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&TUDIA UNIV. BABES—BOLYAL, MATHEMATICA, XXXII, 2, 1987

ASUPRA TOPOLOGIEI ATASATE UNEI n-METRICI

D. BORSAN®

Intral in redactic la 8 ostombdrie 7983

'AIRSTHACT. — On the Topology Attached to an n-Metries. Some properti'es
of the analysis situs attached to an n-metrics, defined in [2], are presented in
this paper.

1. in 1928, K. Mcnger [5] defineste spatiile n-metrice, care pot fi pri-
vite ca analogul n-dimensional al spatfiilor metrice, fard a fi preocupat de topo-
logizarea acestor spafii. In 1963, S. Géd hler [3] inzestreazd un spafiu 2-metric
oarecare cu o structurd topologicd, intim legatd de 2-metricd si face un amplu
studiu al proprictitilor topologici atasate unei 2-metrici. Sugereazi in acelasi
timp, posibilitatea cventuald a extinderii unora dintre rezultatele obtinute, la
cazul gencral al spatillor s-metrice. Demn de semnalat este faptul cd, incad
in 1938, deci cu cinci ani mai devreme, matematicianul romdn Al. Froda,
publici o notid intitulatd , Espaces p-métrique et leur topologie” [2], in care
asociazii unel p-metrici oarecare o topologie, care coincide cu cea introdusid de
S. Gihler in cazul p == 2, si stabileste anumite rezultate privind aceastd topo-
logic. Uncle dintre acestea (de exemplu normalitatea unui spatiu p-metric) nu
le regdsim in studiul intreprins de S. Gihler, in cazul p = 2.

Lucrarea de fatd, prezintd uncle proprictdti ale topologiei atasate unei
n-metricl (7 numir natural, # > 2),

2. Facem urmitoarele conventii de notatie: X fiind o mulfime arbitrari
vom folosi simbolurile: £(X), pentru mulfimea pirtilor lui X, €,(X) pentru
multimea pirtilor {inite, nevide ale mulfimii X, iar pentru i numir natural,
80)(X) pentru multimea sistemelor (ncordonate) cu 7 elemente (nu ncapirat
distincte) din X. Convenim de asemenca ci daci M € 80(X) si N e 20N X)
atunci W U N = 6+)(X), jar ¢ind in plus N < M, si avem M \_N < Ki-N(X).

DEFINITIE (2.1) [2]. Fie »# un numir natural dat- (» > 1) si X o multi-
me arbitrard cu cel pufin # + 1 elemente. Prin m-metrici pe X infelegem o

aplicatie p: X»+! — R, satisfacind urmaitoarele axiome (care extind axiomele
clasice ale l-metricii) :

(p1) p(xci, Xy oun, x,.+,)’ este invariax?té fatd de orice transpozitie (x;, %),
unde (x, %, ..., Xp4q) € X*¥1;

(p2) oricare ar fi (¥, o, )€ X sixe X
P21, Xy ..., Xyrr) < o(xy,
T Felx X, ., x44);

_—
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(ps) o(%1, «--» %¥n41) =0 dacd si si njumai dacd existi
i,j{l, ..., A+ 1}, astfel ca ¢ #j 5i x; = x,.

(%1, ..., %n41) Se numeste n-distanta dintre cele #» 4 1 puncte din X. fn baza
axiomei (p,), ea este independentdi de ordinea celor # + 1 puncte.
M e 8#+1)(X) deci dacdi M este un sistem (neordonat de # + 1 puncte
tincte sau nu) din X, convenim si notim cu p(M) #-distanfa punctelor
temului M. Dacd

M=(x]i=1 n+ 1) g+(X) (ordinea punctelor in sistemul M este ingi-
ferenti) si x € X, axioma (p,) se poate scrie:

Dacj
(dis-
sis-

n+1

p(M) < 25 oM\ {x:}) U {=})

Se observd cu ugurinfd cd p(M) > 0, pentru orice M € g+0(X). Cuplul
(X, p). in care X este o mulfime i p 0 #-metricd pe X, se numeste spatiu
n-metric.

intr-un spatiu #-metric se defineste nofiunea de #-bild in modul urmitor:

DEFINITIE (2.2) [2]. Fie p: X*+*' - R, o #-metricd pe X, M e &"(X) si
r > 0. Numim #-bila de #u-centru M si de razd », mulfimea B,(M; 7) =
={xe X|p(MUI{x}) <r}; cind nu este pericol de confuzie, vom folosi
notatia B(M ; »), (fard a mai pune in evidenfd m-metrica p).

DEFINITIE (2.3) [2]. Topologia care admite ca subbazi familia
3 = {Bo(M; r)| M « g"(X), » > 0} < &(X)

se noteazd cu &, si se numeste topologia atagatd z-metricii p.

Observatie (2.1). In cazul » = 2, topologia §, coincide cu aga numite topo-
logie naturald atasatd de S. Gdhler [3], unei 2-metrici.

In cele ce urmeazd vom stabili unele proprietdti ale acestei topologii.

3. Din definijia (2.3) urmeazi ci familia & a multimilor de forma
»

() B,{M;; ;) (intersectie a unui numdar {init de elementc din &) este o bazd
=1

a topologiei §,. Prin urmare familia tuturor mulfimilor de aceastd formd (deci
elemente ale bazei &) care confin un punct dat x € X, formeazd o baza de
vecindtafi pentru punctul x. Teorema care urmeazi. indici o bazd de vecina-
tafi mult mai avantajoasa.

TEOREMA (3.1). Fie (X, o) wn spatiu n-maotric si x € X. Familia dc pirls
ale lui X.

Ve ={Ws(M;7) = N\B(M U {2}:7) | 5 = g(@=-(X)), » > 0}
el
este o bazd de vecindtdti pentru x.
Demonstratie. Orice element al mulfimii “Ps este o intersectie finita de

n-globuri, ale céror n-centre contin pe x, si avind toate o aceeasi razd . S3
observdm cd x apartine oricirui n-glob, al cirui n-centru il contine si cum orice
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n-glob este o mulfime deschisd in topologia &, (ca element al subbazei), urmea-

24 ca orice element din 9% este o mulfime deschisi care conpnve 'p}mct;ll. x,
deci o vecinitate a lui x. Notind cu Y., sistemul tuturor vecinitatilor lui »

A L4 . .

avem, prin urmare, 92 < °9,. Notind acum cu °Y, sistemul elementelor bazei &,
’ .
care contin punctul x, deci

9, = (V*e &| x = V* rimine si aritim ci VV*e 9,3V, e F3: VO < V*,

»
Fie xe V*=(\B(M;;r) s &, unde M;e&"(X) si r,> 0, pentru
1=1 . .
ie{l,2, ..., p}. Urmeazi ci o(M; U {#}) <7, pentru i < {1, 2, ..., p}. Fie
M; = (x4, %2, ... %) € 8(X) si notim p(M; U {x}) = e;; presupunem i xEM;,
deci z,> 0, pentru fiecare i< {1, ..., p}. Notim acum X, ={M\{x}}|j =1, n}
si fic

741

Demonstrim ci W;;l.(x; :1) s B(M;; ), pentru i =1, p.
n

Fie x* Wz,-(x; " \; avemn atunci p((M;\{xJ‘Z}) U{x, 2*}) <
n

orice € {I, ..., n}. Conform axiomei (p,), avem :

&

entru
n+1 P

p(M, U {x*}) = p(xi, xi;, cee, xf,, x*) < p(x';, v, xf,, x) +
€5

I (n + 1) = ¢; < #,; prin urmare

T - O S x¥) <
n

»
x* e B(M;; r;). Considerdsm acum T = J 3, 2,(8*-1(X)). Cu notatiile adop-
=]

tate putem scrie, in definitiv,

i
¢
We(x; r) = () Wg(x; #), unde » = mi e‘l':
=( ) 1Q £,(%; 7), unde » mln{”_i-l i=1, pi.

Dacd pentru un anumit ¢ {1, ..., p}, x € M,, atunci in consideratiile
de . A . .a . €y = . v
mail sus, in locul multimii W;;,.‘x Py se i multimea B(M;; 7;) (adlca

Z; = M\ {}, si in loc de -~

" (care cste O) se ia r,-). In final, putem scrie :

n 4+
» ? ) »
& We(x; 7) = ﬂl W,;',(x; 7)< ) W;;‘.(x; :1) s ﬂ B(M;, 7)) = V*
i= 1e=] n i1 ) )

Cu aceasta teorema c¢ste demonstrati.
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Observafie (3.1). Sistemul de parti ale lui X

fws(x: 3) = 0, B UG Li1s e age-0(x)), ke )

MeX

este de asemenca o bazd de vecinitdti pentru x. Evident, in general nu va f

vorba despre o bazd de vecinidtdf{i numarabild. PHVll.ld existenta unei bage

pumerabile de vecinititi pentru un punct se poate extinde la cazul z-metrigjj

un rezultat stabllit de S. Gahler (3], in cazul pal:ticular " =12 !
in prealabil introducem pentru un spatiu n-mctric Proprictatea (A).

DEFINITIE (3.1) Spunem c& spafiul #-metric (X, p) poscdd Proprictatea (4)
intr-un punct x € X, relativ la o mulfime M € é"z‘j"(X.\{x}), dacd oricare ar fi
o secventd (%;)iep de puncte din X, arc loc implicatia

vy e M:p((MN\{»}) U {x, x}) =0 pentru i > oc =
= VM* e g-)(X): p(M* U {x, x;}) = 0 pentru ¢ — o0.

teorREMA (3.2). Fie (X, p) un spafiu n-metric, x € X §i M = (3;|] = 1.—"1) €
e X\ {x{). Atunci familia

‘I/Vk(x) =N B((M\ ) U () ; %) ke Nl
’ I=1

estc o bazd (evident numdrabild) de vecindldli pentru punctul x, dacd §i numai

dacd, spatiul (X, p) posedd proprictatea (A) in x, relattv la mulfimea M.

Demonstrafie. (a). Necesitatca. Presupunem, prin absurd ca {IW,(x)| k€[N}
este o bazd de vecinatafi in punctul x si ci (X, p) nu poseda proprictatéa (A)
in x, relativia M. Existi atunci o secvend (x;)ien. cu proprictatea cd, oricare
ar fi y e M, o((M\_{3}) U {r, x}) =0, pentru « — o0 si cxistdi M * e g»—1(X)
cu p(M* U {x, x})-» 0 pentru i —co; prin urmare, existd ¢ > 0, astfel ca,
oricare ar fi 7 € |N sd existe 7' € [N cu ¢ > i si p(M* U {#, x;}) = e. Muljimea
B(M* | {x} ; ¢) este o vecinitate a punctului x. In baza ipotezei ficute, existd
ko = IN, astfel ca Wy (x) € B(M* \ {x}; €), deci

,Q B((M\{y‘}) U{x}; k—l) < B(M*U{x} ; ¢). Cum am presupus ci o((M\{y})U

U {z, ,’fi}) — 0, pentru i — o0 si y arbitrar din M, iar muljimea M este {initd,
urmeazd cd, pentru K, e [N pus in eviden}d mai sus, existi 7, e [N astfel

ca 1> ‘io sa implice p((ﬂ{\{y}) U {x, x'}) < k—l . oricare ar fi y € M. Prin

urmare x; € u’k.(x) c B(ILI* U 1) - .0 . a .. le
. ! = € entru 7 > 1, in contradictie cu ce
stabilite anterior, {a};e), p .0 ’ :

; cd pentru orice 1, |N existd i, e |N cu 15> % $
p(M* U {x, x}) > e o<1 o €| o> to

. ;{b) ?uﬁciez;ta. Rationdm din nou prin reduccre la absurd. Admitem dec
ca {a, p) poseda proprictatea (A) pentru X, relativ la M = (9,1 =1, #) §
ca sistemul {Wi(x)| & = IN} nu formeazi o bazd de vecinititi penltru x. Existd
atuircl, finind seama de teor_ema (3.1), un % = {M,, M,, .. "' M} = :fo(i(n—x)(X))
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(deci M; = #*-"(X) pentru j = 1,7 si un e> 0, astfel ca Wx(x; ¢) =
. ¢

= () B(M; U {x} ; €) W, (x), oricare ar fi k €|N. Urmeaza ci pentru orice k€[N,
j=1 1
existd ay € X, cuay € Wy(x)sia, & Wy(x; ¢), adicd o(M \{}) U {x a}) <73
pentru fiecare y € M si existd j & (1, 2, ..., §} astfel ca o(M; U {=, a,;A} = €.
Prin urmare, fiecirui & € |N i corespunde un j = {1, i?:, ey t},_ astfel mglt con-
ditia de mai sus sa fie satisfacuti. Cum 7 poate si i1a numai un numar vflnlt
de valori, iar % parcurge mulfimea numecrelor naturale, Fleducem cé ex:lst.a ce!
putin un j & {1, 2, ..., #} care corespunde unci infinitdfi de termieni ai §}rulu}
(ax)seiv ; Prin urmare, existd j < {1, ..., #} si existd subsirul (ax)rex al sirulul
(a)repn, astfel incit o(M; U {x, ar}) .> ¢, pentru orice ¢ |N. Punind acum
ay, = % pentru 7 € [N, avem in definitiv lim p(M \ {y}) U {x;, #}) = 0, pentru
f—+ 00 -

ficcare y € M si o(M, U {x, x}) > ¢, pentru orice 7 € [N, in contradictie cu
ipoteza cd spatfiul poscda proprietatea (A) pentru x, relativ la M.

Obscrvafic. (3.2). Daci p cste o m-metrici pe X §i pentru fiecare punct
x€ X exista M = 2W(X \ {x}), astfel incit conditia (A) pentru x, relativ
la M, sd fie satisfdcutd atunci spatiul (X, p) satisface prima axiomi de numi-
rabilitate.

TEOREMA (3.3). Fic (X, o) un spatiu n-metric st M € 8(X) fixat. Atunci
Sunctia f: X —|R, definitd prin f(x) = o(M x}), pentru orice x € X, este

: 3
continud pe X (relativ la lopologia &, pe X si la cea naturald pe [R).

_ Demonstratie. Fie M = (y;]i=1, n) = 8"(X), e>0si x= X. In baza

axiomei (g,) putemn scric:

S0 = o U () < oM U () + 3\ ) U (5, )

{)c]nt.ru orice ' € X. Pentru e > 0 ales, si considerim acum vecinitatea punc-
ului x.

W) = () B(0EN ) U (a5 2] 5i fie = Wiy

Avem atunci o(M \ {y}) U {x, x'}) < i pentru 7€ {1, 2, ..., 1} si conform
celor precedente f(x) < f'(x*) + # - i, deci f(x) — f(x') < e. Pentru 2’ € W(x),

avem de asemenca f(x') = (M U{x'}) < o(M U{x}) + 2> o((M\ {v3) U {#, #}) <
<f(x). + e, adicd f(x') — f(x) < e. =
n definitiv, am aritat ci fiecirui e > 0, ii corespunde o vecinitate a punctului

%, incit pentru orice 2’ din - a ind a —
. n - aceastd vecinitate si avem x !
adicd f este continui i punctul x. =) =1t <e
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Oiscnatie (3.3). Teorema (3.3) stabileste Tn esentd continuitatea partial4
v v.V, “Jtt) Tn raport cu fiecare dintre cele» + 1 variabile. Tn gene_

ral'ri-nietricd'nu este'continua Tn raport cu ansamblul variabilelor, niei mi";
ncazul » = 2. (S. Gahler a dat exemple de 2-metrici care nu sint continue Tn

raport cu ansamblul variabilelor). W omv m f ro
4Daca o' Xbkm R+ este 0 «-metrica pe X (JR+ =
f.m ir  poate pune problema in ce conditii functia /.p: *»+> -~|R+

estede asemenea o «-metrica. in aceasta ordine de idei teoremele care urmeaza
ofera conditii suficiente. Ele extind rezultate cunoscute in cazul I-metricii.
Fie (X, p unspatiu n-metric si f : [R+ — |R+ cu proprie-
tatile:
0) ffunctie nedescrescatoare;
(if(@) = 0o0s =0

Atunci functia 9=/0p- XaH —%|Rt+ este 0

Demonstratie. Se verificd cu usurintd axiomele «metricii pentru functia 9.
« X"+l. Avem <z =/[p(*i, e*=»*»+m)] I cum

v XY este invarianta fata de orice transpozitie (*-, *,). urmeaza ca

9 satisfaci axiome (pj. Fie acum M = (x,\N =1, » + 1) e S(nH,(A). Avem
«t

p(M) < P(?P(M \ ixi} U {*}) pentru orice e X. Folosind (i) si (iii) obtinem:
- li+1
9M) =/[pM)] </ r pem \ {*}) uw)

n1 n+1

E/tp (m W)uw)]=E p \w ) uw)
Prin urmare 9 satisface si axioma (p2.
n sfirsit, f(%v LoXxm)=0 o f [ p (. #,+)] =
o 3%"e{l,..(» pi)} cuttt; s x§

Functia 9 satisfacind deci si (p3 este o «-metrica.

teorema (4.2). Daca (X, p) este un spatiu n-metric si/:J]H+ ~|R+ CU
proprietatile:

© /0 = 0;
(i) 3ce [Rr\ {0} Ve |[Rt\ {0} :f(t) e [«, (, + T)«]
atunci 9 =/0 p:X»+i-] R+ este 0 n-metrica.
Demonstratie. Axioma (p¥ se verificA Tntocmai ca mai sus. Fie acum

av™m' c U +I) r £a “ **e Jejh 2,...,«+ 1} cu *#j s *.=*]
pX1l m *»+*) = O SL m baza conditiei (i) 9(*If ..., =/(0)

e [RIx ™ (

pe

/

0o p{xltx
X.
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pe de altd parte, cum in baza condifiei (ii) existd un a > 0 astfel ca f(¢) > «,

tru orice ¢ > 0, deducem cd B
per cP(xln ey xn+l) =0« f(p(xl: ey xn+l)) =0 = -p(xl, o o if,..H) —dO =>‘
=3 j€{l,...,n+1} cu ¢+ #j si x =z Funcfia ¢ verificd aga dar §i
axwrlr;f:’ (gf:)ﬁm M= (%, ..., %y4;) € 87+1(X). Daci nu toate punctele x; sint

distincte, atunci @(M) = 0 si inegalitatea care intervine in (‘92) este evident
satisficutd. Dacd x € X coincide cu unul dintre punctele x;, in (p,) este evi-
dent verificatd ecgalitatea. Sa presupunem acum ci p(xy, ..., Xps1) > 0 (deci
punctele x; sint distincte doud cite doud) si cd x # x; pentrus {1, ..., " + 1}.
In baza condifici (ii) existd «> O astfel ca oricarc arfi ¢> 0 sid avem
ft) € [o, (7 + 1)a]; putem deci scrie:

n+1 {ermeni

o(M) =flpM)] < (n+No=a-+a+ ... +«<

n41 n+1

<2 el (=) U ()] = Lo oM\ (%)) U (%))

Prin urmare ¢ satisface §i axioma (p,).
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CONSIDERATII PROBABILISTICE PRIVIND FUNCTIILE
* B-SPLINE

PETRU BLAGA*

Intrat im redattie ia 6 iunie 1985

ABSTRACT- — Probabilistic Considerations on B-Spline Functions. In this
note some probabilistic aspects on -spline functions arc presented, taking
into account that these can be considered as probability densities for some ran-
dom variables. Computing formulas of the initial moments for these random
variables are given. If the used knots from the definition of the 2i-spline func-
tion are equidistant the generating function of the moments is obtained, and
using this function the moments arc computed in the case when the Jcuots are
symmetrical in respect to origin.

