=r$.‘iz( ) =n(n + ) +2) [0+ 1)(x + 2) t,(x) — 2r,+,(x)]
far(2) = @0+ D) (@) =00 — Dtacal), (

Aari(0) = (04 1) [pes(x) — nta(2)]

one obtains

o

Ve w,,(L) 3”+9__|_,._2 l'nﬂ(”) T
vhadt o aw JRTIRTI » n l’n(”) s o “.’.s'

Using the inequalities l',..H(x) >0, %3 ff.‘io(x) > 0, x> 0 from (7) we find
m’ n(n) < Laii(n) < 3nf (n)
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In this manner

3
-=<w,(l) <2
n i »

T
which emnables us to assert that I « W -
4. If (p,) is .the basic sequerce for a delta o
the sequence of linear polynomial
operators LY C(I) - C(I), n =1, 2, ... by

perator @, then we define

(LY(x) = 1 E"( : ) DR(1x) pacy (n — nx)f(;kl) (8)

Paln) k=0

where f < C(I)' x € I= [O: 1], Pn(ﬂ) # 0.
Using theorem A we observe that

Lo, = o, Lo, =", )
(Lie)(x) = &3(x) + 2(1 — 2)w,(Q).

Likewise, in a similar way as in the proof of lemma 4.2.2 from [8], we have
proved that

t

(Lo%,) (%) = — Esk!(:)[o, 1, oo k5 e]ens (57, n — n%) (10)

n* py(n) k=1

where cxs (%, ¥) = (P*EYp,_4)(%), P: @ — A being the linear operator P = KQ' 7,
1e., (Ph)(x) = x(Q"~1h)(x).

LEmMal. If Lg, n=1,2, ...,are positive opcrators then the sequence (w,,(Q)fﬂl
is bounded. More precisely ‘

0<w,(Q) €, n=1,2,....
Proof. Yor t €1, £* —1 +% =>0; theyefore
1%, — L%, + i—Lgeo > 0.
From (9)
%(1 — %) w,(Q) + % —%(1—2) 20, =x¢< L
1 we obtain w,(Q) >0. Likewise, from t(l—19>0,¢tel

If we select x = P

one finds
L%, — L%, 2 0

that is x(1 — %)(1 — wa(Q)) > 0, # € I, which implies w,(0) <.

5 — Mathematica 4/1987 ——e s
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lemma 2. If Q « W then L® n= 1,2, .. arc positive operators.
Proof. From the identity (see [14])

Pn(x) = X _ A Pn-l-k(
¢=0
it follows that pn is non-negative on [0, 00). Indeed
pox) = 1 pfx) = Xp[(0) * 0, x e [0, 00),

and if we suppose />s#) ~ 0 for x ~ [0, 00), j = 0, 1, .. w—1 then (11)
furnishes us the inequality pn{x) ~ 0 on [0, 00).

theorem 1 If Qe W andf < C(7), then
lim||/-L«/|| =0
N—»0
* =
wAw [/ | = max o) |

Proof. According to the Popovici u-Korovkin theorem ([13], [3])
it is sufficient to show that

lim || ek—L°nk| =0 k=0, 1 2
»—%00
In our case, from (9)
O—Lie, 1= 0, , 0.1, lle—Iss*|| < T

where limgp 17(0 = 0.
>

theorem 2. Let (E»)* j, » e If, k the sequence of linear positive operators
defined in (8).

i) 7/ heC(7) t's convex on 7, then h(x) < (LI h)(x), « 7;
i) 7/ f®CI2)(7), \#V//: min /"(*), (12)
«

37/ = max f"{x), then for x ~ |

oi  ex» (0)*(L - *) < (B«<)(*) -/(*) <137 ew.NM)*(l- *e  (13)

Proof. If o0 (v . H are non-negative numbers with c0-fc, -f ...

+ o= 1 then for every system of points *0, xv ....
from |

h ckh (XK). (14)
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Let us consider

g = — "

Pn(n) L 2 ) Prnx) pys(n — nx),

I
>3

x being arbitrary in I. Then

Loom= (L)) = x

and (14) is the same with (12). Let f e C® (I); the functions

h(®) = 2, 2 f(2), (e = ) — Sy a2

arc convex on I. From h < Lglz,, hy < I.ff/z2 on I, we conclude with (13).

