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STUDIA UNIV. BABES—BOLYAL MATHEMATICA, XXIX, 1984

SOME CLASSES OF IRRATIONAL NUMBERS

SANDOR JOZSEF

1. Letl <n, < mn, < ... be a sequence of positive integers with

n”
: k+1
lim — k1l .

Koo MMy ..o Mg

Then we know (see Erd és [1]) that
21
=1
is irrational.
I extend this result in the following way :

PrOPOSITION 1. Let (my) and (my) be two sequences of positive integers which
have the properties

fim —2 .1l - (1.1)
Aoco MaMa oMy My
and
Hm T et o g (1.2)
k=0 nk 1 my
If
= .
=3 =t <o, (1.3)
A=l Ny

then t is an trrational number.

Proof. According to (1.2), for each real number 4 > 1 we can find a
positive integer %, such that

ng mk_l

> A (1.4)
n_, my

for all 2 > &,
Assume, on the contrary, that g is rational, i.e. there exist positive integers
#, ¢ such that

«©

1”_‘. = £
Tl 7y 9 '(1.5)

Multiplying both sides of (1.5) with nym, ... m_yq, (k = N)
we obtain
A—1

MmNy ... N nn - ;
;-'\n'—’n*.k_ qm‘+2 ;”h'l My =MMy .y D (1.6)

fwmi Ny
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for k=123, .... (16) implies at once that

D mng ... By
s=S(k)=‘_h1——— L

”ny

©gmy (1.7)

integer, as the difference of two integer numbers. In what follows we
!slllﬁf ;Zgil:lnfcgt a corresponding % for which S is not integer, an evident contra-
diction. . .
By using (1.1) we can find a k> &k, with
mny ... Ny

-1 1
—_— — 1.8
- my < (1.8)

{we shall choose a suitable M).
We can now write

NNy .. Ny NNy .. My .
S=—2""* g+ - —— ey q+ ... =
] x4l
NNy oo Ny BNy ... By My Bh
Y N = PP iRt N L L R
Ny . n, m,,-n“_l

<’;-(1+'""“- R - L IR S . +) (1.9)

my ”k+l mg ”h+2 my ”h+ﬁ
Identity

m_“i._"_"=(m"+l L ) ('"h+2 ”lc+1) (mk+p”k+p—_l_)

T Taip ™ Mg My My Masp—1"Aep

with (1.4) implies

Matp . By
my

1
<—, (Vh3h, p N, (1.10)
"hip AP ) o ?

and so from (1.9), (1.10) we get

S<L.i4l L -9 A 11
<% (I+A+A-+"’)_E A1 (11

: A
Taking M > q- L then evidently we have S < 1. On the other hand
it is obvious that S > 0.

CoroLrary 1.
the sequence (mafmy) /

conditions (1.1) and (1.2) of Proposition 1 are satisfied, and
trrational,

is strictly icreasing, with terms greater than 1, then (1.3) 1s
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CoROLLARY 2. (Erdés) If (m) satisfies the comditions

N1<n <n<..;

2).1*15——-—"" =;

po MM e My

h-»co Ty -1
then

i 1
I ”g
is trrational.
CoROLLARY 3. If (n,), (m\) are sequences of positive integers with
Ni<n <n, < ... ;

2) lim- —2* — . — =00
hoo iMoo Mg my

then (1.3) is irrational.
Application. For any sequence (m,) of positive integers satisfying
(k=1

im —— = o0,
A= "y
- ] zh

2° +1
2 m,/( )
kw1 R

is irrational.
2. A theorem of Cantor [2] asserts that if (#,) is a sequence of positive
integers with #,,.,> n; for all large k, then
ﬁ ( 1+ L) is irrationat.
i=1 ny
We have the following similar proposition.

ProPOSITION 2. Let (m,) be a sequence of primes, with

lim m, = co. (2.1)

and let (ny) be a sequence of positive integers which verify the tnequalities

Mash 2 Mg, h=1,2, ...; k=12 ... 2.2)
Then the infinite product

O+ 23)

s irrational.
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Proof. The infinite product evidently is convergent.
Let us assume, on the contrary, that

-]
a=1]] (1 + ﬂ)
Bt ny,
is rational and put
=1] (1 4™ ]
k=h

We have «, € Q, b =1, 2, ..., say a,,=:—' with

»

@, b, €N, (g, b)) =1 (2.4)
By using the identity
(1 m,
n bh+l
we get
Bt M

bpyq (s + my)b,
which implies the existence of 4, N, k=1, 2, ..., such that

o @y =dy - aper; (1 +my) by =4y - b (2.5)
ubtracting the equalities in (2.5 ) we obtain
(@ — b)) — My - by = dy(@r4r — biy1) 2 @pr — b (2.6)

Now, we have

IR TR (SR o

k=0 ”h+h ;._o
which is smaller than

Y[1 =LY = mj(n, —
/[ ”k) _ o (s — 1).
If n—+o00 we get

% < m/(ny — 1). (2.7)
On the other hand )

(1+-) ah+1>1+m‘ >1+_,

thus a,>l+— hence‘<nh+1
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We observe that in fact,

n, = —>*_ and, since
a
51
[ 4 a,
< 2 =_2—, by my>1
B—1  ay—b

from (2.6) we have ay4; —bys1 < @, — b,. But the sequence (a, —¥b,) is of posi-
tive integers, thus there exist an index 4 = # so that for each # = #n,n+1,...,

we have
a, — b, = a (a natural number), (2.8)

which implies that (2.6) may be written also in the form #», - a — m, - b, =d, -a
and this mecans that a|m, - b,. Condition (2.1) and that m, is a prime for
cach h =1, 2, ..., gives us a|b, for k sufficiently large. By (2.1) a =1 is

the single possibility, i.e. @, — b, =1, # > N (N « N) and so —=

o
= a,. By (2.5) we get n}, > #41;. On the other hand (2.2) yields #,4, > myyq- 22 >
2 n, with & > N large (m, — o), a contradiction.

1 =ah' nll=

Applications
1) If px denotes the 2 — th prime and

2k
Matr 2 Drir My ,

then
o]
(42
k=1 ny
is irrational.

2) Denote by @ the k& — i ; . . .
a-k+4b with (a,plf) = 1.e th prime in the arithmetic progression

If
(a,b) ok
Npyk = Atk Ny,
then
©
11+ 42
k=1 ny !

is irrational.

3) In 1947 Mili . ,
a prime for each 7 =51 ’ :[23].1.){'?\'1(? that there is a 6 > 1 for which [0°] is

’

Magn > [03%HH] L 2t
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8
then - ’
{6*]
1]
o+
is irrational.

3. In this section we shall give another theorem, which utilises a reciprocal

of a lemma of Hin&in [4].
Lemya 1. Let n:N—R+ be a function with condition lim n - y(n) =0

7 -+ 00

and let o be an arbitrarily chosen real number. If there are infinitely many dis-
tinct rational numbers plq such that

le — plg| < n(q), (3.0)

then o is trrational.

Proof. (3.0) may be written in the form

@) B e <H<gen@) +Ba, k=12 ...
in other words for each g, we have a finite number of p’ s, hence ¢, — oo if
- 00.

Let us assume, on the contrary, that « = % e (), and choose %k with 2 %

2B ’

(1]
Then

S _t|_len—bpl 1
b Qk b.qb = b 'qk> n(qk)

if we take1 k > ko, with ky — the first natural index from which we have
gl < 3

. ;1;,11%?0.5.1:1*12’1:‘13. Let (ay), (bs) be sequences of positive integers, v, = a,[b,

e=ivn<w.

fas]

Consider the fumction 1N =R+ as follows :
'l'iinn(n) =0.

If
ir Sthu (b p=1,2, ... 3.1)
a”d ’ 'y e e .
Uy < A2 b))
+1 1+ 3(byb,.. . by) , (R=1, 2, .. .)' (3'2)

then 0 is irrational,
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. P __ @ S =1,2,...,
Proof. Denoting by_q; _;:_ + ...+ o

we have

a=1;i+ ...+§:_+ ... and by (3.1), (3.2)

a 2
Ay Bh42 %+1 R+l .=
10— palgrl = == +——+ ... <7 ; +
byt k42 k+1 h+1

L W 7(bydy ... bi). Taking gs =bby ... b:, we have proved (3.0)

bey1 =~ %4
for infinitely many #&’s.

COROLLARY. If by =22, k=1,2, ..., and
(1) vasp < Vky1

1
' k=12 ...;2<1
@) Vhr < T o

than
(-]
ap
k=1 b
is trrational.
Application :
> o
=g

is irrational.

4. Finally, we obtain by simple arguments a generalization of a result
of Estermann [5).

First we state a lemma.

LeEMMA 2. Let a, b be integers, with b #0 and f,: R+ >R, falt) = la— b7
' ) n!
with k < N. Then we can find some integers A (i = 1, &) such that

IO =4y ford )+ A2 faa O + ... + AL fas(®) (4.1)
Proof. By
falt) = —bk - &1 . £, (4.2)
and Leibniz’s derivation rule,

k—-1

A
PO ==b.k. :;,oc"_,(k— DE—2) ... (k — )" ' f211)  (4.3)
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We prove by induction (on ) that ¢” - f, ™ may be written as the combina-
tion of fuo1, fa—2, - ., Ja—m—1 with integer coefficients. Indeed,
t* -f,._z =a- fy_2 — (# — 1)fsmy and (4.2) yields
t fom1 = —k[&fp2— (# — 1)fui] (4.4)
Then if for some integers 4,, ..., L, we have

o f = Aufasrt ot Lafoeme, m> L
then by derivation and by (4.4) we get
Y = U, fai + oo+ Zafamer
Now, the lemma follows at once from (4.3).

ProPoSITION 4. Let f,(t) be given as in Lemma 2 and let I: R — R be a
solution to the problem :

1oy =1, *770) =0 (4.5)
(with ,,+"' for even k and ’—" for odd k).
Let

ze R+, 2 =% (4.6)
(a, b positive integers), and

I =S L), n=0,1,2 ... 4.7)
0

with I # 0.
wal Then for each k > 2 at least one of the numbers 1,]1,, ..., Ix_y|/I1, is irratio-

Proof. Let g be defined in the following manner

.1
=§’ (—1)2 . fP ) 1*-1-2 ) (4.8)
We can easily verify that

g0 =20 - 1) + (=17 fu) - ),
which on the basis of (4.5) yields

g =1ty - (fP0) + £.()). (4.9)

By integration and Lemma 2
8(0) =0 and g(z) = 0 gives us
— . 1
O=dlitds- L+ ... 4 4. I,_,, where I, # 0. (4.10)
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Assume now, on the contrary, that each I,/I, (i=1, k—1) 1 rational,

e LT, =B = Q=1 k—1).

Then B¢ - Ii/I, are integers. Put

J. =8Bz .-+ Brr Do/l (4.11)
Evidently Jo J1 ---» Ja—1 are integers and by (4.10) we get
0= Jod AL Jocid oo+ 4 T (4.12)

By induction, (J) is a sequance of integers. But I, # 0 shows that not

all I, are zero, therefore

[Tl 4 [ Jwetl 4 oo+ 1 Jnos=i] 21, (V)1 €N (4.13)
On the other hand
( (o= by ( lal" lal” .
lI”I - \ S i—”—?il(l)dt‘ < R I:: ll(t) Idt = n! ’ CD(Z),

0

where ®(z2) # 0.

Then lim I, = 0, and by (4.11) lim J, = 0. This contradicts (4.13).

n—+ 00 n—-00

CoroLLARY 1. (Estermann). For shz #0, one of 22 and z- cthz s

trrational

(Take & = 2, I(t) = cht. Then I, =shz,

a

I,=2b.(z-chz—shz. If 2= — € Q, therefore I,/I, is irrational).

2. For sinz # 0, one of 22 and z - ctgz is irrational. (Take &k = 2, [(f)=

= cos t.)

1.

2.

3.

Remark. By putting z = =n/2 we get that =2 is irrational.

(Received January 23, 1980)
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UNELE CLASE DE NUMERE IRATIONALE
(Rezumat)

fn lucrare, plecind de la un rezultat al lui P. Erd8s {1], sc demonstreazi c% in anumite

condifii
®
2
k=1 ny
este un numir irational. In ultima parte a lueriirii se generalizeazi un rezultat al lui Esterm an
[5). *
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THE FIXED-POINT SET FOR INJECTIVE MAPPINGS

MARIAN DEACONESCU*

The aimn of this note is to give a characterization for the fixed-point set of
an injective mapping in terms of the maximal total-variant subsets.