1 Functii B-spline. Se considera nodurile x| < ... < xni i, cu proprietatea
ca XX< S»+l-
Se numeste functie B-spline de ordin nt relativa la nodurile xIf ..., xj™u

functia definita cu diferenta divizata de ordinul n

unde sa folosit notatia N+ = max (#, O).
Dintre proprietatile remarcabile ale functiilor B-spline amintim :

(i) Bn(x) > o, cu egalitatea daca x <€ (xIt **+1),

(i) ¢ Brg 1

(iii) [*,. ... xi/]= -L t

daca/Ze Cn[xlt *,+,].

>\ AN corespi
} ,,Fx) se pot calcula cu ajutorul formu?gl

vy = ln: k‘j-

3”‘1 xh”'f'l .

1
R T et

malvai< MuttmaUici-Fuita. Rovdma
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Formula (1) rezultd din proprietatea (iii) daci se considerd funcfia
fla) = 2" . . .
Din formuta (1) se obfine ci momentul de ordinul unu sau valoarea medie
are expresia
X+ ...+ %
v = 1 n-1 , (2)
n+1

jar momentul de ordinul doi se poate scrie sub forma

2 nd-1
w=—2 S am, (3)

2T n+ Dn + 2 50 .
i<k
Folosind relatiile (2) st (3) rczultd dispersia
" 1

2
T A Dt 2 fz:i (5, = )
Urmind o altd mectoda, valoarea medie si dispersia au fost calculate in [3].
3. Functia gencratoare a momentelor in cazul nodurilor cchidistante. Fie nodu-
rile functici B-spline echidistante, adicd 2 = a + (¢ — 1), £ =1, n + 1, unde
b= gx,,“ — x,)/n.
In formula care exprimi proprietatea (iii) sc alege f(x) = ¢** si se obfine

-0
) n
[ oo Xngas ] = T S B,(x)e*dx.
- Q0

Integrala din membrul drept reprezintd functia generatoare a momentelor, iar
diferenta divizatd din membrul sting se exprimi succesiv

A:e“l e‘"(e"’ _ 1)»
Xy oon, Xppp, ] =——F=0 W0 7 1)
[l y Yn+4 ] el P ()
Astfe] funcfia generatoare a momentelor are expresia
enl(ekl — 1)”
v () = . —
& () e (3)

S3 considerdm in continuare c¢i nodurile sint echidistante $t simetrice fati
de origine.

Daca originca se afli printre noduri, numirul acestora estc impar, deci

#=12p, iar a = —ph. Din relatia (3) se obfine
ht \ %P
. Sh?
Exp(l) = I : (6)
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Cind originea nu se afla printre noduri, numdérul acestora este par, adicﬁ‘

n=2p—1, iar a= —(2p — 1)B/2. De asemenea din (5) rezulti
Bt 2p—-1
2 .
ht (7)
2 ) :

gzp-l(i) =

4. Calculul momentclor cu ajutorul funciier generaloare. Folosind formuleye
(6) si (7) vom da expresii pentru nvlornentel.e functiilor B-spline in cazul nody.
rilor echidistante si simetrice fatd de origine.

Variabila aleatoare X care are funcfia generatoarc de la (6) se poate scria
ca suma a p variabile aleatoare independente X;, ..., X,, fiecare avind aceeasi
funcjie generatoare a momentelor

he 2

sh —
| ®)

glt) =

care corespunde legii de probabilitate a lui Simpson pe intervalul [—7, k].
Folosind funcfia generatoare de la (8) se obfine ci

0, pentru % impar,

Mxh =1 ., . o)
m, pentru k par, 1 = 1, P.

Pe de altd parte se poate scrie

Cowm=MIX L+ XM= T R ax) . MK
k.+...+k,=hkll...kpl

Pentru % impar existi cel pufin un termen in suma &, + ... +k =5
care si fie impar. Avind in vedere relajiile de la (9) rezultd cd in acest caz
momentul initial de ordin % este zero.

Cind % este par (& =27) sc obfine pe baza relatiilor (9)

(2n)1 2P p%

h+--.-+k,=zr Bilooihpl (Bt 1) (Bp+ DAy +2) ... (kp +2)
j par

Vo, =

Daci i i
se face notatja k; = 27; atunci

vie= 3 (2r) 1 4% ] (10)
nhetper D)+ )2+ )., @+ 1))
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Funcfia generatoare de la (7) este puterea 2p —1 a functiei generatoare

sh ht
2
£) = ,
8lt) = —
2
ce corespunde unei variabile aleatoare ce urmeazi legea uniformi pe intervalul

LA
2 2

Asadar variabila aleatoare X se poate scrie ca suma variabilelor aleatoare
independente X, ..., Xpp—y, fiecare urmind legea uniforma pe intervalul

h h
2, =
-7 3 |
Se stie ci momentele acestor variabile aleatoare se calculeazd cu formula

0, pentru % impar,
MX)={ 1 (»
k41 (2

(11)

y, pentru k2 par, 1 =1, 2p — 1.
Ca mai inainte se obfine cid v, =0 pentru k impar, iar pentru % par
(k = 2r) avem

v = Y ——®___apxhy L MXa2TY.

kl+‘"+k2[’—l”2’ kll B Y| !

Daca se fine scama de (11) rezultd

v _(h 2r 5\ (2r)1
2 = | — .
’ 2 ’ r.+-.-+;§'p_|=' @+ 1)L (2rg,_y + 1)!

. Faptul ci momentcle de ordin impar siut zero, cind nodurile sint echi-
dlstante $i simetrice fatd de origine, rezultd si din proprictatea functiilor B-
spline de a {i func}ii pare, atunci cind nodurile sint simetrice fati de origine.
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ON SOME INVERéION-LIKE TRANSFORMATIONS
OF DEGENERATE HYPERBOLIC PLANE
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ABSTRACT. — In the paper we define reflections in equid{stant curves of
degencrate hyperbolic plane and describe analytica and geometrica groups gene-
rated by them.

Introduction. In this paper we introduce and study some tranSfor!nation of
the degenerate hyperbolic planc i.e. of affine halfplane. One can consider themy
as an analogue of (Euclidean) inversions in the sense that they transforin the
set of all equidistant curves onto itself — but they may not traunsform lines
onto lines. Investigations presented here have two origins. Degencrate hyper-
bolic planes are in many points similar to usual hyperbolic planes (comp. (5],
(3)). In [4] it was proposed to study reflections in cquidistant curves on hy-
perbolic planes (similar constructions were made in [3], though with comple-
tely different ideas). It is natural to ask about analogous constructions on dege-
nerate hvperbolic plane; the resulting transforinations and groups gencrated
by them are considered in the paper.

Secondly, in [3] there were some incidence structurcs discussed, among them
there was a system consisting of all cquidistant curves. It turns out that cqui-
distant reflections generate a collincation group of this incidence system.

The degenerate hyperbolic plane and symmctrics of this plane IetF =
=(F, +, -,0,1, () be an ordered field. Further we shall require F is
Euclidean. We denote by A(F) = (F, L') the affinc planc with lines coordi-
natized by F and we denote by P(F) = (P, L") the projective plane over F
such that A(F) ¢ P(F). Let us denotc by M, the improper (, infinite”) line
in P(F), My={<x, y>:x =0}, Ict o be the direction of M, Next we put
W={{x, v)€F: 2> 0}. Denote by L the set L ={KN W:Kel A
NEKNW #@}. Finally we define B(F) = (W, L) and we call B(F) a de-
generate hyperbolic plane over F. Elements of L arc called lines of B(F). Clearly
every line K= L can be extended to a unique line K’'  L”. For every
4, be P, a#b there is a unique line, denoted by ab, joining @, b; and
the same holds in B(F). f Ke L, w e K" then K will be called isotropic.

I={KsL:iweK}={KeL:K cW).

Let H denote the relation of harmonic coni u
oY . Denote by C(B) the group
of collineations of B(F). If o aacy el te to 2
collineation « of P.(I% Bez‘af(B) T el o

» B(W) =W then B|EW « C(B). From the

* Institus Matk i L .
itule of Matkematics, Warsaw University, Bialystok Division, ul. Akademicka, 2, 12—267 Bailystok, Poland
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above « € C(B) is involutive iff o’ is. an involution. Any « = C(B) satisfies :
a(0) =@ o' ({M¢, M,}) = {M,, M,}. Thercfore every. symmetry in C(B) must
be a restriction of some harmonic homology ¢% with axis K and centre a,

and any such a syFunetry of degencrate hyperbolic planc must belong to one
of the following three families: e _

M(B) =N ={ok:a WA HM,M,; K, av)} — central symmetries,
(If o4 € Il then K is determined by «, we simply write o, z o%) |

(B == {op: K L\ I},

__ }— line symmetries.
I(B)=T={o%: K eI N HM, M,; K, aw)}

These symmetrics are described analytically by the following formulas.

e (y—tx— b)(—e¢) -+ 3+ ba
x X

tHEOREM 1. If o< IT then ofx, y) =( ) where

t.bel, ceF*.
If s € 2 then o(x, v) = (%, 2(ix + b) — y) where t, b e F.

If 6 €T thein 6(x, v) = (_ci , (y = tx — b)o -+ tet + bx, where t, be F, ce F*.
X X

Below we shall introduce some notations. If G is a family of transformations
of a sct X, ¢ € X then Gia]: = {f(a): f= G)}.
For o, § € C(53), let «if denote off = 2 A « # p. We recall that o968 o
sae BAbe A ’
FACT. 2. ¢if Ao, XUl (ce Dl
., ! -

DEFINITION 3. Z(o): = {L:8la A B € Z UT}

COROLLARY 4. 2 € '=>Z(0) € 5, a € L= Z(e) cT.

DEVINITION 5. Exfa]: = Z(o¢)[al.

We call Fgiaj an cquidistant curve of degenerate hyperbolic plane. We call
K an axis (or a base) of cquidistant curve Exfa]. Let E = {Ex[a]!: K e
€L\ /1, as W}

Triviaily we gct

™rorEM 6. If K @ LN\ I, a € K then Fgla]l = K.

TIROREM 7. If Ke LN\ I, a« ¢ K, ae W {(hen Exlal is this branch of
some parabola P < W targent to line M with axis K, which
asses through a.

Procf. Tet K| be ¢ line described by conditions: y =0, x>0, and let a = (x,, 1)

[ .- . . c? (2
st npid, ey, vy e Wiy =2,y w= 24} , c&e F+

!
{ x L2 .

s 2 - . -

ihus Frwyis abranchei o parabola with (guation & = by? where b = A e Ft
y?
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; is this branch of
deeper analysis we get th.at Ex[a] 1s . Patabola wp:
igs):els ?:hrough a, because we can simply show ’that if a= (%, y,) and 9 I;Ql(;

then ,
Yo = (v, vz)[v, SO0Av = ;:—v: > ve Ex.[a]) .
i

t Ke L\ I — be a line. We take ¥' € C(B) such that W(x, y) = (4,
I—fix + b) a\h ¥(K,) = K. Then Eg[a] = ‘If(Ex_.[C]) where ¢ = ¥™i(g), (Beza::
sc ¥ is an affine transformation the thesis arise from previous calculatiopg

OLLARY 8. E consists of lines K € LN\_I as well as of branches o !
coRox bolas P comntained in W and tangent lo M. f pare

In particular EN I =@. Durectly from Corollary 8 it fqllows also that affiy,
transformations belonging to C(B) transform E onto itself.

perINITION 9. IE,[a): = Z(y)[a], for y € .

rHEOREM 10. For every ae W and ye T, IE(fa}lel and a= IE, [a),
Proof. If ye T, then y = o%, K< I. We have Z(y) = {0 a € L}. Now the
thesis is trivial.
Now we shall define a reflection in an cquidistant curve which is not an iso-
tropic linc. In the sequel we shall study these symmetries.

DEFINITION 11. If E € E then o,(p) = ¢ < g =c;(p) A P =E A I(ph).
THEOREM 12. If E € EN\ L then there ave vy, € F and « € F\ {0} scub
that og(x, y) = (a, aafx+vx —y + B).

Proof. If E, € E is an equidistant curve with axis K, described by equation
¥ =0, then E, is described by equation x = ay® where a  I'*. Then from

Definition 11 we infer that op(x, y) = (¥, a«/ ¥ — y) where o = :/2: e F\ {0
a

Let E be an equidistant curve with some axis K. There exists an affinity ¥
such that W(K,) = K. Then ¥~YE) = E, where E, is some equidistant curve
axis K;. Let us take such an affinity ¥ e C(B), ¥(x, y) = (x, y + iz + b),
let ‘F(El) = E. Then O'E(x, y) = qu(s,)(x, y) = ‘F(G&)(%, y) = IFO'I;‘\F_l(x' y) =
=f (195 @/% + yo —y + ) where o< FN\ {0}, y =2t B =2b arec clements
of F. From Theorem 1 and Theorem 12 it follows in general.

COROLLARY 13. If E & E then there exist o, P, y e F such that

oe(%, 9)= (%, a oz +v2 — y + B).

Directly from the previous calculations we have also that if f(x, y) = (%, aJ x+

+ Y% — y 4 B) then th i iatel
Corollary 13 E\?c ob‘]clain ere exists E « E such that f = op. Immcdiately from

THEOREM M. If E€ F and K e | then op(K) = K.

Proving the next the )
transforms g’che o Oftlzcorem shall show that every reflection op with EekE

quidistant curves which are not isotropis onto itself-
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+HEOREM 15. If E, E' € E then og(E') = E.

Proof. Let E, E' € E. If E € L, then the thesis is trivial by Theorem
1. Let E€ EN L. Let us assume that E' € L. Let E, € E and E,, be
the sct of points satisfying conditions

N:x=apy? a,F*
2:y>00r (2): y<O.
Let E' € L. Then E’ can be described by equation y = ax + b where
a, be F. Then og, (E) satisfies in A(F) the equation y = u\Jx —ax — b
with & = =+ :/% The projective closure of this set has an equation in P(F):
2+ a?x? + 2ax,%, + 20x0%, + (2ab — a®)xox, + b2 = 0.

Analysing this equation, from the affine classification of conics (see [1])
we infer that og, (E') € EN L. Let E € EN L be an equidistant curve. There
exists an affinity ¥ € C(B), W(x, y) = (x, y + a,x + b,) such that W(E,) = E
for suitable a,, b, F, a, e F*. Then ¥ }E')e L\ I and ¥(og(E')) =
= og, (V7YE")) € EN_L. Thercfore o5(E’) € E\ L.

Let us assume now that E' € E \.L. As previously we consider E, € E
cousisting of all points satisfying

(1): x =ay?, as F*,
(2): y<Oor (2): y<O.

Then op(E,) satisfies the equation x = a(

The projective closure of this set has an equation in P(F):
. 2 * .
—x; — vyl 4 2yx,x, + {a.' - 7;; + % - ZBy) - %%, + 2Bxox, — PB2xd = 0.

Affine classification of conics gives now that oz(E,) € E. Given arbitrary
E'e EN I we consider ¥ e C(B), ¥(x, y) = (», ¥+ a,x 4 b)) such that
Y(E)) = E’ for some a,, b,€F, ae F* Then we get ¥ (og(E’)) =
= ey-yr)(F,). Thus oz(E’) € E.

Let us introduce the following notations :

A:={oz: E « EN_L},
Q:=3ZUTUA.

. We shall find analytical description of the groups generated by our reflec-
tions, i.e. groups G(A) and G(Q).

DEFINITION 16. D*: = {f: f(x, y) = (x, a«/;—}- yx+y+8), «, B ysF};

D=:={f:f(x3) = (x, oz + 12—y + B), « 8, v = F{;
D:=D*UD-.

3 ~ Mathematica 2/1987 N
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rmeorey 17. G(A) =D. . e t f o
is easy to shaw that D is.a group o¥ ransformations,
Ilg:gt‘{.Tﬁe;:ems )l’, 12 it follows that A < D, therefore G(A) < D. Tt TCmains\
. -e the converse inclusion. N
¢ pﬁ“}e D=, ¥ 0 then"fe A I feE D.,. o = 0 then f= 01G,G, Whera

olmy) = @ANT+TE—y+B), alm) = ®2ZVE+x—y 4
ool% 3) = (3, T+ % =y +1). Clearly o}, o3, 03 < A.

It fe D* « # 0 then f = 0,6, where (%, ) = (%, 20y +yx — y 1)

oy(x, ¥) = (35, a«/} —y). If fe DY, a= 0 then f = 6,6, where (%, y) =

»

= (1‘, a\/;+ Yx— y + B)r 62(’1“:’ y) = (x’ 'J; - y) In both cases Sp Gy € A-
Thus D < G(A). o
REMARK 18. From the bove calculations 1t follows that G(A\) = AA | AAA.

DEFINITION 19, D¥: = {f: f(x, 9) = (8%, y//x + Bx + 8xy + ), v, B,

' 3eF, § #0} ’
D= {iste, ) = (5 HEEBEVEL) g, 5 e F a0}
"~ D,:=Df U Dr.

THEOREM 20. D, = G(Q).

Proof is analogous to the proof of Theorem 17. We casily show that D,
is a transformation group. From Theorems 1, 12 we obtain Q < D, therefore
G(Q) < D,. To prove the converse inclusion we notice first that Il ¢ 'YX ¢

€ G(Q). Let fe D}. If B, b#0 then f = 5,,0,0, where o,(%,y) = (M ) —biy]g)»

. X x
—b/B)E . — - - -
oy(x, y) = & ;lﬁ) y b(y Sb)/S)/p + %] , Ggx, y) = (x, —SY.’\/x — yJ . Clearly

X X
cl,cszesl"UH, csef.UA.IfB:Oor b = 0 then f = 6,6,6; for a,(x, ¥ =
& ¥

) =(l = . YT B b o
. x), cz(x,y)—(x. x), 4%, y)_(x,_s_\/x__:,v_y—-g}, again

°'1:,'°’2€PU.H.GQEZUA.' °
Let fe D~ We consider o(x, y) = i , —8y] , Gox, ¥) = (x, -——8:(\/'.—‘;4'
-8 b x X
+._s r=y _;) Then f= 6,0, and o€l UT, 6, AU 2. Thus finally
D, < G(Q).
In the se

metrically. quel we shall ‘try to characterise the groups G(A) and G(Q) 8¢

DEFINITION 21. ab = ,¢d « (I €GEN[fla) = ¢ = b
| ) =c A f(b) =d] A\ I(ad)
DEFINITION 22. ab = ,cd <> (If = G(3 == =4a 1(ab)-
DEFINITION 23. Let Iél, Kz,( {{j 1{(4 EL;_P))U(“) = e nSO) = A AT
KKy = KK, » (If « G(I)

. [FU) = K,y A f(K,) = K]
Immediately from the definitions we o | '2

btain the following facts (comp- 3)-
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fact 24. If Ke J, a b ¢, d&K then &b =kdo ab 2d.