THOEREM 3. Let Q € W, f < C(I), and denot :
continuity of the fu;zdion S Ifx e(I? then ok .by U 8), the modulus of

() — (N3] < 207y AT = For0)
1/ = LIl < 2 olf i fw,(Q))-

Proof. If L:C(I)— C(I), Leg = ¢,, is a lincar positive operator, then (see
for instance thcorems 4.2 and 4.5 from [7])
1f(%) — (LA)(x)] < 2a(f ;[ TLD,)())
and

f =LAl <olf; 8) inf {1+ LQall}, >0, (15)

where Q;(¢, x) = |t — x}/. Because
(L2} (x) = #(t — 2) wa(Q),

choosing m = 2 in (15) the theorem is established.
5. Now we observe that L. is the Bernstein operator

(2N = (Bue) = 13 (1) 40 — ar=r(2):

=0

At the same time

v = 2l 3 (”) nx)p(n — nx)g-rf i), n=12 ..
(L”f)(x) - (2n)! Izz;z k ( )k( (” .
nay be obtained from the class of

“hi : roximati :rators 1
This sequence of apploxination o 15] — [17]. By mecans of a beta-

operators introduced by D. D. Stancu |
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the operator LY admits the representation

transform (sce [4]),
1

LN = e [ 0 = g BN O 22 0,1, g

B(nx,n — nx)

It is casily deduced that in this case

v . 2x(l = x)
Lie =0, k=01 (L)) =0l +=—
v, _ Gx(1 — %) 6nx(l — x) ,
(Lnca)(%) = eal#) + 4 Din+2)  (+ Dn+2
12(n2 4+ 1) 231 — x) (361 — 12)x%1 — x)

(LSe) (%) = eal) +

4+ Do+ 2)n+3) @4+ D+ 2)n-+3)
(261 — 2)x(1 — %)

, n =4
u(n + 1)(n + 2) (0 + 3)

Consequently

24(1 — ) (L"me) _ 2x(1 = ) [Bnn = Nx(l =) + 130 —1]

v —
(Lan) (x) =, T1 wn -+ 1)(n + 2){n + 3)

Using the incquality
of; ) < (1 4+ Po(f:8), >0, §>0,

the first estimation of thcorem 3 gives

(%) — (LYA)(x)] < 4o (f;\/"“ = ’) feCl), xel

n 41
As a consequence of the cqualities

}'Ln; nley(x) — (Lyeg(x)] = — 2x(1 — x), lim %#(L§Q)(x) = 0,

B L

the following asymptotlc approximation formula is true (sce [7], thcorem 4.11):
if fe C(I) and if f is twice differentiable at a point x,, x, € I, then

lim #(f(xo) — (Lnf)(x)o] = — xo(l — x¢) /" (%,)-

73— O

We note that (16) enables us to write

LVf E(n-{-(k—)l) [0 %, fes f—l;f] (nx)a.

k=0
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In t}?e case of Touchard-operator, the. corresponding operators are defined
(n) x=0 k. k n'x) n—h(” —_ nx)f'_;) —
P AL
= 5 BB

view of the convexity-preserving properties of the Bernstein operators B,,

n=20,1, ..., we conclude that if f is convex of order s on I, then the poly-

. T .
nomial L.f is also a con

S e W W

~

8.

9.
10.
11,
12,
13.
14,
15.
16.
17.

18.

19.

.Brass H. ELine

vex function of the same order s on the interval I.
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REZUMAT. — 0 propriclale (le mitoinorrism a unei clase (lo operatori convolti-
tivi pozitivi. Tn aceastd notd se generalizeaza un rezultat al autrului, (lin lucrarea
[2,] pentru functii de mai multe variabile.

1 Introduction. Bernstein's operators were and are object of study for
many mathematicians ; as a consequence, many and various results in ths
domain have been published. One gave different generalizations, firstly (@
functions of several variables, then, using probabilistic and non-probabilistic
methods, new classes of linear and positive Bernstein-type operators were oo
structed. We must particularly mention the important results obtained in
this domain by D. D. Stancu [4, 5], and by many other authors as vl
The positive convolutive operators also constitute generalizations of both Bam
stein's operators and other operators of this kind.

Most of the studies concerning the Bernstein-type operators refer to pro-
perties of uniform convergence to a function to which one associates Bernstein's
operators.

, In this note we deal with an algebraic property of the positive convolu-
tive operators for functions of several variables. More exactly, the author's
result obtained in [2] is generalized for functions of several variables.

2. Polynomial convoliUivc operators. We shall consider the positive oo
volutive operator :

L»(f x) —A,, (0
where :

A,xX) = [P,,(D] \ ne Nn] x, XD e X ¢ Rm

« University of Cluj-Napocaf Faculty of Mathematics uni Physics, 3400 Cluj-NaOora. Romania
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and '

(n) __ (n) (n .
2 = (2, oL, 2k .
m

= (%, % ..., %,);
fiX=R X=[0, 1]
Pyz) = P, (z)) - P, (z,) ... P (zm):

= ) ey
n M m

>- SERanL
aR 2P ORI SRR T TR

=]
2
[
o
x>
Ey
Ml
o
*=
0
)

This operator is associated t i i
o] 0 a rel
showed in (31, clation of convolution, as the author
The positive convolutive operator (1) i i . i
: LV _ : is a polynomial-type one if Pz
arc polvnomials ; we shall consider it as being defined on C[X] aI:1d with val‘lse)s
in the same set of the continuous functions on the compactum X = [0, 1]™.