1. Notations and definitions. Let X be a set, Y € X a subset of X and
f:X — X a mapping. Let F; = {x € X |f(x) = x} the set of the fixed-points
of £, f(Y) ={f(9) |y €Y}, f[HY)={x < X|f() =Y}, ¥ = X\Y and [Y]
the cardinality of Y.

A subset Y of X is called total f-variant if YN f(Y) = ®. If f=1x it is
evident that exists no total f-varaint subsets. But this case is trivial and it
will be assumed for the remainder of this paper that f # lx. Our assumption
assures that A = (Y C X | Y N f(Y) = @} # ®. Our results need the following

LemMA If f: X — X is a mapping then oA has maximal elements (with
respect to set imclusion).

Proof: see Abian [1].

2. Main results. TugoreEM 1. Let f: X — X be a mapping and Y C X
a maximal total f-variant subset of X. Then

YNfY)NfiY) e F (1)
_ Proof. Let x = YN AY) N FI(Y). Because x = ¥, the maximality of Y
implies that f(Y U {x}) N (Y U {#}) # ® and then
UMNY)UENA =N UEE)N =) U (=N {(f(#)) # 0.

But f(Y)NY =, x € f(Y), x = f(Y), so YN {f(x)} #® and x = F,.
THEOREM 2. Let f: X — X be an injective mappi a -
mal total f-variant subset of X. Then 7 phing and ¥ C X a maxi

F =Y N fY) N ) ‘ (2)
Proof. By (1), we must prove only that F,e¥ N f(—Y) ﬂfT(Y) Let x

S F,,f ie. x =,f(x). It is clear that x € Y.
I x € f(Y) then f(x) =% € f(Y) and x = Y by injectivity of f, wich con-
tradicts the fact that ¥ € ¥. Thus, x = f¥).

If — - —
requireda.: SfY) then f(x) =x €Y, contradiction. Thus x < 1Y), as

N Remarks. 1.) Unfortunatelly the four subsets in (2) are not mutually dis-
Joint. Indeed, if f is the permutation given by the table (1 234 SJ then

* Sc. gen. nr. 3, Deva.
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2) The injectivity hypothesis in Theorem 2 is necessary, Indeed, if f is

given by the table H % 2 ‘21 ?J we have F,; = {1}, Y = {2, 5}, f(Y)={1, 3}
and F, = {1} € flY) = {2, 4, 5}

3. Aplications. As an immediate consequence of Theorem 1 we prove the
following factorization theorem:

TueoreM 3. Let f: X — X be a mapping and Y C X a total f-variant maxi-
mal subset of X. Then:

X =FUY USY) UfE) (3)
Proof. Immediate by (1) and by one of de Morgan's laws.
THEOREM 4. Let X be a continuum (i.e. conex and compact) in the topological

Hausdorff space X and let f: X —X an injective continuous mapping such that
exists a closed total f-variant maximal subset of X. Then F; = ©.
Proof. Let us point out at the beginning some consequences of the hypothesis :
a) By our initial assumption, F; # X and Y # @ where Y is the closed
total f-variant maximal subset of X.
b) X Hausdorif and f continuous implies the well-known fact that F; is
closed.

c¢) Because X is compact, f is continuous and Y is closed it resuits by (2)
that F, is open.

d) By the conexity of X, the only simultaneously open and closed subsets
are ¢ and X.

Then, by b), c) and d) we have F; = ® or F; = X. The last possibility
contradicts a).

In what follows, if G is a group and f € Aut G, f will be called fixed-point-
free (f.p.f.) automorphism if F; = {1} where 1 is the identity element of G.

TureorEM 5. Let G be a finite group and f a f.p.f. automophism of G. If
there exists a maximal total-f-variant subset Y of X such that f(Y) = f(Y) then
G 1is (solvable) of odd order.

Proof. By (), G =F,UJY Uf¥) UfY) = {1} UY US(Y). The sub-
sets in the union being muttually disjoint and f being one-toome, |G| =1 +
HIYI+ /¥ =14+2Y).

TurorEM 6. Let G be a finite group and f a f.p.f. automorphism of G such
that there exists a maximal total f-vari th f~1 = Q.
ok there exiss @ 1 f ant subset Y of X with fA(Y) U f(Y) =@

Proof. Note that the minimal counterexamples for the assertion ,,A finite
group wich has a f.p.f. automorphism is solvable’” are all simple (nonabelian)
groups. On the other hand, (see Gorenstein [2]) the only finite simple groups
wélgs.e orders are not divisible by 3 are the Sjuzuki groups Sz (2**+!), which
Z : 1tTno f.p.{f. automorphisms. So, it is sufficient to consider a simple group

mh heorem 6 and to show that its order is not divisible by 3. But cf. (3)
we have G = {1} UY Uf(¥Y) Uf(Y) and then |G| =1+ |V]+ [f(V)| +
+ 1/74(Y)] = 1 + 3] Y| because all the subsets are disjoint.

R k> th 3= . cops
last a:g;gent f:if;jase 0 <@ UM< [Y|is very difficult because the
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MULTIMEA PUNCTELOR FIXE PENTRU APLICATII INJECTIVE
(Rezumat)
fn aceastdi notdl se da o teoremi de caracterizare a multimii punctelor fixe ale unei aplicatii injec-

tive in termenii submultimilor total f~variante maximale §i se stabilesc aplicatii in topologie §i teoria
grupurilor finite.
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ON SOME ITERATED INVERSE VECTOR OPERATORS

CONSTANTIN TUDOSIE*

3 . i thematical instru
. Introduction. In-my doctorate thesis, as a mathe ment of
resealrch I made use of an operator Algebra and Analysis, created on the basis
of two fundamental operators I introduced. They also appear in my paper
[6], being defined, in the FEuclidean space E,; by the following expresions

0, = - %5, 0= 73«’( x‘;)! (1)

where s and 7, s respectively are ,,indices of the operators”.

The operator O, is of ,the first kind”, and the operator O, is of ,the
second kind”. Between the operators (1) there exists the relation [6]

0" - "‘0,0;- (2)

By complete induction, as in [6], the following formulae of reducing the
order of the first and second kind iterated operators are deduced

L]

Ot =(=1)%s-20,, (k=2 4 6, ...), ©)
kis

O =(=1)*s-10, k=135, ...), )

Ots = (;§)k—10"’ (k =1, 2, 3, . .), (5)

A ,
where O}, O, are ,the k-order iterants” of the operators O,, O,,.

In (3] the theorems of existence of the fir ind 1
: st and second kind 1nverse
operators were established. They have the éxpressions

07" = —s70,, 07 = (75)~20,, ©)

t i i . .

plif,pi’,’f; :;n; e_rsg Ovlzirator exnthstmg for the sub-set of the vectors @, with the
=0, wherea : Ve

sub-set @, with the Propesrty %75203d inverse operator existing for the same€

By observin i .
inverse operatorsg (gel)l’ * (;'esu_lfs. that the sub-set of the vectors & admits the

Tn this paney ¢ 1: and O, 1f. the properties g = 0, @p = 0 take place.
iterated invtlejrsg :’ectere are established the expressions of first and second kind
iter Or operators, and the relations of dependence between the

ated and non-iterated direct and inverse operators
Ceratedand on .

] T i
he Polytechnica) Institute of Cluj-Napoca
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2. Tterated inverse operators. The ,,k-order iterants” of the inverse operators
07! and Oy ! are defined by the recurrence relations

o =070, 05 =010, (7)
k=123 ...).
By observing (6), the relations (7) become, for k=2,
072 =502, 0;% = (75)—40%. 8)

By complete induction, the expressions of the k-order iterants of the two
inverse operators are obtained:

O = (—1rs™0F, (k=123 ..), ©)
oz*=(s) ok, k=1,2 3, ...). (10)
For 7 = A5, (A parameter), (10) becomes
O7% = *r*0f, (k=12 3, ...), (11)
or
O =a2s"%0k, (k=1,2 3, ...). (12)
For k = 1, the expressions (11) and (12) take the form
Or' =210, 0;;' = A 2540, (13)
and hence
O, = 22105, 0,= Ns0;". (14)
By using the evident relations, for 7 = 23,
Ot =202 Oh =20k, (k=1,2, 3, ...), (15)
from the second expression (13), it results, for £ = 1,
04:1 == §740, O;= 5‘0;1, (16)

what is also obtained from the second relation (6), for 7 = 5.
Taking into account (2), for 7 = §, the first transformation (16) becomes

05! = —s—0?, (17)
and observing the first relation (6), one obtains
0;1 — —Os—l 0;—1 _ -2 y
o 0:7) 0:7, (18)
0;' =520, 0 =207, (19)

where 0 is "the operator of identity”’,

2 — Mathematica — 1984
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The k-order iterants of the operators (16) are
‘ o = ok, O = s*ozt
k=123 ...)
By using (2), for 7 = §, and (18), the formulae (20) become
02 = (—1)F s~* 0%, oh = (—1)* s* 072,
k=123 ...)
By observing (5), for 7 = §, the first formula (20) is written
0 =50, (k=123 ..),
whence

0, =s* 0% (h=1,23 ...),

By a k-times iteration, the relations (19) are transformed into

0 =520 0=s"*0" k=1,23 ...,
from (20) and (24) resulting

k R
ok = s*0.

(20)

1)

(22)

(23)

(24)

(25)

If we take into account the expressions of ,,the 2-product operators” [6]

0§=0[1' 1], o;2=o[‘l' _1],
S, §

s, §

the transformations (21) may also be written under the form

05" = (— s~} [1' 1],
S, §

O = (—1)} s‘”O“[—l' —11'

3 s, s
In which
% __ 020? 2 1, 1
03 —0303 Y Os=0k ’ ,
k-times s, S

0—2k=0_20_2 0—2 k'—l, —1}

s s s .. 0" =0 .
" k-times — [ s, S

From (24) and (25)

O=2k -k -
705" =57%0F k=123 ...).

two presentations of the operator of identity

result

27)
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By observing the formulae established in [6],
&

o= (—=1)%s%0,, (k=2 4,6 ....)

k+3

Of=(—1) % s#7'0, (k=185 ...),

the operator (9) becomes
3k

0;—h — (_1)—2 S_(k+2) OSSI (k = 2, 4’ 6, « s

2wy

ot =(—1)2 ™Yo, (k=135 ...

19

(28)

(29)

(30)

(31)

By applying the operator (22) to the operator (30), one obtains

3k
O;k Og_k — Os_h os:k — (_ 1) 2 s—(3k+4} 0?5,
k=2 4,6, ...)

(32)

The relation (32) shows that the operators O; * and 03* are ”’commutable”,

to the even values of the index £%.
By substituting (29) in (9) one obtains

3
5 G+D)

07 = (—1) sT**o, (k=1,3,5, .
By applying the operator (22), under the form
Oxt=—s""0!, (k=1,23, ...),
to the operator (33), it results

3k+4-5
O;k Os_h — O:k Os:h — (_ 1) 2 s—3(h+1) 03,

k=135, ...).

L) (33)

(34)

(35)

The relation (35) shows that the operators O;* and 05* and *’commutable”

also to the uneven values of the index .

By applying the direct operator O to the vector ®,
existence of the inverse operator, w7 = 0, we have

Ohe=(Fs)a, (k=128 ...,
resulting the operator

ok = (73)*0, k=123, ...,

conditioned by the

(36)
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By substituting (36) in (10), one obtains
o= (7 ™to, (k=123 ..., -
and for 7 = §, it results the operator
- —2k _
O“k = $ 0, (k = 1; 2; 3: . .), (38)

what is also obtained from (27). _ . .
3. Applications. «). Let the vector @ be applied to the direct operator (29)

for k = 5. We have
06 = $'0,%. %9)
By applying the inverse operator (33) to the expression (39), observing the
condition 5 = 0, and having 0! =0, one obtains
06 = —s~20% = §7 20,00 = .

B). By observing Poincaré’s [1] terminology, let the "consequent Iterant
of the vector &’ be determined, in relation to the operator (5), for k =2, a7 =0

It follows
Oke = (7 5)0,6 = (F 3)%. (40)
By applying the operator (10) to the expression (40), we obtain the initial
vector. By noting Of, = 0, we have
Ow = (7 §5)~%0,w,
and by using (5), we obtain
06 = (7 5)0,,0 = o.