FACT 25. Let a= #e &), &—

62)» Cc~ (/\1> /\2)* N = (/\1» /\2)* N

7(@), /7H (= if ~ = 6i=q= ") then # }
cib jed #|¢2 [— ]G ~.2 fm
FACT 26. If lines N\xhave equations §= x, i =1 ..4 then

/Vi2= 3*3*4

NN AN - i“L
A Y

definition 27. G:= {/://: W™ IKA MWMC™ /)/(*) =
=/CA (VENEY/(E)e £ A M [/«&) - «6 ™ 2Z/()/(*)]-

LEMMA 28. G is a group.

Proof’ Simply G is the group of automorphisms of the structure
<H/; E, (k}ik<i, {[a, bym I@b)}>.

LEMMA 29. For every point a and every nonisoiropic line K there exists exac-
tly one li « E with axis K such that a ™ E.

LEMMA 30. If h~ G h]JE = idH h[g = q for some q<€E, E”™ E then

h —id.

Proof. Let E —749K']. Assume h\g) = qfor some q £. Let £ = £#[9],

then ge //(E. We shall show th

Since £~ G and /i(v) ~y we
obtain %y = Ji(x)y, thus by
Facts 24t25 we get h(X) = GAX)
or h(x) = x. But h[x) = ay(z)
implies h(E) P| /7€) ~ 0 (see
Fig. i)_ It is impossible because
EO E = 0. Therefore /(1 — %
and in general h\E -- id-.

Let £ be arbitrary point,
*NEU* A“Lct us consider
zi™ £, 2™ £ such that 1(zZi),
Hzz2d. Then h(zy —zlt h(zd=2z2
Again Facts 24, 25 imply h\z) =z.

theorem 3L G = G(A).

Proof’ Theorems 15 17
imply that G(A) ¢ G Let/ <G
We consider arbitrary Ee E\L
with axis £ and denote

Lot K' = /(/2),
then E e £ ; we denote its axis
by A", a = A'f] AfO There
exists + — a translation of B(F)

at h\E = idg. Let x " E, y ™ E, I(xy).
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n o " = K. There exists — a sh

4 Y = . lt TE —E'(I{) II{“ ’e g Shear

:g: L‘E[(: Znap;i;lgeKr, (on)to I{, we put E =g(E ). Then E aad Elu
"is ; s — e rer

common &8 T, ket (0, 1) =K, We demote p=EN Ky, " < By .
There exists H € E with axis K such that ou(p”’) = p. Let E, = ou(E")
We get that E, has axis K and contains p, therefore Eq = E, ie. oy(E"™) E
Let ) = ongs/ i G(A) € G), and clearl

‘e have ME) = E, h e G (since oy, § 7 < (A) € G), and clearly hE < ig
e mave ) & £ such that hig) = ¢ then h = id, thus b = G(A). If ) 45
then we consider &' = agh. Now I’ satisfy assumptions of Lemma 30, thus
W —=id, h= oz =G(A). From this we obtain f = t7gleyh € G(A). Thys
G < G(A).

LEMMA 32. If fe T then

(i) VK= D)fiK) =l
(i) (VE = E) f(E) = E.

Proof. follows immediately from the analytical description of elements of T,

with
have ,

THEOREM 33. The following propertics form a minimal system of characte-
ristic invarianis of the group G(A):

1) (VK e I)f(K) =K

%) (VE = E(f(E) < E

3) I(ab) = ab = ,f(a)f(D).
Proof. From Theorem 31 properties 1), 2), 3), are characteristic for G(A). Let
us consider transformations ¥,, ¥,, ¥, defined as follows: W,(x, y) = (x, 2v),
Yolx, ¥) = (x, 222 — y), ¥y = o € I' with i{ & I. Just from the definitions ¥,
satisfies 1), 2); ¥, satisfies 1), 3) and ¥, satisfies 2), 3). But ¥,, ¥, V3 ¢
¢ G(A), thus 1), 2), 3) is a minimal system of properties characterizing G(A).

. REMARK 34. Consider 3') — a condition which results from 3) by sub-
stituting =, instead of =, i.c.
3): I{ab) = ab =,/(a)f(b).
Then 3') implies 1), 3) and 3') follows from 1), 3).
_ DEFINITION 35. Let G, be th

fying: . ‘

Y VKe)(fiK)e I

2) (VE < E)f(E) < E

4) K\K,=1=KK, =,f(K))f(K,)

3) I(ad) = ab = ,f(a)f(b).

Analogously as in Theorem 28 we get that G, is a group.
THEOREM 36. G, = G(Q).

Peonf. From Lemma 32 Fac ¢
" ! , ts 24, 25, Theorem 20 we obtain G(Q) € Ur
ILet _fe G; be arbltrary. Lte Kl' K2 € [ have equations x ; ¢y, X = €y 12 # o

e group of all the bijections f: W — W satis-
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Then K K, =af(K))f(K,) and there exists g e G(I') such that g(K,) = f(X,),
g(Ky) = fU€s). Let h=g7Y, we shall prove that k< G(A), clearly h € G,
First we show that ks satisfies 1), ie. (YK € I) i(K) =K. Let K, I, K; # K,
K,; let K, has equation x = ¢;. Assume that 4(K;) has equation x = ¢;. Since
he G, MK,) = K, M(K,;) = K, we obtain K,K, =,K,h(K,) and K,K, =;K,h(K,)
Fact 26 implies ¢ = ¢; i.e. k(K ) = K, Function % satisfies 2), 3) just from
the definition of G,. Therefore b € G(A). We have f = gh € G(I')G(A) < G(Q)
ie. G, € G(Q). The system 1), 2), 3), 4) is not a minimal system of chatac-
teristic invariants of G(Q) since 4) implies 1’). However we don’t know if
{2), 3), 4)} forms a minimal system.
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ABSTRACT. - A partition into components of the constant energy level is
done the corresponding time intervals are described and properties of the
collision or escape solution of the 2-body problem are proved. The idea of
continuing the motion after collision on a different energy level is, finally,
briefly exposed.

1. Introduction. Giving a classification of tHe final motion in the 2-body
problem, Chazy ([!]), states that, relative to the constant of energy h, the
motion could be elliptic (h< 0), parabolic (h= 0) or hyperbolic (h > 0) for
unbounded time, representing it as in Fig. 1 *

The question leading to this paper is whether such a representation has a
real significance. In the following we give some geometrical meaning to this,

in the collinear case, studying also the cases when the motion is not defined
for all time.

2 The Equations of Motion. Consider two material points of masses m
and Mt and chosoe some inertial frame Mxyz centered at M. Thus the posi-

tion of m is described by the vector r = (X, y, z), and the motion of the two
particles by the system:

= —A3 (i)
Th(g” engr* g)l/\ i?qt é‘é ré%aig@ﬂ — + G being the gravitational constant.
H(r, =T - U@ 2)
IP) where T2« R T z)= (/2 . m(*2 +
'_I'U y—+ Z]F)e 3_(:{%5% the Rlél[n/eiuc en)ergy S0 called

the potential energy. H is the Hamiltonian of
the system of particles.

For given initial conditions (r(0), r(0)), with

r(°®) t °* we have, for the corresponding (7, r)
solution

H{r, = 3
where h is the enerbgy constant.
ePapi» Itou» S , r .. no7. 2400 Sibiu. Romania
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It is known (see [9]) that in the 2-body problem collisions are possible
only in the collinear motion. Considering that this one takes place on the
Mz axis, (1), (2), (3) become respectively: . - : Lo

R=—urixp @
H(x, %) = (1/2)%* — p[|x] ()
H(x, ) = h (6)

The coustant of the angular momentum is zero in the collinear case.

3. The Time Interval. The standard results of the theory of.differential
equations cnsure, for given initial conditions, the existence and uniqueness
of a solution for Eq. (4), on some maximal interval (¢, ¢,), —o0 <f <0<
<l € +oo. I —oo <t or £, < 400 we say that the solution is singular at
{,, tespectively /.

It is very well ‘known that for the general 3-body problem all the singu-
larities are duc to collisions. Moreover, for the collinear n-body problem, the
same statement is truc (sce [6]). r

It is also proved (see [2]) that there is no motion in the lcollinear n-body
problem for ¢ € (—co0, 4-0). ' :

We conclude that

THEOREM 3.1 Auny solwtion of Eq. (4), with initial conditions (x(0), 5:(0')),
x{0) # 0, is dcfined on some inicrval I having the form:

(1) T = (), ty), —o0o <, <0 <ty < 00,
(ii) I = (—o0, 1), 0 <1 < +wo,
(iti) I = {,, 4-o0), —o0o < ¢, <0,

and lim x(/) = lim x(f) = 0.
oty o,

4. Constant Energy Level Geometry. Consider x > 0 if m lies on the posi-
tive half of Mx and x < O if m lies on thc negative half of Mx. Then > 0
corresponds to the motion of m in the same sense as the orientation of Mx
and % < O for the opposite sense. "’ ' ' o '

Denote I+ =1 10, +o)
]‘,’.1’ = {(,‘\T, x) |x > 0, % > O: H x., x) = h}

(
hr={(x, #)1x <0, #> 0, H(x, £) =1}’
ho={(x, %)|]x <0, x <0, H(x, %)

hT = {(x, %)|x >0, # <0, H(x, %) =k}

Fig. 2 shows the relative motion'in;différ'_ent ‘(iuddl‘aﬁts of the i)'hka-se sﬁace 4a.n(‘1
Figs. 3, 4 and 5 represent the before defined sctsfor A= 0, k= —1 and b — 1.

Observe that %i(h) = {(», %)|H(», %)= h} is an invariant set for Eq. (4
and that b, b+, A=, AT for'm" a a;tifioxi-of “%K(h): ther - 2l i S 24 )
components ;f K(h). - A wﬁ-p Co A ( ) iy e}'ef?r‘e cal thLm the

i
{ S
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5. Solutions and tlicir Intervals lor Initial Conditions on Components*
We first give some estimates of time intervales for arbitrary h.

lemma 5.1. If theinitial conditions of Eq. (4) are (*(0), £(0)) s h+(0
then the solution is defined x: [O, t2R, for every h whe

Proof: x(0) > 0, *(0) < O and (4) imply ¢'(0) < 0. Suppose x : [0. 001
-* R, If there is tOs (O, -foo) such that x(tQ = O, then tOis a singularity,
therefore x(t) > O for every ts [0, -f-o0) and corresponding £(t) < 0. Thus
is a decreasing function and since *(0) < O it follows X(t) < O for every f
e [0, +°0)- Therefore x is decreasing and concave down. Using the average
theorem of Lagrange it follows easily that lim x(t) = —o0, contradiction.

Remark 5.2. We used the estimate [0, t3 because this interval could nav-
the form (i, t2with /, finite or the form (—oo,

An analogus proof and remark could be done for the following statemen *
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LEMMA 5.3. If the initial conditions of Eq. (4) are (x(0), £(0)) € k% (or hZ)
then the sclution is defined x: (4, 0] — R, for cvery k, where —w < ¢,.

A better estimate has the below stated case:

LEMMA 5.4 If the initial condilions for Eq. (4) are (x(0), %(0)) € kf (respec-
tively h=) with b 2 0, then x:(t;, +o)— R.

Proof: Suppose x:(f, t)) =R, —0 <t <0<t < +o. As & >0 and

since it 1s not possible that lim x(f) = +o (see [2]), we have #? > 2u/|x| >
2t

! 1

> const. > 0, for all ¢ € (0, t,). If there would exist ¢ & (0, 1,) with %(¢) <O
then there would exist ¢’ & (0, ') such that x(¢”) = 0, contradiction with the
fast inequality, and therefore £(2) > 0, Y1 & ({,, 1,). But x: (¢, f,) — R implies
Jim x(f) = 0 and since x(0) > 0, there is ¢’ with %(#”’) < 0, contradiction.
[

We could analogously prove:

LEMMA 5.5 If the initial conditions for Eq. (4) are (x(0), £(0)) € bt (7es-
pectively h3) with k2 0, then x: (—oc, i) — R.

6. Transition between Components. The representations of (%) suggest
the following resuits.

PROPOSITION 6.1 If the initial conditions for Eq. (4) are (x(0), %(0)) € At
(respectively hZ) and the solution x: I — R has the property that there is ty It
such that (x(¢,), %(ty)) € hy (respectively ht), then h < O.

Proof: Observe that, by 5.3, the interval I may have the form (¢, ¢,),
—0o <l <0< /ly< 4o or (4, +o0).

Let be x(0) > 0, #(0) > 0 and suppose there is {; € I'* such that x({,) > 0
and %£(/() < 0. Since x is continuous on (0, {) it follows that the remust be
some ¢ e (0, 4,) such that %(!') = 0. From (5), (6) we have x(t') = —p/h. If
h> 0 then x(/) < 0. As x(0) > 0 and x continuous there is '’ (0, #’) such
that x(/) = 0, which means that for /" Eq. (4) is not defined, contradiction.

If =0, (5), (6) imply that —p/|x(¢')| = O which is impossible because
¢ is not singularity.

The converse is true only with somc restriction.

PROPOSITION 6.2. If the initial conditions for Eq. (4) are (2(0), %(0)) € ht
(respectively h=), the solution is x: (l;, l;) = R, —o0 <, <0 < t, < 400 and
h <0 then there is to € (0, 4,) such that (x(t), %(l)) € h~ (respectively h™).

Proof.: Let be x(0) > 0, #(0) > 0 and & < 0. From (5), (6) we have |x| <
S ~up/h, therefore x:(t,, ¢,) — R is bounded. If %(¢) > 0, V¢ e (0, ¢,), since
%(0) > 0 it follews x(f) > 0, Vt e (0, 4,). Sicce 2(0) > 0, there exists ¢ > 0
(constant) such that x(0) > ¢ > 0 and so %(f) > ¢, V¢ € (0, 1,). Them lim x(f) >

2,
2 ¢> 0 whic1 centradicts 3.1.

7. Eseape and Capture. PROPOSITION 7.1 If the initial conditions for the
Eq. (4) are (x/0), %(0)) < kt (respectively h=) with b > O, thew lim x(f) = Joo.

4
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Proof- Bv 54 It nakes sense to speak about t -*» +00. As in the er
5 #wWwill show that ** > 0 on (0, +<*>) and since *J0) > 0 it MowsH i

0 oil (O, +00). Therefore * fa inaeasmg and aqce ~(0) > 0O, it is true thj
X @ and consequently % is' a deer, .

Thus, by (4),

’UCSinqe X is continuous,

and the fact that x> O )
) x2- Il =

lim:i(t) = O, since (

023

= (6)

Therefore its limit could be zero or positive u
h 0 it follows |*] >

hurp /_Iims|x(t) |= +oo, the conclusiorl. Ift_li_krrgo /M > 0. by l,agrange Mera
on the interval [0, t), x{t) = */?/ + *(0) and thus tl-i% = +ccC.

Beyond this escape statement we may analogously prove a capture one

PROPOSITION 7.2
(respectively h+)

If theinitial conditions for

A O; then lim x{t) .= +oo.
[~ @

8. Transition on different Energy Levels. We briefly expose the idea of
continuouing the motion after collision on different energy levels. Regulariza-
tions of the motion as that of Sundnun ([7j) or Levi-Civita i5)
are done relative to time, on the same energy level, respectively, relative to the
initial conditions and are meant only in a mathemtical sense. Another quali-
tative way to treat the problem, which extends that of I, cvi-Civita is
due to Easton ([4]). Since we do not know which is going to be the phy-
sical behavior of the particles after collision, it is of interest, ospecialy tor space
research, to give a better description of the motion in the neighborhood of tre
collision. In a general case this is done by the author ([3]).

Pig. 6.

In the case of a physical dlas-
tic bounce of two masses (h < 0,
after collision the mechanical sys
tem of particles has different ini-
tial conditions and, . possible, a
different constant of energy. Thus,
if the continuation of the nwotion
is possible, then it is natural to
study it ou different energy levels.

If, for example, initial conditi-
ons K/, *,(/,) « (*,)= wit*
h< o where t2e (i h>.ae
given, then, by 6.2, a transition
to (ht)+ takes place which leads
to a collision at U instant. The
motion could be then continue
on some h2energy level, k*
considering the motion defined O

.{r> h)> having the initial .condition

(L2023, “2(“33)%. G o
e 8 » h)t t3'finite or infinite.

(4) are (,r(0)
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It is, for example, the case of the jump of an elastic ball on the Earth

which wasvertically thrown, neglecting other forces, except the gravitational

c. s b Tl C e
ot If b, < hy the transition is like in Fig. 6. If 4, > O the motion is without
collision. Therefore fqr any sequence wich describes the change of the energy
constant the motion is indefinitely continued.

—

© mN & e w ®
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i i i tend and unify severas

. _ The results established in this paper ex unify :

ﬁi?:glts regax;ing common fixed points of a family of mappings in metric
and probabilistic metric spaces.

Introduetion. The notion of contraction mapping on a probabilistic metri
space (PM-space) was introduced by Se hgal -[7]. Fixed and common fixeq
point theorems under general contraction conditions on a PM-space have beg
proved in [1], [2], (4], [10] etc. (for an extensive bibliography refer to 9)).
On the other hand recently Tiwari and Singh {11] have qstabhshcd a commop
fixed point theorem for a family of mappings and h:'a‘ve indicated the possibi-
lity of the generalization of a number of results. The mtent_ of the present
paper is to extend their result to PM-spaces. Our result generalizes some signi-
ficant results on metric and PM-spaces.

Preliminaries. A PM-space is an ordered pair (X, &) where & is a map-
ping from X X X to L, the collection of distribution functions. The value of
§ at (4, v) € X X X is represented by F,, and F,, arc assumed to satisfy
the following conditions :

(a) Fu(x) =1 for all x>0 iff u =v;

(b) Fuu(0) =0;

(C) Fu,v = Fv,u;

(d) lf F“.l’(x) =1 and Fv,w(y) =1 then F.,,,,(x +y) = 1.