THEOREM. Leb be the restriction of the operator L, defined by (1), for the

}s{'/ of /mlynom;als 8, r= (rI: Ty vuey ty) and 0 < r; € 1, 0 =1, m. This
Lincar polynomial operalor achicves an aulomorphism in the set 8, namely
L8 =8,

Pronf. The similar result for polynomial-type positive convolutive opera-
tors relating to functions of only one variable was established by us in the
paper {23 For the convolutive operators defined by (1), this property may
be naturally genceralized by performing a tensor product of some relations for
the unidimensional case. Hence, the stated theorem holds.

- LXAMPLES, 1° Bernstein’s operators. If we consider in (1)
Y 1
P2) = Pl z:;",

then these operators become Bernstein's opcrators B, of the first kind rela-
ting to functions of several variables; they arc known and we have for them:

B2, = &,.
2° D. D. Stancu's operalors. If we cousider in (1)
Py (z) = 2(z — ... z—k+1),
then we obtzin Stancu’s operators S, defined in {4], for which we have there-
fore :
5.8, =2,

It goes without saying that these operators have many other interesting
and important propertics as well.



72 GR. MOLDOVAN

REFERENCES

12 Lorentz, G. G. Bernstein Polynomials, Toronto, 1953.
.Moldovan, Gr., Proprietdti algebri J ' j |
0 ) . y gebrice ale unei clase de operatori s ‘
. ;va. Babes— Bolyai, ser. Mathematica, XXVI (1981), 9-1{;. convomtivi positi, S‘“dia%
.Moldovan, Gr., Convolufii discrete relative la funcfii de mai i '
1d , . : mulle variabi ; :
. pozitivi, Studia Univ. Babey—Bolyai, ser. Mathematica-Mecanica, Xl}éa?;lge7i; Oﬁemlo’i lim‘q,,'?
. ;t ach w, D. D., Approximation of Functions by a New Class of Linear Pol c o LSy
s Sev. oum. Math. Pures et Appl. 73 (1968), 1173—1184. Yromials OPeratfn. “
.Stancu, D. D. Use of Probabilistic Meth ; ‘ "
’ ) )., ods tn the Theory o ; ‘
Continuous Functions, Rev. Roum. Math. Pures et Appl. 74 (?'965) Uél;{so:”(’sgf”mﬁm“"" o i




STUDIA UNIV. BABES—BOLYALI, MATHEMATICA, XXXII, 4, 1987

MECANICA NEWTONIANA SI LANSAREA PRIMULUI SATELIT
ARTIFICIAL AL PAMINTULUD

ARPAD PAL*

taleiA;i)lzgsiniu;nIiccst a111\T implinirea a 300 de ani de la aparifia monumen-
. Isaac Newton Pilijlosophiae Naturalis Principia Mathe-
malica, ce 1eprezinta o piatrd de hotar in istoria gindirii omenesti, si i
tr-o coincidenya fericiti — 30 de ani de la lansarea 1'imu]u'E§ ;; l"sl rtificial
al Pamintului — Spuinik 7 —, care a deschis o noug erd tilins?fie 3t ?fctllfllnc'la'l
denu;u{j. — pel drept cuvint — era cosmici. stiintifica si tehnicd
Londrg (igi;ca? Slzccriiiu)lm trowton, sub ausp iciile vestitei Societifi Regale din
o y) a reprezentat o cotiturd decisivd in dezvoltarea gindirii
omenesti, in general, §i a mecanicii (stiinfa miscarii) — una dintre cele mai vechi
stiinge fa-l_e lgau}(m — in special. Apantia Principiilor — cum i se spune pe scurt
rei lui - ica ‘
operc Jui Newton — 2 fnsemnat pntru mecanic ces e 3 sepesetat opra
in Prefota la edifia I, N ' ropeams Jangerioate
X n refaf edifia I, Newton expune scopul i programa lucririi. Astfcl
in concepfia sa, rostul cercetdrii naturii este ,,si reduci fenomencle naturale
la legi matematice”. Deci scopul cirtii este ,cultivarea matematicii, intrucit
ca priveste filozofia”. Dc aceea el spune cd nu se ocupi cu cele cinci puteri (masini
simple) : pirghia, scripetele, roata cu sul, planul inclinat si surubul, care formau
preocupirile celor vechi, ci cu forfele naturii, cum sint : gravitatea, forta elastici,
rezistenfa fluidelor si In general forfele de atractie si de respingere. Acestui mod
de tratare a mecanicii 1 dd numele de principiile matematice ale filozofict naturale,
numire care justificd si titlul cartii.