The same result may be obtained by the successive application of the opera-
tors (36) and (37) to the vector &. PP -

Y)- Le‘g the consequent iterant of the vector @, relative to the operator (3
be determined, for k=2, » = As, wr = 0, We have

016 = N, (41)
and by applying the operator (11) to the iterant (41), one obtains
06 = A\ %4045 = &.
By applying the first operator (15) to the iterant (41), for k = 2, we bave
and by sub 06 = 0.,
n substituts . I
The e s by Sy o operser 13 e o st

Ow = 3_‘0:,(7) .

= 2, the preceding expression becomes Ow

—
= O

By observing (25), for &



ON SOME ITERATED INVERSE VECTOR OPERATORS 21

Application y) shows that different operator procedures permit to pass

from the iterant (41) to the vector w.
). Let the iterant (39) be applied to the operator (33), for £ = 3. One

obtains
0o = —04ueo = —s%. (42)

Iterant (42) shows that the application of an iterated inverse operator of
an iteration index (—#) to a direct operator of iteration index %, (k¢ > #), redu-
ces the iteration index of the direct operator to the value & — #.

(Received February 16, 1981)
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ASUPRA UNOR OPERATORI VECTORIALI INVERSI ITERATI
(Rezumat)
In prezenta tucrarce se continui cercetirile, din [6], (3] i [5), asupra unor operatori vectoriali,

pe care i-am introdus in Algebra si Analiza operatoriald. Lucrarea ate ca obiect studiul unor operatori
vectoriali inversi iterati, i relatiile lor cu operatorii directi.
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FOR THE MULTIPLICATIVE GROUP OF gy

PERTY W2
THE PROPE QUATERNIONS FIELD

JAN AMBROSIEWICZ*

We say that a group G has the property W* if there exists such » <

that for each @, K2 is a subgroup of group G, where K, = {g < G:|g| = v},

all orders of elements of group G. '
w m-a?hen n = 1, we say that a group G has property W. In [1] it was shown

tiplicative group G, of quaternions with norm 1 does not have

;?2;:?; I/nl}.ullnp this wor%: welt) sh;ll prove that the group G, has property W:

while the factor group G1/{1, — 1} has the property W. We sha’ll also investigate
a possession of the property W in the group SO(8) and PSL(2, F).

TaeorEM 1. The multiplicative group G, of quaternions with norm 1 has

the property W2 ) )
In the proof of Theorem 1, we will use the following lemmas:

3 .

Leava 1. If » > 7 and n # 12, then between numbers %n and e there is

at least one number k € N (k s 1) such that (k, n) = 1.

Indeed, if

1°n=28s, s > 1, then 2 =25 1,
2°n=8s+1,s > 1, then k& = 2s,
3°1n=8s+2 5>1, then 2 =25 + 1,
4°n=8s+3 s>1, then 2 =25 4 1,
S5°n=8s+4,s>1, then b =25 — 1,
6°n =845, 5 >1, then b =25 + 2,
7°n=8s4+6s>1, then 2 =2s 41,
8°n=847s5>0, then 2 = 2s 4 2.

It is easy to check that so defined % fulfils the conditions of I,emma 1.

LemyMa 2. In the multiplicativ . . m 1, Kb
=G, for n>7 and n % Bjj 12, e group G, of quaternions with nor

Proof. The quaternion 91 =1 + %8 + %,5 + x4k with p, = cos 2% pelongs
”
to a set K,. By Lemma 1 there is such number %k # 1 that K, contains also

quaternion ¢, with a real part p, = cos r o (— ——,1 ——,1 ) because 7 < 5
N - 2. > 2— ’ 4 n
< —- If ¢, g, are quaternions with real parts p, = p, = (— 75 '}2_) erer
J2Z

real i : : i
al parts of quaternions g,g, cover the interval <2p% — 1,1) which contains

L ti .
Institute of Mathematics, Warsaw University Division Bialystok, Poland.
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negative numbers. Therefore we can show in X,K, quaternions with real parts

11
p and —psuchthatp € (2p} — L,1)N {_«—/;_’;E)

The set K,K, is a normal set so quaternions with real parts p and—p
create in K, K, the subset K, such that K, C K,, for certain m. By Theorem 2
(see [1]) K, K, = G, then also (K,K,)* =G, forn > 7, n # 8, 12.

In order to answer the question whether the group G, has the propert
W2, we must investigate also cases for# = 2, 3, 4, 5, 6, 8, 12. Of course, Ksz =
= {1, —1} < G,. By Corollary 2(see [1]), we have K, K, = KK, G,.

Leyya 3. In the group G, of quaternions with norm 1, K, =G, for »
=3, 5, 6, 12. o

Indeed the quaternion ¢, = p + 2, + %7 + %k with p = cos = belongs

to the set K,(» =3, 5, 6, 12). Since
2'+1 R R
+ y10 + 27 + 3k,

T

gy = cos —

. 4
then real parts of elements of set K (n = 3, 5, 6) cover the interval < cos ::-‘ , 1>

(sce Lemma in [1]). If these intervals for all investigated n, contain negative
numbers, then scts Kj (1 = 3, 5, 6) contain quaternions with real parts p, —p,

where p & <cos '—_ 1> . Real parts of quaternions of set K%, cover intervals

<—l, - l-> and <1 1> what follows from Lemma (see [1]) and from
2 2

fact that numbers 5, 11 are relative prime with 12, Therefore also the set

K3}, contains certain set of quaternions with real parts p and —p (j) s <-% , 1> ,

1

-1 - *>]

A further part of proof is the same as in the proof of Lemma 1.
Therefore for all # # 2 we have K) =G, or K} = G, while for #n = 2,

K,K, = {1, —1} which means that Theorem 1 is true.

. By Corollary 3 (sec [1]), Theorem 1 and by the fact that in the multiplica-
tive group G of quatcrnions field, K,K, = G, where K, denotes the set of
elements of order co with norm 1, we have corollary:

CoroLLary 1. The multiplicative group G of quatermions field has the pro-
perty W2

Turorem 2. The factor group G, = Gyyq1,—1y has the property W.

In the proof we use the following lemma :

Lemyva 4. If n > 5 and n + 6, then between numbers ;—’ and % there exists

at least one number k such that (k, n) = 1.

Indeed, if
1°n=4s, s > 2, then 2 =25 — 1,
2°n=4s+41,s > 1, the k= 2s,
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gop=4s+2 $ > 2, then E=2s—1,
4°n=4s+3,s>1,thenk==25+1. N

It is easy to check that so defined & fulfils coxldmous of Lemma 4.

Proof. of Theorem 2. Since the unit of group G is ¢ = {1, —1}, then quate,.

2m =cos = belong to set K,
njons with real part p, = cos — Of Py =C0S — g set K, of all el

ments of order n from group G,. By Lemma 4 {ollows exist‘ence of such number
kE#1that K, (n>5 n# G6) contains a quaternion ¢, with real part Py =

U Lo e << e H= 1 impis o
—k, n) =1 then the set Knxz5n # _6)»conta1ns also the quatefni(_,_u Wit_h
real part — p,. By Theoren 2 (see [1]), K.K. = G, and therefore K,K, =g,
for each » = 5, # # 6. o B

Since K,K, = G, (see [1], Corollary 2) thus K K, = G,. We must to investi-
gate yet sets K,K,, KK, and KK, The set K, contains quaternions with real

- 1
parts 0, Ky — quarternions with real part % Or — R So by Lemma (see [1))

the real parts of elements of sets I?&Ifz, IZ:lK;_covef. all interval {(—1, 1). Theer-

The set K, = K} |J K where K; contains quaternions with real part
1

- while K’ contains quaternions with real parts 4- 1/2:1 . By Lemma (sce[l]),
real parts of quaternions from the set K;K; cover the interval <— —rl,-, 1> while

] 1
real parts of quaternions from the set K4K! cover the interval <——1, - ;>-
Therefore K K, = G,, thus also K, K, =G,.

It is easy to prove the following propositions :

. ProPosITION 1. Real parts of elements of the set of quaternions CC, where
C is a class of conj

2 1jugate elements determined by quatermion with real part cos @
cover all interval ( cos 2¢, 1).
By the induction, we have proposition :

. PR.OPOSITION 2. If C is a class of conjugate elements determined by quater
nion with real part cos o,

\ th ; C% cover
the interval (cos 27¢, 1. en real parts of quaternions from the set
TaEOREM 3. In the multiplicati : : I
' th norm 1
Jor each class C of conjugate ol atwe group G, of quaternions wi o
such that C?* =G, 748 ements (C # {1}, {—1}), there exists num

. Proof. Let the class of conjugate elements be determined by quaternion q
with real part cos 2%

- According to the Proposition 2, real parts of elements

n
from the set ¢ cover the interval <cos il

n

1
=, 1>- Therefore there exists aumber



THE PROPERTY W? FOR THE MULTIPLICATIVE GROUP 25

re-+1 _

™

2
r, such that cos

< 0, which means that C?* contains quaternion ¢ with
n .

real part 0, so also C?™ contains all class C, of elements which are conjugate
with ¢.

By Theorem 2 (see [1]), C,C, = G,. Since C, (C C?*, then

C¥C¥ = C*! =G,.

CorOLLARY 2. The group G, does not have normal subgroups diffrent from
{1, —1}.

Indeed, let A be a normal subgroup of group G, and let a € 4, a # 1, —1.
The element a determines certain class C of conjugate elements. From norma-

lity A, we have that for cach # @ N, C" (C A and in particular, c = G, < A.
By the same way as in Thecorem 3, we have theorem:

THrorEM 4. In the group G, = G,/{1, —1} for each class C of conjugate
elemenis there exists h € N such that
ct = G,

CorGLLAarY 3. The group C—;l is a simple group.

Let us accept the following mnotations:
U(2) — the group of matrices

x Yy
_5; x'l
over the field of complex numbers €, SU(2) — the group of matrices

| * y.]»xx+yy'=1. %y <C,
-y X

SO(3) — the group of turns of Euclid space E,.
Using the following well known facts:
(i) U(2) ~ G (G — multiplicative group of quaternions),
(i) SU(2) ~ G, (G; — multiplicative group of quaternions with norm 1),
(iii) SO(3) ~ SU(2)/{E, —E} ~ G,/{1, —1}, and using suitable theorems for qua-

ternions field : Theorem 1, 2, 3, Corollary 1 and Theorem 1 (see [1]), we have
a theorem:

TarEoREM 5. Th U2
has property o e group U(2) does not have property W, but the group U(2)

TueoreM 6. Th 2
broperty We, ¢ group SU(2) does mot have property W, but has

Tagorex 7. The group SO(3) has property W.
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TugoreM 8. I# the group SO(3) for each Cw there exists h & N gy, that
? = 50(3)- .
‘ By él?(Z, F) we denote the group of matrices

a — ]
n 12 Ay1802 — 1909 = 1' aij F.

Gy Qo

We have PSLE, F) = SL@, F){E, —E}-

b 0
e a,=[p 0] 4= | 4 4 < KacCSLQ. P

0 a 0 b
We will investigate the set K < K,K, such that
K = {T,A.Ti'T,4,T:', Ty < SL(2, F)}. (1)

Since the set is a normal set then it is enough to limit our investigation
to matrices of form

Y = A, XA,X, where X = T7'T,. )

Let X = lx y]. xu — yz = 1. After transformations, we have
P

v o e — &b 1yz, (—ab + ab~) xy ] @)

" (@b — e b Y uz, —a—tbzy + a~! b1 ux]

According to the notations used above, we have the following theorem:
TuroreM 9. If

n

() m#2 8 %1, thn K = K,K,, = SL(2, F),
() m =2, charF # 2, then K.K,, =K # SL(2, F).

- Proof. (i). 1t is enough to show that matrices (3) cover all the group SL(Z, F).
rom Jordan Theorem we know that the matrix Y has the form
t 0
0 t—l}’

1 1 or |71 1]
0 1 0 —1:
Let us investigat t 0 . of
gate the case ¥ = 0 ] From a comparison of traces
-1

matrices Y and 4. X4,X-1, we have
W+ a7 4 yra-ihigr 1) (g — 1) = 4 4 0
(@ — 1) (12—
tain all matrices of fq

an 0, then ¢ can assume each value and the set K €O

t 0
T -
[0 t_l] T, T = SL, F).
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1 0 -1 0
If (@—1)(*—1)=0 then Y=|.O llorY=[ . _1].
Matrices i or [_(1) i belong to the set (3) iff following system
equations

atuz(b —b1) =0
xub — yzb~t = 4 a1 (4)
a(d—! —b)xy =1
xub—l — yzb=4a
has a solution.