A mapping t: [0, 1] X [0, 1] — [0, 1] is called a f-norm if it satisfies:
(e) t{a, 1) =a, £(0, 0) =0;

(f) te, d) > (t(a, b) for ¢ > a,d > b;
(8) t(a, b) = 1(b, a);

(b) t(t(a, b,), c) = Ya, D, c);

for a}l\l 2, b, ¢ din [0, 1].
Menger space is i ' sod
t-norm ¢ is suchpthat thea iﬁg&i?it;x, 7 whete (X, 9) is & FALEE
(@) Foulz + 5) > t{F, ,(x), F, o)}
bolds for all 4, v, we ¥ and all x > @ y20

) This work is partial) f
® Depariment of Udhasymzswz?:,d ;y UGC, New Delhi (code 2230) AMS Subject Classification: 54825
) - Pottgraduate Colicge, Gopeshwar, Chamoli 2461107. India
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. . — i 5}

t among a number of possible choices for ¢, t(a, b) = min {a,
NOtfytH? = min’’ is the strongest possible universal (cf. [6], page 3182-
(ﬁ'o:;gl‘ir, if ¢ satisfies {(x, ) > x for every x & [0, 1] then, (f) and (d')

imply )

@) Fu,o(x + y) = min {F, (x), Fo, ()} . .
forallw, v, we X andallx >0, y > 0. Due to the simplicity and universality
?r”t ='min". (d") willbe used frequently. ) "

The (¢, )-topology in (X, &, ¢) is introduced by the family of neighbourhoods
(Uy(e A:e>0, A€ (0, 1)} of each ve X, where U,(e, ) = {u: Fuo(e) >1— 7\}.
If the {-morm is continuous then X is a Hausdorff topological space under this

‘topology.

Results. THEOREM 1. Let (X, &, £) be a Menger space, where t is continuous
and salisfies ((x, x) = x for every x € [0, 1]. Suppose T and S, (n =1, 2, ...)
are mappings from X lo ilsclf such that

(1) S,T=TS,, n=1,2, ...;

(2) SJX) e T(X),n=1,2, ...;

(B) T(X) 1s a complete subspaces of X
and for every u, v € X and for cvery pair i, j.

4) Fs,.u, Sju(qx) = min {Fs,»u, Tu(%), stv, (%), FS‘u, 1o(2%),

FSjv, Tu(zx); F’l'u, Tv(x)}

Jor all x >0, where g (0, 1). Then T and S,, for cach n = 1, 2, ..., have
a unique common fixed point.
The proof of this thcorem is prefaced by the following lemma [10].

LeMMA 2. Let {y,} be a sequence in a Menger space (X, &, ), where t is
conjmuous and salisfies U(x, x) > x for cvery x < [0, 1). If there is a g<(0,1)
such that '

Fy () > Fy e 2),n=12 ...,

Jor all x > 0, then {vu} ts a Cauchy sequence in X.
Proof of theoren: 1. Pick uy in X. We construct a sequence {u,} in X in
the folicwing way

Ty, =Sy, n=1,2, .
This can be done since (2) holds.
By (4),

FT"I: T“n(qx) = FSI“.: sl“l(qx) 2

> miu {FT“I. T“.(x)r FTu,, Tu,(x); FTu,. Tu,(zx); FTu,, Tu,(zx), FTu., ru,(x)}.
Since

I:Tu,, Tu,(Zx) > min {FTu,, Tx:.(x): FTU,, Tu.,(x)}:
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we get) : )
‘FTu,.,v Tu|(qx)_ ? Fr“" T“‘(x)‘. e : \
Similarly |
FTV.. T.:,(qx) 2 FT«,, Tu,(x)-

In general
FT{:,,. Tu,,+1(qx) 2 FT“n-—l’ T“n(x)’

So, in view of Lemma 2, {Tu,} is a Cauchy sequence and has a lip; ;
T(X). Call it p. Hence there exists a point z in X such that Tz = » mit iy
Fore >0, » >0, let Us,(ec,2) bea neighbourhcod of S,z. Since ’T :
there exists an integer N({e, A) such that Up=Ts,

(3 m 2N implies Fr.,m, 7‘:( lz—qq E) >1—)and FT“m+1' T‘(IT_qq‘e) >1-
By (4)
se(e) 2
> min {Fry,,,,, m, (¢/q), Fs . r:delq) Fru,.,, :(2¢/q),
Fs,p 10, 2519), Fra,, delg)} >
> min {Fru,, .\, 1o,(/9), Fs,, 1:{e/q), Fru, v:(¢/q)} >

. 1~
Z min {FT“"H-I. T:( ? E) , Frs Ty Lt =
2q ’ " 2q ’

Fs, 1 (l+7-s g | —
R N zq ’ N FTM,”+1, Tl( 2q E] ) F].“m' T:( 2q q s]} =

FT"m+l' s":(E) = Fs

m e

= min {F IR 1-
{ T"m+l- T‘( 2q E), FTII"I, T.’( 1 E)‘k > 1 — A for all m = N-

2¢ Jf
I('éon;,equently Tz =8,z
oting that TTz = T(S,z) = S,(Tz), we get by (4),

a

Fry, rrofe) = Fs,,z, syrale) >
2. mi
min {an’» T‘(a/q)’ FS,,(T:), TT:(e/q)’ FS"Z, TTz(zs/q)’
FS,,T:, rs(2€/9), FT:, TT:(E/(])} =

=min{l, 1, Fr, 7. (2¢/ =
. ’ 51T 9), Frr. d
proving I'Tz = Tz. Moreover 1T 1d2¢0g), Fr, tra(e(q)} = Fr, r7:(e/q):

Su(T2) = T(S,2) = T(Tz) = T

' ” = = 2

Thus Tz is a common fixed point of 7 d( ) |
and S.
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tablish the uniqueness of the common fixed point, let for u # v,
T :‘oue__sz g_lg”u and Tv,=Spv.=v (»=1,2, ...), then by (4) we can easily

have F, Jqc) 2 F.,,',,(é), prijving u ="

cOROLLARY 3. If T is taken fo be an identity mappf;z'g and for each n,
S = S in Theorem 1, then we oblain a result due to Cirié [1]
n

Theorem 1 has the following metric analogue:

ROLLARY 4. Let M be a complete metric space, S,(n = 1,2, ...) a sequence
of m(zz(;)pings of M into idtself. Lei T be a mapping of M into ilself such that
ST =18, (n=12 ...), and (2) and (3) hold with X = M. If there exists
a"(/ such that 0 < q <\ and

(S, Sp) < g max {d(s,.u, Tu), d(Sp, Tv), d(Tw, Te),

d(Sa, Tv), Ld(Sp, Tu)}

1 1
2 2
for all w, v in X. Then T and S, have a unique common fixed point.

The above corollary is an improvement over Theorem 1of Isé ki [3].
For other speccial cases refer to Rhoades (5], Singh {8} and Tiwari
and Singh [I1]. :

REFERENCES

LLLj 8. Ciric, On fixed points of genevalized contractions on probabilistic metric spaces, Publ.
Inst. Math. (Beograd) (N.S.), 18 (32) (1975), 71—78.

2.0lga Hadzié, A fixed point thhorem in Menger spaces, Publ. Inst. Math. (Beograd) (N.S.)
20 (40) (1979), 107112, .

3. K. Iséki, On common fixed poinis of mappings, Math, Sem. Notes Kobe Univ., 2 (1974),
14— 18,

4. D. G. Kahe, Some results of fixed point theory on stalistical metvic spaces, Portugalie Math.,
38 (1979), 199208, '

-B.E. Rhoades, 4 comparison of various definitions of contractive mappings, Trans. Amer.

Math. Soc., 226 (1977), 257 —289,

;33.4$ch weizer and A. Sklar, Statistical metric spaces, Pacific J. Math., 10 (1960), 313—

- V.M. Sehgal, Some fixed point theorems in functional analysis and probability, Ph. D. Disser-

t‘ation, Wayune State Univ., 1966.

- S. L. Singh, On common fixed points of convmuting mappings, Math. Sem., Notes Kobe Univ.,

5 (1977), 131—134, . .

- 8. L. Singh, S. N. Mishra and B. D. Pan't, General fixed point theorems in probabilis-

10 tic metric and uniform spaces, Indian J. Math., 28 (1986).
B.M. L. Tivari and B. D. Pant, Fized points of a pair of mappings in probabilistic meiyic

1 spaces, Jnanfxblxa, 13 (1983), 13—25,

-B.M. L. Tivari and S, L. Singh, Common fixed points of mappings in complete metric
Spaces, Proc. Nat. Acad. Sci. India, Sec. A 51 (1981), 41—44. :

© ® N o o



Al MATHEMATICA, XXXII, 2, 1987

STUDIA UNIV. BABE$—BOLY

RES AND KOROVKIN CLOSURES OF SOMg

S QLOSU
UNIQUENESS ¢ FUNQTION SPACES

I. RASA®

Received : December 10, 1986

Inchiderl de unicitate gl inehideri Korovkin ale unor spatit de
funcjil. In lucrare se demonstreazi o teoremé generald care, combiuati cu anu-
mite teoreme din [1] §i [3], permite regisirea unor rezultate din teoria Korov-

kin, continut in [2] , [4] (5], (6]

REZUMAT. —

1. Let X be a compact Hausdorff space and let K be a compact conyey
subset of a locally convex Hausdorff space over R. Let ¢: X — K be a contj.
nuous map; denote ¥ = o(X). .

Let F C C(K) be a family of concave functions and let A (C C(K) be 4
family of affine functions which separates K and contains the constant func
tion 1. Let H be the linear subspace of C(K) spanned by A and F.

Denote by Prob (X) the set of all probability Radon measures on X. Let
¢, be the Dirac measure at x € X. )

Let Ho={hog:he H}. Denotc by E(fp) the uniqucness closure of
Ho, ie., the set of all fe C(X) that satisfy p(f) = f(») for every p & Prob (X)
and every x € X with p=¢ on Hs.

Various kinds of Korovkin closures of Hp coincide with E(Hg); see [1], [3].

In this note we are concerned with the determination of E{(H¢); from the
preceding remark and from Theorem 1 below we can deduce some known results
about Korovkin closures, contained in [2], [4], [5], [6].

2. If peProb(K) let r(u) be the barycenter of p and let cfg) =
= ¢l (conv (supp p)).

Let ] be the set of all j & C(K) that are affine on each compact convex
subset of K on which every fe F is affine.

Let G be the set of all g € C(Y) with the followin s i 4
1 ring property : if v € Prob (Y),
7(v) € Y and every fe F is affine on ¢(v), then v(g)o=l g(I:(v))y v
. Let S(F) be the set of all x e K such that if Lz e 1{' ¥ # 2,

*=1(2)(y +2), then there exists f< F with f(x) > (1/2)( f(y) + f(2)-
THEOREM 1. a) E(Ho) coincides with G

b) X Y CS(F), then E(He) — fecon =

= o(y), then (f()x) ;e}t(y)g.(H‘P) =CMe={feC(X); if v, y= X and ¢(#) =

) If Y =K, then E(Ho) = Jo.

dp);-o](,jj"YCS(F) and © is onc-to-one, then E(Hg) = C(X)

v(u) ;i)(uLftqo)u' fhf,?b;’f% ¥e X u=ec, on Ho If ue C(Y) let us denot®
» HIeR v € Prob (V). We have v(h) = h{g(x)) for all b H; th

. Politehnical lM‘l‘llk, Dtparluu ! of Ma, ke, 3 g f
f thematics, 400, Clu N([PDCG Romania
1 3
» 3 d
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ields 7(v) = 9(%)- Using Theorem 1 of [6] we deduce that every f< F is
71 '

- c(v) ] : \ T
alfine 2 ) then v(g) = gbr(v), ie. plgog) = (g o o)(x). Tt follows that
Ge Cl,gui& seE(Hg). f y<Y, let ae X with o(a) = y. For each b X

; — v we have ¢, = ¢, on He, hence s(b) = s(a). Thus, if we denote
wnh_?(sb()a) \%l/e have g EbC(Y) and s i go° . Le‘£ us show that g = G.
&) f:et v & Prob (Y) such that »(v) € Y and every f e I is affinc on ¢(v);
we have to prove that v(g) = g(r(v)). ) . _ )

Let # € C(Y). Denote u(% o ) = v(#) ; then p is a positive linear functional
on C(Y)o, |lul| = u(l) = 1. Using the Hahn—Banach Theorem we obtain a
reC(X)', A = p on C(Y)o, N] = 1. We have |\ = A(1) = 1, hence A< Prob(X).

Let x€ X, 7(v) =o(x). If he H, then A(hogq)=p(hoo)=v(h)=
= h(r(v)) = (h © 9)(x). Thus X = ¢, on Heo.

Since s € E(He), we have A(s) = s(x). This yields A(g o ¢) = g(¢(x)), hence
u(g © 9) = glo(x)). Finally v(g) = g(r(v)), which completes the proof of a).

b) Let Y C S(F). Let v e Prob (Y) having y €Y as. barycenter. If
every f € I is afline on ¢(v), then y is an extreme point of ¢(v), hence v =g,.
It follows that G = C(Y).

The assertions c) and d) are consequences of a) and b).

3. Let P be a closed linear subspace of C(X) which contains the cons-
tant functions and separates X. Let K be the compact convex scit K = {p €
e P'; p positive, p(1) = 1} in the topological dual P’ of P endowed with the
weak*-topology.

Let @: X — K be the canonical embedding and let 4 b2 the spac: of ail
affine functions in C(K). If F is the empty set, then Ho = P (sece [2]).

Since K(Ho) = Gy, we obtain the following corollary (see also [2])Lcemma 1:
COROLLARY 2. The uniguencess closure (and hence the Kovovkin closures inentio-
ned 1w § 1) of P 1s the space
lgeo: g CY), v(g) =g(y) for all y €Y and all v = Prob (Y) havizg y as
barveentery.

4. Let X = K, ¢f(x) = x for all x € X. Applying Theorem 1 we obtain
the following result (see also (2], (4], [5], [6]):

COROLLARY 3. The uniqueness closure (and hance the above niestioned Korvo-
kin closures) of H is J. E(H) cotncides with C(K) if and only if S(F) = K.
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THE CONNECTION BETWEEN THE #-DIMENSIONAL STUDEy
DISTRIBUTION AND THE INVERTED DIRICHLET DISTRIBUTy

10N MIHOC*

Received : Janwary 10, 1987
ABSTRACT. — In this paper we present the connection which exists between

the n-dimensional Student distribution and the inverted Dirichlet distribution
This connection was used for an informational characterization of the n-dimensiq.

nal Student distribution [5].

Let Z®W = (Z,, ..., Z,) be an n-dimensional random vector.

DEFINITION 1. [3] The random vector Z"™ follows a general n-di '
I o . . : -dim
beta distribution if its probability density function has the /Zrm CHSTong]

ﬁn(zp e Zy; Ay, L., an+l) =
1 id (2‘- - b(li))a‘i—l * "L b(") -1
= . ; |

Baly oo @ppn) =1 (g0 o) % = — g

if Z e D,, where

Do=llen ol 0<tl <zt i =T 1 = 3 220 >0].
= - a

and “>0 =1 n+1, (15
nﬁl
T(a,)
B,,((ll, Ceey ygy) = 22 ) (IC)
1
Nz ]
iel

1S the Dirichlet Junction [2)

&~ .

DEFINITION 2. [6] TV, ravdem

wnverted [irichlet Aistribution if the tector X = (X, ..., X,) follows fhe

Sorm probability density function has the followis
Bn(‘xh Ty Xy, (VRN ([’H’l) =
n--1
= 1 z K

=3 —_ %=1 . - 7

- A
) PR P ,/l_,x,) . (¢

t=1



n-DIMENSIONAL STUDENT AND INVERTED ‘DIRICHLET DISTRIBUTIONS 35

J X e D,, where
D” = {(xlt ey x,,) IZ,- > 0, 7 = l, n}. (28.)

4,>0,i=1n+1, (2b)
and Bu(@y, ---, Gus1) 1S the Dirichlet function.

Remark 1. The general n-dimensional beta dist}'ibt}tior}, deﬁnpd explici-
tly by the probability density function (1), is a distribution which belong
to the class of Liouville distributions, namely to the Liouville distribution of
the second kind [4]. The Dirichlet distribution, the _mverted Dirichlet dgstrg-
pution, the ordered Dirichelt distribution and the n-dimensonal Student dittri-
pution belong to the same class [4].

The connection between the general n-dimensional beta distribution and the
inverted Dirichlet distribution is presented in the following theorem.

THEOREM 1. A pplying to the probabilily density function (1), defined in (he
domain D, the transformation

b1 3 ..