Deci Newton concepe mecanica de doud feluri: cea. practicd, ce include
,,toate artele manuale care se ocupa indeosebi de corpurile in migcare”, de la
care s-a imprumutat chiar numele de mecanic3, i cea rafiomald, care proce-
deaza prin enunjuri §i demonstrafii precise privind , miscirile ce rezultd din
forte oarccare si forfele necesare unor migcari oareeare’”.

Deoarece — spune Newton — ,,orice dificultate a filozofiei consti in a gist
din fenomenele de miscare forfele naturii §i din aceste forfe sd demonstrim cele-
lalte fenomene”’; el si-a propus rezolvarea acestei probleme in Cartea I si a II-a,
iar in Cartea a I1I-a si descrie ,,un exemplu al acestui procedeu prin-explicarea
sistemului lumii”. ,,Cici acolo, din fenomenele ceresti, cu ajutorul propozitiilor
matematice demonstrate in Carfile precedente se deduc forfele gravitdfii dupa
care corpurile tind spre Soare si spre diversele planete. Apoi, din accste forte,
iarasi prin propozijii matematice, se deduc legile miscarii planetelor, cometelor,
Lunii si marii”” — scrie Newton si adaugd: ,,De s-ar puteaca toate celelalte feno-

1 Prezentat la Simpozionul ,,300 de ani de la publicarea operei lui Isaac Newton Ij.lxi{oso[rhz:t.z'&
Naturalis Principia Mathematica 5i 30 de ani de la lansarea prinrului satelit artificial al Pimintului’,
15 octombrie 1987. L .

* Universitatea din Cluj-Napoca, Facultatda de Malematica §1 Fizicd, 3400, Chluj-Napoca,
Romdnia.
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mene ale naturii si se deduci din principiile mecamce prin acelasi fel go rati

nament”’, incheind cu modestia-i cunoscutd : ., Sper nsd cd principiila St&b_%}o_
aici vor aduce oarecare lumini fie acestui mod de a filozofa, fie altuia msj adé\:t‘
rat’. . o L *
Deosebit de importantd este §i conceptia lui Newton Potrivit cireig g

metria se intemeiazi pe practica mecanici sl nu este nimic altceva decit”ac;)~
parte a mecanicii universale care propune si demonstreazi arta dc a mﬁsura
precis”. Reluind aceasti idee profunda, Albert Einstcin gi-a construit mecanic?
relativisti sub formd de geometrie a unui spatiu-timp curbat de materie, Carz
avea si schimbe din temelii reprezentirile noastre despre matcerie, miscare, spatiy
si timp, producind o revolutie in stiinfa ce a fost pregititd, din punct de vedere
matematic, de o revolufie similard ce a avut loc in matematicd o dati cu aparj-
tia gcometriilor neeuclidiene, in prima jumitate a sccoinlui NIN, la Gayg
Lobacevski i Bolyai. ' '
" Studiind cu atentie opera utor gomitli si ateafi observitori ai naturii o
Leonardo da Vinci, Nicolai Kopzrnik, [onunn Kepier, Ivancis Bacon, Galily,
Galilei, care, cliberindu-se de dogmatismul Evului Mediu, au pus la dispozitia
stiintci fapte mecanice de o expresivitate deoscbitd, Newton este primul care
intuieste necesitatea definirii unui spafiu absolut — modelat matematic cu spatiul
cuclidian cu trei dimensiuni (E;) — si a unuli dmp absolu! — modelat matematic
cu axa numerelor reale (R) —, a unor nofiun’ fundamentale ale mecanicii — ca
acclea de spatiu, timp s§i masi — si a formulat axiomele sau legile fundamentale
ale mecanicii care 11 poartd numele. Acestea sint prezentate la inceputul luerd-
il lui Newton la carc ne referim.