The system equations (4) has a solution over any field F if b* # 1, a +
+a1'=15b+4 bt and so it finishes the proof (i).
Proof (ii). If charF # 2, then in the group SL(2, F),
a 0 -1 b 0
K,=1T Iy, T
’ { ‘!0 a—'] ‘ 2lo b1

]T{', T, « SL2 F), @ # 1, b # 1‘.

Therefore clements of the set K,K, can be only of form (3). However the set

llj, —1 1] , because the
0o —1!

system (3) with assumptions (ii) docs not have a solution, then the set K,K,
cannot cover all of group SL(2, I).
CoroLLarY 4. The group SL(2, C) has the property W.
Indeed, by Theorem 9 for m # 2, K,,K,, = SL(2, C) while K,K, = {E, —E}.
CoroLrary 5. The group PSL(2, C) has the property W.

Indeed, if 4 # 1, then K = PSL(2, C) — {E, —E}, if b =1, we receive
the matrices E, —E. Therefore matrices (3) cover all the group PSL(2, ().
Observe that if @ = b, then the set (3) is a product C,C,, of classes of conju-
gate elements of order m. The system (4) is over field C solvable if & % 1.
Therefore for the group PSL(2, €) we have a corollary:

. CoroLrary 6. In the group PSL(2, C) for cach class C,(m # 1) of con-
Jugate elements, C,C, = PSL(2, C).

We also have a corollary:
Cororrary 7. The group PSL(2, C) is a simple group.
Let us investigate the group PSL(2, F), which charF # 2.

TreoreME 10. If char F #£2 and a field F does not have such an element b

that b2 = —1, then in the group PSL(2, F) the set
group PSL(2, F). group (2, F) the set K,K, does not cover of the

of matrices of form (3) does not contain matrices
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4 if char F # 2, then the set K, in the group PSL(2, F) has the forp .
kA ; ]T—l. T < PSLE, F), @ =1j.

0 a-

Therefore elements of the set K,K, can
rem 9, K,K, # PSL(2, F).
ary 8. If charF # 2, |F] # 3 and if the ficld F does not have
S“Chcfl:’{’z?’l"‘;% ﬂmtfb2= —1, then the group PSL(2, F) has no property W.
Indeed, by Theorem 10, K K, # PSL(2, F). Since K,K, is a normal set
and the group PSL(2, F) with [F| # 3 is a simple group, then K,K, < PSL(2, F)

(Received Aprit 9, 1981)

Indee
K,=
be only of form (3). From (ii) of Theo-
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PROPRIETATEA W* PENTRU GRUPUL MULTIPLICATIV AL CIMPULUI DE
CUATERNIONI

(Rezumat)

.In prezcx}ta notd se demonstreazi ci grupul multiplicativ G, al cuatcrnionilor cu norma 1 are
proprietatea W7 i cd grupul factor G, /{1, — 1} are proprietatea W.
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SOME SEQUENTIAL PROPERTIES OF THE WEAK*
DUAL OF A BANACH SPACE

MIGUEL A. CANELA*

_ Introduetion. Let (E, ) be a locally convex space, and E* its topolo-
'gical1 dlE:l]]. We denote b)g ® ()E, E*) the Mackey topology, and by o (E, E¥)
the weak topology on E. t+ stands for the finest locally convex top_ololg);1 ori
E having the same convergent sequences as 7, and E* for the topological dua
of (E, ©%), i.e. the space of sequentially continuous linear functionals on (E, .1)1;
The properties of t+ have been studied by Webb [14]. The spaces whic
satisfy the formula « = 7+ are called C-sequential py Wilans ky [15]-, and
almost sequential by Némethi [11]. A weakening of this property is the
identity E* = E+, which defines a class of spaces, called by Wilansky
[15] Mazur Spaces. . .
C. S.Némethi [11, 12] has examined the topology ++ for the case in
which (E, <) is the weak* dual of a Banach space X, showing that this topo-
logy is not hornological when X is infinite dimensional, and not even a Mackey
topology in the separable case. In this note, we calculate explicity the topology
o(X*, X)+ showing it to coincide with the topology u(X, X*)° of the conver-
gence on compact subsets of X, when X* is weak* angelic. We also show
situations in which this result is not valid, ¢(X*, X) not even being Mazur.
Thus, we exhibit en example of a Banach space X whose closed dual unit ball
is weak* sequentially compact, but ¢(X*, X) is not Mazur. We say that a topo-
logical space is angelic when for every relatively countably compact subset A4,
the following holds:
i) A is relatively compact.
ii) Every closure point of 4 is the limit of a sequence contained in A.
The basic facts about angelic spaces can be found in [8]. The locally con-
vex spaces whose weak* dual is angelic have been studied in [1].
. We say that a Banach space X satisfies the property D when, if (Q, X)
1s & measurable space and f:Q — X is totally scalarly measurable (i.e. the set
of the #* « X* such that x* o f is measurable is weak* dense in X*), fis
scalarly measurable (x*of is measurable for every x*eX*). Property D has

been introduced by A. Gulisashvili [9] in connection with the Pettis inte-
gral in interpolation spaces.

2. Turorewm.. Let X be a Banach space, and suppose that (X* * 3
angelic. Then o(X*, X)+ = u(X, X*)gb. ’ 28 5, o5 20) s
Proof. By the Banach-Dieudonné theorem, p(X, X*)0is the finest locally
ccf)nvgx topology which coincides with o(X*, X) on the closed unit ball U
20i§ciagn\$?t% ot}(1§r*he})1(1)d, o(X*, X)+is 'ihe finest locally convex topology which
I o(X*, ,on every weak* metrizable compact subset of X*(see
[18]). Thus, w(X, X*) is always coarser than o(X*, X)g. ¢
\

! Facultatde Matematiques, Universitat de Barcelona, Spain.
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\ o(X*, X)+ closed subset of U must be w;eak* sequentially closed

by ti;\e Z(ngelicitlr, weak* closed. Hence,ro(X:,.' X) and o(X*, X +'00inci'dea <
U, and ofX¥, X)+ is coarser than p(X, X*)'.

* “This result is valid for a large class of spaces, the weakly compactly gene
rated Banach spaces, in particular for the reflexive and separable Banach Spaces.
In fact, it has been proved for the separable case by Webb [l4, Propaste:
4.12], foliowing a different way. Actually, 1t 1s vahq for c,(»), 1" arbitrary, oo
L,(Q, =, p), when p is o-finite, and for C(K) when K is an Eberlein compactym
3] is a good reference for the weakly compactly generated spaces. .
7 3. First example. We are going to see now that the angelicity is not nece.
ssary for the equality o(X*, X)+ = (X, X*)°, though this formula seems t,
define a sequential condition for the weak* topology on the d}:al ball, Let
denote the first uncountable ordinal, and [0, w,] the set of ordinals <, G4
Edgar has proved that the space X = ¢,([0, »,]) is such that ¢(X*, X)is Mazyr
keeping in mind that N, is not a real-measurable cardinal, use theorem 5.10
of [6]). o(X* X) being Mazur, the relation:

w(X, X*)0 < o(X*, X)+ < p(X*, X)

holds. But every weakly compact subset of ¢,([0, ®,]) is norm compact, and
therefore :

B(X, X = p(X*.X).

Finally, we see that the closed unit ball of X* = ¢,([0, w,)] is not weak®*
angelic. It is not difficult to check that this ball is homeomorphic to the space
[—1, 1)) and it is well known that [—1, 1]* contains a sequentially closed
subset which is not closed, for any uncountable I (e.g. [8, 1.4]).

4. Second example. Consider now the order topology on [0, w,]. Endowed
with this topology, [0, «,] is a scattered compact space. Thus, the dual of the
Banach space X = C([0, w,]) is isometric to &([0, w,]) [13, 19.7.7]. X* =
= £,([0, ,]) has the Radon-Nikodym property [4, III.3.8.], and a result of
Hagler and Johnson [10, Corollary 2] implies that the closed dual
unit ball U is' weak* sequentially compact. We will see now that this sequential
compactness 1s not a sufficient condition for (X*, o(X*, X)) to be Mazur nor
for the property D.

1. G. A.Edgar [5 6.2] has proved that C([0, ,]) is not a real-compack
space for its weak topology. According to an older result of Corson [2], the
realcompactness of (X, o(X, X*)) is equivalent to the following condition :
e"el'! @ € X** which is weak* — continuous on all separable subsets of (X*
o(X*, X)) is an element of X. If (X*, o(X*, X)) is Mazur, this condition is
obviously fulfilled. So this is not the ‘case for X = C([0, w;])-

%At this point, a remark must be made. B. Faires has given in (7] 2
Pr(c)lo of the following fact: If X is a locally convex space which is complete
and such that every closed equicontinuous subset of X* is weak* sequentially

ﬁng' the’l‘l (X*, o(X*, X)) is Mazur. The proof uses the Gro‘?hendlecg
pactuess theorem uncorrectly, because some type of completeness 1S alway
needed in applications of this i

: Qur
€xample shows that this result itheorem, The proof is reproduced 1n

; . $ s not true. es. Cs. Néme-
thi to share his skepticism on this pl)lient’.rhe author acknowledg
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2. A. Gulisashvili [9] has proved that the angelicity of (X*, o(X*,
X)) implies the property D mentioned at the Introduction and has raised the
problem of the reverse implication. We make here an approximation to this
problem, showing that the weak* sequential compactness of the dual ball is
not a sufficient condition for the property D. ' ) o

We are going to exhibit now a C([0, »,]) — valued function which is totally
scalarly measurable but not scalarly measurable. For this we consider:

Q= 1[0, o] X {0, 1},
and f: Q — C[(0, »,]) defined by:
f(e, 0) = X0, o (characteristic function of the clopen subset
[0, «]C [0, «])
Sla, 1) =1 =X,

for « € [0, w;]. We consider now the c-algebra X of the subsets of Q which
are countable or have countable complement. The space [0, w;] can be embed-
ded in C([0, w,])* = ¢,([0, w,])in the usual way, and the open segment [0, w,)
is weak* total. For « € [0, w,;], we have:

aof(B, 0) =0 if f<a
aof(B, 0) =1 if a«<pP<a
aof(B, 1) =1 for all B.

Thus, (« o f)~'(0) is countable for 0 € « < w,, and so f is totally scalarly
measurable. But (w, o f71)(0) = [0, »,[#{0}] is not countable nor has countable
complement, and so f is not scarlarly measurable.

5. Problem. If o(X* X) is Mazur, does the identity o(X*, X)+ = p(X,
AX*)° hold?

6. Acknowledgemeni. The author gives thanks to Professor Cs. Nemethi, for his valuable
suggestions.
( Received April 14, 1981)
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‘cqucntiazzy

UNELE PROPRIETATI SECVENTIALE ALE TOPOLOGIEI SLABE A DUALULUI UNUL
SPATIU BANACH

(Rezumat)

In lucrare se arat# ci modificarea aproape secventiali a topologici @ slabe a dualului unui spatiu
Banach coincide cu topologia convergentei uniforme pe compacte, daci bila unitate indusi a dualu-
Ini este un spatiu angelic in raport cu topologia slabi. Aceasta are loc in particular pentru spatiile
Banach separabile, caz in care se reobtine un rezultat al lui Webb [9). Pe baza unul exemplu
Se arati ci angelicitatea bilei unitate din spatiul dual nu este esenfiald pentru validitatea teoremei
din lucrare. In incheierea lucririi se prezintd dou# probleme deschise.
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UNE THEORIE DE COHOMOLOGIE SUR LA CATEGORIE DES
VARIETES FEUILLETEES

GHEORGHE PITI$*

§1. Préliminaires. Soit V*+" une variété feuilletée de codimension n. E{J
partant de la décomposition de la différentielle extérieure sur une telle vanétg,
dans [5] sont introduits les groupes de do — cohomologie de V*+m, a coeffi-
cients réels, H#»(V ; R).

