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STUDIA UNIV. BABES—BOLYAI, MATHEMATICA, XXXII, 1, 1987

THE RITZ VARIATIONAL METHOD FOR THE HEAT TRANSFER
IN A CIRCULAR CYLINDER

PETRU BRADEANU*

Rreceived : October 7, 1986

ABSTRACT. — The paper is a variational study based on the lemma Lax —
Milgram for the mixed boundary value problem of axisymmetrical heat conduc-
tivity in a solid circular cylinder which las interior lieat sources. The Ritz
global method with trial functions of the form (17): ¢u(x, y) = aPcos kry is
applied for the approximate solving of the problem; (x, y) are dimcansionless
polar coordinates (¥ = X/R, y = r/R, R = cylinder radius).

1. Formulation of the mixed houndary value problem. Let us consider
the solid cylindrical body with respect to the cylindrical coordinates

(€)= {(X,70)]0 <X <LO<r<R, 0<0<2n}

with the radius R and the length L (0X is the symmetry axis of the
cylinder). In (C) there are internal heat sources with flux per unit volume g,.
The differential equation governing stationary heat flow in the solid
cylinder is
vV-:-(vT)+¢,=0in (C)

where 7' is the temperature and A is the conductivity cofficient in the
cylinder (C). The unitary thermic flux g.; through the solid surface I'y; of
the cylinder, in the case of conduction and for convection fluid-surface
Pm', is
T
Qui = — 22| ui= o | Twi — Tl

’
on |wi

([Qw»'] = % » A= ,,,V.VK [:] = m=u./ K)

where «; is the convective heat transfer coefficient on the surface T\,
T,; is the temperature of a fluid that flows over the cylinder and T,; is
the temperature of the surface Iy

The axial symmetry of heat propagation in {(C) is admitted. We use
cyndrical coordinates and we introduce dimensionless values, by conside-
ring .
X=Rx,r=Ry, L=Rh, T=T,(1 4+ u);

Ra; — Tﬂ'_ — i .
G; = N lgs'—‘ci(T‘ 1)'f )\T‘q‘“ oc,>0, 7\>0

* University of Cluj-Napoca, Depariment of Mathematics and Physics, 3400 Cluj-Napoca, Romania
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. : : mperature #(x, ¥) on (C) it j
In order to determine the dimensionless tempera ) Is
eno?xrdh . : cznsi der the rectangle Q= (0, #) X (0,1) limited by the
contc;gur r=r,ul UT.U I'; on which the two-dimensional bOundary

value problem is formulated (0/08 = 0):

_ o[ ) % af(x,y), (x-y) €Q 1
Au = y(ax'+8}" d M Y
u(0,5) =gly) on Tol0 <y <1; #=0) (1a)
‘;_“_+61(y)u=g1'(y) on I';(0 <y<l;z=h (Ib)
%+62'(x)u=g2‘(x) on LO<x<h;y=1) (Io)
g_“(x,0)=oon1‘3‘(o<x<h;y=0) (1d)

Y

0 < oM < 0; < i)

2. Variational formulation and generalized solution for the differen-
tial boundary value problem (1)—{1d). We add the function sets

HY(Q) = ou, }
@) ={ulw 32+ 2 = L(0)

HYQ;Tg) ={u € H(Q)|u =0 on Ty}
HY(Q) = {u = HYQ) [4(0, 5) = gly) on Ty0 <y < 1)}
to the problem (1) —{(1d).
Be fe<LyQ), ueHyQ) [with » € HY(Q) N C(Q), g = H"™(To)}
We put 4 =w + 4, where w € H}(Q; I',) and u, € Hy(Q) is a given

elemen?:. ‘We use the Lax-Milgram lemma. On this purpose the triplet (H,
a, @,) is introduced, where H is a Hilbert space, in the form

H=Hy(Q@;T), || |ls=1] |, (Sobolev norm) ®)
a(w, v) = SS Ww - Vodx dy 4 S c,wvy dy + \ c,wv dx; ()
Q Y Ty
o= (it (i 4 (gt ;O
Q b9 T,

w, v e H})(Q; Fo)
and we put

(D-(-u) = (Dl(u) + a(u,, v)
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The properties of the form a(w, v) with w,v € H{Q; T'y):
a) a(w, v) is a bilinear symmetrical form.
b) a(w, v) is a coercive form:

alw, w) = SS y|Vw |2dxdy + ( o, wydy +§ c,wtdx >
J 3

9] I,
1 1 — e
>;SS Ve |2 dxdz+;Sclwzdz>a||w||§ (5"
n Iy

where o = p min (-é-, cg") if the second Friederichs inequality is applied
(with the constant p > 0).
¢) a(w, v) is a bounded (symmetrical) form:
a(w, w) < SS (Ve |?> + w?) dxdy + S o, wdy + 5 c,w*dx <
Q T, Ty
<@+ 0Pl + oPu |l =Bl ]} (5”)

if the trace inequality is used, according to which a constant p.> 0 exists
so that

(wds <ullwlll w = HYQ)
r
The form ®,(v) is linear and bounded.
— Under these conditions, according to the Xax-Milgram lemma
there exists a unique function w € HL(Q; I'g) such that

a(@, v) = O,(0), Vo < HYQ; T) ©
Ji(w) = min Jy(w), w = H{(Q; T,) ()
where [, is the energy functional

Jiw) = 2 aw, #) — ®(w), w = HYQ; Ty) (7)

Remark 1, The test for (7) can be made. We consider the function ¢ —»
= Ji(w + =v) with e e R! and v a function arbitrarily given in the linear
space of the perturbation functions H, = H}(Q; I'y). Whe have

Ji(w + ev) = % aw + ev, w + €v) — O, (w + €v) =

= Ji(w) + e[e(®, ) — O,(0)] + - e%a(o, )
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Therefore J,(w) is a quadratic functignal and if a(w, v)O—— ®,(v) =0, Yo H}
(Q; T,) we have J,(@ + ev)— Ja(w) = (. v)[2 > 0.
We return to the function % by me?ns of the

PROPOSITION 1. The equation

a(u, v) = O), Yv € Hy (Q; To) 8)

has the unique solution 4 = 32(:_:5 + u;) in H, (Q) which is also the unique
global minimizer of energy functional

J) = - alw, w) — O), 4= Hy() ©)
vn the subspace Hy (Q), i.e.
J(w) = min J(u)
ueHé(Q)
Proof. The equation (6) with @;(w) = ®(w) — a(w, ,) is written in

the form

aw + uy, v) = OW), w4+ u, € Hy(Q)

Thereforé, as (6) has the unique solution w, the equation (8) has the
unique solution# = w + u,.

On the other hand, the functional J,(w) is written as
, : 1.
Ji(@) = Ji(u — ) = rY alu — uy, 4 — ) — Ou — u) + a( — 4y, %) =

= J(u) — J(u,)
and since J(x,) is a constant value from a variational point of view, the
unique minimizer w of J,(w) is the unique minimizer # of J(u).

. PROPOSITION 2. The equation (8) ia a weak wvariational formula-
tion and its unique solution is the

biem (1) — (10). gejfzcralized solution of the differential pro-

Proof. Let us begin by noticing that the form a
cannot be integrated by parts (Green)

(u, v), u e Hy(Q)
ssions of the forms a(u, v) and ®(v)

unless u € CY(Q). Using the expre-
we have

a(u, v) — Ov) = gs (V4 - Vo — fo)ydx dy —
Q

— (e — oy 4y — { (62 — ooy ax
T, T,
Taking into account the identity 4

V“‘V(yv)=qu-vv+va_“
oy
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and formally applying the Green identity
SSqu - Vvdx dy = SS [Vu - Viyv) — v —] dx dy =
Q a

— SSyvAudx dy -{-S v z—“ds - SSa—“ vdx dy -
Q r 7 !
we obtain the formula (Vo € Hy{(Q; T,))

a(u, v) — ®(v) = — [SS (yAu +‘;—: + yf) v dx dy +
o}

(10)

+§gvy dy-{-Slgl—clu——)vyd +S( — czu—Z—’;’v dx]

I'e T, r,

From (10) we infer that the unique solution # of the equation (8) having
the property u = g(v) on I’y is the solution of the problem (1)—(1d).

Consequently, the finding of the generalized solution % solves the dif-
ferential boundary value problem (1)—(1d). In order to compute the gene-
ralized solution # we use:

3. The Ritz variational method (glohal approximation). This method
is applied for the problem (6)—(7) on the Hilbert subspace H} (Q; I'y)
which implies a homogeneous essential boundary condition. We define
the subspace N-dimensional Hy:

Hy = span {9, - on} ={w = Zf roiln € RY @ € HY(Q; Ty)}
where {9;}\2, forms a given basis, chosen from the complete system
{e.)i" C HY(Q; T,). The Lax-Milgram lemma is also valid on Hy since Hy
is a Hilbert spece, too. The conditions of the lemma will stand if H} (Q;
[y) is replaced by Hy. Then, the functional, (7°), J,(w), » HN has
the unique minimizer wy € Hy and

N
Wy = Zc,,q;,,(x, y), e =R (11)

k=1
If c=(cn...,cn), A=A .., W), K= [alg;, oa)lwxn, b=

= (Po,), ..., @ (<pN))7' we have jl(wN = (1/2)c"Kc — Fp= F{(c).

Therefore, F ()\) is a quadratic functional on RY¥ whose Hessian H ( = K)
is a constant and definite positive matrix [MTKA = a(w, w) > a||w||}20;
MNEX=0< A=0] aud then F,(A) has a minimizer A=c, thatis jl(w )=

= F,(c) = min {F,()\) |A € RV} .
Consequently, we obtain the Ritz matrix equation (Cramer system)

VF(c) = Kc — b =0 (12)

in order to determine the .vector ¢, from (11).
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We choose the approximate solution #y(=wy + u,) for th.e gener,.
lized solution #(=w + ) of the problem (1) — (1d) taking 4,
Y NitTcaps where N and P are integers > 1:

N+P

u(%y) =Y, oo ) (o € HYQ; Ty) k=1 N] (13)

k=1

in which the coefficients ¢, k=1, N are determined by means of the
Ritz system

N+P .
E a(9;, Pulcr = ®(p;), j=1 N (14)

h=1

where the constant ¢y and the functions @, k=N+1, N+ P, are
chosen so that

N+P

S an) =8b) y= To (13)

k=N +1

The ervor. As it is known, the Ritz method gives an optimal estima-
tion of the error with respect to the energetic norm || - || 4 and a cvasiop-
timal estimation with respect to the norm in H, respectively

||1?»-—w~||4=5gi3 Nw—vll4; l|@—wylg < C min lw— vl

S

from where, with w = 4 — %, and wy = uy — u,, we infer that

1% — sy lls < C min n%—vnH.C=\/£ (16)

uEHN

r il

Hy={v e H Qb =w+u, weHyy

where « is the coerciveness constant (5" B i

« 1 v tant, (3'), and P is the boundness con-
stant, (5"), for ttfe bilinear functional. From th?s we also Oilxln?ern the con-
vergence of the Ritz method : if the system {on}i-1 in complete (Hy — 2
complege sequence of subspaces) then, for % there exists v & B yso that for-
each e(#, N) we should have ||% — v}y < e(
fore ||u — uy||y—0, N — 0. ll# < e(, N) -0 for N — o0 ; there-

4. Choice of approximation solution. In the Ritz system we choose

or(%, y) = 2* cos kny, k=1, N

(17)
(and P =1, ¢y = L, onsi(x, ¥ =¢g(), 0 <y<l
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The system of functions {q:k}?,.l is complete. Indeed, if the function

¢ = C[Q] orthogonal over Q with all elements ¢; = %/ cos kry is introdu-
ced, we have (for all j, &)

1

1
(b, ps) = 0 = (S ¢(x, y) cos kry dy, xf)=> gv.p cos knydy = 0
0 °

or (¢, cos kny) =0 = ¢(x,y) =0

if we take into account that {x/} and {cos A=y} are complete systems.
For approximate solution uy, for #, has the form

N
uy(x, y) =3 cxxbeos kny + g(y) (18)
k=1
where ¢;, 2 =1, N, are determined by means of the Ritz linear system (14):
N —_—
3 a9 en = D(9)) —ale;8), j=1LN (19)
k=1

in which a(p;, @), ®(e;) and a(e,;, g) are calculated with the formulas
(4) = (5).

5. A partieular prohlem. Let us solve the given problem, by choo-
sing the following functions

Sz, 9) = qoe=*(1 — By?);  g(y) = cosmy
o; = const., g; = const., (i = 1—,_2—)
in this case we obtain

. — hitm ._L_l_ ]
ale;. o) = Bi*7 (o + T2 L) Aim) +

hj+m+l . ZA . 1 ’-+m s 1-——V-
+ g UnetAsom) + (=1 ep), j= 1,1
where
| 1 C_
4 I="
Al M=) L e ot
n?t  (§3 — m?)?
0 , J + m =even
( .
T I=m
A:(:’:m)= _i .]'m ,j+ﬂl=0dd
n? (52 — m?)?
0 , j+m = even

! . 1_}\]
Pt 1 82 7 =1L

O(9;) = 90 B(j) [B, () — BBs(j) ] + &7/ B,(j) + (—1)
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where '

B(j) = «[jBG— 1) — Wie-Me), j =T,N; B(0) = a(l — e

j = even ( -73—; , ] =even
o X0 —{ ”
2 . ] 3 -
Ok = SENNEE
l ja,.rn 7t
and
i+ a . . . .

aloy, €) =y |[FAG N+ G DAL D+ a,} j=

— The third order approximation (N = 3). We have
i 1 B w?
alon @) = (01 + ';) +3 (Uz + —)

a(@1, 92) =—1-°'i(o,+ﬂ_."_‘{,z+ 16)

9n? 4
a(py, ¢3) —"—' o,
alon 20 =2 (o0 + £) + 2 o,
a(a 93) = — = (a, + %) - i'Gl (cz + %}
a(?an¢3)=,;—‘(cl+%)+h7,( 2+%'—2J
Ole) =2 B(l)[—2+3g(1 _1)]_i_ig_
B(l) = afa —(x + h)e~He] -
D(p,) = f: B@) + 1'3_ 2

B(2) = «[2B(1) — h2¢- Wal;
Oe) =35 B[ -2 4091 - L] - 20 te,

L 9=? ! Ot 4
B(3) = a[3B (2) — /e~ i)
R [t
a , = — | — i .
008 =3 [+ 2 + o) alone) = —rmr el

a(QSr g) = ];—‘ G,
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The temperature distribution in the cylinder (C), on the sides I'; and
I', is given by the formulas:

3
T = ﬂ . ik ﬂ—’"]_
(X, T,[l+cosR +g_\_,=l c.(R) coskR ;
T,() ==T[l#cosi‘-'- +éc ik'cosk"—']
1 e i R &= k(R) R

3 X &
T,(X) = .3 (=1F a (g

where the coefficients ¢,, ¢, and ¢, are obtained by solving the system

@1 Q3 Ay ¢ o, a®
\. i
N @22 B3 Cap =13 @yt — 14,
%, N
> a c ) a
33 3 3 3

(a; = a(pi @), P, = Do), a; = a(ep;, g))

Numcrical example. We consider a cylindrical metalic beam whose
basis I'yo is fixed cnto a solid wall and that is attacked perpendicularly
by a fluid flow (water). We choose

L=1m R=~m, «=2 8=

5 v‘10=3

1
2
A=58__ 4(= 2 = 2,) =4640 ——, T, = To= T, = 50°C

e N me K

where «, is the convective hoat transfer coefficient (cylinder-water). We
get

-

h=35 06,=0,=16 g =g =0
and the Ritz system

(870,725 —3005,75 10¢ ¢l [ —251.81
18710,17 —62034,16| {c,b={ 789.25
symmetry 490319,31 Cy i —2500,45

The solutions of this systein are (the Gauss method)

¢, = —0,3223638 ; ¢, = —0,0081212; ¢; = 0,0004473
The distribution of the temperature is given by Table 1.
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Tap, 1
The values of the temperature T(X, 7)

'[m] X[m] 0 0.2 0.4 0.6 0.8 10

0 100 83.50 66.34 48.67 35.65 124
1/20 85.36 73.94 62.42 50.68 38.64 %16
110 50.00 50.41 51.62 53.65 56.48 60.18
3/20 14.64 26.06 37.59 49.32 61.37 7385

15 0 15.70 30.42 44.04 56.40 6735
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DESPRE IRATIONALITATEA UNOR SERII FACTORIALE

IOSIF SANDOR*

Intrat in redactie la 15 fsbruarie 1986

ABSTRACT. — On Somc Irrational Factorial Series. In this paper ome finds

some results on special infinite series, named factorial and weakly-factorial

series, which contain many known and particular cases of irrationality. Our

propositions are based upon some ideas of W. Schwarz [5) and utilize the

approximation theorems of K. Roth [2] and Th. Schneider [4], and
a theorem [3] which follows from this.

Tn articolul de fafi vom gisi citeva teoreme despre irationalitatea si
transcendenta unor serii factoriale si slab factoriale. Lucrarea noastri are
ca punct de plecare rezultatele lui W. Schwarz [§], i P. Bund-
schuh [1], care printre altele au demonstrat ci pentru &, ¢, b, numere

N .
naturale, 2 > 2, t > 2, o <b <~V seria E W este irafionald
n=1] -

iar dacdi k& = 2 sau inpar §i |b] < #-V* sau & > 4 par §i |b]| < -VG-,

. — oA o
a'cunc1”E==1 o este irationald (b € Z).