Mecanica clasici se bazeazd pec aceste nofiuni si principii, se dezvoltd in
cadrul acestora ca o stiin{d teorctica si aplicatii, confruntindu-se si confruntin-
du-si mereu constructiile cu realitatea (terestri si cosmicd), cu obscrvafia i
-experimentul. E '

:Ca o culme a virtuozitafii sale matematice, Newton isi expune rezultatele
sub formid geometricd, pentru a- le face mai accesibile contemporanilor sl
Preocupat de problemele de migcare puse de miecanici, el isi fiurcste insi, 2
instrument de lucru, o noud doctrind matematicd — teoria fluentilor si ﬂuxiumlqr.
adicd  calculul diferential si integral, cu denumirea de astizi. Se stie ci, In
acceagi perioadd, Leibniz punea, sub o altd formi, bazele aceluiasi calecul diferen
tial si integral, fiind continuat in acecasti realizare de marii matematicieni Jaco
Bernoulli si Ioan Bernoulli. :

.De acum o perspectivd imensi de dezvoltare i se deschide, mecanicit
Vastul edificiu, ale cirei baze solide au fost puse de Newton, va fi suprae’talat
prin -opera unor demni urmagi, dintre care amintim pe :

~ Mac-Laurin, care va studia formele de echilibru relativ ale corpurilof
ceresti in rotatie in jurul axei lor;’ :

— D’Alembert, care va dezvolta teoria miscirilor de precesie si nutatic ale
Pimintului; o

' — Daniel Bernoulli si Leonhard Euler, care vor desdvirsi opera lui Newtonl
prid stabilirea teoremelor generale ale mecanicii ;

— Lagrange $i Laplace, care vor crea mecanica analitici si mecanica cereascd,
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— Gauss, care va clabora motode de
<cometelor etc. din observatii astronomice :
" — Poisson ] 3 i '
, » Hamilion, Jacobi, Le Verrier, Poincaré, Birkhoff, Liapunov,

wn, Delaunay etc., care vor elabora noi metode mate-
» claborind totodati si teorii de

determinare a orbitelor planetelor,

.-, Opera lui Newton va continua

o, UPE : _ 5l in secolele urmitoare, ping in zi
<ind not concepte si doctrine mate ‘ D nele Joastre,

o P matice incep si pitrundi in mecanicd : de la
cle sc agteapta rezolvarea unor probleme specifice mecanicii, rimase inci deschise.

Mecanica lui Newton a Inregistrat succese epocale, printre care se cuvine
a 111‘(:11;:101121 descoperl.rea' numat prin calcul a unor noi planete, ca Neptun si
Pluto, dezvoltarea aviatiei subsonice, transsonice $i supersonice, lansarea sate-
litilor artificiali 5i a navelor interplanctare (Sputnik 1 — in U.R.S.S., la 4 octom-
brie 1957, Explorer 1 — in S.U.A,, la 1 februaric 1958), primul zbor al omului
in cosmos (Vostok 7 —12 aprilic 1961), aselenizarca omuiui (Apollo 17 — iulie
1969) etc. Dar Intrcaga tehnici modernd cste tributara mecanicii, care sti la
baza tuturor disciplinelor ingineresti.

Se poate afirma cu certitudine ci, fara cunoasterea legilor de miscare a plane-
telor siosatelitilor, si fird contributia tehnicii rachetelor, realizarea satelitului
.artificial al Pamintului ar {i fost cu neputinga.

Priviti acum in perspectiva celor trei sute de ani de la crearea sa, opera
fundamentald a lui Newton trezeste — asa cum aratd acad. Caius Iacob — aceleast
sentimente de admiratie pe care le-a produs si la contempranii sii, matemati-
zarca mecanicii servind si continuind si serveascd drept model pentru dezvol-
tarea si a celorlalte gtiinge fundamentale ale naturii, care urmeaza vn proces de
matomatizare analog.

Universitatea noastrd se poate mindri — pe bund dreptate — cu faptpl ci
tracducerca in limba romdni a valoroasei opere a lui Newton a fost realizata
in acest licas al stiingei, invagamintului §i culturii, de un distins profesor, Victor
Murian, fost sef de catedrd in cadrul Facultdfii de M:atc:natlcé_ s Fzzt:;a, ﬁextlll
definitiv al traducerii fiind stabilit impreund cu profesorul Viclor Vilcovici de
fa Universitatea din Bucuresti; lucrarca a fost publicatd Ia-Edltura Academiel
R.P:Romane, in anul 1936. “Textul original dupd care 5-a facut tr:.a.duccrelz?tres‘cei
accla al cditici a Il-a a Principislor, din 1726 — cditia cca mai Cﬁnll)‘;irditl?l
apiruta in timpul cit triia incd Newton, avind si ap.:o.bzzrea lmﬁta:é ba \?i(:;ii
traducerit, profesorul Victor Marian a'pl’asat [Y mstructx\{a~ preze i
i ivitatii lui i iti de bibliografia cronologica a operelor sava
si activitdfii lui Newton, insofita de 0g . 3—483), care
tulyi 'y i Adnotdrile personale (pag. 443—459),
tului (pag. 421—441), precum § L ute pe cititor la intelegerea
— in intentia profesorului — ,au drgpt scop sd a]t‘lie P reste aspectal lor filo-
chestiunilor fundamentale tratate, mai ales fu ceea cc privey p
zofic”, .