Soit &(F la catégorie des variétés feuilletées paracompactes. Dans [3] nous
avons démontré que:

TutoriME 1.1. Pour tout p > 0 il existe un foncteur contravariant €* : C(F—
— Ab grade qui associe d chaque variélé fewilletée paracompacte V, le groupe
gradué de cohomologie

H!(V;R) = @ Hn(V ; R)

g»0
et d un morphisme feuilleté f:V — W, I'homomorphisme

H#(f*): HY(W ; R) — H?(V ; R)

Le but de cette note est de démontrer que la catégorie des variétés feuil-
letées paracompactes est admissible pour une théorie de cohomologie et de
construire une telle théorie sur la catégorie considérée. Nous obtenons aussi
un exemple de théorie de cohomologie généralisée sur la méme catégorie.

Les notations sont celles de [3] et [4].

§2. Cohomologie feuilletée. Soit p@(F la catégorie des couples (V, V'), o
V est une variété feuilletée paracompacte et V' une sous-variété feuilletée
fermée de V. Dans p&F les morphismes de source (V, V') et de but (W, W’)
sont les morphismes feuilletés f: V' — W tels que f(V') = W’.

; ProPOSITION 2.1. La catégorie pC(F est admissible pour une théorie de coho-

moiogie. ’

Pour démontrer cette proposition, remarquons que si (V, V') € Ob peF
alors (V, V') X R € Ob p@(F et pour ¢ = (—w, 0] {J [1, 4), I'application
ke:(V, V') = (V, V') x R, définie par k(x) = (x, #), est feuilletée.

ner lLes morphismes dans la catégorie p@(F étant feuilletés, nous pouvons don-
a

DEFINITION 2.1. Les morphismes f, g: (V, V’) — (W, W’), dans la catégorie
pe(F, sont F' — homotopes s'il existe un morphisme feuilleté 4 : (V, V) X R —
= (W, W) tel que h-k =f pour ¢ < 0 et h -k =gpourt>1.

Compte tenu de la définition précéd "axi ! i
par 1o pte te : precedente, remplagons 'axiome de 1’homotopie

* Université de Bragov.
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Axrone. Sif, g: (Vo V)= (W, W') sont deux morphismes F — homoty
dans pe(F alors . . Pes
He(f?) = H(g?), >0

- btenons ainsi la notion de théorie’ de.cohomo}ogie feuilletée sy )
go?iles ?‘)E(f ou sur une de ses sous-catcgories admissibles. T la cate.

Désignons par of?(V, V') le sous-espace fle A?(V), dont les éléments ot
les champs de formes différentielles de bidegré (p, g), 1}3]5 sur V7. Tl en réseip.
que » < o (V, V') si et seulement siw V) etPeo=07:V Ly P
je morphisme d'inclusion. De plus

v, 1 ~
7P dff o =dlj"0 =0

done e € of” ™'V, V'), dott il résulte la suite semi-exacte

are
MW VY eV, V) 5 APV, V)

Le groupe de cohomologie de dimension g de la suite o£?(V, V') sera noté par
HM(V, V'; R).

Si f:(V, V') — (W, W’) est un morphisine dans la catégorie pi(F alors
pour © € (W, W’) on a

3’?17?1 ® =7M ’]”-M =0

T 7] [ ‘ . . . . .
donc fMw € A™(V, V'), doit il résulte que f induit un morphisme de suites semi-
exactes

Tr = (" : W, W) — AV, V)0

N01‘15 avons construit ainsi un foncteur contravariant of? : p@F — S¢, qui a5
socie au couple admissible (V, V'), la suite semi-exacte off(V, V') et 2 un
morpmsmF admissible f, le morphisme f~ . En composant ce foncteur par le foncteur
contravariant de cohomologie H, nous obtenons. le

THEOREME 2.1. Pour tout $

: ! > 0 1l existe un foncteur contravariant HP:
LPE(F — Ab grade, qui associe au / ]

couple (V, V') le groupe gradué de cohomologie
BV, V'; R) =@ Hu(V, V'; R)

02gq

el i . .
au morphisme admissible [, vy~ w, W) le morphisme

) B, W', R BV, V'; R)

LELﬂfE 2.1. SOit (V, Vr)
émonstration d el que P10 = .

chap. IX, [3] 0 du lemme 2.1 est |5 méme que celle cjle la propositiotl 96, §9

) Ob pE(F et J: V' =V le morphisme dinclusion-
il existe oS oﬂ”(V)
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Du lemme 2.1 il résulte que pour » € AN(V'), dy — fermée, il existe €

e A¥(V) telle que 7’1 @ = o et alors
7P BIE =0
done d{a ATV, V') et c’est un cocycle. Nous pouvons donc définir 1'ho-
momorphisme
PV, V) H*(V'; R) —-H"""'(V,V'; R)
de la maniére suivante: 8%(V, V') =0 pour ¢ <0 et
SV, V')[e] = [da], 176 =0

On démontre aisément que la classe de cohomologie du cocycle d§{ & dans H” 7*(V,
V'; R) dépend seulement de la classe de cohomologie du & dans H*(V’; R),
donc 8" est bien défini.

LeMME 2.2. Soient kg, ky: (V, V') = (V, V') X R les applications définies
par ko(x) = (x, 0), resp. Ry(x) = (x, 1). Les morphismes de suites semi-exactes

R, B APV X R, V' X R) = oA?(V, V)
sont homotopiquement équivalentes.

Démonstration. Nous allons construire une famille d’homomorphismes
B oA (VX R, V' X R)— ANV, V)
tels que la relation suivante soit vérifide
at 15 + T 91 d"’ k _%M (1)

Pour ¢ < 0 posons %** = 0 et pour ¢> 0O considérons d’abord le cas Vo= R**"
et Vg une sous-variété feuilletée fermée de V,. Soit & = oA (R**™ X R, V} x
X R), R étant considéré comme une variété feuilletée de codimension 1. Si

o=adx:A...Ad"PAOA ... \O% (2
alors %@ = 0 et pour )
O=0bdxtA...AdxP AdtABaA ... A0 (3)

définissons Phomomorphisme %7 par

1
Blo=(—1((bdt)darmn. . Adafpoun... Ae9 “
A (4)

0
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Pour les formes
"h'g"“d{fw =1

différentielles du type (2) nous avons

,¢+l[(—l)"2'f QA . AEPAGAOUA 0T formes oo
o

1
da ay a u, .
nt pas la différentienedtJ=(§a—,dt)dx Ao AdXPABYA L oY

contena )

'autre part on @ ) ) § “
D’autr (71:{"‘7‘3’)“’: [a(z, 1) — a(% 0)] d2™A ... Adx"PA 0" . A%
est vérifiée” pour les formes (2).

donc (1) (3) alors

Si o est donnée par
1

S—a?dt)dx"/\...,\dx"ﬂ/\dt/\ 0“A ...A0%

17, p+—l
& Ko = (—1) ‘ (3x4

0

1
Tt gty = (—1)P71 (Sﬁb“dt>dx" A...ANAXPAAEAOA ... AOY
a1
0

Mais (’;fv_ He =0, donc (1) est vérifiée pour toute forme différenticlle du

type (3). ..
P P(01)1r le cas général soit of = {(U,, 4,)}, un atlaslocalement fini de V. Nous

pouvons supposer que U, est homéomorphe & R*+™ par A,. Alors {U, X R, {,),,
Ue(%, 8) = (he(%), 1), est un altas sur V X R et si {a,}, est une partition de
'unité subordonnée au recouvrement {U,}, alors {b,: (x, f) — a.(x)}, est uue
partition de l'unité, subordonnée au recouvrement {U, X R},. Posons

o =L HATRE (F Y bes ()

W ainsi défini vérifie I'égalité (1).

THEOREME 2.1. Pour p >0 le couple H'® = (H?, 8°), 8% = {8#1},,0 défimt
une théorie de cohomologie généralisée feuilletée & coefficients récls sur la catégorie
PEGF. H™ définit une théorie de cohomologie fewilletée sur PEF.

& Demonstrafwn 1. Axiome de la commutativité. On vérifie aisément que le
agramme sutvant est commutatif pour tout ¢ € Z

B 8 ) s, 3 1y

il Lo

BV, R) %0 moeri(y, yr; Ry
2. Nous allons montrer que la suite

h -’H;:; Vs B) 225 HW(Y, V', R).?'_", He(V; R) —
‘“—)H’G(V'; R) i'_) Hpa+1 (V, V’; R) — ..

est exacte (7: (p ,
G:(, 2) - (v, V') est le morphisme d’inclusion).
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2.a. Pour [w] € Im 8#¢-1 il existe [w'] = HF-! (V’; R) tel que
8241 [0'] = [v]
D’aprés le Jemme 2.1 il existe @ € AP~ (V) tel que #%6’ =@’ et alors [dgiq—l ©']=
= [w] € H#*(V, V’; R), donc
o=df"% +df'e 6eAV, V)

P = dgiq—l‘]"-p.q—lar + dgiq—l‘;’p.q—l 0 =alf e
Il en résulte Im 8" < Ker 7 %
Si ' [w])=0 alors il existe 8 = APH V) tel que 770 = a5~'0. Mais _’7;”"—16 =
e APV et
d(l)’iq—l :7';?.1-'1 0 = ?Pﬂ dgiq—l 0= ;"M ;"M w=20
donc [ 8] € H**"'(V'; R) et parce que
PP 0] = [0]
il résulte Ker ;'” c Im &7,
2.b. Il est ¢vident que Im ;"' < Ker 7%,

Si [w] & Ker 77 alors il existe 6 € of” 7' (V) tel que 77w = @5?"' 0 et
pour ¢ € A" (V), 7 6 =06 on a

M@ —di"le) =0
Mais doi(o — dfi""' 6) = 0, donc [w — d5i*™' o] € HM(V, V'; R) et alors
7?0 — dhi' o] =[a]
ce qui démontre que Ker 7 # < Im ;"’ .
2¢. Si [0'] =77 [0] alors &' =3 @ et

done Im j"‘»qg Ker 87 3 [w'] = [@w]=0

:z:zn[: ]BEEK:;WSM et < of"(V) tel que 79G =w. On a [dw] =0 et consi-
de plus (V. V') tel que df1@ = dff 0. Alors (@ — 6] < B* (V; R) et
d 7™ B~ 8] = 73] = (o]

donc Ker 8"5 Im ;.". .
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pie résulte du lemme 2.2.
Soit (V,7") = Ob p €F, UC V un ouvert te)

(V U, V'~ U)=Ob PE(F et que Vinclusion e -
est un morphisme feuilleté. Si & = (V. y,

3. IL'axiome de I"homoto
4. Axiome de I'excision.

que & € " et supposons q;le
U, V0 =V, Vv '
V'( \ U) alors définissons @ € AV, V') par

oy y=0® Oog=0

~

Il en résulte 79, =, donc e’ est surjectif.
Soit @ € AM(V, V') tel que ¢ w =0. De la définition de I'homomorphisme

5% i] résulte que = O sur V'~ U et parceque (V'~ U) U V' =V on en déduit que
¢* est injectif. Donc ¢ induit un isomorphisme des suites semi-exactes of?(V, V)

et AV U, V'\U).
5. Pour p = 0, I'axiome de la dimension résulte de la proposition 3, 1, [3],
et alors H*° définit une théorie de cohomologie feuilletée sur la catégorie p@(F.

Remarque. Les conséquences des axiomes d’Eilenberg — Steenrod restent
valables pour la théorie de cohomologie construite, avec les modifications imposées

par la notion de F — homotopie.
(Manuscrit recu le 14 avril 1981)
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oT '
EORIE DE COOMOLOGIE PE CATEGORIA VARIETATILOR FOILETATE

(Rezumat)

In Juerare se .

tru aceasta o teoﬁec‘;!:slderi categoria varietitilor foliate paracompacte €(F i se construieste pes”
i N ;?:’e’;‘°’°i8‘e.91°°inq de la anumite rezultate ale lui I Vaisman (5} (6]
nsiune :ntI:]ﬂ exterioate i grupurile de d,—coomologie ale unei varietdfl
© 10 paragraful 2 se dau mai multe detalii asupra coomologiei foliate:

In Teorema 2.1

-1 se dem o j
teali pe categaria p@(;:s:;z::ﬂpotmt;htatea construirii teoriei de coomologie folietatd cu coeficientd
vasietate foliats inchiss a lui y, (V. 7) unde ¥ e varietate foliats paracompacts, iar ¥’ © S3>°
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NOTE ON THE INFINITE SYSTEM OF DIFFERENTIAL EQUATIONS

BOGDAN RZEPECKI*

Introduction. In this note we consider the infinite initial value problem

(PC) % = gult, 2) + fulls %0 Zgh ooy %), %,(0) = 20

nd real functions f,, g, defined on I X R

[0, @], R? is the g-dimensional Euclidean

(n =1, 2, ...) with given 3 in Ra
ctions from I to R(=R?)

and I x R, respectively. Here I = i
space and C(I) denote the Banach space of continuous fun

with the usual supremum norm || - [lo-
A function x = (x,, %, ...) is said to be a solution of

(PC) if x, € CY(I), %4(0) = 20 and

% (6) = galt, 2a(0)) + fult, %,(), 2200, ..., %, (¢)) in I, for each » > 1.