1. Definifii. a) Spunem cid sirul (x,) de numere naturale este ,sir
factorial”’, daci proprietatea’” x,|%,, (%, divide %,) pentru orice n < m”
are loc pentru orice m € N*,

b) Sirul (x,) este numit ,slab-factorial”, daci proprietatea ,,x,|%»
pentru orice # < m’’ are loc pentru o infinitate de numere naturale m > 1.

e
c) Daci (b,) este sir factorial §i seria )} , =* este convergenti, numim
ne=] Oy
aceasti serie ,factoriald”. Analog in cazul cind (b,) este slab-factorial,
vorbim de ,,serie slab-factoriald’’.

2. Observatii. a) Orice serie factoriald este §i slab factoriald. Reci-
proca insd nu mai este adevirati. Fie de exemplu x, = 2’», unde y, = 1,
pentru # = 1; n daci # este par §i # — 2, pentru # impar. $irul (y,) este
,,slab-crescator’’ firi si fie crescitor. Intr-adevir, fie m numir par. Atunci
pentru orice # < m avem ¥y, < Y. Pentru numere 7 impare se poate veri-
fica usor ci proprietatea nu mai are loc. De exemplu, pentru m = 5 avem

s = O, = 4.
b) Sirul (x,) este exact atunci factorial, daci x,|%,41, #=1,2, ...
ntr-adevar, dacid x,| %m41 pentru # < m + 1 are loc pentru orice
m, alegind # = m rezultd x, | Xmy1. Invers, dacid x,|%,, %3|%3, - . ., Tm | Zm+1,

* {4136 Forfens nr. 79, Jud. Harghita, Roménia
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... din proprietatea de tranzitivitate a relatiei de divizibilitate rezujty
imediat proprietatea din definifia a)

¢) Exemple de siruri factoriale (termen gemeral) x, = nl, x, =g
(@ € N*), z,=a"" —b*" (k = N*, a> b, a, b € N*) etc.

@
. a C e
3. Rezultatele principale. TEOREMA 1. Dacd D, -*este factoriald g

n=1 Oy

avem lim by- 2 =2 =0, atunci seria este irajionald.
Nowo N n>N by

o
TEOREMA 2. Dacd seria Y, = este slab-factoriald si avem

n=1 Oy

limby X 2,2 =0 atunci seria esle irationald.
Noo n>N by

o0
TEOREMA 3. Dacd ), 2" serie factoriald cu lim b, = o §i pentru care

n=1 b,. n—w0

a . ..
avem by - 3, = < 1, pentru o infinitale de mwmere naturale N, unde
n>N ”n

A > 2 este un numdr real fixat dat. Atunci seria este lransccndentd.

o0
. TEOREMA 4. Dacd Y, 2" este sevie Sfactoriald, astfel incit sa avem

n=1 0y

i) Imdy - ), 2 < w0

Noo n>N Oy

ii) cel mar mare factor prim al lui b, nu tinde cditre nfinit impreund
cu n ) :

iii) seria este irationald.
In aceste conditii seria este transcendentd.
0
4. Consecinfe. 1) Fie ;ﬂ serie factoriali §i si presupunem ci
existi 0 < « < 1 pentru g;re "avem |

(i) lim b, - ¥ =0 (k = N*, fixat)
(ii) :— <2 (n = N¥)

Atunci seria este irationali.

«w
2) Fie seria EZ_" slab-

n=1 Oy

factoriald pentru care avem

() lim b, = o

n—®©

.o b
‘(11) Anir < LH

b2k
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Atunci seria este irationali.

oo
3) Fie seria ), 2% serie factoriald §i sd presupunem ci
n=1 0y
(i) existd 0 <« <1 cu lim by - o**' =0 (A> 2,k € N* fixate)
300
(ii) lim b, =

n—o00

Atunci seria este transcendenti.

o
4) Fie E:—" serie factoriald pentru care sint satisficute (i), (1) din
n=1 Oy

1) si incd in plus
(iii) lim 82 - o*"™' < o0
7 —» 0O

(iv) cel mai mare factor prim al lui b, nu tinde la infinit impreuni
cu n. Atunci seria este transcendenti.

5. Demonstrafii. TEOrREMA 1. Fie D22 =%cu a,b € N* 5i si consi-
n=1 0y
dersmm sumele S, =b-by -2 2, S,=b-by.3,2.
n21 b” n<l b»

Este evident c3 sumecle considerate sint numere intregi, prima din cauza
presupunerii, a doua din cauza factorialitafii sirului (b,). (N deocamdata
este arbitrar.) Atunci §i S = S, — S, este numair intreg, cu |[S| > 1. Vom
arita ci totusi pentru N convenabil vom avea |S| < 1. Intr-adevir,

S=b.by- 2, <1, unde alegem N cu aceasti conditie, (ce se poate
n>N Oy

din cauza presupunerii din enunful teoremei) Deci seria este irafionala.

TEOREMA 2. Se demonstreazi analog cu teorema 1, numai ci aici
alegem N suficient de mare cu proprietatea b, |by, # < N.

TEOREMA 3. Aplicim teorema lui Roth, intr-o formi gésitd de Schnei-
der ([2], [4)).

,Fie « un numir algebric cu gradul mai mare decit 1. Fie ¢y, py
(y € N*) numere intregi cu proprietatiile 0 < gy < ¢y41, ¢y = gy * Gy

unde ¢y este puterea unui numir intreg g.

——Ing/ . .
Dacd »n =lim i$1 A>n+1, atunci
v lugy ,
inegalitatea | « — £y <L;. are un numdr finit de solu;iia‘f
9 q»( q-f
Daci alegem g = 1, n = 1 si (b,) sir factorial, cu notafia a= ), %
n2l Oy
vom aveal «— 9, Zl< IT pentru o infinitate de numere N,
naN bn n<N by bN

prin presupunere.
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i i i Roth ci ¢
dent din teorema lui este
. {0 < by, < by41, avem eVl 1 . ' e
Insan)\u;if §rationaf sau transcendent. fnsi nu poate fi rational cjcj
sau
i = [ b —-»w)
o _ L G limby- =0 —1>1; by
bN‘”>NT<bI;}—l § N—.eoN 'OEN )
si Teorema 1 se aplici.

3 i intii
TEOREMA 4. Demonstram ma TOPX
este un numdr algebric, irational, astfel incit pentru o

. v ) i anti
rationale (x,/y;) si avem a= < 7 (A o constantd)

atunci cel mai mare factor prim al lui y, tinde la infinit impreuni cu A"

Pentru demonstratia acestei propozifii si presupunem ci y, =
prus.prar ... pms, unde py, ..., p, sint 7 numere prime (7 nu depinde
de k), m; , > O sint niste numere intregi. Deoarece avem un numé; finit
de indici 7, cel putin un numér prim — si fie el p, — pentru o infinitate
de indici % apare la cea mai mare putere. Acest subsir si-] notim tot cu
m;,» §i eventual renumerotim indicii. Obfinem y, = pi“*... $;" % cu

ropozitia (mai vezi [3]) ,Daci ¢
propozi} infinitate de numere

PILES pPk (i =2F) deci £, = ‘i% <1 (i= 1, 7). Sirul (¢,) fiind margi-
L . In
nit, admite un subsir convergent, asadar

ln pPir 4
lnp'l"l"‘j—’m 0<% < 1)

Cu scopul de a aplica teorema Roth-Schneider fie m — Dy tn, = pm k.
Avem atunci I !

r
/ In pPir b :
= v Bl A 2y
—g = _
mo e =7<1
2 !1?,-1 J § 'f),+l
F )
1e0<e<1—--q.Avem atunci a_.ﬁz <i< 1 ¢ tists-
Yy y"‘j yﬁ.“ este satis

cutdi de o infinitate de ori 3 ’

- - ¢ orl. Alegind ) = 2 _ | :
cgfcltra_chc.];l_e, deci cel mai mare facgcor pi 21 & A> 9 41, obtinem o0
citre infinit, M al sirului (y,) trebuie sa tindd

Trecem acum 1 i
. a_i : ,Na deinonstrapa teoreme;,
= —, X _ 4 a
w1 by, b,+"' .
Aici putem ale
. .o . ge yN = bNa il'ul 11
(ii), (ili) satisfac conditiile d§e apli(&%)ilfilé:gef

actorial. Atunc; epeeq g
® Bt poate fi numar ajgepyic unci conditiile (i),

@ Propozifiei de mai sus, deci
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6. Demonstratiile consecinfelor.
RN +1
1) Avem by - 3322 <2 by @ <2y 3 om <4-by-o
A>N n n>N m>intl

si pe baza lui (i), lim by - 9 —0 si teorema 1 se aplici.

a>N U0
(¢9) 1 1 bI\' (¥)
Ay - O
2) by - '—Qbu(’g——f-—-{—)—-_, —
) n>2N by bN b;\I bN —1

Teorema 2 se verifica.

3) > o< 4PN (vezi 1) si 4 - otV < 217- pentru o infinitate de
n>N °n ‘N

indici N, din cauza conditiei (i).
Teorema 3 se poate folosi.
4) Aplicim Teorema 4 si Consecinta 1.
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: atitlor operatoriale iy

viirli aproximative a ecu ; ' H :
REZUMAT. — Asup;:nt;"lzlrclxare se di o metod de f?ZO!y.alﬁ.llltcrttlk g,' de tip
spajli Hilbert. !-E Pr ratoriale neliniare P(x) = 0 in spaiii Bunach eota aul
coardl a ecuati 0;, dp cele cunoscute de acest tip din spaii Banach este acela
acestei: ;toigeizfltirsate{t diferenta divizald a operatorului  P. Mectoda este datj
cd nu trebu

de formulele (2).

0. For the approximate solution of the operator equat'xfn{)s' ].m Banac‘h
spaces the method of the chord is known (3 ]: But the apphca i 1t); of th}s
method supposes the existence and the continuity of the inverse of certain
operators (divided difference). It is known that a linear operator does not
have always an inverse, and when it has one the' evaluation of its norm is
difficult. In the present paper we give an iterative method for approxi-
mate solution of non-linear operator equations in Hilbert spaces, wich

neither supposes the existence of the invers of the divided difference of
the operator, nor the evaluation of this inverse.

1. Consider the non-linear equation

P(z) = 0. )
where P is a continuous operator defined on the real Hilbert space with
:2::2?513 H, P g_*ItH We note by (v, v,) the scalar product 1O(f1 }fhe
» Uy € H Ttis k e iffe-
rences [41]. Lzet i p nown that the operator P has dividec

A a symmetrical divided difference of the operator
P for the points . ¢ e]e H : : jonal defi-
ned in H by r o (o P](x')j‘ lgé v. In this case the linear functional del!

fference of the functiony B 2(:u}i-l; ﬁ (v)> is a symmetrical divided d-
The iterative :

(2]
Paper is defined bProcess for solving e

i iven in the present
Y the sequence (%) gi(\lrtitl}(;; (1) given in p
x1=xo~ ”P(“'o)ll'
Wo, 243 PY Py, P + Pl P(x,),

Zng1 = Xy — HP(x,,)”z
(L, Fnoys P]P(x,,). Plag) + Pl s

Where x,, -1€H, i
T tWo initia] appro

P(x,), (n = 0)
x
Ximations of equation (1)-

Uummly of Cly, ‘NCPW“ hcully of & Ihemah S and |
of ) " f 2 a ¢
A a

“ys.es, 3400 ¢ Iuj-Napoca, Romanid
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) } H and the
THEOREM. Suppose that there exist two points %o, %_1 < .
positive conslants o, PB, D and K such that the following conditions hold .

|1 P(xo) | I}

I llm = %l = G, Pag + Py

| 2o — %=1 ll < Mo
2° || P(x) || < D for every x of the sphere S[%,, 7], where

P, R
1 — 2(BD):K

that is P is bounded in S[x,, 7];
3° |{[#,v; P]P(u), P(u) + P(v)>| = B™* ||P(u)|| for every
u,v € S(xy,7];
4° ||<x, v; P), P(w)+P(2)>—<[v, w; P, P()+P (@))]| <K |lu—v]

for every u,v,w e S[xy7];
5° BDJE<<.

Under these conditions the equalities (2) define by recurremce a sequence
(x,) having the following properties :
i) The sequence (x,) 1is convergent and

lim %, = x* € S[x,,7);

n -0
ii) x* is a solution of equation (1);

ili) For the error estimate we have the inequality :

* __ » <2B 2 n No .
1% — %1l < (2(BDPKT — 2

Proof. If P(x,) # 0, then from condition 3° it results that
{[%o, %_y; PIP(x,), P(x,) + P(x_,)> # 0, therefore %, can be con-
structed by (2) and x,, x_, are in the sphere S(x,, 1.

Taking the value of the linear operator ([x, %_,; P P
A ’ -1 ., x
flgfa_i;l)) for the point (x, — %,) and using the first gquallity f]rom ‘(%)?)vj;

<[xo: X1, P] (xl - xo)o P(xo) + P(x—1)> = - “ P(xo) ” z
whence we have the identity
W P() 2= || P(x)) | |2 — || P(xy) |2 — (%o %_1; P] (%, — x,),
P(xg) + P(x_y)). - 3)
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tion and the form of the divided difference in the case of

Using the defini (3) we have

the functional ||P][% from
[1P(xy) | 1B = {[%1 %o: P] (%, — %), P(xy) + P(x0)> —
— ([#g #-1; Pl (21— %g), P(%o) + P(x_y)) = {([%0, %03 P1-,
P(x)) + P(xo)> — (% #-1; Pl P(xo) + P(x_1) )} (%1 — %)
whence the conditions 1°, 4° and the inequality: 7o < BD? give
P(x) ]| < K|l % — - 2 — %l < 2BDK || %, — %[ | <
< 2BD?K 7, (4)
If P(x;) # 0 by condition 3°, using equality (2) we construct x, 2nd
we have
1% — % | < BIIP(x)||* < 2(BDJK ||%, — %|| < 2(BD)? Kn,

From ||, — %|| <||%g — % || + |1% — %|| <o [1 +2(BD)K] it
results that x, € S [%,, 7].

Taking the value of the linear operator {[x,, %,; P]-,P(%,) +
+ P(x,)) for (z, — x,) and using the equality (2), we obtain

(20 %05 P (2 — 1), P(xy) + P(x)) = —| |P(2) |12,
whence it results
Il P(x,) Il_2 = || P(z,) | |* — | Py |12 —
=[x, %y; P] (%, — %), P(xy) + P(x))
or
I P(x)) | * = {<[2, 2,; P)-, P(x;) + P(x,)y —
= (%, %p; P]-, P(z) + P(xz»}("z - %)
thus '
W P(x) |2 < K| 2, — o] - | % — % ||

. < 2BDK || x, ~ =l
where the following relation has been used :

LI Plary | p
(B xa: P1 P(r), Pisy) 4 gy (F2) +

+- |1 Pz 112 '
Ci%e 2,y P] P(xo)' P(xo) + P(X_,)) P(xO)I

”xz*xo”=

< 2BD.

If P(x,) %0, we construct x; and we have

1% — x| < 2(BDyg
1% — w11 < [2(BD)g I,
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From
1] %o — %311 < mo{l + 2(BD)*K + [2(BD)*K o

we get x; € S[x, 7]
If P(x._1) # 0, using equality (2) we construct %, Suppose that

Il % — %a—1 |l < [2(BD)*K]"" "m0

In this case %, € S[x, 7] If P(x,) # 0 we f:qnstruct %,4+1 and by induc-
tion, we shall prove that the following inequalities hold :

“ P(xn)llz < 2BD2KH)$" - xn—lll (5)
and

[ Znt1 — % || < [2(BD)’K]™n0, (6)

whence we obtain %,41 € S [x,, 7].
From the inequality (6) we have

3 2 Mo 7
|| %ntp x|l < [2(BD) K] 1 — 2(BDy*K ( '

for every p € N. Therefore by (7) |[%s+p — %4 ||—0, n—oc0 for every
e N. Because the space H is a Banach space it results the existence of
the limit of the sequence (x,) and obviously x* € S[x,, 7].

From the inequality (5) for #— o0 we obtain that x* =lim «, is a
7— 0
solution of the equation (1).

Remark 1. The condition 3° of Theorem 1 can be replaced by
I<[u,v; P]lx, x +y>|> B7[| x]|

for cvery u,v, x,y € S[x,, 7].

Remark 2. The condition 4° of Theorem 1 can be replaced by the
following : the second order divided difference of the functional || P |2
1s bounded, that is there exists a constant K such that

HCD, =7, 2775 P, P(#) + P(x")) 4+ ([«', 2" P), [, ’”; P])|| < K
for every ', x”, "' € S [x,, 7].
2. Now we consider the linear equation
L(xy =a (x,a = H), 8)

where L is a bounded linear operator defined i i
and a a fixed element of H. P ped on H with values in H

Using the sequence definde by (2) we obtain a meth i
mate solution of the linear operator equation (8). ethod for the approxi-

The following theorem is a particular case of Theorem 1,
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operator L satisfies

THEOREM 2. Suppose that the bounded hmcar

the following conditions :
1° There exisis a positive cons
IKL(), L(%) + L)1 > B =1

tant B such that

or every z,y of H;

2° JZBUILI + Nall) NIIE =3 <1
Then the sequence of approximate solutions (x,) defincd by
| IL(%n) — é“’ [L(x”) . a](n > O) (9)

Tt = In T L (o) — a), Llx) + L(sny) — 20
where %y, %, are two initial approximations of the equation (8) have the

following properties :
i) The sequence (x,) comverges for arbitrary initial approach x,, x_,;

ii) The limit lim x, = x* is a solution of the equation (8);

n—©0

iii) For the ervor estimate we have the following tnequality :
pn-1
[[2* — 2, ]| <l — %]l T >l

Proof. Vgé. note that, if x,(# > 0) is not a solution of equation (8),
then from 2° it results: (L(L(%,) — a), L(x,) + L(%,_,) — 2a) # 0, there-
fore x,.; can be comstructed.