Accastd carte, cu pzmup}llg $
cipa autorul ei — multd lumina st
tuit intr-un impozant edificiu numit S
toniand, deschizind totodata PGTSI)Cd“'f‘ tigica de te
varat’”. Intr-adevdr, revolujia produsd in fzlca

i ilite 1 us -- cum anti-
riile stabilite in ca, a gd i
cadi i, care s-a consti-

NP . i
tudiului fenomenclor ne..'cg L C -
t astdzi mecanicd clasicd sau mecamctf HEW
anui alt mod de 2 filozofa, mai ade-
oria relativitdtis s-a reflec-
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tat imediat §i in celelalte stiinfe ale natu.rii,'fle direct — in misura in care;
in discufie categoriile fundamentale amintite mal inainte —, fie indirect :n_tran
tind cercetiatorii la @ privi critic §1 €u ixldr.a211§a}a orice concept si teoric lovi.
de justificatd ar fi ea din punct de vedere 1}1'gu1t1v. ) ) » Onigig
Dar, de fapt, nici teoria relativitagil, nict mecanica cuantici sau cea ong

torie n-au inlaturat mecanica {ui Newton, n-au contrazis-o, ¢ doar au complet ula-
Pentru fenomenele macroscopice, fenomenele obisnuite din naturd, cu care ne ats,
pim la fiecare pas, fizica lui Newton isi péstreazé intreaga valabilitate. Iagtg.

¢

ce opera lui Newton Philosophiae N aturalis Principia Mathematica cste o
’ X

.

si nu-si va pierde piciodata marea €t valoare.
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Y.Choquet-Bruhat, B.Coll R, Ke-
rner, A. Lichnerowicz, Geome‘trie et
physique, Journees relativistes de Marseille-Lu-
miny, avril 1985, éd. Hermann, Collection Tra-
vaux en cours, Paris, 1987, 211 pages

Le volume édité par I'équipe de mécanique
relativiste de I'Université Paris VI rassemble
les travaux présentés au ,, Journées relativistes
1985" organisées sous le patronage de la Société
Mathématique de France. Les contributions des
participants & cette reunion s'exprime par 22
textes des conférences et communications faites
autant sur les problémes classiques de la Rela-
tivité générale que sur des nouveaux problémes
concernant les théories relativistes modérnes,
1a théoric des jauges et les théories de super-
gravité., Quelques exposés relevent aussi  des
«questions théoriques avancées de Géométrie
différenticlle et de Topologie algébrique posées
par les nouvelles théories de la Rélativité,

M. TARINA

Javier Barja Peregz, Sueeesiones
exactes de Ocho (erminos en Ilomologin de
Grupos. 1§ (G, Z), Universidad de Santiago
de Cémpostela, Departamento de Algebra, Nr.

45, 1986

Prezenta monografie este al 43-lea volum
din colectia ,, Algebra”, colectie rea}izaﬁ:‘l dg dePar-
tamentul de Algebrd al Univers.lt:'mx _dm San-
tiago (Spania). In lucrare se §tudxaza sn:ul exact
de ‘omologie, cu coeficientii in Z‘, asociat unui
cpimorfism din categoria grupunlor‘. Reco'maq-
dam aceasti monografie studentilor i cercetiitori-
lor co preocupiri in Teoria categoriilor de Algebrd

omologici.
I0AN A. RUS

kij, Soholev Spaces
{ferential Eyuutious,
atik, Band 87, Lei-

Julij A. Dubins
of Iufinite Order and DI
Teubner Texte zur Mathem
pzig 1986, 161 pp-
o - valued infinitely differentia-

For a complex !
) 5 d on a region G € ft#, put

ble function 1 define

RECENZII

@

plt) = 2
ja|=0

¥y = 1 are given sequences and Il 1l, denotes the
Lebesgue norm in L,(G). The Sobolev space of in-
finite or@er W®(a,, pq) is formed of all functions
u for which p(w) is finite. In contrast to the finite
orf]er Sobolev spaces the first question which
arises in the infinite order case is the nonf.ri\'iality
of the space. The wuontriviality of the space
W%(aq, po) depends on the parameters a4y Pa
and on the region G (the values of 7y are imma-
terial in the question of nontriviality and so a
not used in the notation of the corresponding
spaces). In the first chapter the author solves
this problemn (giving necessary and sufficient
conditions) in the cases of a bounded region,
of all space R, of the tours and of a strip. The
theory of Sobolev spaces of infinite order is
closely related to the boundary problems for
differential equations of infinite order — - the
nontriviality of the energy space W®(a,, p,) is,
essentially, equivalent to the correctness of the
corresponding boundary problem. Other topics
treated in the book are: elliptic boundary value
problems, trace theory and inhomogeneous Diri-
chiet problems, imbedding theory, nonstationary
boundary value problems (all the cousidered
boundary problems are of infinite order). :
The book will be of interest for those doing
research in Sobolev spaces and differential equa-

tious.