2 = b+ (68 — 8Y), i =T, 7, (3)

"
1+ X
1=1
we oblain the probabilily density function (2), defined in the domain D,, correspon-

ding to the inverled Dirichlet distribution and the Jacobian of this transformation
has the following form

J =Dl m) 1 CTT (68 — 8. (3a)
T x.)"“ i=1
|1+ 2

Proof. The transformation (3) inwolves the following relation

" 0}
zi — b 1
11— &l — D =\ n ’ (3b)
14 Z D

=]

and the conditions from the relation of definition (la) of the domain D, become

%2%>0,i=1, n, (3¢)
ie. just the conditions (2a) which define the domain D,.
Because
9z . i i > R —
a—; = (1 + ;x: - xi)(b(z) - bP)(l + le.) ,i=1, n (3d)

0zj

. . n -2 :
;;=—(bg’—b$")xs(l+};xf) vi=Tm;j=T,n;i%j (3¢

the Jacobian of the transformation (3) will have just the form (3a).
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her with the above specification, reduce th
-the
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to the probability density function defiy q ‘
. e

mation (3), toget

he transfor .
T ity function (1)
, 1,) follows an n-dimey,

probability densi
by (2)- L
; J tor L = ..
xrrron 3. (11 The random vec b 1,) '
ion al;Eg; dent distribution, with s degrees of freedom, 1f ils probability densy
function has the form r(” N s) e T
2 - fdet 4 1 20 2
fit; s = o Ly (@
r(_) )"
if t € A, where
Ay =A{ltr, -+ b)tie R, 1 =1, n} (42
mn = ]M(i) = ("1‘1' RS ”7‘")': m; = M(t,), 1« = 1, r, (4b)
A=) 1= 1, n; aj;=a;; det 4 #0, (40)
(4 is a symmelric and nonsingular square matrix of ordcr n)
SeZ-h s>2: (4d)
(de)

m)(t; — i)

1=13=1

QU =t —m) - A . (t —m) = E_Ea,,-(t,- —

(Q() 1s a positive definite quadratic form).
, L) is a random vector which follows an n-di-

THEOREM 2! If £ =(t,, ...
mensional Student distribution, then with the help of the transformation
T=T3.T 5
in which : ' .
T,:t=m4+C.U (5a)
T2: N= L U2, (5b)
s
where C is a square matrix of order n defined by relation
C.A.C=E: ; 5
ond A-C=E; E — a unit matrix of order #, (5¢)
n
2 n -1
Jrl= e Tl 5
Naet 4 ,l:‘[l % (

then we obtain t} e . .

chlet dislributionzzewlimbabﬂuy density function (2) associaled to the inverted Dirv-
‘se parameters @; take the following particular values

’ (5e)

s

1
A, — —_ y R
=y z-l,_n, a"H=2
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. pROOF. Indeed; if we consider the, transformatlon (5) then the correspon-
dmg Jacobian ‘will be

JT.=]T1 ]Ts’ ’ (6)

respectively, 1
[ Jelb= 1]zl 1]z, |- (6a)

If we have in view the explicitly form of the transformation T,
Ty: b+ my+ Dy, =1, m, )
j=1
t hen

Dl ) e 7a
Jr " Dy «eer ) et C. (72)

The relation (5c) pcrmité us ‘to obtain the following form of the matrix 4
A= (C.C)7, 8)

and, hence, the following relations

AN=C.C: A1 . A=C.C -A=E: det C = ——. (8a)
. Jaet 4

From (7a) and (8a)’ we get
Jro=1Jzl

1
T Jaeta

©)

, Now we make use of the fact that the inverse transformation T3* has
the form |

{ x

s X (10a)
[—s-X

;1. U = 10
| +4/5-X (10b) a0

respectively, the explicitly form

T u,—{ —s P (11)
45Tz (l1b) ' o

where

A__Y(»)eD_(xl,_,, )11:>O74=1_—‘} (12)

Such we can see that to the domain D

inverse transformation 731, a number of 2*
points (u,,

(n — k)

» it corresponds, by applying the
distinct domains A,(k, » — k) whose
cuy Uy,) contam k components of the type (1la), respectively,

components of the type (11b), # = 0, #. For a such domain fixed, for
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_ n) the transformation which corresponq

. ; 0 .
instance, for the domain A Yomain D, to the domain A0, %), will be T(o,,,

and which leads us from the
Tow: = +ys- %, i=1, n "
The Jacobian of this transformation (13) willi have the fOHOWing vl

—» 2 . 2 — )

]T(O, ») =2 - § ‘I:-[l Xi I]T(O, n)l (133)
It is easy to see that all the others 2" — 1 transformations of the ¢ :

(11) have the Jacobians with the same absolute values as the absolute valye

of the Jacobian (13a). ) o
Taking into account this last specification, the absolute value of the

Jacobian T3! can be represented as follows

iJT‘,"|=2”'IJT(Q',,)l='52 I—[x. z, (14)

-
—

Then, making use of the relations (9) and (14) we get for the absolute
value of Jacobian of the transformation (5) just the form (5d). Also, using
the same transformation (5), the quadratic form Q(f) can be cxpressed as
follows

Q)=(@¢t—m) - A-(t—m)=(C-U).4.(C-U)=
=U.(C-4.C).-U=U .U

\ Q) = Qu(U) = 1w, (13}
=1
where Q,(U) is a cannonical form of the quadratic form Q(t).

This last result together wi ici .
- - Y08 with the explicitly form (11) of the inverse tran-
sformation T3! implies the following relz}tion ’ (n

1+lop =145
T =1+ (16)
In conclusion, if we a
. » PPly to the probability densi i 4) a trans-
formation of the form (5) then it refei‘.es the) fore‘l!:sny function (4)

where S o)~ jx; 8) = f(Xm; s) = Ba(X™; s). (17:
r["\“) s
JX; =21 Jixx 5

hTEsJ W(l'}-gx,«,\’ : 1 Jz) (18)
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respectively, the particular form
I‘{ n 4+ s) . 1 . _ %‘_
fIX; s) = 2 1 T z(1+_}'_‘{x,.) , (19)

§
i3]
#f X=3AWe D, and I‘(%) =\/-E_

This last form (19), of the probability density function f(X; s) is obtained
from the relation (2), which represents the probability density function
of the inverted Dirichlet distribution, if we select for the paramcterss a,,

i=1, n 4+ 1, the particular values (5e).
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LA REDONDANCE INFORMATIONELLE MULTIPLE

ELENA OANCEA*

Aanuserit regu Je 17 Janvier 1987

ABSTRACT. — Informational Multiple Redundance. An informational multiple

redundance indicator is presented for three or more -aleatory variables, as well
as its characteristics and some practical applications in mathematical statistics:
statistical independency and correspondency.

Learticle présente un indicateur informational pour la dépendance aj¢,.
toire des trois ou plusieurs variables aléatoires — caractéristiques statistiques
avec ses proprietds, en geperalisant la redondance pour deux variables alé.
toires. N p
On sait [1] que la redondance des variables aléatoires

. X{x‘) - Y(yf),
pili=1n gj Ji=trm

R(X|Y) = H(X) — H(X|Y) 0

ou H (X) est i;ent}opie de 'Shannon:
H(X) = '—Z,'f),' log f)4
HX|Y) = Z4H(X|Y =Y))
HXIY =y,) = — 5210202
et 9 9j

‘est

b = P(X = xNY =yj), t =1, n, j =1, m Zpi = 1,

caractérisen 2 iti idi i i
Saractens t‘la reparatition bidimensionelle du vecteur (X, Y). On a ausst
§ P v =1, n, q; = 2,' Pije ] =1, -m.

Définition. Soi ;
. D01 Lt /
t les variables aléatoires X, Y considérées antérieur et Z

Z(Z*) .
Vi Jh=Tr

La redondance de X et Y 7 est:

H(§(§|Yﬂ2)=H(X)—H(X|YﬂZ) ¢
YN 2)= b (XY = YiNZ = z)

® Universitd de Cluj-Napom,

-~

Facultt de . .
alhmmqus-Physiqu,, 3400 Cinj-Na poca, Roumanie
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wa %nz_m—_z*ﬁg”“
J" o f’;k
Pijp = P((X = x; ﬂY y;ﬂZ—zh) Zija i = 1,
it =2 Pa=PY¥ =y;NZ=a2z)
On sait [1] que:
HX|YNZ2)=HXNYNZ) —HYNZ)
donc il résulte ‘

RX|YNZ) =HX)+HYNZ) —HXNYNZ)

Aussi de (1) et (2) on a: _
R(X|IY N Z) = RX|Y) + HX|Y) — HX|Y N Z)

41

(3)

(4)

)

Proprictés. I. La symétrie: R(X[Y N Z) = R(Y N Z|X) est immédiate-
tement. II. Si X, Y, Z sont mdcpcndantes dans le sens suivant: V%, y, z€ R
la fonction de répartition réspectivement du .vecteur (X, Y, Z): Fxyz, de X,

Fy et de (Y, Z): Fyz, vérifie la rélation
Fxyz(x, 3, z) = Fx(x) - Fyz(y, 2),

alors
RXIYNZ)=0,
et réciproquement. '
Démonstration. Si X et Y () Z sont indépendantes on a [2]

HXNYNZ)=HX)+HYNZ)
donc de (4) il résulte
RX|YNZ)='0
¢t réciproquement.
HI. Si X' = Y N Z dans le sens: Pi=pgr, 1 =17 =k = 1_'—71—"611 a
R(X|Y N Z2) = HX)
¢t réciproquement.
v. 0 < RXIYNZ) < HX).
‘ Démonstration. En utilisant V'inégalité de Shannon [3] pour
AetYNZona: H(X) > HX|Y N Z), donc

RX|Y (N Z) = HX) — HX|Y () Z) > 0, et aussi
RXWY N2z > HX). B
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P l

Remarques. 1. On voit jmumédiatement que III a lieu aussi sj X < Y
=7

dans le sens considéré.

2 Si Y =Z il résulte RXIYNZ) = R(X|Y).
3. I,a redondance normée est

Rawnmzlfﬂ%%ﬂ,x¢wmqmm¢a
4. La redondance de Y (N Z ct X est:
R(Y O Z1X) = RIX[Y N 2).
8 SiY =f(X), Z =g(X), f, g: R — R ainsi que f(X), g(X) sont des v, -
riables aléatoires on a:
R(X|f(X) N g(X)) = H(X). :

est A dire cet indicateur donne un indication sculement sur la dép(‘“dalm?
aléatoire entre X et Y Z et non pas pour l'indépendance déterministe: jf
est un indicateur de corrélation. ’

6. Pratiquement cet indicateur est utilisé dans le cas des caractéristiques
statistiques.

7. La redondance poul: quatre variables aléatoires cst:
HX)—HX|YNZN )
HX) +HYNZNT) —HXAYnzaT O

R(XﬂY[ZﬂT) — ‘H(X N Y) - H(X N YIZ ﬂ T)
HXNY)+HZNT) ~HXNYNZNT)

2 (6)1.2(X NYNZIT)=RTIXNYNZ) A cause de la symétric se rédu

Similairement on
variables aléatoires

RWWQZQD:{

Y

peut construire la redondance pour plusicurs que quatre

Applleations. On
entre trois variables a
statistique.

1. De proprieté 8 il ré
variables aléatoires X ,lyres!llte un

R(X|YN2Z)
et

{):clit.utlhser la redondance pour établir la dépendanct
catorres et aussi dans le probléme de la corespondanct

> criterium pour vérifier l'indépendance des
- On caleule R(X|Y N Z) et R(Y|Z), si

=0 <,
=X, YNz indépendantes, I xvz(x, y, 2) = Fx(x)Fy[(y; 2)

R(Y|2) = .
i YiZ2)=0=>v, 2z lndependantes, Fys(y, 2) = Fy(y)Fz(2)-

onc  Fyy,(x, - i .
débendatftyezs(. Y. 2) = Fx(#)Fy(y)F 2(2), x, ¥, 2€ R. Alors X, Y, Z sont o

f
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2. De la proprieté III il résulte le criterium pour la correspondance sta-
tistique entre X, Y, Z. On caleule R(X[Y N Z) et R(Y |Z), si

RXIYNZ)=HX)=X=YNZ]|,x -y =2 dans le sens des
R(Y|Z) = H{Y) = Y=2 répartitions de probabilités.
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PREILLIS NON-COMMUTATIFS DE TYPE (S) | \

" GH. FARCAS*

Manuscrit recu le 30 Jganvier 1987

ACT. — (S)-Type Non-commuiative Lattices. A special class of non-
&?ﬂmaﬁve l:.ttices — which we also call the class of the (S)-type non-
commutative lattices — is defined. Too, the properties of sgch a special class of
non-commutative lattices are examined in the,.report. 'l‘h'xs class is defined in
both the language of binary operations and of binary relations, the logicat equi-
valency of these two definitions being demonstrated.

Les treillis non-commutatifs ont été introduits pour la premiére fois ar

P. Jordan [4]. Ensuite, en [1], [2] et [3] ont été introduits d'auﬁes
classes de treillis non-commutatifs.

Dans ce travail on définie et on etudie les propriétés d'une classe spéciale
de treillis non-commutatifs, dénommeée par nous la classe des treillis non-com. -
mutatifs de type (S). On définie cette classe dans le langage des opérations
binaires et dans le langage des relations binaires, i la fois.

1. Considérons donc un ensemble L doté de deux opérations binaires A

et 'V, qui pour tout a, b, c € L vérifie les axiomes:
(M{WAMAC=aAWAO
eV Ve=aV (Ve
aA@Vb)=a
(B) ‘a \/(a/\ b)=a

(&tavaq=aA«vw
laVEOAD)=aV(Ab).

Le triplet (L, A V), ot L est un en
] tri . A, V), semble
tions binaires définies en I, qui vérifie les

de treillis non-commutatif de type (S).

On obtient un exemple de treilli
produit cartésien (M) XPQ(M) =rellhs B))
cnsemble non-vide, on définie

et A et V sont deux opére
axiomes (A), (B) et (S) s'appele

commutatif de type (S) si dansk
(4, B)JA < M et B < M}, ou M et ™
les opérations binaires A et ainsi:
(Au BYA (4, By < |“r B si 4N 4, # &

(4N 4z, BiN\ B,) si A, N 4, =9.
(4, B)) V (4,, By =\(A1. B)sid,N 4, # @

(41 U4y, ByUB) si 4, Ud, =9

7 ress .
L'Institute du  Instrugtion Supérieur de Tirgu Mureg
’

4300 Tirgy Mures, Roumanie
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(1.1). S i (L, A, V) est le traillis non- co,,zmutatzf de type. (S), alors pour
Jout a, b, c e L sont vraies les égalités: e

a /\ a=1a

aVa=a

{{a/\b—(“/\b)\/b/\“)
ol

‘ a/\b/\a=a/\b
(iv) {u\/bVa=aVb.

Démonstration. (i). En utilisant les axiomes (B) de la définition du treillis
non-comnmutatils de type (S) on obtient a A a=aA (aV(eA b)) =aet
eVa=aV @A (@aVb)=a, donc en (L, A, V) sont vraies les égalités
(i), c'est-a-dir: les lois de Iidempotence.

(ii). En utilisant la lois de I'indempotence et les axiomes (S) on appergoit
que pour tout ¢, be L on a aANb=(aAD) V(@AD) =(@Ad V@A a)
cta Vob=(a Vi) ANlaVbd)=(@@aVbhA (bVa).

(iii). En utilisant les propriétés (ii) et de nouveau les axiomes (S) on obtient
que pour tout a, b, c= L nous avous a A (b A ¢) =a A (b A c) (c A b))

=aA(CADV A=A CAB) ¢t aVEVe =aV(bVe A
AleVE)=aV(cVLA{bVe)=aV{ VD).

(iv). En utilisant les axicmes (A) ¢t les propriétés (i) et (iii) on appergoit
que pour tout u, b,cel onaa AbAa=aA (bA a)=a

(@A b) =
—(u/\u)/\b—a/\b ¢t aVbVa=aVbdbVa =aV(aVDb) ;\(a\/
Va) Vb=aVb

()bsuvons que si (L, A, V) est traiilis non-commutatif de type (S), alors
dans I'cnsemble L peuvent ctri: définics les relations binaires p,, p, et p; engen-
drées par les opirations A ot V4 savoir:

appbesa=aupNb
apbeoa=>bAa
Gpgbesb=0aVb

(L2). Si (L, A, V) est le treillis non- coimmutalif de type (S), alois les rela-
tions binaires o), o, el py possédent les propriélés:

(). py est une relation de préordre en L.

(ii). p, et p, sont relations d’ordre en L.

Démonstration. (i). La propriété de refteaivité de la relation P1 est une
conséquence immédiate de la 1015 de Videinpotenee démontrée en (1.1). Ensuite,
Stpour a, b, ce L ona ag b tbec, alrsa=aAbctb=0>bA c donc

a‘“/\b=(l/\(b/\)=(rz/\b)/\c— N ¢, c¢'cst-a-dire a g, ¢ et ainsi
Posséde zussi 1a proprieté de trausitivite. & P
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. s de réflexivité de la relations p, et pgoest gy
guzx'efﬁ; Izlr:p]r;et;ois de l'idempotence. Ensuite, _sxbpour a, b, ¢ e851,01111,E
cons%qetbP . a]orsa__:b/\aet_b:c/\ b, donc a =b A a=(c A b)/\aa
4P b /\2")’= ¢\ @, Cest-d-dire @ 026 mais si pour @, b L gpy°S
_t.g/\a alors a=b A\ aet b=aA b, donc a=bAa=I(e\bA “tlf’b
e ’ ;\, " ZaNb =0, cest-a-dire p, posséde les proprictés de tra“Siti\'itéA
&’antisymétrie. Enfin, si pour @, b, ¢ € Lonadpsbctbepyc alors b aet
Vbete=bVe, doncc=bVe=(@Vb Ve=2a V{b Ve =a Ve, oy,
a-dire @ pyc, mais si pour 4, belLonaapbctdosd alors b=,y Vb e
a—=b\Va, dnc a=Db Va=(a Vb Va=a .V,b \/a,—_—(_t Vl{=b, Cesty
-dire py posséde aussi les propriétés de tramsitivite et d’antisymétrie, ".
(1.3). Si (L, A, V) est treillis non-commutalif de type (S), alors pour fout
a, b ce L les relations binaires py, p2 ¢ 93 possedent les propridtés

(i).a/\bp,a.eta/\bplb
(ii). a psa Vb et bo,aVb
(ii). a ppb =>ap b el apb=>apb

(iv). cpya e cplb=>Cpla'/\b
(v). cooactcpb=>cp,a D
(vi). apcetbpc=>aVboc
(vil). @ pgc et bo,c=>a \VDbopyc.

Démonstration. (i). En utilisant la lois de I'idempotence et les axiomes (4)
on obtient que pour tout a, be L nous avons a A b= (¢ A a) A b=aj
AlaAabdetaNb=apA bAb =@ADADb doncaA bp,actaAbpb

(i). En uti]i§a11t de nouveau la lois de 'idempotence ct les axiomes (a),
(B) et (S) on obtient a Vb= (a Va) Vb =a VeVbctb=bA (bVa=
=bA (@ VD), donc apzaVVb et bpaVeb.

(iii). Si pour 4, be L on a a o, b, alors ¢ = b =
= _ ’ P2 0, - =bA a donc a=bAa=
5 EbI{\o{L/; 1:1— (;’/\ QA b=aA b, cest-a-dire a p, b. Ensuite, si pour &
¢ aih. L p30, alors b=a \/ b, donec a = « A (@Vb)=aAb, c’est-a-dire

(iv). Sipoura, b, ce L on b
d b a0, acoaetcp b alorsc=cA a et c=¢A%

onc(i) ;./\ b=(AaAb= ¢ (a A\ b), c’est-a-dire ¢ g, a A b.
doncc.=al/1<0?r=a,al;’\c(ELbonacPzaetcplb, alors C=“/\"etc=c/\b’
(vi). Si pour a, b CAB) =apn BAc)=(eAb)A ¢, Cest-a-dire cont A
done CV(a/\c)’— ’ CELonaaPlcetbcplc, alors a = a A cetb=>bA"
=cVa et c=¢ Ac)=c Vb cesta-dire aVb=

= b b
: \(/ab\él 2/\ (C Va Vb) = (a Vb) /\ (c V b) — (a V b) /\ ¢, en conse’quence

vii). Si
donc(clal\})gu;aé%(cc‘ilf-(bonaa Pscetd p ¢, alors c =a V¢ et b=bA0
c'est-a-dire a \/ b ps C. ANe)=avy CVb)=aV(dVe)= (a Vb)V‘:
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Pour les ¢léments a, b e L définissons les notions de infimum et de supre-
mum par rapport aux relations p,;, p, et p; amsi:

ipyactipbd
ieinf{a, b)e{i' p,a ot i pb =>4 pyi (' =ol)
(1,93} i pL @ ot »i' f1 b =1 pl’lo

apss et bops
sesup(a, b) <> {ap,s" et bp s =>spgs’ (s L)
(eues) ap s et bo s =sp5s

(1.4). Si (L, A\, V) est le tredlis non-comnulatif de type (S), alors pour

jout @, be L on a inf (a, b) # O ¢l sup (4, b) # O.
{p1/P1) (P1,04)

Démonstration. En utilisant les propriétés des relations py,p, et p; démon-

trées dans les théorémes précédents on constante que a A b < inf (@, b) et
(Papy)
respectivement @ \V b € sup (a, b).
(e1. 0a)
En retenant les propridtés fondamentales des relations p,, p, et p; on

peut formuler ie suivant thdoréme conclusif:

(1.3). Si (L, N\, V) est le treillis non-commutatif de type (S), alors dans
Vensemble L on peut définir trois relations binaires p), p, et pg de manuére que
pour tout «, b e L le svstéems (L, py, pa, p3) possede les propriétés .