Taking the value of the linear o
v perator (L. ,L(x,) + L(x,_;) —
— 2a) for the point (%,4, — x,) and using the relation (9))\\'e ol(atairll)

CE(tnsr = %), L(%) + L{%-1) = 20) = — | |L(x,) — a |,
whence we derive the obvious equality
L% 1) = @2 = ||L(%0s1) — @] ]2 — || L{xy) —al? —

—LL(%py1 — x,), L{x,) + L(xy) — 22)

Using the definition and the form

tor of the form: ||P|[ we e of the divided difference of an opera-

I L(%ng1) — a|]r= (L(%ipyy — Xa)s L(%n1y) + L(x,) — 20y —
_<L.(xn+l - x»). L.(xn) + L(xn-l) — 2a) =

= (L(%p4y ~ x,), L -
Therefore * ) (s Fa-1)).

an —a L xu-l-l x’l x+ Xy ]
+ n+1 n—1 .
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whence using condition 1° of Theorem 2 and the relation (9), we obtain
[Xns2 — Zpa]] < B||L|[?] lxn-l-ll — 2y ||+ %41 — a1 [ (11)

. , . o rem
Now we estimate ||%py1 — %a_1]]|. From (9), using 1 of Theo
2, it results

. _ [|L(xw) — all® L(x,) — a] —
[ Zaer = Faa [F =112 = CL(L (xn) — @), L(xn) + L(#ny) — 28> I

- ,'_1“<2B(”LH+H(Z”)2,

whence from (11) we have
| sz = Zasi|] < 2B ZIRUILI A+ 1@l D2 s — 2l | =
= hl [%y41 — % [ (12)

The convergence of the sequence (x,) to a certain element x* of H
results from (12). Tt follows from (10) that x* is the solution of the equa-
tion (8).

Taking limits as p— oo in
i+l

X — X_ B
| 2 — 2o

“x""}'[’—xnll <

we obtain the inequality iii) of Theorem 2.
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ation relation between fuzzy pa.rtitignfs_ isdcon.:,]id:;ed.

izati eorce of a two-atom fuzzy partition is defined an ree
Ef:mgg:?;ih:;:sgi;ed. Using a polarization degree a condition that cll}sters
described by a fuzzy partition be “real” is given. The concep{: of fuzzy'v hxf:rar-
chy is defined. A divisive procedure to obtain a binary fuzzy. }uerarch).7 is given.
The entropy of a fuzzy partition is used to define a stability coefficient of a
fuzzy hierarchy.

ABSTRACT. — A polariz

1. Polarization of a fuzzy partition. By the polarization of a fuzzy
partition P € F(C) we understand the tendency of the membership degrees
of its atoms to concentrate near by the extreme values 0 and C(x). A
polarization relation between fuzzy partitions is introduced by the next

DEFINITION-1.1. Let P, Q be from F,(C), P = {4,, 4,},Q = {B,, B,}.
The fuzzy partition P is less polarized than Q, P <,(Q, if and only if

|41(%) — 4,(x)) < |By(x) - By(%) |, Vx € X.

II’)ROI”/(_)S;:TION L1. The relation <, is a preorder on F,(C).
roof. It results from the definition of the <, relation, taking into
account that 4,(z) + A,(x) = B,(x) + B,(x), Vx EPX. , &
The relation <, is generalized to #-atoms fuzzy partitions by the next
DEFINITION 1.2. Let P, Q be from F,(C), P = {4y, ..., 4}
@Q={B, ..., B,}. P is less polarized than Q P <,0, ifl,and ’oni'y, if

n'li'a;x 14i(%) — 4;(x)] < m'%x |Bi(x) — Bj(x)], Vx € X,

ilzgl}g)sin%N 1.2. The relation <, is a preorder on F,(C)
clasee oo t{h X zgé}:ntt))i rfsr}c:lr;SFé(((,‘i) IfC C,and C, are well—sgpar.ated fuzzy
and C(x), for every sample z, The dégrééx())ftend ination o ate towards 0

tion may thus be considered as g measure o}f)oilssn(z;zlﬁtlyof @ fuzzy parti-

. DEFINITION 1.3. The polarizati
Gion - \ . lon degree of a -
on is a function R: Fy(C)—R, which s;gltisfies ths V;(})(i':l)t

‘ om fuzzy parti-
(i) 2a< R(P)<1, ¥P e F,(C),

ms :
where 4 e [0, 1).

()  R(P)=1iff p=
Cy(x) = C(:,), Vgcclé gg} where Cy(x) = ¢ (%) or

* University of Cluj-Na,
poca, Facully of Mathematics and Physics 3400 Cluj-N.
X u)-Napoca, Romania
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(iii) R(P) =a iff P ={C, C;} with C,(x) = Cy(%), Vx & X.
(iv) P <,0Q=R(P) < R(Q)

We may define a polarization degree in a variety of ways. Let us
consider first

E max (C,(x), Cs(%))
R/(P) == ’

Y @

z

Where P = {Cl' Cz} € Fz(C)-
PROPOSITION 1.3. R, is a polarization degree with a=—;—-

Proof. (i) From C,(x) 4+ C,(%) = C(x) we have C(x)/2 < max (C,(x),
C,(%)) < C(x). The summation over all x < X leads to the result.

(ii) R(P) =1 iff Y max (C,(x), Cy(x)) = 2 C().

and C,(x), C,(x) > 0, for every x, we obtain max (C,(x), ’Cz(x
This is possible only if C,(x) = C(x), C,(x) = 0 or Cy(x) = C(x)
for every =x.

(iii) R\(P) = 2

% iff 3 max (C,(%), C,(%)) = ~ 3 C().

2
From this equality, since max (C,(x), Cy(x)) > C(x)/2 and C,(x), Cy(x) = O,
we obtain max (C,(x), C,(x)) = C(x)/2,
i.e. Ci(x) = Cy(x) = C(x)/2 for every x.
(iv) If P={4,,4,}, Q={B, By}, P,Q € F,(C), and P <,0,
then
|4,(x) — Ay(x)| < |By(x) — By(x)], for every x.

From this inequality, taking into account that A,(x) + 4,(x) = B,(x) +

+ B,(x), it results that max (4,(x), 4,(x)) < max (B , B
N alid thus R,(P) < R(O). (A4(x), Ay(x)) x (By(x), By(x)), for every

Remark. If P € Fy(X) then R(P)=1 iff P i iy
ie. P € Fyu(X). 2(X) (P) 1 1s a hard partition,

Another way to define a polarization degree is
256, cn@+25C i
_F v = Vs

2 ¢

x

Ry(P)

’
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is the a-cut of C;, 1.e.
)_’ C,'(x), lf C,‘(x) > % Vx e A’,
Cia (%) = 0, otherwise.

where Ciga

vization degree with a = 0.
ssive partitions are sphttgd (see Sec-
their initial polarization near

propoSITION 1.4, Ry 15 @ pola
According as the atoms of succe

. 9) the membership degrees preserve 1 ear
;)13110 )antd 1, if the co?respouding clusters are ,real”. Hence, for ,,real

clusters one does not observe an increase of the uniformity by successive
decompositions Real” clusters have therefore the memberships degrees
N

far-off the value 1/2. Aslight modification of R, leads to a new measure
of polarization defined by

(x) -

) + Z Cz

E C(x)

26 il
x l,-;z- s

Rz(P) =

The previous reasons permit us to consider R, to be more appro-
priate than R, and R, as a measure of polarization. The conclusion is
supported by the experimental results, too.

We may now state the next

PROPOSITION 1.5. With respect lo Ry the following affirmations are true:
(1) 0< Ry(P) <1, YP € Fy(C).

(2) Ry(P) =1 iff Cx(x)=C(x)>—;— or Cy(x) =C(x)>~, Vx € X.

| —

(3) Cyx) =Cy(x), Vx € X = Ry(P) = 0.
(4) P <,Q = Ry(P) < Ry(Q).

Remark. The properties (2) and (3) a izati ii

o 4 lizations of (ii) and
(i1) from Definition 1.3. R, is not th arization

it an ndex of olari.zation:f us a polarization degree. We may call

Experimental results indicate i

K lt a decreasing tendency of t

R, with the decomposmon level. This fact also recommeg’d R ltle l‘)’alue O(ff
appropriate for practical purposes than R, and R 2 7o bemer

In what follows we consider th iti >
x . . at the partition P = i
,,r'eal clusters if for either of its atoms there exists a {pce‘llt’tgr% c\lrz:ctg:) C;’
with the membership dcgree greather than L and R,(P
. a(P) > {, where

t =(0,1) is an appropriate threshold.

2. Fuzzy hierarchy
3 y. Let H b
S(4) the set of succesors of 4 ien aHCIEilSeS of furz2y on X. We denote by

S(4) = {4,
(A)={4d:cH|4, c 4, 4, % 4 and VBe H, Bx X B# A

A.'SB:B=A‘,}'



27

METHODS IN FUZZY HIERARCHICAL PATTERN RECOGNITION

pEFINITION 2.1. A class H of fuzzy sets on X (H < L(X)) is called
a fuzzy hierarchy if and only if the following axioms are satisfied

(H,) AﬂB=®orAsB,AaéBorB£A,A#BforeveryA,B
from H.
(H;) U 4,=A4, for every A € H, S(4) # O.

A;€5(4)
A fuzzy hierarchy is binary iff card S(4) is 0 or 2. H is’called total iff
X is from H. -
Remarks. i) If A € H and card S(4) = 0, then A is minimal in H.

ii) A total binary fuzzy hierarchy corresponds to a binary tree whose qodes

are the elements of H. X is the root node and the minimal sets in H

correspond to the terminal nodes of the tree. '
We may now to give a divisive procedure to obtain a binary fuzzy

hierarchy.

Let PW) be the fuzzy partition of X corresponding to the decompo-
sition level / and Ca non-empty atom of P¥. Using the Generalized Fuzzy
ISODATA algorithim (sce Part I), a fuzzy partition {C,, C,} of C is com-
puted. If C, and C, represent "real” clusters, then they bcecome atoms
of PU+Y — the fuzzy partition at the level I 4 1. Otherwise C remains
unchanged and it is allocated to P¢+". The procedure repeats for every
CePh C#0.

The initial partition is P = {X, J}. The decomposition process ends
at the level & if none “real” cluster is obtained at this level i.e. P*+1) =
= PW®W. The partitions P, P® . . P& are all fuzzy partitions of X

The algorithm corresponding to this procedure is the next:

FUZZY DIVISIVE HIERARCHICAL (FDH) CLUSTERING ALGORITHM

S;. Set 1: =0, N: =0, PO = {X,0}. (Il is the decompositions level).

S2. For every C € P®, C not marked and C # @, perform S4. Allocate
every marked C to PU+0,

S3. If PUr) = P® Stop, else set [: =1 + 1 and go to S,.

S4. Compute the fuzzy partition {C,, C,} of C and its representation
{L,, L}, using the GFI algorithm. If Cy, C, are "real” clusters, then
allocate C, and C, to P¢+". '

Othervise mark C with +1 and set N: = N + 1.

Remark. N, the number of marked cl i
of clumark N, ed classes, equals the o.ptlmal number

PROPOOITION 2.2. The 1101 1
algorithon erTION 2.2 sequence of fuzzy partitions obtained by the FDH

PO <P < . < PO,
This chain induces a total binary fuzzy hierarchy H , given by
H={4 € PY|5e {0, 1, o B
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uzzy hierarchy. In this section the

ility in a { .
3. Entropy and stability I B tion is used to give a measure g

concept of entropy [7] of a fuzzy pa

stability of a fuzzy hierarchy.
Let F be a o-algebra of fuzzy sets on X and m a fuzzy measure ove,

neasure space is a triple (X, F,m). A fuzzy partition p
ﬁ?&%ﬁ%ﬁwwieRWLePHﬂdedUm&@m&
sible fuzzy partitions of X is demotedby Z =2 (F). In this section we

consider only partitions from Z. .
pEFITION 3.1. Let P ={4,, ..., 4.} be an admissible fuzzy pa;.

tition. The entropy of P is defined by
H(P) = — Y m(4;) log m (4;),

where m is a fuzzy measure with m(X) = 1.
Remark. H(P) > 0 for every P. H(P®) =0, where PO = (X g}
DEFINITION 3.2. The entropy H(P|D) of a fuzzy partition P =
= {4,, ..., 44}, P € Z, conditioned by a fuzzy set D, m(D) > 0, is defined
y

H(PID) = — m(A.'-D)l m(A,'-D),
(P1D) z.: m(D) °8 m(D)
where 4, . D is the product (4, - D) (x) = Ai(x) - D(x), Vx € X.
Remark. H(P|X) = H(P), VP < Z.
DEFINITION 3.3. Let P, Q be from Z, P={4 Y =
= {By, ..., By}. The entropy H (P|Q) of P conditioned bl}; Q is dc’a%i’neg by

HPIQ) =3 m(B) HPIE) = — 53 mid, ) 10g4s- 2

where m(B;) > 0, vj.

. Remarks. (i) H(P|0) > 0; H(P|P0) —
(i) If P and Q are indepeude’nt, (i,e.lp ) = H(P).

m(A4; - B;) = m(Ad,)m (Bj), Vi, then H(P|Q) = H(P).
PROPOSITION 3.1. If P, Q. R are admissib] .

next affirmations qre true : ¢ Juzzy partitions, then the
O P<Q=HEPR) <RHQR), VR
) P<0=HEP) <Hg) °
(i} C<R=HPIQ) > H(P|]R), VP
Gv)  H(P) > H(P|R), VR '
Since in the classifica .
t. .
class C concerns the p. mlgélrsphriopcetsges the information carried by a fuzzy

» We consider the particylar fuzzy
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The entropy H(P) is interpreted as the information carried by P
about the cluster structure of X. The trivial partition PO = {X,} means
no structure in X. P does not carry any onformation anq. this is in
agreement with H(P®) = 0. H(P |Q) is interpreted as the extra information
carried by P given the partition Q

Let PV be the fuzzy partition of X obtained at the level [ of the
fuzzy hierarchy gemerated by the FDH algorithm. From PW < P¢+1 it
follows that H(PW) < H(PU+Vh), The entropy is thus an increasing func-
tion of the level [

For our hierarchical classification procedure H(P®| P¢-1) is more
suitable than H(PW) as a measure of information associated with the
level 1.

We may consider that a hierarchy becomes stable up to level / if
the information H(P®| P¢-1) carried by this level is negligible. -

DEFINITION 3.4. The stability coefficient of a fuzzy hierarchy \is a
function S:N— R, given by

H P(‘)) —H (p(‘)lp(l—l))

sy =2 1
() e
Remarks. i) S(I) is the stability coefficient at the level /.
(i) 0<S(@ <1, Vi1 S(1)=0.

(i) S is not a monotone function.
The. hierarchy may be considered stable up the level / iff S(!) exceeds
a prescribed threshold S*.

Using S(/) we may complete the termination condition in the FHD
algorithm. The step S2 may be replaced by S2’, where
STnglbfou;pute S(l).CIf .;3(5)) 2(,‘ S*, where S* is a suitable threshold,

. Else for every e R not marked and C
Allocate every marked C to PU¢+D), 8 # 9, perform 54
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ABSTRRACT. — If 4 is an abelian group, the lattice of all the subgroups of 4

is lower continuous iff 4 is a torsion group with finitely cogenerated p-com-
ponents.

A complete lattice L is called lower continuous if aV ( A¢) =
csC

A (@ V ¢) holds for every element @« € L and every chain C in L.
ceC

If A is an abelian group we denote by L(4) the lattice of all the subgroups
of A. This is a modular, compactly generated and hence upper continuous
lattice. Our result is the following

THEOREM L(A) is lower continuous iff A 1is a torsion group with
[finitely cogeneraled p-components (i.e. divect sums of cocyclic p-groups).

This result does not exceed very much the following general one

1. prOPOSITION. Every complele artinian lattice is lower continuous.
Indeed, if a poset P salisfies the descending chain condition, every chain C
from P has a least element and the above condilion is obvious.

2. COROLLARY. If A is a finitely cogeneraled abelian group then L(A)
is lower continuous.

This is immediate using a well-known characterization [1,25.1]: L(4)
is artinian iff A is finitely cogenerated.

Our theorem will follow from a few lemmas.

3. LemyMa. If B is a subgroup of A and L(A) is lower continuous then
L(B) is lower continuous too.

4. LeMMA L(Z) is not lower comtinuous.

Proof. Let p and g be different primes, C = {$"Z},<x the descending
chain of subgroups and B = ¢Z. Then B + p*Z = B # Z = (O (B+p"Z)
because p*Z =0 and ¢qZ + p*Z = Z. e

5. LEMMA. If A is an infinite elementary group, L(A) is not lower con-
linuous.

Proof. Using well-known reduction theorems we can suppose 4 to be a
countable direct sum of Z(p) for a prime p. Let {¢, = (0, ...,0,1,0, ...)/
7 € N*} the canonic basis of 4 (as linear space over (Zp)), B the subgroup
generated by {e,/n > 2} and C, the subgroups generated by {valk = n}

® Dcpartement of Mathematics, University of Montreal P.O. Box—6128, A M
** University of Cluj-Napoca, / N apacs, Seaveen anada

Faculty of Mathematics and Physics, 3400 Cluj-Napoca, Romania
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sbere o= 31 o @ V). Thefollowog 126055 hold: A =C1 Cy>

s=1

5 ...oC> .., N ¢, =0, 31¢Band el:Ub—l)sZ_Zen + v, e

neN°® .
e B +C,foreachn € N*. Hence 4 is as stated. This example was sugges.

ted by Zoltan Finta. '
Proof of the theorem. Let A be an abelian group and L(4) a lower con.
tinuous lattice. From 3 and 4, 4 is a torsion group. If  is a prime let
A, be the p-component of A and A[p)] its socle. Using 5, A[p] is finite
(otherwise it would contain a countable (elementary) subsocle) and hence
4, is finitely cogenerated [1, 25.1]. :

Conversely, let A be a torsion group such that 4, is finitely cogenerated
for every prime p, {Ci}ier 2 chain of subgroups of A and B a subgroup

of A. The inclusion ﬂl (B+C)<s B+ (N C,) is readily verified going
is iel

down to p-components, using 2 and the obvious equality ((M)(X,),) =

= (" X e

6]
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REZUMAT. — Tolerange in logici. Avind o metricd discretd d: Py —Q pe
mulfimea Py a functiilor propozitionale n-are, se definesc relatiile de toleran{i =

i
iy <d(%, ¥) < o

Se demonstreazi anumite proprictiti ale semigrupului (T, o) al tolerantelor ;.