? _
O |ID% u||,* where ag > 0, pg > 1,

S. COBZAS

H. Triebel, Analysis and Mathematical
Physles, BSB B. G. Teubner Verlagsgesellschait,
Leipzig 1986, 456 pp.

“The hook is based on a ten term course of
lectures read by the author at the F. Schiller
University, Jena on various topics in analysis
and mathematical physics. The book is only a
skeleton of tliese lectures since the proofs are
largely omitted. The book is adressed to m_nghe-
muaticians and physicists. The mathematicians
will find the priuciples of classical and modern’
plysics presented in a language famxlla.r to them
and physicists will find concise descriptions qf
the mathematical theories on whicii these priuci-
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ples are based on. As the auther points out in
the preface “True to Hilbert’s ideal, mathemati-
cal theories are carcfully separated fro}n their
physical interpretations”. The nmthcmatlfal part
of the book contaius: differential and pltegral
calculus, measure theory and Lebesguc integra-
tion in R», complex function theory, clements of
functional analysis in Banach and Hilbert spa-
ces, ordinary and partial differential equations,
calculus of variations, distribution theory, geo-
metry in R® and geometry on manifolds, singl}la-
rity theory ond catastrophe theory. The ph)'S{cal
theorics presented in the book are: classical
machanics, hydrodinamics, classical ficld thcory,
special relativity and electrodynamics, quantum
mechanics, general theory of relativity. Some
applications of catastrophe theory to biclogy
and to other domains (e.g. there is a section
suggestively entitled “Dogs and mathemati-
cians’”’) are also included.

The book will be very useful for all interes-
ted in mathematics and mathematical physics.

S. COBZAS

Ivo Mareck, Karel Zitny, Matrix
Analysis for Applied Sciences, Teubner Texte
zur Mathematik, vol. I, Band 60, Leipzig 1983,
vol. 11, Band 84, Leipzig 1986, 196149 pp.

The authors present the theory of matrices
as represeuting linear operators acting on finite
dimensional vector spaces. The connection of
the matrix with the linear operators facilitates

the application of the functional — analytical
methods to the matrix calculus. The book is
fairly self-contained — the reader is assumed

only familiar with elementary matrix calculus
(including determinants) and with fundaments
of mathematical analysis. The first volume con-
tains: algcbraic preliminaries, metric spaces,
clements of mathematical and functional analy-
sis, ‘spectral properties and Ricsz operator cal-
culus. The topics treated in the second volume
are: operator with rational solvent functions,
complexification, Jordan reprczentations, varia-
tional principles, Drazin’s and Moore-Penrcse’s
pseudoinverse operators, ,

DBy the use of rather deep conecpts and resul-
ts of functional analysis the proofs arc presented
il a most natural and transparent manner and
the book links these to fields of research : fune-
tional analysis and lincar algcbre. '

* The book will be useful to all interested
in matrix theory and its applications (c.g. in
numerical methods, differentiall cquaticns).

S. COBZAS

F. Klein, Ricmannsche yy
ster Archiv zur Mathamatik,
284 pp-

i('hfn ¥
Lcipzié l;lég‘

The book ccntains a reprint of the

lectures ¢n Riemann surfaces taught y I:’ﬁginah

in Gottingen in the winter semest
and the sumner semicsier 1892, 7
¥. Klein of Ricmann surface had g
a great influence on various fields of itveq:
tion as thcory of functicns of one and CSliga.
complex variables, algebraic gec mctry nslf\'crnl
theory. The lectures are edited and co'mm’:“‘x.-
by G, Eisenrcich and W. Purkert. T}, :M
contains also a list of Looks and papers w}:‘:ok
are referred toto in the original text and a‘g
a list of contemporary books ¢n Ricmgpy r
faces and related topics. A sketch on the livc.au&
mathcinatical work of Ielix Kldin s
ded.

he i
Ideag W

1d stj)) f,a‘.é

also inely.
K. CoBzAs,

Ch. Posthoff, D. Bochmanyg,
K. Haubold, Dishrete mathematik. Teubner
Verlag, Lcipzig, 198G (Mathomatiseh— Natur-
wissenschaftliche  Liblictck,  Band  70), 28
pp. 74 fig.