(1). ¢, est une rclation de priordre cn L

(2). gp ¢l ¢5 sonl des relations d’ordre en L

(3). Pour tout a, b L, a ppb=>ap¢ b et a p;b=>apb;
(4) Pour touwt u, be L, inf (¢, b) # & et sup (¢, b) # O.

(1,0s) (P1/03)

2. On peut démontrer que I'affirmation inverse du théoréme (1.5) est vraie
aussi.
(2.1). Soit L un ensemble non wide doté de trois relations binaires p,," p,
b pg. Sile svsteme (L, ¢y, gq, ¢5) possede les propriélés (1)—(4) meniionnées en
(1.5), wlors dans Vensemble L on peut définir deux opérations binaires N\ et vV,
de maniére que (L, A, V) devienne treillis non-commutalif de type (S).
Démonstraticn. Si iy, i, € inf (a, b), alors de la définition de Vinfimum on
Tegoit 1, ¢, 1, respectivement (i;,p,‘)% 1;, donc étant donné que p, est la rleation
d’ordre en L résulte que 1y = 1,, par conséquent inf (a, b) contient un élément
. [N )
et uniquement un. Par dualité on obticent que sup («, b) aussi contient juste un

I X - . . (01,P4)
gement. Cette constatation nous permet ¢ue pour tout ¢, b € L définissions

I's opérations binaires A et V ainsi:
@A b= inf (a, b)
(P1,6a)

@« Vb =sup (a, b).

{P1,04)
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at démontrer que les opérations binai
1) iy s i 1 o i 1
(A), (B) et (S), c'est-a-dire (L, A, \;;zs d:{l,?'sl défi
‘ c vient

On peut facileme
en L véritient les axiomes
non-commutatif de type (S). ‘

i au treillis non-commutatif (L
’ /\: v) d
e

On constate ensuite que, si
{S) on associe par le procédé ci-dessus le systéme (L
y (L, p1 P2, pg) et, ay nféype

systeme on associe, par le procédé indique en (2.1), le treilli

Y 2 o o -2 e1]

de tvpe (S) adéquat, alors les deux treillis non-commutatifs clc;isnﬂ%u-commutati;

Remarquons que si (L, A, \/) est treillis, alors p; = p, = cident.

2.1) se transforme dans le théoréme bien connu de caracztérisp;t;:t ledthé
' on des

i Taide d’un ensemble ordoné.

nln
Cllljg

Oréme
treiljg
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ON A CLOSE-TO-CONVEXITY PRESERVING INTEGRAL OPERATOR

PETRU T. MOCANU*
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ABSTRACT. — Let ¢ be a complex number, with Rec > 0 and let g be an
analytic function in the unit disk, with g(0) =0, .g"(O) #=0 and. g(e) # 0, for
0 <|z| < 1. It is shown that if g satisfies condition (2) and if the mtegral
operator [, defined by (1), preserves the couvexity, then I also preserves the
-close-to-converity.

1. Introduction. Let @ be the class of all analytic functions f in the unit
disk U. Let ¢ be a complex number, with Re ¢ > 0 and let g € &, with £(0)=0,
g'(0) # 0and g(z) # 0, for 0 < |z| < 1. Consider the integral operator I.a—a,
defined by F = I(f), where

2.
F(o) = —— { f(w)[g(w) ! g'(w)dw, 2= U, f= @ ()

0

Making the substitution w = fz, (1) can be rewritten
- 1
gle) J (7]

where all powers are the principale ones. This shows that the integral opera-
tor I is well defined.

It is well-known that in the particular case g(z) = 2z and ¢ = 1, R. Libera

proved that the operator I preserves the starlikeness, the convexity and the
close-to-convexity [3]. This remarkable result was extended by many other
authors (see, for example, [1], [2], [4], [7]—[13]).
. In this paper we show that if g satisfies the condition Re[czg’(z)/g(z)] > O,
n U and if the integral operator I preserves the convexity, then I also pre-
Serves the close-to-convexity.

In the case ¢ =1, sufficient conditions on the function g such that I

{i 2 convexity-preserving were given in [10]. By using the same technique
1t 1s possible to extend this result for all ¢ > 0.

2. Preliminaries. We will need the following well-known lemmas to prove
Our main resyit. ‘

—_—
L d : . .
University of Cluj-Napoca, Facully of Mathematics-Physics, 3400 Cluj-Napoca, Romania
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s 1. If T is an analptic function in U, with Re P(0) 5
LE * !
P satisfies
: Al 0, zeU,
Re[Pl) + 5| >

{hcn Re P(z) >0 in U.

1 th Re P(2) >0 in Uy
2 Let P be a complex Sunction, with z) Iy
an alfz;%z function in U, with Re p(0) > 0 and if p satisfies bi

, #@l -0, zeU,
Re[pls) + Z2] > 0,

then Re p(z) > 0 in U.

The above two lemmas are particulq.r cases of_some more gencral regyj
on differential inequalities and subordinations [5], [6].

The function f € & is called convex if f is univalent and f(U) is a conyy
domain. Let denote by & the class of all convex functions in U. It is .
known that

fed of(0) #0 and Re% +1>0, 2z U.
z

The function f & & is called close-fo-convex if there exists a function g3
such that

Re L&) >0 zeU
9'(2) '

- We denote by € the class of all close-to-convex functions in U. Itis
well-knowen that each function in € is univalent.

3. Main result. TEEOREM. Let I be the integral operator defined by (1) and

suppose that
g/
Re[cig%]>0’ ze U 1l
z

rd

and

1) C . 8]
Then 1(€) C €.

Proof. 1f - ’ . - el
and G(S)J; 0 ;‘: lgt (I;"(:) = g(2)/[2g (2)], then the condition (2) implies GE€

om (1) we obtain

and ZF,(Z)G(Z) T () =f (2)

2F"(2)G(z) 4 [G'(z) + G(z) + cJF'(2) = f'(2). 4



ON A CLOSE-TO-CONVEXITY PRESERVING INTEGRAL OPERATOR 4 51

Let f€€ and let ¢ € X, such that

Refl S0, zeU. ()
- ) - . :
If we denote @ = I(p), then from (3) we deduce ® = X. We also have
2" (2)G(z) + [2G(z) + G(2) + c]P'(2) = 9'(2)- (6)
If we let
_ F@
P =52,

then (4) can be rewritten in the following form

O'(2)G(2)zp'(2) + {z®"(2)G(2) + [:G'(2) + Gle) + ] (2}p(e) =f(2).  (7)

If we denote

P = 227(2) + 1+ 6a) + < , 8
(z) D’'(2) G(2) G(2) ( )
then from (6) and (7) wec obtain

ZL(I) =M. .
pl) + L8 L0 ©)

Letting z = 0 in (9), we deduce Re p(0) > 0. From (5) and (9) we obtain

Re [P(Z) +29]>0, :eU. (10)

Since (6) can be written
'(2)G(2) P(2) = o'(2),
we easily obtain ‘

P(Z) + ZP’(z) — z?n(Z) I + Cw .

P(z) ?'(2) &l2)
Since ¢ is convex and g satisfies (2), we deduce
z2P’(2)
Re [P(z) + Tz)] >0, zeU. (11)

F'(3)
Re =22
v >0, ze€U,

which shows that F e @,
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XIMUM PRINCIPLES FOR SOME NONLINEAR DIFFERENTIAL
MA EQUATIONS WITH DEVIATING ARGUMENTS

TOAN A. RUS*

Russived : March 12, 1987

ABSTRACT. — Some results given in [7] are generalized for the nonlinear
case. Therefore, maximum principles and minimum principles are set forth:
{i) the solution of a nonlinear second order differential equation with deviating
argnment ; (ii) the difference of two soltious of such an equation; (iii) the
solutions of a nonlinear system of second order differential equations with devia-
ting argnment. Some of thesc principles are applied to the theory of boundary
value problems.

1. Introduction. et a, a,, b, b, € |R be such that a;, < a<b <b,.
DEFINITION 1. (sce [7]. A function y e Cla,, ;] C? [a, b] is said to
satisfy the maximum principle if

(max y(x) = MR 0 and y(x,) = M) implies (%, = [a,, a] U [b, b,]).

x€a,h)

DEFINITION 2. (see [7]). A function y € C [a,, b,] N C? [a, b] is said to
satisfy the minimum principle if

(min y(x) = m < 0 and y(x,) = m) implies (x4 € [a,, a] U [0, b,]).

z<[a,b,]

__Let us consider the following nonlinear second order differential operator
with deviating arguments

L(y)(x): = y"(x) + flx, ¥'(x), y(x), y(g(%)), ..., ¥(gn(x))),
x € [a, b],

wherea;, < g.(x) < b, x<= [a, b], i =1, m and fila, 8] X [R™+2 — [R.
The object of this paper is to establish maximun principles and minimum

Principles for the solutions of the following differential inequalities with devia-
ting arguments :

Lty) =0 (1); Liy) >0 (2); L(y) <0 (8);
L) <0 4); Ly =0 (5

We follow terminologies and notations in (2], [6] and [7].
-\

* Universi .
mversity of Cluj-Napoca, Faculty of Mathematics-Physics, 3400 Cluj-Napoca, Romania
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- s, We have
o Maximum and minmum prineiples W

geOREM 1. Let ¥ € Cla;, 51N C2[a, b be a solution of (1). We St
T . ‘
@) f(x, 0, 7 ..., 7 <0, for al 7> 0,/x € Ja, bf,

(6)
@) (s = IRw, ¢ <) implics Sz, 0,7, <flx, 0,7 s),

y
e a, bl and r>0. o
for all"lh:ney] satis[ﬁcs the maximum principle.

Proof. Let max y(x) =M > 0, and y(x,) = M. We suppose that x, « Ja, b,

r€ [ab]

We shall show this leads to a contradiction, We qbtaiu
L(y)(xg) = 3" (%) + [ (%0, 00 M, y{&a(%o)): - - -, ¥(gm(%a))) <
' < flxg, 0, M, M, ..., M) <O0.
rEEoreM 2. Let y € C [a;, b1 N C* [a, b] be a solution of (3). We Stppose
Q) f(x, 0, 7,...,n >0, for all. 7 <0, x & ]Ja, b, 8
(i) (¢, s |R™, ¢ < s) mplies f(x, 0, 7, &) < f(x, 0, 7, s), 9)

for all x < Ja, b[ and r < 0. o
Then y salisfies the minimum principle.

Proof. Let miny(x) =m < 0, and y(x,) = m.

%€ [a,b,]

We suppose that x, € Ja. b[. We have

L{v)(xo) = 3" (%) + fxo, 0, m, ¥(&(%0)), - - ., ¥lgmlxo))) 2

2 flxe, 0, m, m, ..., m) > 0.

We thereby reach a contradiction.

From the Theorem 1 and Theorem 2, we have,
THEOREM 3. Let y & Clay, 8,1 C2[a, b] be a solution of (5). We suppost
that f satisfies (6), (7); (8) and (9). Then Y salisfies the maximum and mintmun

principle.
By similar arguments we have :
fie '(1‘;;132)’1;:5[ 4 Let y e Clay, b1\ C2(a, b] be a solution of (2). If f salis
| flx, 0, ",een?) <0, for all r >0, x e Ja, b[, 9
then y satisfies the maximum principle

THEOREM 5. L¢f ' 1§
fies (9) and @Y Clew 1N Cla, b] be @ solution of (4). If f 548
f(x. 0, 7, .._,r)

20, for all y < 0 b (1
then y satisfies the minimum 4 , x € la, b,

rinciple.
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Remark 1. For f(x, ¥ (%), (%), y(&u(%)), - . ., y(gnl(x)) = p(2)y' (%) +9(%)y(%) +

+ Z’": q (x)y(g‘.(x)), from the Theorem 1 — T}wprem 5, abové, we ,k‘avc' T]ico)em;l —

§=1 - . 7 ) . ' ‘
Theog;’(lmfpl’c”l-[ :][f ye C[—1, 3]N C*[0, 2] is a solution of

y(x) + (1 + sin 2)y"(%) — 3y(x) — e=¥==1) — et >0 x< [0, 2],

then y satisfies the maximum principle.

3. Maximum and minimum prineiples for the difierence of ‘two’ solutions.
Coxlsi&cr the following nonlinear second order differential equation with devia-
ting arguments '

Liy)x): = ¥"(x) + Mz, y(x), ¥'(%)) + 9(x)y(x) + qu(x)y(ga(x)) = i(x) (12)
where
x€ [a, b], h:[a, b] X [R*—|R, q, ¢;, 8, t: [a, b] —|R.

and a, < gix) < by, for all x € [a, b] and ¢ =1, m. .
We have v

THEOREM 6. We suppose

(i) gix) = O, and q(x) + Eq‘(x) £ 0, for all x & [a, b],
fom]

\
(ii) (s, <'s;) implies hix, sy, 7) > h(%, s, 7), for all x = [a, b) and r |R.

If y and z are solulions of (12), then the function u < Cla,, b,]1 N C*[a, b],
U=y — z salisfics the maximum and the minimum principle.
Proof. Let max u(x) = M > 0, and u(xy) = M.
£< [ay, b,]
We suppose x, € la, b[. We have
Y(¥o) — 2(x0) > 0, ¥'(xg) = 2'(x5), ¥ (%) — #'!(x) < 0.
Since y and z satisfy (12) in X4, hence

0= 3"(x5) 2"(xa) + hlxo, Y50, ¥ (0 | — hlxa, #lx), #(x)) +
+ glroutze) + 3 aiza)uladx) <
< hlxo, 3(xo), ¥'(x0)) — hlxor 2%, 2'(xg)) +
0050) + 3 00rM < b, 3{x0) 5 ()) — by, 2(x0), 2/(50)) < 0.

By a similar ar : . )
e I arguinent we prove that the function «  Claq,, b Cila, b
satisfies the minimum principle. o 0211 Cla, b]
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Remark 2. If g=9=0 =71, m, then from the Theorem 6 {

0
ven i (1] (see [4] PP- 47—49). e havca

yesult gt . /
Remark 3. Let 4s consider the following boundary value probles,
Ly)=h yE Clay, 51N C?[a, b] :
Yigw =9 o =1 (12)!
o (13

From the Theorem 6, we have

rHEOREM 7. Let L be as in the Theorem 6. Then the v ,
has at most one solution. problem (12) + (13)

Exsmple 2. Consider the following boundary value problem
) — 3y 4 siny' (D) F¥E—D+yE+ D) =h xe(0,4) (4
VLo =9 Yius =1 ]5)
By the Theorem 7, the problem (14) 4 (15) has at most one solution (19)
4. Generalizations. We begin with: DEFINITION 3. (sec [7]). A fu.ﬂCtion

ye= C{la,, b, IR*) N C*([a, b], [R™) satisfies the ‘i SN .
exists a component y of y with the following pr;];)i:‘:iré‘:m principle if ther :

i

() max yis) = M >0,

€ [ay, &)
(i) y < M,
(i) {x < [a5, 0] ya(2) = M} < [ay, «] U [b, b, ].

DEFINITION 4. (see [7]). A function y € C([a,, b,], [R") N C*([a, b, RY

i) min yyx) =m <0,

X€(a), )

(i) y = m,

(i) {x € [a,, b.l]]yk(x) =m} c [a, a] U [h, U]
(T

Consider the £ i
0 ollow 3
deviating arguments ng nonlinear second order differential operators with

La(y)x) : = gy ,
)i =3 (%) + fulx, L), 3(0); ya(gan(2), - . ., Vylgaam(®)

."2(.3&-,2,1(%)), e Y .
where xe [0 " 2(8r2m(¥))s S YnlBrna (%) - v, YulErmm(®)))

. s ) ..
fk- [(1, b] % I.I‘”m+2“’lll‘,gk']"(x) < blu 4G <a< b < bl b= m and

By a simi
milar arguments ip §2
THEOREM 8. Le/ y C( ) s

of the Jollowing systep, of
Li(y)()

(16)

(45, b,], 7 ~ '
LD N C¥{[a, b n .#; "
differential im’qua(h['ti’es.)], ). 7 0, be o

20, fo '
frallxe[a,b],k=1,'1i ir
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We suppose

@) fulx 0 70 oo 7) <0, for all ¥ > 0, x € [a, bL k=1, n (17)
i) ¢ s<=Rm 2 <) implies fi{x, 0, 7, 1) < filx, 0, 7, 3), (18)

y xe fa, 0], 7>0, and k=1, n
for aglz:n yE satisfies the mazimum principle.

cmsorEu 9. Let y € C([ay, b)), [R") N C¥([a, ], [R7), y 0 be a solution
of the following  system of differential tnequalilies

L) (x) <0, for all x « [a, b] and k = 'l_,_n
We suppose
Q) /2, 0, r, ..., 1) <O, for all ¥ <O, and x € Ja, b[, k= 1, n, (19)
(i) (¢, s< R, ¢ < s) emplies
falx, 0, 7, &) < fialx, O, 7, 3), (20)

for all x € [a, 0], v < 0, and k=1, n.
Then y salisfies the minimum  principle.

THEOREM 10. Let y € C([a;, b, IR™ N C¥({a, 8], R"), y #0, ¥y 20, be
a solution of the following system of differential equations

Li(v)(x) =0, for all x € [a, b] and k =1, n.

If Lo, k=1, n, satisfy (17), (18), (19) and (20), then y satisfies the maximum
and the minsmum principle.

Remark 4. From Theorem 8, Theorem 9 and T heorem 10, we have, Theorem 1,
Theorem 2 and Theorem 3 respectively.

Rmn((rk 5. From Theorem 8, Theovem 9 and Theorem 10, we have, Refnark 5,
Remark 6 and Theorem 7 in [7] respectively.
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THEOREMS ON COMMUTING MAPPINGS SATISFYING A parp

INEQUALITY HHoxy
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ABSTRACT. — We prove two fixed point theorems for commuting mappings
satisfying & rational inequality which generales Theorem 3 from (1} alfd

Theorem 1 from (3).