Our purpose is to find assumptions of f, and g, which guarantee the exis-
tence of solution of the problem (PC) on I, using the fixed point theorem of
Schauder type cstablished in Sec. 2.

2. Fixed point theorem. Let X be a Fréchet space (see e.g. [4]) with a
nonempty convex closed subset K. Denote by ¥ = {p,:n =1, 2, ...} a satu-
rated family of seminorms which generates the topology of X. Suppose we are
given: T — a mapping of K into itself such that T[K] is a closed set, and
Q@ — a continuous mapping from K into a compact subset of X, and F — a
mapping from K x K to X with F[K x K} C T[K]. Assume, moreover, that
f;)lr each p, in ¥ there is a constant %,, 0 < 2, < 1, and a constant ¢, > 0 such
that

PulF(xy, 3) — F(%y, 3) < ko - pu(Tx, — Txy),

and
Pu(F(x, 31) — F(%, 35)) < ¢a - pa(Qyy — Q1)
for all x,, x,, ¥ and %, y,, y, in K.
Under these hypotheses the equation F(x, Tx) = Tx has a solution in K.

The above result is a slight generalization of fixed poi i i
¢ point theorem given in
[2] le}cnd [3]. Next, for the convenience of the reader we sketch a proofglof this
result :

First, assume that Q is a closed set in X Let 2(: 2 1) b
' ; . > e a sequ
of Q into itself such that (1) there exists lim A(x) for‘(every)x in Q, Z(}lden(%
phi(w) — hy(v)) < By - p(u — v) for all u 1’7?:1 Q peN i
[ A = . ’ ’ and wlth 0 < k
<1 (here %, is a constant depending of a seminorm ?). Further, let \us fimj:
ho(x) = lim Ay(x) in Q.
f—>0
* Institute of Mathematics, A. Mickiewicz University, Matejki 48/49, 60—769 Poznan Poland
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Sjnce O is a complete space, S0 O Cain and Nashed theorem ([1], Th. 2.9)
we obtain that each b;{j = 0,1,..2) has a unique fixed point ’ij in Q. Moreover,
if Y0 =% and YW = B(y9,)s then p(x‘ —y9) < (1 —kp)t - B2 - p(y) — by
fo;op e, izl and # > 1. Hence 3_'111; x = %o-

if w loy the above remarks then, in the same way as in the

of t]?e%?éx;f ":‘2?2&?333 [2], our assertion follows easily. proof

3. Result. Leb i (# = 1,2 ...) be positive integers with sup in = + oo,
Lef., galn=(n= 1,2, ...) beared continuous bounded functions defined on
IxR»and I XK respectively. Suppose that | Fulty By a0 -0 W) | < Ay om
I x Re, lg.(t w)].< Ba o® I xR, and gl %) — gnlts %2) ] < Laluy — u,)
for every t in I and 4, %, in R Then the problem (PC) has at least one solution
defined on the interval I.

4. Proof. Let X = Iy x CI) X .« In the vector space X define a
sequence (p,) of seminorms as pal%) = |1 %] for * = (%;5 %g --.). It is known
that the space X equipped with topology generated by a family ¥ = {pa:n =
=1, 2, ...} is a Fréchet space.

Without loss of generality we may suppose that =0 for n > 1. Let
» be a fixed index. Let 7, > L, and let

U.() = exp (7)), Valf) = exp (—74t)
for ¢ in I. Moreover, H, is defined as

H”(xp Xgy o vs x;”)(t) =

{ fls, Ua)a(s), Uae), -0 Usgls) (SN

[]
for %, %,, ... in C(I).
Now, let us put:

» K ={(%, %, ...) € X:|| %]l < a{d,+ B,) for n > 1},

(T2)(t) = (Vi()%.0), Valt)2:0), - . .),
@x)() = (Hy(zy, %, ..., %:)(0), Hz(le, Xy v ey )x.-,) @, .- )

F(x, ))f) = (Hy(yy 3, - Y60 + g gls, %,(s))ds) V,(2),

(Hz(ylr Yo - .,y.,)(t) + g gls, x,(s))ds) Vz(t),

0

-
O E=(%, %, ...) and y = (y,, Yy ...) in X
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Obviously, F[K x K] C T[K]C K, K is convex set, and
p(F(x, y) — F(=x, z)) < p(Qy — Q2) for each p in ¥ and %, y, 2 in K. The

convergence in X is equivalent to the coordinate-wise convergence, so K and
T[K] are closed subsets of X. Further, Q_is continuous on K, and by Ascoli-
Arzela Theorem the set QK] is conditionally compact. .

For # > 1, and (x;, %5, -..), (J1 ¥ .-.) in K, and ¢ in I, we have
[

S [ga(s, Za(s)) — gals, ya(s)) lds <

0
¢
< LailVo(xn — ya) o - S Uan(s)ds < ";l LoV (20 — 3 ) |0U,,(t)
0

and it follows that

sup Val0)| { [6a(s, 2) = &a(5, 2u(NMs| <7+ L - sup Val) | 2a(8) — 30|

This means that p (F(x, 2) — F(v, 2)) < 72!+ L, - p,(Tx — Ty) for each p, in
¢ and x, ¥, z in K. '

Consequently, according to our Schauder type theorem, there exists a
least one point (x,, %,, ..., %, ...} in K such that

V.(t) [\g..(s. x (s))ds + H, (V1x,, Vox,, ..., V,nx,”)(t)j =V, - x,;(t)

for ¢t in I. Thus

%, (t) =\ &als, %a(s))ds + gf(s, %y(8), %), ..., %, (s))ds

0

(=1, 2 ...)onl. This completes the proof.

(Recesved April 28, 1981)

REFERENCES

1. G. L. Cain, Jr. and M. Z. Nash

( ed, Fixed point d stabili
in locally convex space, Pacific J. Math., 39 (1971),1> 5811;;'2. slabitity for @ sum of tuwo operators
2. B.Rze pecki, An extension

of Krasnoselskii's fi : .
\ gé,_ Sci. Math,, 27 (1979). 481—-{188. skii's fixed point theorem, Bull. Acad. Polon, Sci.,
-B. Rz ki, ; . . .
] (to be ;ll:b:i:he)l. On some classes of Volterra integral equations in Banach spaces, Collogium Math.

- K. Yosida, Functional Analysis, Springer-Verlag, Berlin 1965.



B. RZEPECKI
42

0 NOTA DESPRE UN SISTEM INFINIT DE ECUATII DIFERENTIALE
(Rezumat)

fa lucrare se foloseste o teorem3 de punct fix a lui Schauder pentru P
solutii {globale) a problemei cu valori initiale P & stabili existenta upe;
T, = gl 2g) F fults 2y, 2y oo ), 2,(0) = x,?

-« 0 . . as .
pentru n = 12, ..., Aici x, € R i f,, g, sint functii continue astfel ci S depinde numaj ¢ .
n componente 5i g, satisfac conditiei lui Lipschitz referitor la variabila a douy ¢ Primele
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GENERALIZED CONVEX SEQUENCES

GH. TOADER

The notion of convexity was generalized in many ways. Some qf these
generalizations are based on the geometric interpretation of convexity and
resort to an alteration of the finite differences. In this case it was impossible
to transpose them for high order convexities. In this paper, we propose another
generalization of convexity based on the notion of finite differences. For the
moment we study the convexity of sequences of elements of an abelian group.

Let (X, 4) be an abelian group and (%m)m=1 @ sequence of elements of
X. With usual notations, we define the f{inite differences by the relations:

A%%x, = x,, A+lxy, = A", — A"x,, for n 2 0. (1)

One proves by induction, as in tie classical case, the validity of the following
relation :

B3 = 23 (=117 () ot @
where the second member must be interpreted in the natural way by means
of the operation of the group. In fact, {inite diffcrences defined for sequences
of elements of a commutative field was considered previously by M. D.Torres
in [10], but obviously a group structure is enough for our purpose.

Let P be an arbitrary proper subset of X.

DrriNiTioN 1. The sequence (%) is said to be P — # — convex if A"x,, €
e P for any m.

Before passing to the study of the notion just introduced, let us give some
examples.

Example 1. For the group (R, +) with P =R, we obtain the usual
n — convexity (see [5] for more references).

Example 2. In the same group, for P = {0} we obtain # — polynomial
sequences (met esspecially in the case of functions). Particularly, for # = 2 one
get the arithmetical progressions.

Example 3. Ju. N. Subbotin has considered in [8] the set of the
sequences with the property: |A"x, | < 1 for any m. This may be obtained
by choosing P = [—1, 1].

Example 4. The case (R — {0},.) with P = [1, ) corresponds to logarithmic
# — convexity. In fact, one obtains a generalization of this because the sequen-
ces so defined need mot to be positive.

_ Example 5. In the same group, but with P
which we can call logarithmic # — polynomial. Par
geometrical progressions.

Example 6. In the group (Q — {0}, .) with P — i
which we’ mame b divisibllz. (@ — {0}, .) wi N we obtain sequences

= {1} we obtain sequences
ticularly, for # = 2 one get
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Although the way which we have chosen to arrive at the defj.
Rt‘nlfl"k {'ta‘ble the following method may be regarded more natura],
n;'tion ] 1S sul »

) be a semigroup and (%n.)m=1 be a sequence of elements of P. w
1) be

(F. has {inite difference of first order if there is d & P gych that 4 -
that z, has

. 4. In this case we denote d by Alx,,. Similarly n?ay exis.t the differences

=tm + & A sequence is mamed 7 — comvex if all his elements have

of higher orfder.der n. This method is suggested by example 6.

differences 02 ozna]o ;)usly we way define the convexity of a function With
Ré"’"a’k{- u (ing \vhicil we have fixed certain subset P).

m]ue,s o lfrfhep definition 1 seems to be too gemeral, we may transpose for

it al?l'zll::urgesults which we obtained in [9] concerning the representation of

convex sequences. We begin with the following useful result which is easy
" — .
to prove by induction: |

Lenva 1. If the sequences (%)m=1 @14 (Yn)mey are related by :

e say

P _—_f_\’y, Jor m > 1 (3)

f=1

then :
A”x,,, =A”_Iy,,!+1 for n = l (4)

As 2 direct consequence, we have:

LEsas 2. The sequence (*n)m=1 35 P — 1 — convex if and_only if there
1S @ sequence (y,)°_, such that holds (3) and (Vm=z be P—n—1~— COMVE:

To formulate the following result (which may be obtained by successive
application of lemma 2) we need the following :

DeFINITION 2. The sequence (y,),.; is a # — P sequence if ym € P
for m> g,

< m
LEMA 3. There are the matuygy numbers ph; (for amy m, m and i < M)

”-
ts;clzbtlzai @ sequence (Xp)mey is P — 5 convex if and only if it may be represe
y

) (5)
Zm =_EP:-,¢y¢, for any m

Yith a 4 _ p Sequence (y,)

I 9] we have geger. of #—
eterm; n sual case
— Convex sequences (ex ned the numbers pmi for the u

erally valid
We prove firgs “mple 1). We shall see that they are gen

©
M.
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Lemma 4. For an arbitrary sequence ( Ym)m=1, define the sequence (%m)m=1 by :

BT e
BT FOS Y (el P
e A% = Ynim for any m =1 (7)
™ Arx, = ypq1, for kB < mn. )

Proof. We shall prove only the relations (7) for m < %. The other cases
may be proved analogously. From (2) and (6) we have:

n-—m~1 o B\ om +7—1
A"z, = ;0 (—1) [])2[ i1 jy.+
" gyl om 45— 1 mti o m4n+g7—1—1)
+,~.§m(_l)"—’(?)§\1 S E2E S Y T 1

or, changing the order of addition:

m-l hi Yy (m+j—1
e S ) (Y

1
1

+::\ ya,i (_1),,_,~(n) (m—l—j— 1)+

=m j=i—m ] i —1
ntm n sty (m+ntg—i—1
+;':ylj:£‘;m('—l) ,(]J ( n—1 )'
the first sum missing for m = 1. Because, for any m and #» we have:
m M\ (B j
2(—1)"'-’(].) ( :’7)=O,ifk<m and k < n 8
j=0

(as is proved, for example, in (7] p. 48), the first sum is zero. Making in

the other two sums the changement of variable:j =1 — m 4 k, by (8), we
get (7).