®he tolerance spaces have more and more application in mathe-
matics. The propositional logic is treated more like boolean algebra and
less as tolerance space, as we do in this paper.

1. Let P be the set of (bivalent) propositions, P, = {x: P"— P}
the set of m-ary propositional functions and ¥V={0, 1}. For each operation
or relation from P, it corresponds operation or relation in P,. Using

the (bivalent) valuationv: P— V, we define a mapping from P, into 144
(m-ary boolean functions), which ensures the commutativity of the en-
closed diagram:

p_*.p

that is, vox = v, 00" o7 v v
x

yr—==

We mention that P* = PX ...XP, analogously for V.
Nty o s
n times

Here, v* is defined through: v"(p,, ...., #a.) = (v(p1), ..., v(pn))-
Let’s note 4, = 0: (1) = {« € V*|v,(a) = 1} and F,= 70>. In [2
there is defined the distance i{n P, byl: (=) J - a2
1
@. @) == (4N F) U 4,0 Fl

This corresponds to the similar notion defined in (3], wh
: , Where |M -
sents the cardinal number of the set M. Observe that 0 sld(n,!,yl;erzi',

for each x,y € P,. Based on [2 3 i
Quasimetric space, namely: 21 (or 1B)) one shows that (P, d) is a

if x =y then d(z,9) =0
d(x,y) = d(y,x) and
d(xy) € d(x,z) + d(y,2).

® University of Clwj-Napocs, Departmens of Mathematic and Physics, 3400 Cluf-Napoca
(4

Romania

8 — Mathematica 1/1987
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,=dx,x/\y)+d<x/\y,y)-
LEMMA 1.A d(;o; ( mmediately from the de,
As Agpy = 45 y ! :

.. h distance
pition of the _ bt pen there exists 2€ Pm SO that d(x,z) =21
LEMMA 2. If d(x)) =5 z

the Lemma results i
{

a”d d(z,y) = -zl_.- )

Proof. The case h =0 is obvious.

a). Let %y be two comparable elements in P,, that is, for example,

h+1 _ !
A, c A, and so F,cF, Therefore T-:— =d(zy) = on | (4:NF)y

1

U4NF= 4N Fs

A, = A, — {a}. It follows that F,=F, U {« and moreover
(). A:N 4y S AS 4y

1 h
Herewith, d(2) = |(4,(\ F) = {4} =’.‘-;—‘ L =2 and d@y) =

2" 2n
=L i4,NEI=5-
h+1 d(

b). If %,y are not comparable, we apply first Lemma 1: >

|. Taking o € A,NF, we define z € P, so that

x,y) =
1

B+ with

— 2"

d(x, x A y)+d(x A\yy), where d(x, x A\ y) = —';— » A(xAY.Y)

B +k" = h.As z\ y, y are comparable, from a) we obtain the existence of
an element z< P, so that d(x A y, 2) = };—" and d(z, y) = 1 From (i) it
follows that A, 4, = 4, 4,, that is 7

T £ o is, d(x, x = d(x,x ) and
d(x A y,2) = d(x A z,2) and so, with Lemm(a 1, é\(xz,)z) = t(lﬂ(::':‘L />6)/3 z) +
tdEAz ) =dxzhy) +dxpy =L L K _ 5

COROLLARY. For ever
. ' Y % y € P, with d(x RS ;
in P, with the property: bd(xy) > p” there existe 2
Uny) = dlz) + d(z).

The preceding equality may be formulated as:

ween x and y" see i ical bet-
property. (see {1]). So the above Corollary gi,\;Zslsa;n?:tlgfpgation
2. In [4]

it is gjy
. Is given the following resy]t -
1S @ quasimelyq '
quasimetric space, they TS A4 X A
e) =

. Ty = u(xy) <
35 @ tolerance relation and (4, ; ¥) < e,
? He)

If (4,p)
defined by
e <R,

isq et
connecled tolerance space.
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: k o
As d(PY) = {d(xy) %y < P} _—.{-27 k=0, 1, 2} in the case

of the quasimetric space (P,, 4), there are 2" + 1 tolerances, 7, = T, ( _2%

defined as above. Moreover, i < j= 7; S 7; and so we obtain the following
sequence of tolerances 1n P,:

where 7, is the logical equivalence and 7pn is the universal relation on P,.

We note T, ={mlk=1,...27.

THEOREM T ©Tp = Ti+ly 1= 1, oo ey 2n-1

1

Proof. x(t; o T)y= 3z:x7z and zTy= 3z:d(,2)< - and d(z,y) <

) 1
< ;';=> Az:d(xy) < d(x,2) + d(zy) < '—g—;—: XTie1Y-

Conversely, suppose that xv;4,y, namely d(x,y) < z—;—l . Then there
exist the following two possibilities:

a). d(x,y) < 'j—"l = d(xy) < :—” = x7y. As 7; € T; ° T, we have x7;y =
(v 0 T)y.

b). d(x,y) =71 ; with Lemma 2 it results the existence of z in P, so

an
-

that d(x,z) = —21: and d(z,y) = 2L" , that is, xv;z and zr;y, which means
that z(t; o 7))y.

Remarks. 1) 7,0 1 = 1,

T L R R R
where 2+ B=}onif i 4 2> on.

2) (T,, o) is generated by =,.
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! satelitulul jovistationar. Utilj-
nfa ful Iobftsrgg;te?tﬁ’iglitlld:?:ulare a c’elor trei corpuri, ge
n ra;zzr:;cctoare a unui satelit stafionar al lui. Jupiter pe

tractiei gravitafionale a satelitului natural Io al planetei. Curba de
seax'na.eaa ::tzei vectoare, obtinutd pe baza integririi numerice a ecuatiilor mig-
Z;gifpeste aproximatd printr-o expresie analiticd.

REZUMAT. — Influe
zind modelul matemat
studiazi perturbatiile in

1. Notations. We shall use the following notations:
T; = Jupiter’s axial rotation period; o .
wy = product between the gravitational constant and Jupiter’s mass;
= semi-major axis of Io’s orbit;
¢ = eccentricity of Io’s orbit; '
¢+ = inclination of Io’s orbit (omto Jupiter’s equatorial plane);
T;4=1o’s sidereal period;
= orbital angular velocity of Io;
k = ratio between Io’s mass and Jupiter's mass ;
G = common mass centre of the system Jupiter—Io;

4y, 4, = distances between G and the mass centres of Jupiter and Io,
Tespectively ;

7,7 = r1adii vectors of the
mass_centres of Jupiter and To, Tespectively ;
T = orbital period of the Jovistationary satellite ;

T, = jovistationary satellite peri i i :
\ ; period with respect to the rotating frame;
m —_ an . . . . :

the Iotai:]-ngg?rar : elocity of the Jovistationary satellite with respect to

ned ?;'I;l:;liozist?tionary satellite. In a previous paper [1] we have defi-
tationary satgelllil:ey :grsﬁghcishee ofa die_ostationary satellite — the jovis-
i) th ital mers 32 conditions :
= 59(02“), :hgrggiaehigzti%ignqual to J “Piter"s rotation period (I = T;=
around its axis; g 10 the same direction as the planet rotates
ii) th i .
(ﬁg) thee o‘:g;;‘?lisplgrlcewcgn%qsﬁ With the jovian equator plane;
deduced from Kepler's thirg 'la\ vl fora TraEms * =159 110.746 km (value

\ 390™)
o > 1 i .

fulfilled will remajq fixed ]g;zéag ;ﬁ;l%l t1

\ },

* Centre for ay
. Secondq;y Se rono,

jovistationary satellite with respect to the

™Y and Space
hool ,Simjon Edmu“uc."e’s";:';sl, Bucharegy, Rerianiq

eu suvcmez, koriéniq
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In the paper [1] we have studied the influence of the solar attraction
upon the motion of such a jovistationary satellite. Now we will take
separately into account, as a disturbing factor, the gravitational attrac-
tion of the natural jovian satellite Io. We shall study the influence of
this one upon the jovicentric radius vector (r) of the satellite.

3. Motion equations. Taking into account the orbital features of
To (a = 421600 km, ¢ =0.004, + =0°.04, Ty = 1¢ . 76914), we can
use the mathematical model of the circular restricted three-body problem
(see e.g. [2], [3], [5]). We choose a uniformly rotating reference frame
Gxyz, having the origin G in the common mass centre of the system Jupi-
ter — Io, the Gx — axis directed towards the mass centre of Io,.and the
Gxy — plane coinciding with TIo’s circumjovian orbit plane. In this frame,
the differential equations which describe the motion of the infinitesimal
body (the jovistationary satellite) have the form (cf. [1], [4], [6], [7]):
£ —2ny — nix = —p,(x + a) [P — yk(x — a)[r"?,
§ + 2n% — mty = —pyr — wikylrs, $)
= —pyzfr® — ykz[r",
where :
n = 24.6635 x 104 rad/min ;
py = 126 897 115.5 km?/s?;
k = 4.68019 x 10—5;
a, = 19.73 km ;
a, = 421 580.27 km,
while the radii vectors » and »’ are givne by the formulae :
=(x+a)+y+ 2
72 =(x — a,) + y* + 22 (2)
4. Integration of the motion equations. In order to reduce the order
of the differential system (1), we have introduced the new variables :

N=5 9, =9 Y3s=2%; 9, =%, Yy =15, Yg = 2. 3
So, we have obtained a first order differential system with the unknowns

Yi i =186. This one has to be integrated with the following initial condi-
tions (for the jovicentric radius vector and the velocity) :

— -
7o = 7¢(%0, Yo = 0, z,),

Vo = ¥(£o =0, 9o, 24 = 0). (4)
For the initial coordinates, given by the obvious formulae:
Xy =17COSt — a4,
Yo=0, &)

Z, =rsint,
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we have Obtained:

—

fo = rO(

Xo = 159 0%.976, Yo = 0, 29 = 111 080)’ (6)

with %o, Yor %o eXPresfii :ﬁeli‘z;tial velodity, a special condition establisheq

For the cotl};)onettlf Lr costationary satellites) must be taken into account,
bySehnalf4] (buri c?d gT of the satellite with respect to the rotating
?amdy(;rait?;f:odgz period‘ of the satellite with respect to Io), the jovis.
Tame

tationary orbit covered by the satellite must remain as near-circular ag
on

pOSSig:sidering the values of T and Tiia and the well-known relation:

IIT‘ = llT - I/Tsid- (7)

ins immediately T, = 767" - 823 = 768". Then, we have deter-
g?i;e?lbjc:;?ihgxécal vzlue of the linear ve]om;c_v on a circular er;xt with
a radius of 159 110.746 km and a period of 768 minutes, obtaining:

9y = |Uy] = 9o = 1302.0218 kin/min. ®)

The system (1), written with respect to the variables (3). has been
integrated numerically, with the initial conditions (6) and (8), by using
the Runge-Kutta algorithm (Gill's variant). For this purpose, a computer
program written in BASIC (6], [7] was used. The integration was perfor-
med for one period T, = 768", with an integration step of 2 minutes.

In order to {ulfil the condition given by Sehnal 4], the integration
was performed several times, with different values for v, around the theo-
retical value (8). The above mentioned condition (annulment of the varia-
tion of the jovicentric radius vector at the moment ¢ = T,) is satisfied for:

v = o = 1302.0309 km/min. )

5. Results. Integrating the motion e i i initi i
. I quations with the initial condi-
tions (6) and (9) over a period T, (with the same integration step of 2

minutes), we have obtained the variati jovi i i
: io / S
vector of the satellite due to the dist ot o T i

. : ) urbing attraction of Io during a time
mter;;la;c%u.al to 'T,.‘Thls variation is plotted versus time in Pgigure 1
respect to Tig ;,h[‘; fIIgure, one notices that the curve is symmetrical with
~ 608" (Ar = 4] éSGtkShOWS the maximum variations at ¢ ~ 160", ¢ =
keeps its aspect (with 111n ) and ¢~ 384m (Ar — ] 591 km). This curve
One remarks tlh tt ¢ period T,) for however long time intervals.
constantly remaing an'easrli(i:rec:lier V%riationl amplitude is small, the orbit
variation reaches Ar x4 1 g L ONC 2150 notices that at t = T the
Tt seemed tg ue oy km (during the first revolution).

o1 0 determine th fter
—295T) for Tf periods T, This e annulment of A7 a

= 76am event occurs after 157.33 d 384 T
T, = 7677 . 803, » Or after 5732 days (1399 T = 10?]}5’51(‘,) for
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Fig. 1

Coming back to the amplitude of the jovicentric radius vector varia-
tion, and comparing the present results to those obtained in [1], we see
that the solar attraction produces more significant effects in » than Io’s
attraction. Indeed, the difference #max — #min reaches some 70 km if the
disturbing factor is the Sun’s attraction, and only about 3 km if one
takes into account the separate influence of Io’s attraction.

6. Analytical approach. We said that the curve Ar(f) plotted in Figure
1 has a periodical character, with a period T, = 768™. In order to appro-
ximate this curve by an analytical expression, we resorted to the har-
monic analysis, trying to establish an empirical formula of the kind:

flx) = Z; (4, cos (jz) + B, sin (j)). (10)

For this purpose, dividing the interval [0°, 360°] into 12 subinter-
vals of 30° each (which is equivalent to the division of the period T,
into intervals of 64" each), we have applied the calculation scheme for
the case when onc uses 12 ordinates [8]. So, we have obtained the follo-
wing expression for the variation of the deviation Ay with the time:

6
Ar(t) = z:,’ (4; cos (jwt) + B, sin (jwt)), (11)
=
where the value of B, is not needed and the convention that B 0 i
ot ne ; =0is
made. In (11), » = 0.46875°/min, ¢ is expressed in minutes, w‘iaile the
cocfficients A;, B; (expressed in km) have the values:

A, = 40.3815, 4, = +0.9020, 4, = —11129, 4, = —0.1338,

A4, = —0.0262, 4, = —0.0062, 4¢ = —0.0013, B, = +0.0008 (12)

B, = +0.0007, B, = +0.0002, B, = —0.0002, B, = —0.0001,;
obviously, the deviation Ar results to be expressed in km.

I
I
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dering the values (12), one sees that (11) can be written in the
Considering )

more simple form: ]
Arlt) = 2 A; cos (jok), (13)
j=0

wf) ; in this case A7 is determineq

i i ntain sin {j :
A ﬂ;: ’::l?ircl; vg];;csh;:t exceed +0.0005 km. Moreover, if the sum
§%335niser§onsidered only up to j = 5, the error 1n determining A7 does

not exceed $0.001 km.
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OPTIMAL ALGORITHMS WITH RESPECT TO THE
COMPLEXITY
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REZUMAT. — Algoritmi optimali in raport en complexitatea. in !ucrare se
studiazd comparativ, in raport cu complexitatea, mai multi algoritmi de rezo!-
vare numerici a sistemelor algebrice liniare precum gi de calcul a valorii poli-
nomului de interpolare Lagrange pe un punct dat. Concluziile obtinute sint pre-
zentate prin propozitiile 1—4.

0. Let X be a linear space over the real or complex field K,

(Y, 1l-1]) a normed linear space over the K, X, a subset of X and
X,—~Y a given operator.

One considers the (X,, S) — problem: for a given ¢ > 0 to find an
element y € Y such that ||s —y|| < e where s = S(x) and y = y(x),
i.e. an ¢ — approximation of s for all x € X, [3].

For X, < X such that X, < X, one denotes by 3: X,—Z, where
Z is a given linear space, the information operator of the problem (X,, S),
i.e. J(x) is the information of the problem element x.

Let also a:3(X,) — Y be an algorithm to compute the approxima-
tion «(J(x)) of the solution S(x) and 4(S, J) the set of all algorithms «
for the problem (X, S) with the information 3.

If & is a set of operations, the information operator § respectively an
algorithm « € 4 (S, 3) are named & — admissible if d(x) and «(J(x)) can
be computed, for any x € X,, with a finite numbers of operations from &.

Next, one suppose that 3 and a are & — admissibles.

Let 7, ...,7» € & be the necessary operations to compute J(x),
x € X,. The value

CPE (9(x)) = 2”3?; CP(r))

where $, is the performing number of the operation 7, and CP (r;) is the

comPlexity of the same operation, is named the complexity of the infor-
mation J(x) and the value

CPE (9) = sup CPE (3(x))

x& X,
is the information complexity.
—_—

© Praie. - .
Usiversity of Ciuj-Napoca, Faculty of Mathematics and Physics, 3400 Cluj-Napoca, Romania
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& the necessary operations to compute a(él(x))‘
€

Also, for py, «« 1 Pn
one denotes by

CPC («(0(x) = Z;{ g; CP (pi

i i combinatorial
he performing pumber of the operation g;, the comn.
«ith g; the pe |
;lexitqy of the algorithm . .