In [1] B. Fisher gave the following thcorem

ruporeM 1. Let S and T be mappings of the complele metric space jy
itself such that for all x,y in X either "
cd(x, S%) - d(y, Ty) + bd(x, Ty) - d(y, Sx)

d(Sx, Ty) <
(S, Ty) dix, S5) + d(y, Ty) U

if d(x, Sx) + d(y, Ty) # 0 where b > 0 and 1 <0 <2, or
d(Sx, Tv) =0

otherwise. Then each of S and T has a fixed point and these poinls coincide,

Let (X, d) be a metric space. We denote by CB(X)
ace. y CB(X) the set of all nonempty
2(§F§)P°11"ded subsets of (X, d) and by H the Hausdor{f-Pompeiu metric o

Let A, B CB(X) and k< 1. Iy i
t A, . In what f : ’ KHOW
fact will be used : For each ¢ & A, thereisa b OeuonZ,ugllll(-t}f:‘llomng welle

d(a,b) < R H(A, B).

Let (X, d) be a metric space, we denote

S(A, B) = Sup {d((l, b) ca€ 4 and b e B}
where 4, B .
= 3(a, B) . ifcsli(‘iX)B If A consists of a single point ,,a” we write &(4, B =
paper (3] H. Rap O then 4 =B ={a (Lemma 1 [2]). In 2 ™
rsoR 2. 1 €X 0 proved the following theorem . .
R M 4. Let T: - :
tinuous mappings for wlﬁch CB(X) and let fiX Y and g: X —» X be co

witlh f and g and theye exisls b ETg( )1)Cs{t E;;f )t}th (X). Suppose that T commue

H(Tx, Ty) < hd (fx, )

® Migher Education i
Institste 5500
s Bacdy Romani,
( i
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oy cach %,y < X. Moreover, assume that one of the Jollowing holds :
cither: (1) f(x) # f4x) implies f(x) N T(x) =2
or (i) g(x) # gi(x) smplies g(x) N T'(x) = @.
le;zn T has a fixed point in X, which is also a fixed point of foreg.
Theorems 3,4 of this paper extends thcorems 1,2 for commuting functions

and multifunctions.

THEOREM 3. Lel (X, d) be a_complele metric space, f, g continuous mappings
from X into itself and S, T conlinuous multifunctions from X into CB(X). Sup-

pose
(1) Each of f, g commules with the three others and S(X) U T(X) C fz (X)

H(Sx, Ty) & dUfx. 53) - dey. Ty) + b dYfx, Ty) - digy, S3) (2)
3(fx Sx) + gy, Ty)
or all x,v € X for which 3(fx, Sx) + 8(gy, Ty) # 0
wheve 5 2 0 and 1 < ¢ < 2.
Moreover, assuine that one of the following holds :
etther: (a) f(x) # fi(x) implies f(x) N S(x) =D
or (h) g(x) # g(x) implies g(x) N T(x) = 0.

Then S and f or T and g have a common fixed point.
Proof. Chosse a real number £ with
1 <k <2 (3)
Take x, = X and denote # = fg, using condition (1) we construct a sequence
{xs} such that
UXgpyy € SE X an) UXangz € Tf xon 4

At Xynpy, ¥ Xogy2) < RH (Sg 2an, TS 22ms1)

and
d(#Xons1, UXow) < RH(SE %2u, TS Xan—1)-

Suppose first of all that

8(/8 A2n SE %2a) + &f Xantr, Tf Z2os1) =0
for'some n. “Then fg s, = {Sg %2n} = &f Xant1 = {TSf Xans1}-
By (b) we have

8(fxonsr) = g(fr2ns1) = & (Tf H2nt1) = T (fg %ans1) = 1 (& %2av1)

aud gf X2441 iS a conunon fixed point for g and T.
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Similarly ~
] s(fngm ngz") + s(gfx%—b fom:—-]) =

i me # implies that fg%2, is a common fixed point for f and g,
or so

Now suppose that -
3(ferzm Sg¥en) + S(8f%2ntrs Tftznss) # 0

.. Then by (2) we have succesively
d(UXzn 1, UKsns2) S kH(Sgxam, Tf%m11) <

. cd(feXsp SE¥sa) (&M F2011: Tfotyns1) + D8(J8%00 Tf¥2p 1) 4(8%p, 41 Sgxy,)
ke 3(fe%gn SE%24) t 3(8/%2n10 Tf%p4.)

forn=12 ..

Y/
A

cd(u, Xom “12”.).1) : d(“x2n+l' ux2»+2) .

d(urpy Wgyy) T (W2 s 1 WWanyo)

If d(tXgn41, HX2ng2) = O then #xp,py = UXopr2 < Sgx2m,
UXoppr = WX2pp2 € TfX2e41. By (b) and gfxsny1 € Tfx3,41 we have
8(foans1) = gf¥ons1) = glgfxam+1) € g(Tfx2u1) = T(gf%2041)

and gfxs,4; is 2 common fixed point for g and T.
If d(uxg,.H, uX2,.+2) 5% 0 then

duxguyr, UXonta) < (Ck — 1) - d(uxay,, 132, 41).
Similarly we have '
AUz, UX2n11) < (B — 1) « d(uxpy—y, UX2n).
Repeating the above argument, we obtained
d(ux,, uxn42) < ck — 1)"d(ux,y, ux,) for n =0,1,2, ....
Since 0 < ck — 1< 1 by (3), then by a routine calculation one can show tht

fux,} is 2 Cauchy sequence and since X is complete, we have lim ux, =01
some v € X,

Then fgx;p4, € Sgay, implies
Jx241) = f(Sgan) = S(fgxs) = Su(xa).
:‘I;:lals‘i.g)tl}ilg?i:veasggcﬂ ©, fo) < Sv. Similarly, g(v) € Tv. Hence in the evett
J00) = f2(v) e f(Sv) = SF(o)

thus f(v) is a common {i . A ’
be a common fixed point lol?g Point of f and S. If (b) holds then g(o)

2 ”
f’omT)IEI ﬁiﬁnﬁs‘zﬁ%@ g) be @ complete metric space, £, & continuous géﬂf’?s’:é |
pose that s L continyoys multifunctions from X into CB(&)- |

st
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) Each of f, g commutes with the three othsers and S(X) U T(X) Cfe(X)

' d(#,S%) - d*(gy, Ty) + bd(fx, Ty) - dP(gy, Sx
oSz, Ty) <°© ¥ &y, S#)
(2) H#(S%, TY) 8(f%. 57 + ¥ey, Ty)

for all %, y € X for which 3(fx, Sx) + 8(gy, Ty) #0, where p > 1, b > 0 and
1 < ¢ < 2. Moreover, assume that one of the following holds :

cither : (a) f(x) # f*(x) implies f(x) N Sx = &
or (b) g(x) # g¥(x) implies g(x) N\ Tx = @.

Then S and f or T and g have a common fixed point.
Proof. It is similar to the proof of the Theorem 3 and Theorem 2 by [4].
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: . . . dimate  solution
{f this paper is to obtain approxiniate of
ABSTRf\CT. ;—1 Exheio:ll:ecgnd ordgr differential equation by dehc;.ent quartie
Ca]‘_‘chy‘zhi%? i)n:erpolate a given data. The convergence of the approximate soly.
(] 4 A
?o:l to the exact solution is studied.

1. Introduetion. Let us consider the Cauchy’s initial value problem
y'=fx, 5, ¥), x<0 1] (Ly
5(0) = yo, ¥'(0) = o

Here we assume that f[x, y(x), ¥'(x)] = C'{0, 1], » = 0 and that it satisfis
the Lipschitz condition

|f9(x, 31, 1) — 9%, 320 Yo} | <
< Lllyy— 21 + g — yl1 (g = 0(1)7) (12

for all x & [0, 1] and all reals y,, y,, ¥;, ¥2- These conditions ensure the exts:
tence of unique solution of the problem (1.1).

In the last several years various authors have used spline functions ff;
the approximate solution of initial value problems including (1.1). It 15 k“mo‘
(see for example [1]and [4]) that the spline functions of full continuity do 2on
converge to exact solution for arbitrary degrees of the spline. For this rezeﬁ'
the continuity conditions are relaxed. Micula ([6] has constructed 2

. . . g
clent spline function to approximate the solution of (1.1). Fawzy 21
obtained the set of approximate values

Y3050, L5 g=00) +2)

which are approximations to the exact values

V. @ ’
Yo:9d, 49, ., ¥ g = 0()(r + 2)

* Departemnt i
P né of Mathematics and Astronomy, Lucknow University, Lucknow — 226007 Indis



SOLUTION OF CAUCHY'S PROBLEN

63
On the basis of these approximate ' values he has constructed a spline func-

tion Sa which interpolates to the _set Y on the mesh A and approximates
the solution (y(x) of (1.1). The set 'Y("’ is defined as:

Fo =120 Yo=Y I5 " =FNx, 5o, ¥5) (g = 0(1)),

x
R+ f

Fer = I + 13 + S 5 flo, yiw), yi¥'(u)] du dt,
xkzk

x
Rt

Fis1 = i +S Il yh (0] d,

¥

YO = fOXprr, Frrr, Ya+) (g = 0(1)r), k = O(1)(n — 1),

where
%@ =5+ (S 0, e
*x
Here
=2, k=on k=1
n »

and for x, € x¥ < Xiiq

r+2 j(,’) .
x) =2 = (v — m),
j=o0 jl
1 s
pli+1 R
_\);’(x) =2, —— (x — x,,)f.
j=0 jl

ties The crror of the approximate values y‘{i, are estimated by the inequali-
lyﬁ’l: — j’ﬂl < ¢ @ppa(B)rH2, (L.3)
where
k= 0(1)(n — 1) and j = O(1)(r + 2).
For the values 3, and 7; even sharper estimates
131 — 31| < coopqa(B)ArtS, |91 — J1l € € @pqa (B) B3

are valid (see [2] lemma 2.2.1 and 2.2.3). Here ¢js denote different constants
and o,4.h) is the modulus of continuity of y’+3(x).

(1.4)
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per is to obtain agproximate solution of L1)

ai i by 4.
The aim of this paper | late a given lacunary data. We oY da,

: ; -hich interpola \ also
Client qv.la;'lngc:2 ;glxzefs t‘;ll;lcappmximate solution to-the exact solutioy Inlscus,
the conVv

el @’ q 1 . a
's definitions of F's we counstruct spline functions ot

taking the Fawzy ted i tion 2. In section 3 w Sty
i described in section 2. A e shall ¢qe
oot B S o e
2. The spline funetions S(%), G(») and H(x). Let }
A0 =2< % < - < Apey < 2y =1
. —_— : - l
be a uniform partition of the interval I = [0, 1] with x,; — x, ==<

k = 0(1)(n — 1). We denote by S%, the class of splines S(x) such that S(y) e

2 S(x) is a quartic in each [Xe ZXr41ls k‘= 0(1)(n ~1). Suppos
;f(;l(?n and_}_’m(xt)l =0, 1?2 are given real numbers. Then for given A t?lere
o J1 *rrOn?

. = = 7 () e
exist unique spline functions Sa(x), Ga(x) and Hu(x) € S,y satisfying Tespec.

tively the conditions:
Salzi) = 3

(A) V) =i, k=0{1)n
3":(5"0) = ¥o!

Ga() = 3

(B) Gilx) =3¢, k=0()n
’(—;A(xo) = ¥,
Hy(n) = Vi

© Hilm) =3, k=0(1)n

The existence and uniqueness of these spline functions have been shown in U
For the explicit expr

Galx) ession we mention only two of them, namely Salx) 2o
alx).

Sal®) ___!-Eo(x) when x, < x < x, @
[Sk(x) when x, < x < 2eyy, = (1) — 1),
where

So(x) = 5’0 + (x - xo)% + %}-(Y\ — x0)23‘,’é + _}_ ('U _ xo);;(io's + _;1_'_ (x —_ xo)‘ﬁo,l
' 2.9 |

|
'
i

3!
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and
S(m=%n+EF— #dk + [ Ik 351 (" — %) s + 4— (% — x)¢ap..
Here /
- 12 by rytd h? —-—n —n —_
dos = ’—;\.')’1 — Yo — Iy — = yo) - ‘}1;(3’1 - Y
ao.—-———‘yl—yo—hyo——y)+ = Yoh
. 12 - - - K-\ 1
Qs = — —h- Qg1 + T [yk+l - y - ‘—yk) _— (yk'H — yk)
_2_4a . _2_1 — — 1‘_ —n (—u _ —lr)
dhq = Pl 3 (th I y,.) I Yet1 — Yals
- wld —1 - hi -t h L4 -—n
o= 3o+ 4% + (y1 Yo = ¥y — =3 vo) + 5 01— %)
- 2 - - h o —, —
dpprn + Gy = ‘;’(yk+l — ) + r (Vi — %), k= 11)(n —2)
- Go(x) when x, < x € %
GA(x) — ! _0( ) 0 1
\Gi(x) when %, < % € Zeyr, B =1(1)(n — 1),
where
o - - —n 1
Go(%) = Yo + (x — xo) 7y + ;l-! (% — %0)* 55 + 31 (x — %0)%0s +
L o(x — x,)45
+ 5 (x- %o)* boq
- - a—n 1  \3 F
Gu(%) = bao + (x — x) s + '217 (x — )y + 1 (% — x)%bas+
- —_ 45
+ L (x — x)*bus.
Here

- v A 2 = yid
bos = %6’{ — ¥o — hya) — n (3 — 3o

- - - [ P —
bou = — —!E (31— Fo — W30 + - (1 — Yo
—n 2 (= -

bis = — — (}’k+1 — - - (Vo1 — )
—_ - 6 i — v

5&,4 = — -h— (Fh+1 — T — B3y + Y (yk,+1 V)

$ - Mathematica 2/1987

65.

2.3)

(2.4)

(29)

(2.6)
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—n b o= ' — =" ___}i - —
5,o=330+h-5’6+1'2:}’o+;(?’1'_30 hy(!) 12 (y1~y°)

- ]i_” h -t . bets __' "“II — L - —
Brsro — bro = et “;' Pty (Fhar — Fh = P — 5 (i — 3p),
k=11 — 1).

{ spline funetions to the solution. In this section v,
b gngeg";‘;flrgx?v?fﬁ ('zhe pconvergence of our spline functions S,(x) ang G:v;l;
faVen in section 2 to the exact solution of (1.1). We prove that they sat
the differential equation as 7 —* . . . |
Let S4(x) (respectively Ga(x)) be the Splll-l.e funcctlon c%rrespond"}g to the
approximate values ¥, and let Sa (%) (rcspect1vel¥ '13‘(1:))- e the spline fup
tion corresponding to the exact values y of (1.1). en’ we have

THEOREM 3.1.

1SO(x) — S ()] < hyoy()h=9, ¢ = 0(1)4, (3)

_mwﬂ_wst%%mwmq=omak=1mw—w; (32)

Here and onward kg, g g, ... denote different constants independent of h.
THEOREM 3.2.

h {GO() — CO) | < Ay g7, g = O(1)4 B3

1Galx) — G (%) | < pows(h)i® (34

GP(x) — Gl(x)| < pgog(Wh5—9, g = 1(1)4. (33

Proof. of theorem 3.1.
We have owing to (2.2)

Sol) — Sale) =L (agy = dog) + =2 (g — dod)

Now

s _ 12 — 14 & -
Qo3 — Go3 = m (3, — 3) — % (1 — 30
and

L3N

— @ = . 24 by 4 " -_—n
Qg4 Aoy = — ; (yl — yl) + ._Z_’(yl — yl),
Using (1.4) we have '

a 803 = doal < 1eqlay(h) + o (h) < eyl ()
an .

l aO,S - a-0,4 I < 24C0h,2(_04(h) + 4027120.)4 (h) s Cshzo.)4 ('h)» ‘
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Hence ~
and by succesive differentiation
|S8Ax) — SP(2)| < by B0 wy(h), ¢ = 1(1)4.
This proves (3.1). Further owing to (2.3)
Ry, 3 - ? ” —
Su(®) = 5 = 0n = ) + (v — mdans — ) + L2 (0r 5 4
x— =) s G -
+ 1 (ks flk.a) + T (ara — day).
We shall first prove
laky — ary| < chPwy(h). (3.6)
We have owing to (1.3) and lemma 1 in [7]
ary — @] < Jany — 94| + 1 — J4l 4+ 19— 3l <
< "? wu(h) + c,ibey(h) < e, (h).
Now
o . 12 N 12,
Az — dry = — % (aps — axa)+ ™ (r+1 — Pag1) + — - (Y — )
- 1 " -1
— (% — %) — — (Yhs1 — Yi+1)
B b
and
. — 24 —
Qpa ~— Q4 = % (ﬂk_l — d;,,.) — ;—f (yk+1 — yk+|) + ’F’ (yk - yh) +
- 4 - o -
+ 78;, (¥ — Y1) + - (Yhe1 — Fi41) -

which on using (3.6) and (1.3) gives
{ahs — Gral < cgwg(h) and h|ars — dral < Gowy(h)
Hence

[Su(x) = Su(x)| < caoh®ou(h)
and by differentiation process
1S — 3P| < ol oy(h), ¢ = 113

This completes the proof of the theorem.
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Proof of theorem 3.2. From (2.5) we have
Gol#) — Golm) = L2 by — Bu) + L5 5, — 5y ).

Here
6 , — ) A —
bes — b—o,s = » (1 — ) — r (xi — )
and
- 12 ” —n 6 L4 vl d
boa — boy = — m (1 — ) + r (y: — _')’1)
Using (1.3) and (1.4) we atonce have
[bos — 50,3[ < cpyog(h) A3, [ boy — 50,4] < Crpuq(h) A2
which in turn gives
[Gox) — Go(x) | < Agey(h) A°.

By differentiation we arrive at (3.3).
To prove (3.4) and (3.5) we have from (2.6)

Gil(x) — Ga(x) = (bro — bro) + (x — %) (i — 71) +

(r — "k)

(¥i — y0) -
+ L= =) (brz — brs) + x— m)f (bas — baa)-
31 i1
We first estimate |byo — bio|. We write
|bao — baol < |bao — va! + |bro — | + | 9% — Fal-
Now Using (1.3) and the lemma 2 in [7] we have
| bao — Duo| < crama(h) B3 3.7

Now

6 6 I bt 4 2 ”n —rn 4 r 4 et 4
bis — 5»3 = —(yk+n — Yh41) — F( e ';(yH-l — Vi) — r (¥ — ¥%)

and

bua — Bre = — 2= (Yher — Fhar) + = (34— F0) + - (i — Fide) +
6 ” —_
+ = (Yo — ¥h)-

Using (1.3) we get
|brs — bas
| B4 — bra

Cra04(h )12 (3.8)

| <
| < cageulh) . (39)
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Hence

LGalx) — Ga(x) | < w, (k) h3.
This proves (3.4). Again
G — Gilx) = 3 =3 + (r — w0k~ 30) + L=y, 4

(x — mp T
+ 31 (bh,4 bh'4).