So we get the coefficients p;, ; from lemma 3, that is:

THEOREM 1. A sequence (x,)mey 15 P —# — convex if and only if there is
a n — P sequence (y,)m-1 such that (6) holds.

Remark 3. In the usual case of # — convex se

) ! quences, in [9] we found
the representation (6) by induction from lemmas 2

and 3. Taking in account
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. s i tation by solving tp,

-« can obtain 2 similar represen _ 8 the syste
e s () and (7) (see (1) Prof & LUBas pORted ot to me i
of equa on1 formula of transformation of divide erences’’ given by
tundame'n_tiiu in [6], from which (6) may be also deduced if we mage the
PO (7) and (7). In [2] and [3] may be also found some formulas rej,.
no

Aciu’s formula. . . .
ted to Popoviciu ually dome in defining the logarithmic — convexity

Remark 4. As 18 ustv also), we may assume that the transformed sequen.

— convexi C A
gseeegi] :g;lszixed function, is convex. That is, given the set M, the group

(X, +), the set P(C X, and the function f: M — X, we may define the P
:-,P —,n — convexity of a sequence (%m)m=1 from M, taking A%x, — ().
For example, for f: R — {0} _+ R defined by f(x) = 1/x and the addition o
R, we obtain ‘“harmonic progressions” for P = {0} and a related convexity
for P = [0, ). If f is injective, we may obtain also the representation of

such sequences using f~1: f(M) - M. '
(Received June 29, 1981 )
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SIRURI CONVEXE GENERALIZATE

‘(Rezumat) ,

Fie (X, . . : ©
de element(e ale-'-ll)xi“; ei:‘:l;abehan # P o submultime proprie a lui X. Spunem c# un §ir (x"')"'s-f
mea P se obin diverse not-i’;:iogvex dack A%y, < P pentru orice m. Particularizind grupul si n::lﬁ
de Teprezentare a acestor siruri ¢ Convexitate (v. exemplele 1—6). In lucrare se obtine © teo
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DOUBLE CONDENSATION OF SINGULARITIES FOR
SYMMETRIC MAPPINGS

PETRU JEBELEAN

1. Introduction. First, we recall some notions and results needed in the
sequel.

A subset S of a topological space T is called Gs if S can be \Evrlttelill _as
a countable intersection of open subsets ol T. A countable union o nxw ere
dense sets in T is said to be of I-st Baire calegory (or a meager setf). n un-
countable dense G, subset of T is said to be superdensc in T. 1 1o ?pen
nonempty subset of 7 is meager in I' then T is said to be a Batre s/)aclea;
As it is well known, every complcte semim.etrxc'space is a Baire spacc_:af. %
topological vector space (7.V.S. in short) X 1s Baire space if and only 1f X
is not meager in X. All the vector spaces will be considered over the fie

K, where K stands for C—the field of complex numbers or R—the field of real
numbers.

A subset M of a T.V.S. X is said to be bounded if for every o-neighbour-
hood ¥V in X there exists x> 0 such that A/ (C A-V. 1f X an arbitrary

set, (Y, p) a semimetric space, ¥, € Y and & is a family of mappings {rom
X to Y then the sct

Salye) = {x € X:sup {p(y, 4(%):4 € a} = o0}

is said to be set of simgularities of the family & with respect to y,.

In the proof of main result (Theorem 2.3) we use the following lemma
whose proof may be found in [4], p. 103:

LY. LemMa If T is a nonempty complete metric space with no isolated points,

then the intersection of any countable family of open and demse subsets of T is
superdense in T.

Rudin [4] pp. 101—103, emphasizes the phenomenbn of double con-
densation of singularities for Fourier series of continuous functions on [0, 1]
both in the space C[0, 1] and in the interval [0, 1].

S.Cobzag and I. Muntean [1] proved a principle of double con-

densation of singularities for families of continuous sub-homogeneous map-
pings between normed spaces,

. ! depending upon a parameter ranging over a
metric space. They derive the Rudin’s result as well as other divergence results
for some approximation methods

as Lagrange interpolation polynomials, biortho-
gonal systems, quadrature formulae.

The exact statement of the principle of double condensation of singularities
proved in [1] is:

1.2. THEOREM. Let X be a nonzero Bamach space, Y a normed space and
T a nonempty separable complele metric space with no isolated points. Let A be
a family of mappings A: X X T — Y satisfying the following conditions :
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: X =Y is conti < |14 )1+ |1A(y, ¢
A0 : X = Y is continuous, |1A(x + 9, Ol < || % 011,
and al)lA(()\x,) < A, 9l foral A8, 0T, %,y <X, and A s g
with || < 1;

b) A(z.): T =Y is continuous for each A € @ and x € X ;

c) there exists a dense subset T of T such that

sup {||A(z, Oll:x <X, ||#]l <], 4 €8} =0

for all t € T,
Then there exists a superdense subset X, of X such that for each x « X
the set {t « T:sup{||A(x, 9)||: 4 = &} = o0} is superdense in T.
The aim of this paper is to prove a more general principl.e of double
. condensation of singularities for families of continuous and symmetric mappings
defined on a metrizable T.V.S. and with values in a semimetric space (Theorem
2.3). The proof of this theorem is based upon an extension given in Theorem
2.1 of a result in Edwards [3], Theorem 7.5.1, on the condensation of
singularities for countable families of lower semicontinuous functions. The last
section of the paper contains some applications. First it is shown by an example
in C[0, o[ that our Theorem 2.3 applies in situations wheere Theorem 2.1
does not work. Then it is shown that the set of functions in the space
Cla, b] having unbounded variation is superdense in this space.
2. Double condensation of singularities for symmetric mappings. The fol-
lowing theorem is an extension of a result in [3], Theorem 7.5.1.

2.1. THEOREM. Let X be a Baire T.V.S., let B be a bounded subset of X
and let fo: X — [0, 0], n € N, be a family of mappings verifying the following
conditions :

a) each f, is lower semicontinuous;

=f,,](:))—'£")(,xf;t ya)llsx{”(;t)s-l-Xf”iﬁi zzhzte;le;r fo(%) and f,(y) are finite and f,(x)=
c) sup {fa(#):x € B} =0 for each n < N.
Then S ={x € X:f,(x) =0, n = N} is a dense Gy subst of X.

Proof. Let Sy m = {x € X:f,(x) > m} for #n, m € N. Then
S = {Sa,m: %, m = N}.

Because f, is lower semicontinuous, the sets Sa,m are open in X for all n, m €
€ N. Iet us show that S, ,, are also dense in X for all #, m < N. Suppose
on the contrary that there exists #, m € N such that Sa m is mot dense in
X. Let 2, € X\ S, » and let V be a balanced o-neighbourhood in X such that
(%o + V) () So.m = 9. As the set B is bounded, there exists A > 0 such that
é % %,V. ﬁ,et fhi 1\2, P +> )\.lTllgm se‘gs V being balanced we have B(C AV C
-V, so a x -1, =0 ~1.4) £
s m, for all x € B, oButpthen) (1 Snm =0, Consequently f(xo +77-2)
PP 5) = fulwo + 75 — 20) < fulto + p12) + fu(—1g) =

=fal&o +272) + fu(x)) <2 m
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and-
fol%) = [falp-p2-%) < pfalp™- %) < 2pm

| x € B, contradicting the hypothesis sup {f,(x):x € B} = . Hence
1f:(1)11; gclet Sam is dense in X fgor everypm, n € N. It follows that S is a dense
G -subset of X.

2.2. COROLLARY, Suppose the hypothesis and notations of Theorem 2.1 are
preserved, except the space X which 1s supposed to be a nonzero complete metri-
zable T.V.S. Then the set S is superdense in X.

The Corollary 2.2 results from the proof of Theorem 2.1 and the Lemma
1.1.

Now we are ready to prove the main result of this paper.

2.3. THEOREM. Let X be a monzero complete -metrizable T.V.S., (Y, p) a
semimetric space, ¥, = Y and T a nonempty separable complete metric space
without isolated points. Let of be a family of mappings A: X X T —Y satisfying
the following conditions:

a) A(.f): X =Y is continuous, o(yo, A(x + v, 1)) < o(¥0, A(%, #)) + o(Yor
A(y).{t)) and p(y, A(%, 1) = p(Yo, A(—%, 1)) for all A € ct,t =T and %, y <
e X -

t;) A(x.,): T =Y is continuous for each A € of and x € X ;

. c) there exists a demse subset T, of T and a bounded subset B of X such
that :

sup {p(¥o, A(%, 1)):4 < of, x € B} = oo
for each t € T,

Then there exists a superdense subset X, of X such that the set {t « T:
sup {p(yo, A(%, 1)): 4 € oA} = o} is superdense in T for each % in . X,. .
Proof. Because T, is dense in the separable metric space T, there exists

a countable subset T) = {¢ :# « N} of T, which is d .
n e N define f,: X — [O,{oo] by } o which is dense in T. For each

Jalx) = sup{p(yo, A(x, t,)): 4 < A}, x = X,

By the continuity of A(.,¢,) and of the semimetric p it follows that f, is lower

:fflm;c'ox;tl:u%tfs g; g By a), fu(% + ) < fu(#) + fu(y) and f,(x) = fu(—%), for

sup{fa(%): x € B} > sup{p(yo, A(%, t,)): % < B, 4 = oA} =
for all n € N,
Theref b = :fa i
superdenseoirxex X)T Corollary 2.2 the set X, = {x « X: fa{x) =0, n « N} is
By the continuity of A(x.,) and of the semimetri i '
e . etric p, it follows that th
Zitg Is‘(';"dv(v,i:l)l—l-){t ti T: o(yo, A(%, #)) > m} are open in T,p for m N, Aae o:
T e the union T, (%) = (Y {T,4(x):4 of}. Let us prove that
CMT (—- Ifor m & N and ¥ € X,. To do this it ‘suffices to show that 7" C
C T,,,(x). this inclusion were not true, one can find # € N such that t0 =]
m(%) so that f,(x) < m contradicting the definition of X o- Taking i';lto

4 — Mathematica — 1984
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account Lemma 1.1 the set { € T :sup{p(y, A(x, #)):4€ oA} =} =
N {Twm(x):m € N} is superdense in T for each x € X,.

2.4. THEOREM. Let X be a nonzero complete metrizable T.V.S., (Y, ¢) a
semimetric space, v, €Y and of a family of comtinuous mappings A:X Y
satisfying the followmg conditions :

a) p(yor A(x + ) < p(vo (x))+p(y,A(y)) and o(yo, A(x)) = o(¥o
A=) Jor all A St and %, y o x; 70 e Al = el
b) there exists a bounded set B of X such that

sup{p(yo, A(x)):x € B, A € oA} = 0.

Then the set of simgularities of the family of with respect to y, is super-
dense in X. , ‘

Proof. For each » « N and x € X we put f,(x) = f(x) = sup{p(y., 4(x)):
A = ot}. By Corollary 2.2 it follows that the set S_y(y,) = {x= X : f(x) = oo}

is superdense in X.

2.5. Remarks. a) Theorems 5.2 and 5.4 in [1] are consequences of our

Theorems 2.3 respectively 2.4.
- B) Taking in Theorem 2.4, X a Banach space, Y a normed space and

a family of continuous linear mappings from X to Y, one obtains the classical
Banach-Steinhaus principle of condensation of singularities.
c) Theorem 2.4 can also be compared with the uniform-boundedness pnnCJ-

ple for F-spaces as proved in [2], p. 53.
3. Seome applications. The following examples show that Theorem 2.3 is
indeed more general than Theorem 1.2.

3.1. Example. Consider the locally convex space C[0, oof, of all continuous
functions on [0, co[ with values in K endowed with the topology generated
by the family of seminorms {p,:# = N} where

Pa(x) = max {|x(f)|:t € [0, »n]}, x € C[0, o[, » = N.

C[0, o[ is a non-normable complete locally convex metric space with respect
to the metric

) s
pla 3) = 05 27pn(x =)L + 4 (=), % y = C[O, o
Let B={x C D)) < tforallt 2 0L, T =1[1,2], Y =R,y,=0
and A4,:C[0, oo[xT—»R defmed by ‘
An(x, t) = x2(t™), for x € C[0, o[, m € N, t € T.