The value

) and CPC (@) = sup CPC («(3(x)))

z€X,

CP («) = CPE (9) + CPC (e)

is the complexity of the algorithm ¢

i f the solution element
n ¢ — approximation 0
?ér(lx)oriere ;? \%f'fh 2éhe information J, the error ¢(S,d, o) of the algo-
s = , 0
nithm «;

(5,3, o) = sup |IS(#) — o (B(=) ]

x€ X,
must satisfy the condition.
e(S,9,0) < ¢
ie. the information § and the algorithm o must be ¢ — admissible.

Let d (S, 3, €) be the set of algorithms a & (S, ) with ¢(S, 9, «) <=
The value

inf CP (), a(S,3,2) # 0O
CP(S,9,e) = €a(S,3,¢)

+w’ 61(5,3, €)=®

— complexity of the problem S with the information 3.

An algorithm o* € @(S,3,¢) for which CP (a*) = CP (S,d,¢) is
named an optimal algorithm with regard to the complexity.

 Thus, the complexity or the ¢ — complexity can be used as a crite-
rion to evaluate the ,,goodness” of an algorithm.

. The goal of this paper is to study, using the complexity, some nume
rical algorithms for the solution of linear algebraic systeins and for the
computation of interpolating polynomial of a given function.

1. Linear algebraie systems. One considers the sy

is named the ¢

stem
As = b, sT e lRu ) A (1)

In this case X is the set of th i
ments [A1b] with 4 ¢ matrices [4 5], X

p onsingular, Y is th
" < IR" and the solution Operater is S . §(Set of col
kel ']

o is the set of ele-

umn vectors 7 With
=Y [Ap]s, s=A70
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For a linear system the given information conmsists of the matrix 4
and the vector b. Hence Z = X, and the information operator J is the
identity operater, § = I. This means that J is ¢ — admissible for any
¢ > 0 and CPE (9) = 0.

The operations set is & = {+, —, %, [}. Thus, any direct algorithm
(performing exact arithmetic operations on real numbers) is ¢ — admi-
ssible. )

It follows that for a direct algorithm e,

CP (S, 3, £) = CPC ().
Next, we consider six direct algorithms and two iterative algorithms
for the solution of the system (1).
Cramer’s algorithn (o). We have

S; = 2—‘ N 1= 1, n
D
where D and D,, i= 1, % are the corresponding determinants from the
Cramer’s formulas.
Knowing that the computational complexity of a determinant of
order # is [2],

CP (D)= (n! —1)CP (+) + »n!»CP (%)
with

1 1
r=1+4+ — R
+2!+ T(n——l)!

one obtains
CP (ac) = (n + 1)(n! — 1) CP (+) + #(n + 1)! CP (%) 4+ = CP(/). (2)
Taking into acount that on the Felix system
CP (+) = CP (—) = 8,10 u (microseconds)
CP (%) =24,40
CP (/) = 27,30

and we abbreviate by CP, the éomputational complexity on the Felix
system, we have

CPrloc) = [8,10 (n + 1)(n! — 1) + 24,40 r(n + 1)! + 27,30 u] p. (3)

tati Gaussian elimination algorithm (ag). It is well known that the compu-
ations in the Gaussian ellmmatiog method are described by the relations
(1) .

1 .o  a—
aj 1= a;, B": =p, 1,7=1mn
(p+1) _ _(p) (P 10))
@i =g — ap(aip | “p‘;))

P+ 20) 20, (B) ()
b7 = b — b (ah)|alf)
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XK
=1,%, thi
_— — lnIfauapP9é0P is
for $ —l;s n —uépz?dtr:aﬁgulfr-{x—natnx of coefficients in the System of
Cess Vi€ an

equations -
s = ), p=Tm
i=p

This tdangular system is then solved b

5, = bl

n —_—
9 _ > B =n—1,1.
Sp = lp)[b 5 S|, P ’

It follows that the complexity of the algorithm o is:
nin — 1)(2n + 5 +1
CP () = *2= 02223 [ep(4) 4 CP (%)) + 222 C(),

y the back substitution Process

respectively
CPp () = "8250 7 + 8:,70 n — 40,30) " (5)
Total dimination algorithm (7). By the transformations
o= a i i T
7= g
c=a? N _ B e " T
i=al™ -l A T i M, i # P
bBro=brTN gt gn Ln i#p
for p=1,8—1 and
.} — pls-1) (n' " —
] b;.—b, —b,,)-as-.l l),‘l:l,n—l
where
. a; =a; " = bi, 4,7 =T n
the system (1} becomes ’
s.‘ = bsu), 1t = W
t foliows that '
1
CP(z) <521, )
2 CP(+) + CP(x )y £ "n + 1y
o ()] + —— CP() (6)

CPrlar) = n (16,25 5
» (16,25 n2 1. 13,63n~2,60) R. g
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Cholesky's algorithm (acs). The matrix 4 is written in the form

A=P. Q
where
fu 0 0 1 q1a q1n
P Pae 0 — 01 q2n
. ' Q
pnl Pu? . Pou‘ 0 0 1
with
pa =ay; , 4= 1,n
@i = @j[p, J i——”
by = a;— E Dty =2, %
A=
4 = (av E Ptth;) j =1 + l, n
A=l

for 4 = 2, n. This way, the system (1) is reduced to the following trian-
gular systems:

Py=1%

0s =

that can be solved by back substitution method.
One obtains :

CP () = 2= 2L (cP(+) + CP(%)] + XD cp() )

and
CPpacs) = % (32,50 2 + 89,70 # — 40,30) p. )

Onicescw’s algorithm (a,). Using a linear transformation
an=Gud + ... + Gudin, B I=1,1
Br =02+ ... + 80w k=1, 1 (10)
from the initial system (1) the equivalent system can be obtained

as =f3 :(11)
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%
y that

w2t the propert

+ ...+ =
oy F oer TS = spriltaps 1s)
l 1p-1541 7

JEVERRE 3

« .

+ aﬁ-’-l,nsn = s/’+’(“7+l't'+l o T 1’*")'

'-1;+1,p-:15p+1 + .. 5
ations of the system (11}, become:

Thos, the first (p+ 1) equ ’
.+ oSyt sp+l(0'-l,p+l 4 ... %) = 3

Ce (12)
AL = “
@151 + ... + ap+1,p5p + sﬁ+l(“ﬁ+’.ﬁ‘-'1 ’ s il Pe-

11151 +

3]

Solving this system one obtains the first (p + 1) eomzozezss, s, i<
=1,p + |, of the solution. From the last (n —p — 1) ec=ztioxs of the
iritial system (1):

LyongonSpea & oo+ Gpi2aSy = bpy2 — (a,,_,g,lsl T T dporpo18s-)
. (13;
¢ r .. N
dn po2Sp -2 + L + an,usn = bn - (anlsl + e T a»,;-’r“;.—".}

- L] - .~ - - - -
cme obtzins the mext components, s, R = p — 2%, of == scizzon

i This way, the problem to solve a # X n system is relzosd o toe pro

Glem 0 salve two systems of order (p + 1) X (& — 1

-2 X(k—p—1).

Of course, we also have to determine the
TOLECETS hyp, k I= l K.

Kumari 7. The number P can be chosen a:.,.,....-....
E e

TESTECTITIY (B —

aosior—aTom L, Le UR

TETITELE

LI LGN

.rLQrL\hqﬁ'Lﬂmno P =n—3 th s oz o
o ed (13 & a 2 X 2 system. en (12 2 . :

\m T we aplay

the same method N N Zee pe =
=m — od W the svs=— 2 T oo
® meuasa(”_4) ~’e‘\ il
TEE S0, wme o b . X \” —_ -“ SVRTEm TESTRITTET & 2 ,\.-
T—39 '7 ,\)u? 70‘:33:3111 "2, 2x2 svstems if w 35 even Tespecmray
3-'-"““’4.:1‘_\-;:\ l;:md 0ue3\3 55? i owis 2= 033 o=
i“i\_&gbﬁx.:m i *uning with the last ome we gt the sUITROR
LauX 4 is
Witten in the form
'w:nﬂ’e D
G-l gy
B= P41 Gpie (.. g Zoine
c~ea s C = In %‘2.?'."2 P £ el
b ... Gnps1 Tt y D= .“es

Sripre .., %pi1m
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2. One determines the matrix A:

\ = {N,pw coe Ain ]
Ap+1,p42 =+ Apt1n .
solving the following (p + 1) systems:
D'\ =M;, i=1,p+ 1 (14)
where
hip+2 —Qip+2
N=| ..., M;= ,t=1p+1
L\m — ®in ]

Remark 2. Taking p =n — 3, (14) are 2x 2 systems.
3. One determines the matrices o and B:

a = (Ip41 |N)(P|F)
B = (Tp+1 |2
where I, is the unity matrix of order 2 and

ay 4p j=p+1
P=|..... , F= .
anl anp -
a
»i;»‘?n "
4. One solves the system
as = f3
to get st, ..., sp4+1, then the system
DT =G
where
. p+1 -
+2 — 4, S
Sp42 4 ;2-1 P+2,5 97
T = » =] e e e e o o o
p+1
S,
" b, — E Ay S 1
- =1

In order to get spis, ..., St.

If we take p=n—3, »n —5 3. 1 for # even .
. » ) e e ey » , th
of the corresponding algorithm denoted by ol is ¢ complexity

CP(a) = 2t 1502 —dn — 48 #{4nt + 9n — 16) 38
(3 12 CP(+) +=—F—CP(») + T" CP(),

15)
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m for n» odd, has the complexity

while the sameé algorith -
2 — —
4nd + 89n » CPl(*) +

CP(sl) = ;"‘-i'ﬁ;}ﬁ:ﬁ CR(+) + 12
l 4 =2 cry) (16)
We also have
Crele) = (T + 4B Ol n)u (17)
for n even respectively
CPg(d) = (?-2—35—"—  + 48,90n% — ‘°§'7 n— 105,60) u (18)

for # an odd number.
Now, if one denotes by of the Onicescu’s algorithm ag for p =n —2,
n—3, ..., 1, we have

Py = 2220 op(4) + DD CR(x)+HETE CRU)
6 2
(19)
respectively
1y _ [ 32,50
CPelod) _( =2+ 33,05mt + 13,55n — 24,30};. (20)

Taking into attention the complexity of the above algorithms it follows:
PROPOSITION 1. For any n € N, n > 4 we have

CP(ug) = CP(acs) < CP(ad) < CP(od

CP(ar) < CP(ac) < e “
and for n > 5 CP(af) < CP(ay).
.. Indeed, from (4) and (6)
it cam b we have CP(qg) =
tiplicatioixss?!fd %ﬁsg e algorithm o} con(tagsz tgg (s:%)é 211501,) fronf1 11(1{32
Hence CP(al) > CP(a ;15 ;\s the algonithms ag o, acy, but or erd?ﬁt. oS
CP(a) < CB(oE) if n <8 for poiions (15) — (16) and (19)  impl that
< CP(a) andOCP(ot ) or both # even or odd. The i o Sy 0 a<
follows by the obsgrv;iCP(%) follow immediately ’Ill‘(ilquaihtles'CP(a;Z't
and CP(/) > CP(x) but ¢ e difornd ZCPH).(CP:(*%SL ‘3115%:(4;5

For n =5 we h but the difference ¢ .
and it increaeses aZveithCI:;(ar) ~ () = fé@(;)(f(%)l’ (ls )verY3CSlI’n(a/ )
. *)— !

The values of

: th .

following table ; € complexity CPr for some neN . . the
are given 1n
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" 2 3 4 5 6 7 8 9 10 20
CPp(ag) 179 521 1118 2034 3335 5086 7352 10198 13689 98358
CPp(ad) 225 614 1266 2246 3619 5449 7803 10745 14339 100493
CPg(a3) 211 521 1334 2294 3889 5759 8394 11435 15371 105522
CPg(ar) 179 553 1248 2359 3485 6224 9172 12928 17589 135408

30 40 50 60 70 80 90 100

5 131000
319007 740636 1428250 2446830 3861400 5736950 8138480 11
323437 748171 1439690 2463010 3883110 5765010 8173690 11174200
335453 770164 1474660 2513930 3952980 5856810 825_)0420 11318800
450957 1061740 2065240 3558980 5640450 . 8407 150 11956600 116386200

It can be seen that the incqualities from the Proposition 1 are preserved.

Next, one considers the Jacobi and Gauss— Siedel iterative algorithms.
First, the system (1) is written in the form (one supposes that a;; # 0,

1 =1mn): '
§; = "l—(bi - i“usj). 1=1,n
(113 =1
where «;; = a;; for 1 # 5 and «;; = 0.

One denotes by a; the Jacobi algorithm defined by the recurrence
formulas

s,("’=;(b,. - )”‘a,js/fk_')), i=Tn: k=1,...,n
j=
and by ags the Gauss— Siedel algorithm defined by

-1

w1 = (k—1) wy ;T . T
Si —a—'i(b.‘—}:d.‘js;‘ _2 @S |t =1 n; k=1, ngs

j=i =

where s is the start value and n;, respectively ngs are the necessary
number of iteration to get an e-approximation of the solution by the
Jacobi and Gauss— Siedel methods.

It follows that the e-complexity is

CP(ay;€) = n[(n — 1)CP(+) + (» — 1)CP(%) + CP()]x, (22)

CPr(ay; €) = (32,50n% — 5,20m)n, (23)

Tespectively |
CPlocs; €) = nl(n — 1)CP(+) + (n — 1)CP(%) + CP()Jn,s  (24)
CPy(ags ; €) = (32,50n% — 5,20m)ngs. 25)

Taking into account that the Gauss—Siedel algori i |

: _ th

the Jacobi algorithm, we have nes < n; BOTEAm 1s faster than
It follows :

PROPOSITION 2. For a given ¢ > 0 and n < N, »n
CP(ags ; €) < CP.(a,; €)

2 2 we have

4 — Mathematica, 1/1987
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uss—Siedel algorithm is better from the complexity
with an iterative one you must knoy
-approximation. But this number jg

Hence, the Ga

oint of view. ] )
P To compare a direct algorithm
the iterations number to get an ¢

not apf‘io"i known. n get the fonowing Conclusion:

Using the complexity we ca
PRS(I)I;OSITION s. If (2/3)[CP(+)+ CP(%)]< CP(/) < CP(+)+CP(x)

then |
CP(ag),/CP(ags) > [(n + 2)/31,
where [-1] is the entier Sfunction.

Indeed, we have .
(n — 1)(2n + 5) [CP(+) + CP(¥)] + 3(n + 1)CP(/)

CP(e) 1
CP(ags) 6 (» — 1) [CP(+) + CP (¥)] + CP()
From the hypothesis inequalities, it follows that
CP (ap) >_1_ 290 4+ Sn — 3 > n-;-2 )

CP(acs) 6 i

Remark 3. If the iteration number necessary to get an e-approxima-
tion by Gauss—Siedel method is less than [(# + 2) / 3], then the algo-
rithm ags is better, from the complexity point of view, than og.

2. Lagrange interpolation. Let S be the Lagrange interpolation prob-
lem with the information 3(f) = (f,, ..., f,), where f; = f(x,), %, < [a, b],
t=1,nand x; # x; for i # 4.

. It is well known that the Lagrange interpolation polynomial has the
orm

(Laif)(®) = Y 4(%) f (%) (26)
=1
with
l,(x) _ (F—%) ... (x= 5y (s - g oo (7~ x,)
(wi— %) ... (%~ 1) (%, — g (v, — %)

Tespectively the Newton form

(Nacsf)2) = flz) + 3 (x —
FIFRE—5) o a—n ) L a @)
wherg n[:l:iéz;(;:c % bf] is the divided difference of f.
value ( L,._lf)(x)esusigg :Iﬂe °;20r ;Illj a’és the algorithms that compute the
a Hlean’
27) (26), the Aitken’s method respectively

the Newton’s formula (27), ie.:

Algon'lhm ay :

1. InputData;neN;-xx fi€R 4 '41
LRad PR £ )y 1= "
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2. Compute:
a:=%—x,+=1n
U:=a * ... *a,

Yri L = Tpy—%;, i=1k—1,k=2mn

ssi=h/ ([@*Yu* ... *Ysp-1* (—yrrs1)® .- ® (=), B=1,n
VL:=wux*(s;+ ... + Sa)

2. Output Data: VL.

Algorithm af :

1. Input Data: n € IN, x, %, f; R,i=1,1n

2. Compute :
a;:=x;—x,‘i=ﬁ
fa:=foi=L1Ln

yii=%—2%,j=1Li—1;,1=2,n
fuini=@*fy—aixfy) /yp ji=Ti=1;i=2mn
VL : = f,a

3. Output Data: VL

Algorithm o :

1. Input Data: n<IN; %, 2, fisIR, s =1,n
2. Compute:

ag,.:=2x—2x,1=1,n—1
Dy:=f;,i=1,n; VL:=Dy;; s: =1

Yit=2x%—2%,j=1L1i—1;i=2mn

Dijyri = (Dy — Diw1j3) / Yijmj1: i =114—1;i=2,n
(s:=s#%aiy, VL: =VL +ssD,), i=2,n
3. Output Data: VL

. It can be seen that for all these algorithms the informati -
X1ty is the same: 8 ation comple

CPE(0;) = CPE(af) = CPE(a?) = nCP(f),
;vheer?n(.:P(f) is the complexity of the computation of f (%), for a given

»
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i obtains:
For the combinatorial complexity one€

w32 #CP(x) + nCP(/)
CPC(or) = _.L.z._—— CP(+) +

nin — 1)
CPC(ad) = wCP(+) + n(n — NCPE) +=——— CP(/)
n(n — 1)
CPC() = (» — Dir + 2CP(+) + 2(n — 1)ICB() + ——CP(/)

It follows that:
CP(ag) = nCR(f) + ZEZ=ECR(+) + #CR(s) + 1CR(/)

CP(t) = HCR(f) + #CR(+) + i — ICB(s) +72= CB()

CP(a2) = nCB(f) + (n — i + 2ICR(+) + 2(n — ICP() + 2= cp()

respectively
CPx(az) = nCP(f) + (28,4512 + 39,451 — 8,10)p.
CPr(«f) = nCP(f) + (46,15n* — 21,75n)u
CPs(af) = nCP(f) 4 (21,75#% + 43,15n — 65)u
PROPOZITION 4. We have:
CP(af) < CP(af) for any n > 2
CP(«¥) < CP(x;) for any # > 2
CP(xz) < CP(af) for any # > 5.