A Dook for studants interested in discret
mathematics, with the follewing chapters: Logie
and sets, Numbers and number systoms, Alge
Draic structvres, Binoary functicns, Thory of
graphs, Applicaticns of graphs, Theory of aule-
mata, a reference list of 55 titles. Well writice,
with a lot of examples and figures and W\ql
references to computer scicncee, this Lock I8
greatly recommended to all Leginnas who a
interestcd in these  subjects.

7. K4St

Reprezentation  of Lie  Groups ,","d,. z‘:
Algebras, (A. A, Kirillov, cditor) Akadémiai Kis®
Budagpest, 1985, 225 p.

The book presents the completed \"f‘fsw?
of the lectures for beginncrs of the 1971 5""“';]“,.
School organized by the Jaunes Bolyal M:“’“&
matical Society in Budapest. The volume o its
the basis of representation theery as well 88 i
most up-to-date results, The lcctures 8€ -
follows: Intrcducticn to the rclyrQSuntall‘jf‘-mo\:)r
Ty of finite and compact groups (A. A. K

Ky
er 139”:: .
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Representations of contragradient ILie algebras,
and the Kac-MacDonald identities (B. L. I'eigin
A. V. Zelevinsky), On Gelfand —Zetlin bases for
classical Lie algebras (D. P. Zhelobenko), Repre-
sentation of SL(2, Fg) (S. Tanaka), Models of
representations of current groups (I. M. Gelfand,
M. I. Graev, A. M. Vershik), Unitary represen-
tations of the infinite symmetric group: a semi-
group approach (G. I. Olshansky), On the appli-
cations of induced representations to quantum
mechanies {G. W. Mackey)

A. B, NEMETH

E. Griepentrop, R. Marz, Ditleren-
tial — Algebraie Equations and Thelr Numerical
Treatment, Teubner-texte zur Mathematik, Dand
88, Lceipzig, 1986, 220 pp.

This monograph deals with the theorctical
statements on differential-algebraic equations
and their numerical treatment. The chapters

of the book are the following: 1. Analysis of
differential-algcbraic equations; 2. Intcgration
methods; 3. Difference methods for boundary
value problems. We rccommend this hook to
all interested in differential equations.

I0AN A, RUS

T. M. Rassias, Foundations of Glohak
Nonlinear Analysis, Treubner-texte zur atle-
matic, Leipzig, 1986, 218 pp.

‘I'he aim of the book is to present the theory
of minimal surfaces and the problem of Plateau
from the point of view of Morse— Palais— Smale,
critical point theory and Morse index theorem.
We recommtend this book to all interested in
global nonlinear analysis and its applications in
analysis, geometry aund physies. -

IOAN A. RUS
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CRONICA

I. Publicagii ale seminariilor de cercelnre
ale eatedrelor de Matematici (serln de preprin-
turf) :

' Preprint 1—1986, Seminar on Functional
Analysis and Numerical Meihod ;

Preprint 2—1985, Seminar on Computer
Sciences ;

Preprint 3—1986, Proceedings of the con-
ference on  Differential  Equations;

Preprint 4 —1986, Seminar on Mathemati-
cal: Analysis ;

Preprint 5—1986, Seminar on Geomelric
Function theory,;

Preprint 6—1986, Seminar on Slellar Struc-
duvcs and Stellar Evolution;

Preprint 7—.-1986, Itinerant S”m.inar
Functional Equations, Approximation ang Co.:;
vexity; .

Preprint 8—1986, Seminar on  Optiy,
tion Theory; a-

Preprint 9—1986, Proceedings of the Con.
ferance on Algebra;

Preprint 10—1986, Seminar on Geomelyy,

II. Manifestirl stiintifice organizate ge
catedrele de matematled.

1. Sedinfele de comunicdri lunare ale cqfp.
drelor de matemalicd;

9. Seminarul itinerant de ccuafii funcfionale,
aproximare §i convexitale.
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In cel de al XXXII-lea an (1987) Studia Universitatis Babes— Bolyai apare in specialititile

matematicd
fizicd

chimie
geologie-geografie
biologie

filosofie

stiinfe economice
gtiinte juridice
istorie

filologie

In the XXXII-nd year (1987) of its publication, Studia Universitatis Babes— Bolyai is issue«
as follows:

mathematics
physics

chemistry
geology-geography
biology
philosophy
economic sciences
juridical sciences
history

philology

Dans sa XXXII-e année (1987), Studia Universitatis Babes— Bolyas parait dans les spécialités

mathématiques
physique

chimie
géologle-géographie
biologie

philosophie

sciences économiques,
sciences juridiques

histoire
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