Owing to (1.3), (3.8) and (3.9) we have [Gj(x) — Gi(x) < w@,(k) AL On further
difference

|G$cq)(x) - Ciq)(xH < g, (k) B, 9=2,3 4

This complctes the proof of theorem 3.2.
The following theorems give error estimates between the approximating

splines Sa(x ) & G4(x) and the exact solution of (1.1).
THEOREM 3.3. Let y(x) be the exact solulion of (1.1). Then

|5(x) — S@(2)| < o (B) °77, g =0(1)3. (3.6)

THEOREM 3.4. The following estimates are valid.
|9(%) — Ga(%)] < w,(h) 1 (3.7)
|99 — GCP(x)] < w (b)) K7, ¢ =1(1)4. (3.8)

Proof of theorem 3.4. We write
|9(%) — Ga(%)| < 19(x) — Ga(#)] + 1(Gal%) — Ga(x}]-
From theorem 5 in [7] the following estimates are valid:

|9P(x) — GR(x)| < 38" %0 (h), ¢ =1(1)4
and

|7(x) — Ga(2)| < Bay(R).
Using these estimates and the estimates in theorem 3.2, we have
19%%) — GO (x)| < |3(%) — G(%)] + 169(x) — CE(#)] <
< W0 (h) + BB < o (W', ¢ = 114

which proves (3.8). Similarly we obtain (3.7). . ) il
The following theorems show that Sa(x) and Ga(x) satisfy the differen
¢quation (1.1) as % — oo.
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THOEREM 3.5. We have i i N
,Sg(x) _f(x) SA(x), Si(x))l i< cldhw,;(]'l.),

G 39,
|Gy (X) — f(x, Ga(%), GA(2)] < Wey(h).:

By
Proof. We write . ) , . ‘ ’
Gulx) — f(x, Galx), Ga(x)) = GX(x),— ¥"(%) + ¥"(x) —

— f(x, Ga(#), Ga(x) = [GE(®) — ¥"(%)] +
+ [f(x% Gal®), Ga(®) — fix, Ga(®), Ga(2)].

Therefore owing to Lipschitz condition
1Ga(a) — f(x, Cala), CALN T < 1B (%) — ¥ ()| +

+ L{j(x) — Galx) | + 15 (%) — Ga(%)]]

which on using theorem 3.4 for ¢ =0, 1, 2 atonce gives (3.10). Similarly we
have (3.9).

Remark. We find that the approximating spline Ga(x) offers better approxi-
mation to the solution of the differential equation (1.1) than the spline func-
tion S,(x).
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APPLICATIONS DE FORMES DIFFERENTIELLES EXTERIEURES
EN DYNAMIQUE DU POINT A MASSE VARIABLE

V. OBADEANU*

Manuscrit regu le 8 Avril 1987

ABSTRACY. — Applications of the External Differentiation Forms In the Dyna-
mics of a Variable Mass Point. The movement of a variable mass point is
given by differential equations (1). In the paper, some geometrisation is given
to the equations of movement, and a couple of consequencies are deduced.

Le mouvement d’un point de masse variable est décrit par des équations
différenticlles de Meéchtcherski-Levi-Civita [2] de la forme:
dg —vdt =0, mdv — Fdt — (u — v)dm = 0, oit m = m(}). (1)

Nous proposons de donner aux équations de mouvement, de la forme (1),
une géométrisation ct d'en déduire certaines conséquences.

1. Soient un domaine V; C|R?® et M = T(V;) x |R?
w:M->|Ret F:T(V,) xR~ R
Les équations de la forme (1) (sur M) regoivent une signification précise.

DEPINITION. On appclle systéme géométrique, associé au point principal,
Yensemble (M, F, u) formé par l'espace M et les fonctions F et #.
Au systéme (M, F, u) on associc cannoniquement

Q, = mdv' A dg* + (Fidg* — mvidv’) A dt + (wf — v)(dg' — vd) A dm; (2)
appelée forme géométrique réduite du systéme géométrique considéré. On a:
PROPOSITION 1. Dand les points ou m # 0, le rang dc la forme Q, est 6.
PROPOSITION 2. La forme (2) est invariante & Vaction du groupe de Galilée.

PROPOSITION 3. La  différentielle extéricure de -la forme géomélrique réduite
ne s'annule jamais. o

Etant donné que la forme Q, ne peut pas étre fermée, on peut- trouver
une autre forme géométrique ,,complete” qui admette les mémes caractéris-
tiques que Q,, mais qui soit, en plus, fermée.

On déduit la 2-forme: ‘

Q = mdv' \ dg + (Edg' + mPdv) \ @t + Bidgi A dg"'+.

T Qv \ dv* - (uf — vi)(dgF + Pidt) A dm — [(4 — 7) X Q]id”i A dm,  (3)
* Ondversité de Timisoara, Faculté de Mathematiques, 1900 Timisoara, Roumanie

-
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avec les relations de liaison
F=E+UXB, -—-v=P+FXQ

. )
PROPOSITION 4. Le rang de la forme (3) est 6. ‘

PROPOSITION 5. La classe de formés géométrigues complétes QJ ey i |
riante a Uaction du groupe de Galilée. ”aﬂ;

i

On obtient pour les cocfficients les valeurs:

E = A(E) + A(B) X b, B = A(B),

— A = 50(3). 5)

P=A(P)-b, Q = 4(Q)
La forme différenticlle Q, contient 15 fonctions: E; B, Pi 0, o 4
reliées entre elles par les relations (4), en nombre de six; B, Q et 4 targ

atbitraires il résulte E et P. La détermination des t"opctions B, Q et u se fat
en imposant la condition dQ, = 0, nomée le principé de Maxwell,

m: (¢, v, If— m, & valeurs réelles (positives).

2. SyslI)Imcs dvnamiques. Considérons sur M = T(V3) X |[R unc fonctioy
1’image". réciproque de la 2-forme géométrique £, cst:

0 = [y — (w8 — o) 220w iy +
3v7J

+[F,-+(u"—v")—aé:l+v . (u—v)—jﬁ]clq‘/\ at +
: 7' |

o¢’

+ [v(u. — ) 1;% - mv"] dvi A dt + [(u —¥) X -aﬁjidqf A dg*.

PROPOSITION 6. La condition nécessaire

o L T artie gir
métrigue o — el suffisante que la p 4

' Giidvi A dg', de la forme Q¥, soit sur T(Vy), la forme symple-
tique cononique mdy' A dg’, est que Vi, 7, (@ - vi) o 0.
Q*, avee o = mdy' A dgt, s '
e ' A 4¢*, s’appelle |, forme dyn ue”. La forme g
metrique Q, et la fonction m — m(g, v,"t) sont cc}),mpat(ilbles si *( stoul
forme dynamique, la relation (v — '
tibilité”. On a les cas:
a) Si u(g, v, ¢

om . —
i FXin 0 est app: lée ,,condy i u .« € conpPe

= v il résulte la forme :

* — i dui ‘ 3 vidu
QO = midvi A dgi 4 (Fidg' — mv'dvi) A\ dt, ®
appelée |, forme dynamique rédyite”

b) S8 o 0, on obtient (cas dégénér¢) du systéme.
v ’ :

0 = mdo' N &g 4 (Edgs — o

A dt + Bidgi A dgb,
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“e ,forme dynamique semi-réduite”, et ou
flppr

E= F+ (m—_ V)+  vie- Wi, B= («-ti)x— g
it o ¥

©

Proprietées: 1° A une forme Q* on associe le champ de forces

F'=E+vxB =F+

2° Sur les trajectoires on obtient F' = + (« — — ;
dt
c) Si I'on vérifie simultanément les conditions: — = o 0, on obtient
la forme réduite (cas non dégénére) :
Q= = mav' A dip - ( *—mvidv) N\ dt, ©)
F' —F-f (u— V)E (cas de Méchtcherski — T. Levi — Civita).

DEFINITION. On appelle systeme dynamique I'ensemble (M, F, u, m), formé
par un systéeme géométrique (M, F, u) et une fonction m= m(q, v, i)t satis-
faisant la condition de compatibilité.

Généralement les formes (6), (7) ou (9) ne sont pas fermées,

a) En appliguant le principe de Maxwell a la forme (6) on obtient le

systeme :
rot q: = 0, 9_'11: __Slrlt = ﬂ:i-+ 8 dm = 0, (10)
dq dv dvh dt
d'ou
Ft = —a(/p= + /i(q, t), a rot J=0 m

Si Q* est fermée, a') est un sous-cas du cas C). .
b") Supposons le cas c) avec Up fermée, on obtient :

= (12)
[ = « +/(2. 1),
F'=/(</. (1;:

c') Considérons le cas b) et demandons que (7) soit fermée.

rot (g + =0 divB=0,
# dt

S+ tUL+ s - _ o. (13]
a By
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p'est pas fermée. Soient la forme gg¢op

7 ., . .
s que la forme (7) v, t) et la condltlon de ComPatibilitzt,rlq“Q

on
S la fonction m = m(q,

compléte (3),

' om
— i_a_'ﬁ — ) X ]h__ = 0.
(o — 2%+ mllw = 9) X QP T = "
| ‘z
On obtient pout ¢ = m*Q,, 'expression: }

o N dg + (Edgh + mPdo) N dh & BUAG N g+ miQidw p g

Q=m-
(1
ol
"= Aty — P12 B =B+ (u— ) x 2",
E=E+@—02— (=PI (v —0) x 2

PP —(u—o)P2E [ —9) xQ12, @' =0 — [(x—9) x 0 &b

av

(16

1a force totale F' = E' 4+ v X B’ se composc de F et d'une |, force réac
am om

. om
tive” o= —v)|—v + —|— (» — v)(P + v) —-
= o v+ |- P+
On distingue les cas particuliers suivants:
a”) Si u — v =0 il résulte m*Q, = Q..

b)) Si %= _0 ona:
oq o
E'::E—-}-(u_v)%, B'=B,
PP=P— [~ xQ=, ¢ =0 (m
F'=F 4 (u— v)dm.
=) dt-
. I‘I,Z --3m_ . R . )
<) SIE=O' (# — 9)|Q, on obtient:

F=Et@w-o92 _(_yuyp? p—p; .
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Nous nous proposons maintenant de déterminer les conditions que ies
cients de la forme (15) doivent accomplir de maniére que cette forme soit

cocff annulation des coefficients de la 3-forme dQ* nous conduit 3

fermée. L/
rot B+ = 0, div,B'= 0, rot,(mP’) 4 2€) _ g
ot ’

dB* om

diV,,(m?'Q') =0, — 4 8:}" - Szh.ﬁqT =0,
a° o 3¢’
Im*Q; om om
+ 85 _ . 8, —. — 0’
a° 7 a° h P (19)
~ "
2 _ainrh | 0 o
v aq* ot

En remplacant dans (19) les valeurs de E’, B’, P’ et (', données par
(16) on cbtient les conditions que les cocficients de la forme (3) doivent satis-
faire, & ¢o6té de (14) pour qu'une telle forme décrive la dynamique du point
A masse variable, donnée par les équations (1), avec la vérification du principe
de Maxwell.

Dans lcs cas particuliers considérés, on a:

aV) Les cocliicients E’, B’, P’ et Q' étant egaux 4 E, B, P et , on
obtient pour ciux derniers les mémes équations (19).

b¥) En tenant compte en (19) des conditions ?aﬁ = ? = 0, aussi que des
q v
relations (17), on airive au systéine:
B C o dm . 2B
rot, E — +rct,u — =0, div,B=0,— =0,
te Bt ot + L ! ov
. aQ . Ju om . aQ
rot, P m = div, u - Q0 — 2= )—~=O,d1V., =0,==0,
v + ot + ! v Q 3vh Qh o Q o
2 k i k
_a_E;._1n_a.P_+,ai‘_€’ﬁ+nl.?ixQ = 0.
dv aq* ot dt ag

¢¥) Si on tient compte en (19) des relations (18) il résulte:
ﬁ(u-—-v)PJ.X aL” =0

aB . - om u
rot, E 4 2= 4 rot,u ~—— 9o _
0 2 5 ot a [ at aq 29

dive B + rot, u 22 — 0, rot, P+ m & 4207 =0, div, 0 =0,
q D S .

B s * Q; JdIn m® )
HEAN 'a_—+a_u“—a:2‘_‘?u‘-‘§'”l= ”_';"}'Qi-,:_ s =Oo,!::‘;1.kt4f:.-
ot A et e .l a - L S
el LLQE. . - k $ A .. P m
L 0By o am (a2 ’(u'—'v)"—‘";) =0
a‘v S0 ~‘~:a'q;' . avlki .at PR ‘:.|__pvk|"1\'.'n»n,'. IEPTIERN ?QUA=’< aq‘ 115 e D Lo
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) Une fois donnée la forme QF, qui déerit la

ss de eonservation. _
3. Lois d ire les lois fondamentales de la dynamigu.®
So

mique du point, on peut éer o
forme : d
q)(mu:SqXF-dt-l-SquJ-dt-i-c,

m(g — vl) = —StF : dl—St(pdt + ¢

mv=SF-dt+Sq>-dl+c, oy
ﬂl:SF-dvt—{-Scp -vdl + ¢,
ol
cp:(u—'l))dd'l:—-('lt—’U)(P.ll..v)aa’_:'

formules par les quelles on met en ¢vidence la digression vis-a-vis des formulg
connus au cas de la dynamique du point 4 massce constante [2], [1].

Conséquences. Le champ F' calculé le long des trajectoires s’obtient'par h
formule :

F’=m%—(u—v) (P+v)%§. o)

Cet:c_e expression introdqite dans les relations (20) ct 4 'usage de la for
mule d'intégration par parties, conduit aux. lois de conscrvation:

Sq Xv—'i—'?dl:—gq X [(u—v) (P+v)aé+:]dt+c,

S(q—vt)i;—dt = +St[(u — o)(P +v)]%’qid: + ¢

dm
Sv7dt=—g(u—v)(P+v)i—’:dt+c, @

¥ dm

S-z—d—‘dt= —S(u—v)(P +v)(v%’qijdt+ c.

BIBLIOGRAPHIE

LT Levi-Civita Rendiconti

2.L V. Mechtohesopy oonti dei Lincei”, 8 (1028), p. 329, 621, 9, p. 629 i

. 99 502 )b ) exski, ,,Rabotf po mehanike tal_( fan);nfuui '-lfssi.'. ﬁgscoﬂ. Gos d

. V. adeanu,, Sus} é - ' "

) }‘m)izoaga iy 7 le théoreme de Nosther”, Semin. de Geom. §i Topologie nf. 66, TP ”

» J. -M. Souriau, ,
Siracturs dos Systimes dymamiquss”, Dunod, Pacis, (1971)-



BABES-»Ol,YAl, MATHEMATICA, XXXII, 2, 1987
SIUDA UNV

photoelectric observations of f®cygni

IOAN TODORAN*

fiedivict April 15 1987

ABSTRACT. — 139 mean points were calculated from the photoelectric obser-
vations carried on the star of Vut CYGNI between 1977—1981, to the end of
obtaining its light variability curve. 9 new moments of the light minima were
determined. No variation in the orbital period time was detected.

The light variability of the star V3 Cygni (BD + 35°4062) was discovered
by Morgcnroth [3]. It is a massive O-type, double-line spectroscopic and
eclipsing binary.

The period variation has been studied by various authors with widely
different conclusions. L andolt [1] considers the period of V3 Cygni as
being constant, whereas Koch ct al. (see Mayer [2]) belive that they
have found large changes of the corresponding period. Mayer [2] has found
an increase of the orbital period, the first two minima, observed before 1933,
bcieng considered as an evidence of period change. The mass loss is admited
& a main cause of the ,observed” increase of the period.

Having in view the above presented discrepancy concerning the period
variation of V3 Cygni, this star was included in our program for photo-
electric observations. So, from 2.09.1977 to 9.09.1981, a number of 1491 obser-
vations has been performed. With this end in view the 50-crn reflector of the

Vm? cygni
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Astronomical observatory in Cluj-Napoca, with the filter Corrniug 3384

and an EMI photomultiplier, has been used.
The individual observations were grouped 4nto ,139 normal poinfc

are listed in Table 1 The mean light-curve is graphically shown iu
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Fig. 2.

The differcnces Av are considered as V(Vigg, Cygni)—C(BD + 35°4059) ; (V =
— variable star ; C = comparison star). The phases are refering to Landolt’s
[1] ephemeris

Prin. Min. = JD2436814.7735 4 14.8855121 E

The individual obscrvations were plotted, and a best time of minimum was
calculated by bisccting the branches of the light-curve on either side of the
minimum. The appropriate heliocentric correction was applied.

The times of minima resulting from our photoclectric observations are listed
in Table 2. The ¢poch number, E, and values in column (0—C); were also calcu-
lated according to I, and olt’s ephemeris. These data are plotted in Figure 2
and make up Maycer's [2] diagram.

Table 2
Observed minima of Vi Cygni

0
2440000 ” (0-c¢)) (0—C,) E
3389,
33902%? 36 +09.0030 —0%.0019 3487 p
3391.4487 61 .0032 — .0017 3487.5 s
3394.2760 85 .0090 + .0041 3488 P
3425.3852 72 .0081 -+ .0032 3489.5 8
3426.3281 83 .0063 + .0014 3506 P
4808.4080 48 .0065 + .0016 3506.5 s
4837.6358 20 .0060 + .0001 4239,5 s
4836.4880 45 .0083 + .0024 4255 P

60 0.0054 —0.0006 4265 P

Now, if : . .
before 1933 (we do not take into consideration the first two minima, observed

. s : .
Period of v eeé\{ ayer [2]),its easy to see that no large variation of the
32 Lygni has occured in the last years. In such a case a smail
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correction for the orbital period (AP = 04.0000014) may be used a
responding linear ephemeris becomes 0d the ¢

prin. Min. = 7D2436814.7735 + 14.8855135 E

The (0—C)s values resulting from the new light elements are show !
1 in thy

fourth column (see Table 2).

l
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In the XXXI1I-nd year of its publication, Studia Universitatis Babes-Bolyai is
issued as follows:

mathematics
physics

chemistry
geology-geography
biology

philosophy
economice sciences
Juridical sciences
history

philology

Dans sa XXXlI-e année

(1987), Studia Universitatis Babeg-Bolyai parait dans
les spécialités;

mathématiques
physique

chimie
8éologie-geographie
biologie

Philosophie

Scienceg économiques

Sciences juridiques
histojre
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