Th . e, . .
ing <o r:;? e;l:&uahtxes follow from a direct comparison of the correspond-
Remark 5, Th : . L
Newton slpotin ea?est algorithm, on regard with the compexity is the

The same conclusio s .
CB. bs can be obtained if we consider the complexity

Faculty of Mathe N
i i .04 University:
2. C. Mihu, Numer; r . Prepo: ms, ,,Babeg-Bolyai’” Univers!
3. . R, T,B“bt"cgcal B:eithor_is i Lineay Algﬂbramggu?p»hr'-‘!' 1984, 1—33.
Press, 1980, . B1akowski, 4 Coprnss: chinicy, Bucurcgti, 1977.

encial '0)” 4 .
neral Lheory of Optimal Algorithins, Aced.
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IOAN A. RUS*

Received : December 30, 1986

REZUMAT. — Principlul maximulul pentru sisteme de eeuati diferentiale eu
argument modificat. Rolul principiilor de maxim in teoria ecuatiilor diferentiale
ordinare este bine cunoscut. In prezenta lucrare se stabilesc principii de maxim
pentru sisteme de ecuatii diferentjale cu argument modificat. Folosind princi-
piile de maxim obtinute se stabilesc teoreme de unicitate pentru anumite pro-
bleme la limite relative la ecuatii diferentiale cu argument modificat.

1. Introduetion. Let us consider the following second order diffe-
rential operator with deviating arguments

LONR): = 5"(2) + ey () + gl(0) + 3 aslay(ea),

for all x € [a, b); where p,q,4q;, 8 < Cla, b],1 = I, m. Let a, b, <R
be such thata, < a,b < by, a; < gi(%) < by, forall x € [a, b]. For example

a, = min (a, min min (%) ,
1<i<m {x € [a, b]

b, = max (b, max {?Z fa(x;] ” '

We investigate the following differential inequalities with deviating ar-
guments :

Ly 20 (1); LO)>0 (2); L) <0 (3);
Ly) <0 4); L) =0 (5

By definition, a solution of an above differential inequality i

. ’ " . . S a
func'%cl)ln y € Cla, 51N 'Cll[a’f b] which satisfy that inequali?cglr. d

-he maximum principle for the solutions of the ordinary differenti
cquations or of the ordinary differential inequalities has beg studied }Da)}
rrréany authors, for example, Protter and Weinberger [7], Rus

8].
The object of this paper is to establish i inci
types of differential inep 3 ating vt Loples for some

qualities with deviating arguments. To the g
knowledge, these maximum principles are new. For other typesag; hgaf

® University of Cluj-Napoca, Facully of Mathematics and Physics, 3400 Cluj-Napoca, Romania
»
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ntial equations with deviating argument see

ximum principle for differe S ennaro 10).

® el21 eIS1 am}l Zo:dlt:rn 2:iirff?erential ipequalitics with deviating arguments,
. Secon : :

We begin with .
pEFRNITION 1. A function y € Clay,

the maximum principle if .
(max y(x) = M > 0 and y(%) = M) imply
xe[a;, bs)
(% = [a @1 U [6, 1))
DEFINITION 2. A function y € Cla,,
the minimum principle if
(min y{x) =m <0 and y(x,) = m) imply

51N €[, b) is said to satisfy

b1 Cla, b] is said to satisfy

z€ oy, by)

(%o = [a, @] U L2 bl])

We have

raEoREM 1. Let y be a solution of (1). If ¢.(x) >0 and g(x) +
+ Y 4:(%) <O for all x < la, b[ 6)

=1

then vy satisfies the maximum principle.
Proof. Let max y(x) =M >0, and y(x,) = M. We suppose that

£€ [ay, &)

%, < ]a, b[. We shall show this leads to a contradiction. We obtain
L) g)o = 3" (%) + a(xo)¥(%0) + Z{ g:(%0)y(8.(%0)) <

< (Q(f‘o) + }; g:(x0))M < 0.

THEOREM 2. Let y b luli .
tisfies the minimum zrineci;le.s ohution of ). If L satisfy (6), then y se-

Proof. If y is a soluti v i :
theorem follows from the T(;x]::o?efm(??f then —y is a solution of (1). The
. _THEOREM 3. Let y be a solution of (5). - ;
mf’els) th; maximum principle and thefngir)z.im%nL ;Z't;z%lf), them 35
" Proof. y is a soluti )
the Theorem 1 and The(c):rlexgf 2(.1) and of (3). The theorem follows from

By a similar arguments we have

' "'Tm.sOREM 4. Let y be a solution of (2). If gi(x) >0 and q(x) +
+02-;1q‘(x) <0 for all x e ;‘Ja, b[' (7)

. _THEOREM 5. Let y be
tisfies the minimum principl

then y satisfies the maximum principle’

a solution of (4)

: - If L satisfy (7), then y sa-
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Remark 1. Let y € C(R) be a solution of the following differential
equation with deviating arguments

L(y)(x): = 5" () + p(2)y' (%) + ¢(x)y(%) + 21 g:(%)y(&i(%)) =0

for all x € R, where p, ¢, g < C[R), and ¢,(x) > 0, g(x) + ‘_Elq,f(x) <0,

min (0, lim y(x), lim y(z)) < y(x) < max (0, Tim (%), Tm ()

r—=+ £——C0 Z— -+ 00 Z——00

Remark 2. Let y = Clay, b;]( C[a, b] be a solution of the following
differential equation with deviating arguments

¥'(%) + (@ y(h(x, Y (8) + 9(2)y(%) + 2 g:(#)y(ei(x, ¥(2))) =0
, x € [a,b],
where a, < g,(%,7) < b, for all x € -[a, b] and r € R. If g;(x) = 0 and
g(x) + i,q,(x) < 0 for all x< [q, b], then y satisfies the maximum prin-

ciple and the minimum principle.

Remark 3. Tet y € Clay, b;] | C?[a, b] be a solution of the following
inequality

Y'(%) + f(x ¥'(%), ¥(%), ¥(8:(#)), --.. ¥(&(x))) 20, x < [a,b],
where
2, < gi(x) < by, & <= C[a, b] and f < C([a, b) XR™+2).
If
(i) £, s € R"+1, ¢ < s implies f(x,0,%) < f(x,0,s), x € [a, b],

(ii) f(x, 0,7,...,7) <0, forall» R, r <0, then y satisfies the
maximum principle.

Example 1. (see [3]). Let y « C[—2, 2] C[0, 2] be a solution . of
the following equation

Y'(®) = Hx) + < y@siny(x) =0, x = [0, 2].

Then y satisfies the maximum principle.

Example 2. Let y « Cla — » b+ 71N Ca, b] be a i
: ) ) f , solution of th
following equation with retarded and advan(:(E.d a]rguments o e

V(%) + P}y (%) + q(2)y(2) + g, (2)y(x — 7) + 9:(%) ¥(x + 7) =0,

x € [a,d],
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h
™ qeﬂa%f>&1fﬁm>0,%u)>0am1
z;xq),'{" 41'(") + ‘12'(") <0 for x € la, bl then y satisfies the maXimum

. the minimum principle. .
PnnC;I::’:;i 5, Tet y < C[—2a, A2l C:[—a, a] be a solution of
following equation .

) + $EY ) + alabe) + alaya) =0 < [—e el
where §, ¢, ¢, € C[—¢, a),a>0,2> 1. If ql'(x) > 0, and 1q(x) + 91(x)<_0
for all x € |—a, a[, then ¥ satisfy the maximum principle and the mj.
pimum principle.

3, Second order system of differential equations with deviating argu-
ments. We begin with y ) (

CIfy,2e€C(la, b, RY), y =\, - ¥n)s 2=1(2y,...,

thenm;wsmzniofNaid {)nyly if yﬁ < 23, k )=}{Tn It y _E_y C([a, b], Ilin) an,%
M €R, then y < M if and only if y, < M, k=1, n

pEFINITION 4. A function y € C([a,, b,], R*) N C*(7a, b], R*)(a, < q,

b < b,), satisfies the maximum principle if there exists a component y,
of y with the following properties

@)  max y(x)=M>0,

z€(a, b,]

(i) y < M,
(i) {x = [a, 5,11 3(2) = M} C [a, a] U [b, b,).

DEFINITION 5. A function y € ([a,, b,], R C:(Ta b1 R satisfics
the minimum principle j ([ay, b;], R*) N C¥([a, b], R") satisfic
following pIOpSrties ple if there exists a component y, of y with the

(i) ’En["l'inb ]y,,'(x) =m<(

(@ y>m

(i) {x < [a,, ;)] M(®) = m)
Consider the Clen a] U 3, b,).

. . second .
viating arguments order system of differential equations with de-

L)) : = yy(a) + Pe(x)oi(x) + gy(x)

o (%) +
B Bl =0 ©
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where 0 G Thji = Cla, 0, k=1, i= I,m j=1,7n and a; < guji
(x) € by, @& < @, b < b,
We have
ruEoREM 7. Let y € C([ay, b,], R*) N €([a, 8], R*), ¥ is not < 0 and
y is mot > > 0, be a solution of (8) If i () 20, x € Ja, b, k=1,n,

z_lm,]—-ln,anqu(x —l-EErk,. ) <0 % € ]a, b[andk—ln

then y satisfies the maximum ;Erz;z;zple and the minimum principle.
Proof. We begin with the maximum property for y. First we prove

that

( max w(x) =M >0, y < M, y(x,) = M) implies (x,< [, adlJlb, b,])

1€ [a,, 1)

)

If x, € Ja, b[ then

Ly(y)(%0) = yi(x0) + qa(x0)ys(o) + ‘Z ;71:1' %0)¥5(8r.7.i(%0)) <
< (gr(xa) + }; }Dm' %) M < 0
1= J'
1 ¢

Now, let y be a solution of (8) such tha}%y < 0. This means that
there exist 1 € {1, ..., #n} and x [al, b,] such¥ that y;(x) > 0. We de-
note max y,(x) = M Lethe {1, ..., n} besuch that max (M,, ..., M,)=

z€ [a,, b,
= M,. It is clear the M, > 0 and y < M, For the component y, we have
(9). From (9), it follows the maximum property for y.

. If y is a solutior of (8) then —y is a solution of (8). The minimum
principle follows from the maximum principle.

Remark 4. Let y be a solution of the system (8). In the conditions

of the Theorem 7 forh’q,,, 7k,ji, we have min(0, min y,(x), ..., min y,(x)) <
z€N) r€eQ
< ¥(x) < max (0, max yi(%), ..., max y,(x))
zeQ

where Q = [q,, 4] U (6, b,].

Remark 5. Let y be a solution of the following system of differential
inequalities

Li(y) 20, k= i_”

Pnnéfpl}zk, Grs 7 js are as in the Theorem 7, then y satisfies the maximum

ineq lﬁi?:iae;k 6. Let y be a solution of the following system of differential

Lk(y) < o: k= ln_n-
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. then y satisfies the minjp
the Theorem 7, "
I Py, qu Thii AT 38 18

principle.
4. Boundary value
value problem

problems. We consider the following boundary

) 4 el (3 + gl + L aale) =/ % < T8 g

y(z) = o(x), * € [a0 2],

(1
y(x) = ¥(x), x € [b b,

where 9,4,4.f & € Cla,b), ¢ € Cla, a)], ¥ = C(d, b,].
We have

THEOREM 8. If §, q; are as in the Theorem 3, then the problem (10)+
+(11) has at most onc solution.

Proof. The problem (10)4-(11) has at most one solution if and only
if

L(s) = 5"(0) + plaly' (1) +q(xly(1) + 2o q(x)y(ei(2)) = 0
ylta,. a) = 0, ylg,, 5] = 0

=(y=0) (1}

Now we prove (12). If y <0, then y has a positive maximum ¥
and there exists , € [a, a,] U [, b,] such that y(x,) = M. But y |, 4 =0
and y|p,») =0. Thus we have y < 0. By a similar argument we prov
that y > 0. Hence y = 0.

THEOREM 9. If q,, 7 are as in the Theorem 7 then the problen
L) =f k=T, n (1
yl[ﬂx- a] = ?r yl{b, b)) = lP‘ (]4)

has at most one solution.
Proof. The problem (13)+(14)

if has at most one solution if and onlf

L) =0, k=T %,
Ve, oy =0, Yo, 69=0
Now we prove (15). If ¥ <0, then b

pounent y, of y such that max ;’k t_lieﬂ}‘h;o(r)em 7d.ther'e exists & OF
- » an

%€ (a,, b,]

l=v=0 0

max W= M But
tay, aJ U by, b) ¥x) =0 for all ' we
have y <0. By 4 similar ag % € [ay, a] U [b, b,]. Thus

Bument we prove that y > 0. Hence y’o'

(4
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Example 4. In the conditions of the Example 2 we have that the
probleme
y'(%) + p(R)Y' (%) + @)y (%) + G(xy(x —7) + @E)y(x + 7) = flx)
¥(zx) = o(x), x = [ —7, a]
y(x) = o(%), x = [b, b+ 7]
has at most one solution.’ _
Example 5. In the condition of the Example 3 the probleme
y'(x) + p(x)y' (%) + 9(x)y(%) + @:(x)y(2x) = f(x), x = [—a, a]
Yi-ra, —a) = @ Vg 21 =F
has at most one solution.
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t nexio idearum idem eIst ac ordo et connexio rerun”
et conne: .
'(giizza: Lthica, pars II, prop. VII)

i interval compact.

f » funefii rcale pe un i1 :

e urcle clase _do T Cinite pe un acelos

REZUMAT. — Bcl‘_‘f!.'c’:;lra 15 mulfimi de (uJJActu reili]zcé (i:;atcmagcﬁ, oo

Se propune o clasi ]are se intilnesc frecvent in anatit  natemalict, Relayile

in:ervalesctzmnln)::f;i'm; de functii se reprfezintﬁ 1; glag:) 1_?{ et s ante o

e it si sub forma v r . | me

" .3 Hasse), cit §i s truiesc 44 dc exemple de

discuri (diagrama juri (diagrama Venn). Se cons c 4 ple de

Suges .de ?r?t;::nil;lautg Si f%ecare portiune a diagramei Venn reprezin

functii prin ¢ a
clasi nevidd de functii.

ificati ifteen sets of real-valued func
i ses a classification of fif : .
i Tl:llsfigilc)lerogr(giz same compact interval, which often occz:e(linb?ta;
23:@51: The conncctions among these function s;‘:ts a(rle br;p;’{clseex cd both
ori isks (Hasse diagram), an /
e e ofigueat f rectangles (Venn diagram). Forty-
and more suggestive configuration of rec o g ). Fo
i to show that each p
r appropriate examples are constructe :
i?uthep\gen% diagram represents a nonempty class of functions.

; f mathe
. The Funetion Classes. The ultimate goal of any branch of

matiés ’irsh to describe and classify the ob]epts it studies. A deiﬁ;‘ef::;‘:
of this program is to determine when two objects are essentially e
and to establish what are the interrelations between two or morats o
tinct objects. The objects considered in this paper are fifteen se
real-valued functions of a real variable which frequently. appear mbols‘
analysis. We list below these sets and label them with suitable symbols:

B = the bounded functions,
C = the continuous functions,
Da = the Darboux functions,
D = the differentiable functions, .
Bd = the differentiable functions with a bounded derivative,
L = the Lipschitz functions,
M = the monotonic functions,
Sp = the functions admitting a strict primitive,
R = the R1emann—integrable functions,
Rg = the regulated functions,
P = the functions admitting Primitive,
-

. 2 . .
University of Cluj-Napoca, Faculty of Mathemaics gpq Physics, 3400 Cluj-Napoca, Romania
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Bv = the functions of bounded Variatz.ion,
Ac = the absolutely continuous functions,
I = the injective functions, _

Sm = the strictly monotonic functions.

Recall that a real-valued function f defined on an interval J of iR
is said to be Darboux function if whenever a apd b are in ] ,a<b, and
is any number between f(a) and f(b) there is a point ¢ 1n [a, 8] such
that f(c) = y. A function f: J —IR is said to admit a primtrve (or a strict
primitive) if there exist a continuous function F: J—IR and a cou’ntable
subset A of J such that F be differentiable on J\4 (on J) and F'(x) =
= f(x)forallxin J\ A4 (forall zin J, respectively). We say that f:J—IR
is a regulated function if it has finite one-sided limits at every point of J.
Our attention will be focused in the following on the important case
of real-valued functions defined on the same nondegenerate compact inter-
valinIR. S. K. Berberian [1] presented a Hasse diagram to point out
the relationships among the function classes C, Bv, Rg, R, lf and'L1
(= the Lebesgue-integrable functions). A Venn diagram for the first nine
and the first eleven function sets in the above list has been proposed
in [23] and (24], respectively. Recently, H. Diamond and G. Gel-
1és [9] produced a Venn diagram for some classes of subsets of the real
line. In this paper we exhibit both a Hasse diagram and a Venn diagram
to disply all inclusion relations existing among the above fifteen sets and
their complements. Forty-four examples are constructed to prove that each
portion of the Venn diagram represents a nonempty class of functions.
2. Diagrams of Function Classes. Now we establish the hierarchy of
function classes listed in Section 1. From now on we shall deal solely with
real-valued functions defined on the same compact interval [a,b] with
a<b. In this case the following inclusions are well-known: M C B,
LCB,CCB, CCDa, CCSp, DCC, SpCDa, MCR,CCR, CU
UM CRg, BvCRg, LCAc, RgCR (B8], pp. 90—92), Rg C P
([2], pp. 60—62), and so on. In order to systematize these inclusions
we represent each function class by a plane disk labelled with the asso-
clate symbol. If a function class X is included in another function class
Y, the corresponding disks are joined either by a line segment oriented
from the disk representing X to the disk representing Y or by more such
segments when other classes interpose between X and Y. The resulting
oriented graph is the Hasse diagram in Figure 1.
. To emphasize all interrelations existing among our classes we iden-
tify each function class by a rectangle (except the classes P, I and Sm
;.endefed by unions of two adjacent rectangles each), whose lower side
R
that telatiog h y the symbol of the co.rresponchpg class, so
the o ons among the fun'ctlon classes translate into relations among
orresponding rectangles. The supplementary relations '
22. IN Da=C) Sm (see [17]),
23. Bv D C Ae (see [25]),

14
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ther with a careful analysis
gf)g:he Hasse diagram lead to
the conclusion that from the to-
tal of 215 = 32,768 intersections,
obtained with the above rectan-
gles and their complements,
only 44 may be nonempty.
This is also confirmed ’?gr two
computer programs written 1o
FOIETRANpongthe FELIX C 256
at the University ,,Babes-Bol-
yai” in Cluj-Napoca.

The intersection XN Y of
two classes X and Y will be
denoted by XY (or X-Y) and,
given a class X, we write X
for the complement EN\ X of
X, where E is the set of all
real-valued functions defined on
[a, b]. For instance, I Bv
N (E\ Da) N (E\ M) will be
denoted by IBvDaM. Accordin-
%IY; the remaiﬁing 44 intersec-
lons are symbolized in this way and placed i i
shown in Figure 2. The contour o}; the upnios;:1 orf1 :illfac‘eft(:f Ii'eg‘::gget: ri-s
ﬁ;“-::e?:;l;%cgjdglasses P and I is drawn by a heavy line and a dotted

3. Preliminary Examples. O i ion i i ;
tensive use of I é‘l exampll;s be.lol::. discussion in Section 4 will make ex-

3.1. Given a real numb i i
G St er k, we define the function s, on [0, 1] by
» #0, and s,(0) = k. We have:

Figure 1

kung 11; s aiso [14], pp. 8547 " °f 270 measure ([5], Ammer

32.a. i .
P Oafolr)e’fcn;e é:hecfluncltlon f on [0, 1] by f(x) =1 for x e C,, aud
exist a continuoug f early, f « R. We assert that f « P. If not, there
[0,1] such that F( jaction F on [0, 1] and 5 cou f bl ﬁo:c A0
mental Theorem of %) = fx) for all x'in 0,13 mabie subse da
of Caleulus in the form in,[lG\]\ A.2’19‘}91en ;11:16 Fun
> P. , Y1 S

x

» ’
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that f(x) = F'(x) =0 for all % in [0, 11\\4, hence Co C 4, o Contr,,
SO a -

diction. :on & on [0,1] ([6]) satisfies ¢ « CMAG s
_ The Cantor function ¢ 02 | Vi AR

B g8, the relation § C A¢ as proved S‘g@% Y 10,3 9y
(14}, 2P C. be the Cantor termary set of me fini » 1 on g,
35 Let Cp b Tt {Jo, &p[:# = IN) be the infiite countable fony
:;t(iz:: aioxglﬁlexlﬁentary open intervals (see [14], pp. 85 ). Consider g,

Volterra function ¥, on [0, 1] defined by Vy(¥) =0 for x & C,, ang
V,(x) = (x — a.)¥(x — ba)*sin [(bn — z,.)(x ;ha»)(i - b;)]b‘1
. ; number with a, x n
o 8 i i o s sl e L 5 50 (01
at every point of C, (see [14], pp. 107—108;-[3], pp. 45—46, and [7)
Therefore, by the Lebesgue characterization of Riemann integrability (19]
p- 29, we obtain

33.a. V, « BSpR when 0 < p < 1. '
Theafun‘ét;n f,l,) defined on a nondegenerate subinterval J of [0, 1]

by f,(x) = V;(x) for x & C,, and f,(x) =% for x « C,, satisfies:

33b. f, <R on J if and only if p =0;

33.c. f, €Da on ] for any p in [0, 1[.

To prove 3.3.c, let @ and b be two points in ], a < b, and let y k
any number between f,(a) and f,(b). First, suppose that « & C, and b ¢ C,
and admit that f,(a) <y </,(b). Then there exists a unique # [
with a < ¢, < b < b, and, since lim inf Vi(x) = —1, we can choose a

T8y

point d in Ja,, b[ such that V,(d)<

%. Taking into account that ¥,

belongs to Da on 14, [, from Vi(d) < % =f,(a) <y < f,(b) =V, it

follows that there is a point ¢ in 1d,5[ C Ja,, b,[ such that Sole) = V3=

=. Whel} fob) <y < f,(a) a similar argument applies with

lm:” sup V;(x) =1 instead of lim inf V,(x)
The case a ¢ C, and b cC

Ca" . . d
the analysis of the ‘acs A » can be treated in a like manner, an

d
8., 3.4. Consider the sequenceg amd b ¢ Co uses the same argument.

=—1.

=1 —2-» = Q-n- -
x ' Yn= % + 4811 apq z,,=%-(x"+yn) for n >0, an

the functions g and G defined on [0,1] by &(1) =0 and

g:(z,, — x"):l(x — %) for x <« < 2,
@ =27 x — 9,)  for 7 < x <Y,

0
fOl' I < x < Xu+1,
20 6 =) a
0

8lx) =
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where #n > 0 is the unique integer with x, < ¥ < %41 when x is in
[0, 1[. We have glzn) = 2" — 0 as n— 0, and

*nt1
©

cy=3 { &=z =

n=0

The function G is differentiable on [0, 1] and G’ = g since, if x <2<
< %n41, then

0 < SN =6W ¢ guir. 3 gb-t= £ .o-n-100 a5 s 1.
1 —x k=n -9

Consequently, by 2.3, we have G = MDAcBd. The function G appeared

in [22], pp. 91—92. Other examples of functions in MDAeBd can be
found in [28] and ([26].

4. Main Examples. In this section we shall construct some appro-
priate examples of functions for proving that each of the 44 intersections
shown in Figure 2 is really nonempty. All these functions are real-valued
and defined on the compact unit interval [0, 1]. The order number of
each example below is followed in Figure 2 by the intersection containing it.

4.1. The restriction f to [0, 1] of an unbounded and nonmeasurable
solution g of the Cauchy functional equation

g(x + y) = g(x) + g(y) for all x and y in IR,

belongs to DaPBI (see [15]). For, if f had a primitive F in the sense of
Section 1, one would have F’(x) = f(x) for all but countably many values
of xin [0, 1]. Then a well-known theorem of Luzin ([21], § 14, Theorem 1 ;
see also [3], pp. 113—114) implies the measurability of f, a contradiction.

42. f € PDaBI, where f(x) = (x2 - cos i)’ for x €10, 1[, and f(0)=
g
=f(1) = 0.
43. G’ « SpBI, where G(x) = x2 - cos - for x £ 0, and G(0)=0
21

44. f =5, + G' € DaPSpBI, where s, is the function defined in 3.1
and G’ is the derivative of G in 4.3. The relation which needs a proof
1s f « Da. Let a and b be two points in [0, 1], 2 < b, and let y be any
number between f(a) and f(b). We may assume that a = 0 and f0) <
</f(b), so that 1 <y < f(b). Since f is unbounded from below on the
open interval 10, b(, there is a positive number d < b with f(d) < y. Now,
the continuous function f on ]d, [ is a Darboux function on the last inter-
val, hence one can find a point ¢ in ]d, b[ such that fle) = y.

4.5. y + f « BRDaPI, where y is the Dirichlet function ([10 169
and f is the function in 3.2.a. (Remark that the classes B, (Ig a]I;dp.P ar<)=
closed under addition of functions.)

4.6. The function y in 4.5 belongs to PBRDal.

§ — Mathematica 1/1987
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. from 3.3.a. ;
' ' . Iasit fOllOv‘tS . ] s )
. Vi beloﬂgs 1t]o :eplzﬂpo' t of continuity of the function f v,
481" [d, denote by g the function given by g(x) =sin_1_
e .

X~
1 Darboux fupet
. — 1. Since f and g are ctiog
for x in [0, 1:]10> {pcgin:? dofg (fi?iscontinuity, we I}.1§a.v_e if + ¢ =Da (see i
] l;)uioc?::at by 2.2 and 3343, f+ &€ DaBPSpRIL
P’ ]

, . 1 .
4.9. The function f, defined on [0, 1]1by f (x)="Vo(#) for x m[O, ;] \C,

defined in 33, an

1 .
‘ il L , and f(x) = — otherwise, belongs t,
fi6) = Vinle) for % in] 5. 1]\ Co 204 f0) = 5

; i function F on [0, 1] and a countapj,
P here exist a continuous ) '
B ot A o1 0, 1) suc that /() = f(2) for al % in [0, 1]\ Then

F(x) =F(0) + Ef(t)dt for all x in [0, 1],
0

hence

F(x) = F(0) + | V(t)dt = F(0) + V(%) — V4(0)

Ol n

for all % in[O, %]

Now, choosing an x, in {Co N [0, -:;])\ 4, we arrive at the contradiction
3 =J) = Flag) = Vi(xy) =0.

We shall prove that f « Da. Let a and b be two points in [0, 1}
a <b, and let y be any number between f(a) and f(b). In virtue of 3.3.lc,

. 1 -
we may admit that ¢ < 3 < b. Suppose f(a) < y <f(b). When y €3

: . » |
from f(a) <y < 2 =/ (é‘) and 3.3.c we conclude that there exists a poitt

¢ in ]a, %]C la,b( such that flo) =

1
y- Similarly, when y > Y thert
. . .1
exlsts a point ¢ in ]—3—. b[C Ja, b such that fle) = ¥.

Yy 33b, we must ha —_——
The function f in 32,5 belong ve f = DaBRPI.

10 ction f s to RDaP].
411 5, e PRRgPaI as it follows from 3.1.a and 3.1.b.
412, 5 © SPRRGL as it fo110y ' d 3.1

2 s from 3.1, .
413. 5, e DaPRSl)Rgf-as 31 shows . - a a‘nd. 3:l.c.

Consequently, b
. 4.10.
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4.14. The function f, in 3.3 with J = [0, 1] belongs to DaRPI ‘as the
argument in the first part of 4.9 shows.
4.15. We have f = RgDaBvl, where f is the function defined by

f(x) = 1if x =" isa positive rational number with m and » mutually
”n
prime, ;nd f(x) = 0 otherwise (see [19], p. 30). )
4.16. We have f e CBvDI, where f(x)= x-‘cos-i— for x # 0, and

©0) =0. K. A. Bush [4] constructed a nonconstant continuous "h.mc-
tion g on [0, 1] which is ,,very noninjective” in the sense that each neigh-
borhood of any point x in [0, 1] contains a point y # x with g(x) = g(y).

—_— § . ‘ 1
4.17. f € BvDaMI, where f(x) = 2. for 0 < % < %.: and f(x) =* "3

1 o
for;<x<l.

32.b and i(x) = % for x € [0,1]. J. Foran [I2] constructed a func-
tion f € CBv which is ,,very nonmonotonic’’ in the sense that f is not:
monotonic on any measurable subset of positive measure of the interval,
(0, 1]. L
4.19. f € MDal, where f(x) =0 for 0 < x < % and f(x) =T for

1
- < 1.
2<:\:

4.20. The Cantor function ¢ in 3.2.b belongs to MCAeDI. F. Ferro.
[11] exhibited a function f € MCAe with f'(x) = 0 a.e. on [0, 1], which
is Holderian with each exponent p in [0, 1[,1i.e., there is a number.
H, > 0 such that [f(x) — f(y)| < Hplx — y[? for all x and y in [0, 1]. On |
the other hand, Z. J. L u and C. F. Wang [20] constructed a conti-
nuous function which is not Hoélderian for any exponent in [0, 1[.. =

4.21. f « DaPBI, where f(x) = %fo‘r % in]O, %[, flx) = —2x + 3
for xin[%, 1[\00, f(x) =2z — 1 for % in]—;-, 1]m Co, and f(0) =2.
Here C, is the set in 3.2. s

4.22. f € AeMLDI, where f(x) =4/% for z in [0, %] , and f(x) =%J§'
for in] 1, 1] ) |

2 .
4.23. f « LMDI, where f(x) = 0 for # in [o, é] and f(x) = x--—%

.11
for x 1n] 3 1]. K. M. Garg [13] proved that the set Ae- coincides

with the closure of L in the Banach space Bv, endowed with the topo-
1
logy of the norm AL = 1f(O) + \o/ (f), f = Bv.
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-1
4.24. f  LMDI, where flz) = rx - —2-| .
ACMLDI, where f(x) =+% %2 B
:ég '2 Ee 1DaPB, ’where glx) = f(z) for x # 0, and g(0) =0, and /

is the function in 421. o . 1
427. We bave f  IBDaRP, where flx) == for z m( 0,2 [\ c,,) U

i C, is the set in 3.2
U([-;—, 1]\ 2], and f(x) = —x otherwise. Here C, 1s in and

0 1s the set of rational numbers.

498. We have f = IRDaP, where f(x) =% for x in Co, and f(x) =

= —x otherwise. L
429, f « IPRDaRg, where f(x) = % + 1 for 2 e{l,;. 3 } and
f(x) = % otherwise.
430. f « IRgDaBv, where f(0) =2, fx) ==x for x € {4" —

ne IN}, and f(x) = % - sign(cos 21]

n—3

nelN}, f(x) = —=x for x 6{4 !
otherwise.

431, f < IBvDaM, where f(x) = # for  in [0, %] , and f(x) =2 — 1
otherwise.

432. f = SmDa, where f(x) = x for % in[O, ﬂ and f(x) = x + 1

otherwise.
4.33. We have ¢ 4 1 « SmCAeD, where ¢ and ¢ are the functions

in 4.18. A more dramatic example of a function f in SmCAeD has been
constructed by R. Salem [27] (see also [16], pp. 278—282): the
derivative f' exists a. e. and f'(x) =0 a.e. on [0, 1].

4.34. f « SmAcLD, where f(x) =4/x.

4.35. f « SmLD, where f(x) = Z for x in [0, l] , and f(x) =% — 2
otherwise. 2 2 !

4.36. DaB
1 f < IPDaB, where f(0) = 0, f(x) = # for x irrational, and f(x) =
== otherwise.

4.37. f = IPBDaR . ) .
iz is irra{tional_ aR, where f(x) = x if x is rational, and f(x) =1 — %

4.18, Tespectively, mAcL, where G and 4 are the functions in 3.4 and

:jz ’;‘Ee function 7 in 4.18 belongs to SmBq

-40. The function £, defi . \

e . /. defined by f(x) = 0 for in[O,%], and f(%) =
( ?) otherwise, belongs to MBq]. )
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441. f e BdMI, where f(x) =[x — —;—Y Nowhere monotonic func-

tions in Bd are presented in [3], pp. 32—34, and [18;.
4.42. The function f, defined by f(x) = x%%-cos :"for x # 0, and

£(0) = 0, belongs to Bv as it immediately follows from the convergence
]

of the series Y, #-%2, Hence, by 2-3, we obtain f = AcDLMI.

n=1

4.43. The function f, given by f(x) = x% - cos f; for x #0, and £(0)=0,

belongs to DBVI. Indeed, for a, = 2V2(4k + 1)~'* and b = (2k)-12,
ke IN, we have

”n ”

2 1f(6s) — flan) = Ezik—»oo as 7n— 00.

k=1 k=1

4.44. The function G in 3.4 belongs to AeMDLI.

Acknowledgment. I would like to express my sincere thanks to Pro-
fessors D. Duca and C. Tarjia for their computer assistance.
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SOME INEQUALITIES IN PREHILBERTIAN SPACES
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REZUMAT. — Citeva Inegalitiiyh in spatii prehilbertiene. Obiectul acestei lucrari
este de a pune in evident{d citeva rafinidri ale inegalititilor Schwarz gi triun-
ghiului in spatii prehilbertiene, precumn s§i extinderii in cazul acestor spafii a
inegalitdtilor Beurling si Clarkson ([1], [2)).

The main purposes of this paper are to establish some refinements
of Schwarz and triangle inequalities in prehilbertian spaces over the
real or complex number field and to extend in this spaces the well-known
inequalities of Beurling and Clarkson (1], [2].

1. Let (H, ¢, ») be a prehilbertian spaces over the field K(K = C

or R), and ||-|| =+/<-, +>. The following theorem holds.
THEOREM 1. Let be x,y,a,b € H such that

lla||* < 2 Relx, ad, ||b]]> < 2 Rely, b). (1)
Then we have '
Hzl] [1y]] > (2 Re<x, a) — ||a|[?)? (2 Rely, b) — [[b] )2 +

+ K%, 9> — (%, ) — (a, y> + {a, b)|.
Proof. We note that, for every m, n, ?#, 9 € R the following ine-
quality

(m? — n?)(p* — ¢) < (mp— nq)? ®)

is true. '
Since

1<%, 9> — <%, ) — <a, > + (@, b |P = {x —a, 5y — BY |2 <
Slz—alfPlly —blF=(l1x] 24 |la|]? — 2 Rex, a)) - (||y] ]2 +
+ 116112 — 2 ReCy, b)), |
we obtain by (3)

<%, y> — <%, b) — <a, y> + <a, b) 2 <
< (1211 1yl = (2 Rex, @) — |[a] 2)12 . (2 ReCy, b — ||b| |2)u2)2
On the other hand »® [ PTFPE:
0 < 2Relx, a) — |ja| )2 < ||%]],
0 < (2Rey, b) — [1p]])¥2 < ||y]]
® Secondary School, Baile Htrcult;;cc,

1600 Baile Herculane, Jud. C i ;
. » . Caras-Scver
Secondary School, Nr. 1, 4150 Odorheiul Secuiesc, Jud. Harghita, Romania . Romanis

-_
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what implies
1] 1l > @Recx @y — el (2 Re<y, b5 — |[b] Py
and the theorem is proved.
COROLLARY 1.1, Let be x,
following inequality holds
%1l 1] = (<% 9> — <% ede, y>| + Kz ede, 30| 2 K%, 3] (4
Proof. Putting a = (x,e) e b= e) e, then the condition (1) jg
satisfied. Moreover:
I(x' y) - <x' <.y-' e>e> - <<x’ e>el y) + <<xl 5>e, <y; e>e>l =
= (% 9> — (5 )T ey — (m eXe, y) + x| =
= K%,y — (%, )&, Y.
Applying the theorem T.l., we obtain (4).
COROLLARY 12. Let be %,y € H such that |\x|]2, ||y|1* < 2. Then
the following inequality
11 1911 > Ko Y P2 = (2] B)2 @ — 11y | 2)7 +
+ x93 1 1L = 121 = 1y P + <% p) P 6)

¢

y, e € H such that |le]] = 1. Then 4,

is true.
Proof. Putting a = (x, b= " .
sgtichion. Moreove%: (%, ¥Dy {y, #)x, then the condition (1) is

(2 Rex, a) — [|a|[*)'®? (2 Re(y, b) — |[b| ) =
= K& 30 P2 — x| )" (2 — |]y| )2
and
KKz, y>—<.x. bY—<a, y)+<a, by |= <%, > | |1~ | |z | = | |3 | 2+ [<%, ¥) )
Applying the theorem T.1., we obtain (5).
THEOREM 2. Let be x,y,¢ € H such that |le]| = 1. Then we have

(12— Kz, e) (| 1y] 2 — 2
Proof. Let consider the mlappilll;y- OF) 2 Kz, ) — (x, edle, > 12 (6)

p:HX H-+K, p(x, y)
3 It is easy to see that the ma
((1; P2 2) 20, x e H;
1) p(ax + By ) = ap(x 2)
gooe ' ’ + ’
) 505, 7 = plasy o Hﬁf’(y 2), ,B €K, g, y,z€ H;
Then the Schwars inequality holds

(%, y) P < p(x, 2)p(y, v)

= <% 3> — (x, e)le, ).

Pping p satisfies the relations

ie. (6). » %Y S H,
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Remark 1. By the relation (3) we have
(1121 11— 1<z e 2 1P = (11%] P — K% eIyl IP— Ky, 1) >
2 '(x’ y> - <x’ e)(e, }’> |2.

Since ||x]| ||y|] = I{x, ed{e, ¥>|, we obtain
Hxll [yl — <% ed<e, 3| 2 1<%, y) — (%, e3<e, ¥ |
from where results the corollary C.1.1. with an other proof.
COROLLARY 2.1. Let be %, v, e € H such that |le|| = 1. Then the

following inequality holds
(Hx+ 32— Kx + 3 e < ([12]* — K2, &) )72 +
+ (HyP— 1<y, e> ) (7)

Proof. It results by the triangle inequality for the seminorm s: H—R*
given by s(x) = p(x, x)'2.

, where a, b € H,

Remark 2. Putting x =a, y= A, e= T

b# 0 and A € K, by the relation (7) we obtain
0 < [la+ No[][B][— [Ka + 20, b2 < [la]P[[6]]* — [Ka, B> |* (8)
and
0 < |]pIP— [Ka £ 0,65 < |la]P]]p]* — [Ka, b} |? )

~ COROLLARY 2.2, Let be x,y,2 € H — {0}. Then the following inequa-
lity holds

{x )
Il iyt

2 {y, %)
(REIRRNEDN|

Gxy

Sl + 2!(’*’ Yy, 2){z, x|
(A RWEEAN

Py el

(10)

The proof results by theorem T.2.

OBSERVATION. If (H, (, is a 1 hil i
given by (H, ¢, ) real prehilbertian space and o, B, y

[al| [16]] cos @ = <a, b), |Ib][ |lc]|| cos B = (b, ¢,
Hell [la]]cosy = <e, a)
then the following inequalities holds

|cosy| < |cos @ cos B| + |sin « sin | (11)

cos’a + cos?B + cos®y < 1 + 2|cos  cos B cos v | (12)

Indeed, putting in theorem T.2. x = q, y=c¢ e=-L_ we obtain
I

(Hal 111 — <@, bY B)(11B1 1] 1e] 2 — [<b, c> ) >
> I<a, ¢ |1b] P — <a, b)<b, ¢ |2
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It results
. sin%« sin?p > |cosy — C€OS a COS B2 = |lcosy| — |cos x cos B |2

from where results (11).

The inequality (12) results by (10).

2. Further, we shall give a generalisation of corollary C.1.1, fo
the orthonormal families in the prehilbertian space (H, {, D).

THEOREM 3. Let {¢,} .q be a orthonormal family in H and x, y gy,
clements of H. Then the following inequality holds
(1211 111> <= { Creaddea y>‘+ { 1¢a edcen s>
ae.a as@ (1)
> x|
Proof. Let be I C @, with card I < X,.
By the Schwarz inequality we have

[Kx — 2;} X, € e, ¥ — ;;l(y. eayeay P <

2 2

< Hx — 2 4%, eadel
as1 l

It is easy to see that

@) = I o eaden [ <[ 1121 B=33 [ <, 0> B){ 191725 1< e

y' - ; <yr e¢>ea

, , . o @
Applying the Aczél inequality ([3) p- 57) we obtain:
(111 =2z e (118 = Sics, e ] <

@

< (1511 = Tk e 931"
‘& l . . . H
ties 01;2 }él;:é the Bessel and Cauchy — Buniakovski— Schwarz inequali-
HELRHY IR 2 5 K, o) 2 ' i
I 215 O PRI 0 3> ( D1, e ]
what implies i o
‘(x, ¥ — aZﬂ/(.Z, )<y, y)\
Then we have
%,y —
\( ¥ ‘ ;ﬁx_f €.)<{e,, y>\ + G‘EIK::, el ¥ | <
for every I C @ with the “property card J <V .V '
: ard I < R

< 1=l liy)) - 22 1<, €3¢0 3|

NG
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Consequently, the family {<=z, ¢,><¢, ¥D}aar is .absolute sumable
over the number field K, and ,

<y = (<o eddea |+

acd

{16 e 331 < lxI 1y

" aeg

This proves the theorem.

Remark 1. If {e.},.q = {¢}, we obtain the corollary C.1.1.

COROLLARY 3.1. Let {e.},eq be an orthomormal family in H and x
y € H such that x | y. Then

L1111 2 20 1Kz eddee, 93] 5)
acq
Particularly, if {¢;},ea = {€}, then we have
Hxll 11l = 21K, eX<e, ¥ 1. (6)

COROLLARY 3.2. Let {e,},a be an orthonormal family in H and x
y € H. Then the following inequalities hold :

(el + Y102 = Nz + |1 > 2 (<x,y>— SK%QX&M}P

c=d
™)
+ [ Ko Yo 931 = 1¢x, y—>|) >0.
214
Particularly, if {¢.}oaaq = {¢}. then we have
(N4 Ty — He + 2112 > 2(1<x% 9> — (%, eX<e, > |+ (8)
+ |<x, ed<e, y)l - l(x: y)l >0
Proof. 1et be %,y € H, then
(il + 1y D2 = iz + vl =2(]1]] Ilyll - Re(* wi=
22(11]] [lyll — K=, »ih =
But

Hell- 1yl — K=, 93] 2

ae

(x: y> - S <x: ¢¢><¢¢: y>\+

+ S K%, eD>ea, ¥D| — K%, ¥>| = O

cad
and the corollary is proved.
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be a positive Radon measure and f,‘ g € L#(1). Then we

3. Let p be 2 ve
have the Beurling inequality : p
I +elle+ 11f—eltr = U1+ el + |1 = 1elf
fl<p<2, and the Clarkson inequality :
Hf+gll’.+H/—gll’zz(llfll”-*-Hg’ll) )

it p>2 (1) (2, B]p 82
We shall prove the following theorem :

THEOREM 4. Let be %,y € H, then

lx + 91+l =l = (el + 110+l =1l @
if 1<p<2and
Nz 4yl + [z =21 2 2(11=]11F + [Iy]1) )
if p 22

Proof. Let be x,y € H. Then we have
e+ 211+ Hx —ylie = (1l + 3P + (l1x — 3| =

= (1121 + Y1 + 2Recx, D)2 + ([12]* + |1y || — 2Relx, y))*".
Let be now the function d: [0, 2r]— R given by

dlo) = (1121 + [yl + 21111 1yllcos @) + (||2]* + [Iy][?—

—2||x|] |1y|| cos @)#2.
Then

@lo) =pllxll liylIsino[(||2] [+ [|ly| 2 — 2]|x]] ||y]] cos p)?2-t —
~ (ZIE+ IR +2]12][ []y]] cos g)z—1].

If 1 i
<P <2 then inf dlo) =d(0) = (I1x|| + |1y |1} + |[1x]] — |IyIIF

e inf de)=a[7) = 2(11x | 4 [y e,

But (12|12 4+ ||y e > Lzt + |1yl
and the theorem is proved.

COROLLARY. 4.1. Let be a,be H Then

2(Halle + ||| }9) > (He+ 811+ Jja—3|pr +
e+ 81— g — 5
f1<p<2and l e b”lp °

227 (1lal e + |15 1)
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Proof. Putting in theorem T.4. x=a+b y =a — b the corollary

is therefore proved.
Remark. For every x,y € H and p > 2 we have :

-1 (| 1zl P+ 111> x4+ 912+ [z — 3112 > 20[1=1P + LIy 1) ()
If p = 2, we have the parallelogram identity
x4y P+ e —yl =201+ [ 8)
4. Finally, we shall prove the following theorem :

THEOREM 5. Let x,y € H. Then for every A\ 2 2 the following ine-
quality holds
il <
[* Il II;VII

(I1=]] + Hyll)*(l ™ ,,y,,“
<P+ yIP), 2y %0, M

Firstly, we shall prove
LEMMA 6. Let be x,y € H\_{0}. Then we have

= yil> ”v”"'”y”””x“—”y”” @)

Proof. It is easy to see that

(=P + Iy +211%]] Hyll)(l—

1
T Recn ) =

= |lx]12+ |Iy[12 +2]|]] |1y]] — Re<x y>(llll’;llll + ::y::) 2Re(x, ).

Smcel:;:: +::y:: 2, x|+ |1y112 > 2||1%|| |ly||, we obtain
U2+ [1y] 12+ 2] ||| |]y]] — ReCx, y>(::;:: + ::’::) 2Re(%, y) <
< 2||%| [+ 2]]y]||* — 4 Re(%, y), what implies

(=] + 2| = “ — I
|+ [yl TR 4||x — y||

from where results (2).
The theorem’s proof. Applying lemma I,.6. we have

— a o~ (HEH+ [y IpA
e —y|P > . ’

X
(RN ly| "
and I

X

=1l

Nz + y|p > W=+ Hyip
2A
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from where results AR

(11l + Hy DA LA S |
Hx —yIP+ llx+yIP 2 n ( H#11 llyll“ +
x y

+

+ A)
TR EA

Applying the inequality (6) of corollary C.4.1., we obtain (1), The
theorem is proved. =
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Wolfigang Hackbusch, Multi-
Grid Methods and Applieations, Springer-
Verlag, Berlin, Heidelberg, New-York, Tokyo,
X1V 4 377 pages.

This monograph deals with the basic
concepts of multi-grid methods. It is divided
into five parts: liniar multi-grid algorithms
convergence analysis, special multi-grid appli-
cations, additional techniques and applica-
tion to integral equations. We recommend
this book to all intersted in computational
Mathematics.

IOAN A. RUS

H. Kdstner, Architektur und Organisa-
tion digitaler Rechenanlagen, B. G. Teubner,
Stuttgart, 1978, 224 pp. .

This book is a clear and systematic
presentation of the important problems of
computer architecture. It is recommended
as a student textbook; also it may be useful
to all interested in the mentioned subject.

M. FRENTIU

Claude George, Exerclses in Integra-
tion, Problem Books in Mathematics, Springer
Verlag, Berlin Heidelberg New York 1984
(550 pp.)

The book is an excellent collection of
230 exercises in integration theory and its
applications. The majority of the exercises
are at the master’s level but some of them
are advanced, treating more specialized and
deep' questions in measure theory. The em-
phgsxs is on Lebesgue integral and its apli-
cation, especially to trigonometric series, a
theory which lies at the origin of Lebesgue
integration theory. The book contains many
Tesults which usually are not included in
standard courses of integration theory, being
Scattered about in appendices in various
works or as technical lemmas. The material
s arranged in twelve chapters: 0. Outline
of the course, 1. Measurable sets, 2. ¢ —

algebras and positive measures 3. The fun-
gamentgls __theotgms, 4. Asym;;totic evalua-
ton of jutegrals, 5. Fubini's theorem 6. The
Spaces, 7. The space LS, 8. 'Con:zolution
gmduct:_a and Fourier transforms, 9. Funec-
on  with bounded variation. Absolutely

RECENZII

continuous functions. Differentiation and

integration, 10. Summation processes. Tri-
gonometric polynomials, 1.. Trigonometric
series.

As can be seen from the sketch present-
ed in the first chapter, the Cours d'integra-
tion published by the author at the Ecole
de Mines, Nancy 1977, scems to be a very
good companion of the book and we suggest
its publication (eventually in a revised form)
in a popular series such as Springer's Uni-
versitext.

S. COBZAS

A. Langenbach, Vorlesungen zur hdhe-
ren Analysis, VEB Berlin 1984, 280 pp.

The aim of the book is to present, in
an accessible and relatively short way, the
functional analytic tools used in solving
partial differential equations — fixed point
theorems, monotonicity and compactness me-
thods, Sobolev spaces etc. A good idea on the
content of the book is given by the headings
of its chapters: 1. Metric and normed spaces,
2. Topological spaces, 3. Functionals and
minimum problems, 4. Hilbert spaces, 6.
Constructive methods for solving minimum
problems and equations, 7. The application
of extension and completion methods, 8. Clas-
sification of partial differential equations,
9. Theory of elliptic equations, 10. Hipper-
bolic and parabolic linear equations, 11. Evo-
lution equations, Appendix 1. The theorem
of Stone-Weierstass, Appendix 2. Integration
of continuous functions.

The book is clearly written, very well
organized and we recommend it to all inte-
rested in applications of functional anaysis
to partial differential equations.

S. COBZAS

E. Walter, Blomathematik fir Medi-
ziner, Teubner Studienbilcher, Mathematik,
Stuttgart 1980, 206 pp.

This is a text of a course taught at the

"University of Freiburg and is concerned with

topics as descriptive statistics, probability
theory, statistics, medical informatics. The
book also contains many examples of appli-
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cations of mathematics, statistics and infor-

matics, in clinical pracﬁce. .
The book will be useful to all 11:1tereste'd
in applying mathematical methods in meci-

cine and biology-
S. COBZAS

[ (Autorenkollektlv),

Trnnsportsystemanalys
1986, 192 pp-

Transpress, VEB Berlin

The book is dealing with models (espe-
cially matrix models), analysis, optimization,
a simulation and proguosis in transportation
aund traffic problems. The book is carrefully
written, contains many concrete examples
and will be useful to all working in transport
problems.

S. COBZAS

Wladyslawdl Turski Informatics, A
Propfxedemic View, PWN — Polish Scientific
Publishers — Warszawa and North-Holland

_ Amsterdam @ New York @ Oxfo
342 p. rd, 195

The book is intended as a text ¢
first course in informatics. It provides 5 or ¢
mon basis for 2 variety of aspects andeom.
stituentes of informatics. The book is con.
written. It neither explicitly depends o we
prior specific knowledge, nor contains g'an
advice for further study. The book is r irect
manded as well for students in infor;m’,’“
as for students in other sciences. aties

The chapters of the book a
wing: 1. Informatics, information ’::;h:oét?l}@
2. Informatic hardware for recording stonfng;
and displaying information; 3. Bina'ry a,iuti;
metic and computing; 4. Algorithm — ;
description of information processing;§ p,A
gramming in machine language; 6. 'F;er:l.
lauguages; 7. Language and process of pro-
i;rgmmmgg;Q& Principles of automatic trans
ation; 9. Computing systems; ;
tions of informgtics.g ystems; 10. Applica
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