Let T, = ]1, 2]. Then sup {|Am(x, t)|: 2 = B, m N} =00 for each
t € T,, since the function x, € C[0, o[, defined by xg(t) = ¢, te [0, of is
in B. By applying Theorem 2.3 it follows that there exists a superdense sub-
set X, of C[0, o[ such that for every x € X, the set

{t €1, 2] :sup{[x(t")|:m € N} = 0}

is superdense in [1, 2].
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. L3 3 - cth a < b"
t /D be the set of all divisions of a compact interval [a, b] wi ;
if dléer[), A==t <H < ... <Yt =) and y: [a, b] = K, we put

Vi, & =315 — ylt-a)|

and

Vy) = sup{V(y, d):d € D}.

If f/(y) < oo the function y is said to be with bounded variation on [a, b]

and if Ib7(y) = oo then y is said to be with unbounded variation on [a, b].

Let C[a, b] be the Banach space of all continuous functions on [, b]
with values is K endowed with the usual sup-norm.

[
3.2. TuroreM. The set {x & Cla, b]: V(x) = ooy ts superdense in Cl[a, b].

Proof. For d « 7D, let A4:Cla, b] — R defined by
A4(x) = V(x, d), x  C[a, b].

Observe that A, is subadditive and A,(—=x) = A4(x) for all x € C[a, b]
anddeD Ifd=@a=t,<t, <...<tl,=20) then |A4s(x — y)| < 2n||x—
— y!|, which shows that A, is also coutinuous for every d < .

Taking in Theorem 2.4 X =C(a, b], Y=R,y,=0, oA = {44:d = D}
and B = {x,} where x,: [a, b] — R is defined by

0 for it =a
1) =
%o(t) t—asinzb—'“forte]a, b],
a

b—a t —

. b
it follows that the set S 40) = {x € Cfa, b]: V(x) =0} is superdense in
Cla, b). )

3.3. Remark. Theorem 3.2 can be derived also from Theorem 5.4 in [1].

(Received Saptember 25, 1981)
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Ll A SINGULARITATILOR PENTRU APLICATII SIMET
RICE

CON‘DE.\'S.\RBA DUB
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DESCRIEREA METODEI ELEMENTULUI FINIT CU FUNCTII SPLINE
PE O PROBLEMA BILOCAILA SIMPLA

DOINA BRADEANU

1. Formularea problemei. Fie ecuatia diferenfiald ordinard liniard
du (1)

unde % este functie de x iar a §i k sint constante reale (¢ > 0). Se pune pro-
blema gisirii funcfiei #(x) care verifici ecuafia (1) in interiorul intervalului
I=1(0,2)  R' si satisface condifiile la extremitati: #(0) =0 i %(2) = ¢,
[2]. Cu transformarea de funcfie .

u(x) =z(x) + 6';1 x4 1 2

se ajunge la urmitoarea
Problemd bilocald cu condifii omogene: si se determine funcfia #%(x) astfel

ca

— %(.i-{-axhz(x) = — axt l‘l " e’-2—] x}' xel=(02 (3)

2(0) =0, 2(2) =0

In cele ce urmeazi se consideri A ca un operator pe z astfel incit Az este
partea stingd din (3).

~ Prorozrria 1. Operalorul liniar A este auloadjunct, pozitiv definit §i pozi-
by mdrgimit inferior (strict pozitiv) cu constanta 1[2 pe spatiul liniar Z = {z €
€ C? (0,2]12(0) = 0, 2(2) = 0}, dacd a > 0.

Demonstrafie. Pentru demonstratie se introduce un spatiu fundamental
cu produs scalar (spafiul L,[0,2] cu produsul scalar si norma definite in mod
obignuit). Dupa cum este cunoscut, C2{0,2] este dens in spatiul L,[0,2]. Daci
z, v € Z si calculim produsul scalar L,

2 2
(Az, v) =S @ + axtz)dx =S 2(—v" + ax*v)dx = (z, A*v), (4)
0
deducem din A* = —v" 4 ax*v, A* fiind adjunctul lui 4, ci A* = 4 pentru
tofi 2, v € Z. Prin urmare, operatorul A este autoadjunct pe Z.
Daci z=v, din (4) obfinem
’ 2 2
(dz, z) = S 22 dx 4 aS x*22 dx >0, daci 2 > 0 (5)
0 0
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Egalitatea are loc dacd 5i numai daci z(x) = 0. nt:-
z(x) = ¢ (const); dar 2(0) =0 asa incit ¢ = 0. Ine

=

adevir, 2 x)
)

o\ . alit implicy
operatorul A este pozitiv definit. galitatea 5 dovedeste cg
S& aritdm, acum, ci A este un operator strict poziti
. ) 4, acum, € 0z1ty iti % .
inferior), adicd existd o constanti « > O astfel ca POAEY (pozitiv Marginit

(4z, 2) > o2 (2 2).

_ ©

Pentru demonstrafie si observim cid putem scrie
2(%) = Sz'(s) ds, cu z(0) = 0

0

Ridicind la patrat i apliciﬁd inegalitatea Iui Cauchy-Schwartz, objinem

2(%) < \ dsSz’2 ds = xS 2% ds
S0 0 o

De aici, prin majorare pe [0,2] si integrare, primim

2 ‘ . 2.
’(%) ds < 4\ 2% ds,
§.zx s < §Z S

de unde, daci a > 0, deducem cid are loc inegalitatea

2 2 ) - 2

1 - \

" Szz(x) ds < \z-(x) dx + a \

0 0 0

care, dupi (4) se poate scrie in forma (4z, 2) >
o« = 1/2 este demonstrati inegalitatea (6).

Observatia 1. Calculele precedente aratd, de asemenea, c3 f{lnctiOE:éapz:
liniari a(z, v) = (Az, v) datd de (4) este un produs scalar (energetic) 1o
(2, v)a; avem

22(x)x* dx

(z, z)/4. Prin urmare, luind

2
(2, v)a = (42, v) =S (z'v" 4 axh ) dx
0

. . ‘utorul
Observatia 2. Inegalitatea (6) se poate demonstra $t direct, cu 3]

inegalitdfii lui Friedrichs .
Mulle < (0 —a)llz]la

in
P . : . ste norma
unde || - |[|4 este norma energetica a operatorului 4 1ar Il -1lae

spatiul L,([a, b]. In cazul problemei formulate vom avea

N@ 2) < 24/(@z, 2) 5i (42,2) > i— (2, 2)
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ma de existenfd gi unicitate a solujiel ecuatier

Propozitia 1 asigurd, din_teore
ope?atoriale Az = f, ca si aibd loc ‘ ]
PropozITIA 2. [n spatiul Z problema bilocald

fic z, € Z aceastd solutie ) -
De asemenea, din teorema fundamentald a lui Ritz, pentru problema

(3) are loc urméitoarea propozifie o '
PropozITIA 3. Funclionala patraticd a energies F:Z — R definitd prin

F(Z) = (4z, z) - 2<f’ z) =

(3) are o singurd solutie ;

2

- S (2 + axt ) dx + 20 1+ T35 2] da ™
(1]

2
0

are un minim absolut pentru z = z,, adicd
F(z,) = inf {F(2) |z = Z}

st reciproc : dacd z, & Z realizeazd wn miinim pentri Sfunctionala energiei F(z)
alunci z, este solufic’ a problemet diferentiale (3).

Dupd cum este cunoscut, se spune in acest caz cd funcfionala energiei
(7) asceiazd o formulare variajionald de minim echivalentd (principiu variational
de minim) la problema diferentiala (3).

Peutru rezolvarea problemel variajionale aplicdim metoda aproximativa
a clementului. finit de tip Rayleigh-Ritz, intr-un spajiu finit dimensional (de
dimensiune ), cu functii de forma (interpolare, baza) date de functiile spline.

2. Procedenl lui Rayleigh-Riiz. Aproximarca solufiei prin funetii spline
cubice. Sc considerd problema (3) in cazul @ = 1; 2 = 0 pentru care avem

A(z)s—.;?;+z(x)=—(1+f’_;—lx],xe1=(o,2) (8)
2(0) = 0, 2(2) = 0

In scopul determinrii solufiei aproximative alegem in locul iului
subspatiu finit dimensional Z, (de dimensiune N),gcaracterizat ;gggﬂf frdﬂﬁ
de uetez.l'me egal cu acela al spatiului Z. Pentru N fixat se alege in Z, o bazi
cé;e f;mctn {®@}, ¢ =1, N, functii care indeplinesc urmitoarele conditii: functiile
3 1‘1 . e&)erfgzx};ta un sir complet de funcfii liniar independente (baza spafiului)
C0.9) 1an1 e pe porfiuni (glemgr_ztg finite, subintervale) si apartin spatiulu.i
i 02l 0u suport compact si verificd conditiile la limiti omogene (se anuleazi
=05 x=2). Un astfel de subspatiu al lui Z il oferd muljimea

?N = {zy = SNa("'?) [2y(0) = zy(2) = 0}
unde Sy(x) este spatiul liniar al functiilor spline cubice pe diviziunea

n:0=xo<x1<x2<x3<x4=2.
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cu pasul b = 1/2, de dimens'i“une N = 5. Baza.acestui.spatiu este formaty ;
functiile spline cubice ®; = By, 1 = 0,4, care indeplinesc conditiile de ‘maj !
Prin urmare, subspatiul. Zy al lui Z are forma -Sus.

Z.N 3 Span {ﬁo, §l' §2, B’a, ﬁ‘}.
Pentru construirea bazei {ﬁ,}, i =04, se foloseste cunoscuta -bazy {B} i =

= — l,_Sza spatiului de functii spline cubice S3(x) = span{B_,, B, B, B
MR BS}' [3]1 dupé cum urmeazﬁ 2 .

‘Eo =B, — 4B_p §1 = Bo - 431’ ﬁz = Bz: %3 = B4 - 4B3’ 54 = B4 - 4B5
Se obtin formulele:

94347, #= 0.12]
Bo(d) =81(1 — 2), x < [1/2,1]
0, x21
—3x(1 + 3x — 522), % < [0,1/2]
5t _%:3(1 —3 2)—6(1 — 22 + 13(1 — 2 x -« [1/2,1]
_.4(;_ ) z < [1,3/2]
0 x> 32
(::’ 3 1 3 1)2 * < DI
I (o R It
AR A R R R PR
(2 — zp3, x = [3/2,2]
0, ' o x < 1/2
Byx) =8 -‘:l"—_;]' S
—7 3 — 1)—6(x—1) + 13(x—1p, » < [1,3/2]
3(1 — 2)(522 — 17x 4 13), x € [3(2,2]
N 0, . x<1
B(x) =8 (lx -31)". x = [1,3/2]
LRGSR B AP ES

Graficele functiilor B, sint Teprezentate in fig. 1
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descrierea metodei elementului finit cu functii spline

in scopul rezolvarii efective a problemei diferentiale (8) cautam o aproxi-
matie Rayleigh-Ritz pentru problema variationaJa echivalenta pusa asupra
functionalei r(z). Se incearca o solutie aproximativa de forma functiei spline

cubice
zn(x) = £>*#*(*). & S [0,2] 9)

A-0
unde c* sint coeficienti necunoscuti constanti. Acesti coeficienti pot fi determinati
prin rezolvarea sistemului Rayleigh-Ritz:

YAAB(, BKch= (/, =04 (10)
A0

in care notam (' = dfdx)
> = (/.B{) = {fB tdx, %I;I)

0
2 ., 2
N (—BT+B1Y)Bi,dx={(B'iB'k\-BiBi,)dx, t=0,4; k=QA ; (12)
[0} (0}

a» = (AB,, B/)

au

0,4
Odaca | — |
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se scrie in forma matriciald

A} = ) )

(A = () {6} = (o --- € 0} = (bo - D))
Pentru a determina valorile coeficientilor aj se vor calcula in prealabil deri-
vatele Bj(x) ale functiilor spline, scrise mai sus, B(x) dupi regulile de deri-
vare obisnuite. Dacd se pune
oy = ﬁ:ﬁ; + B;B;

Sistemul algebric (10)

si se tine seama de simetrie avem de calculat numai coeficien{it

som HH — J—
Gipam = = \ tiirm(x)dx; m=03; 1 =04 —m (14)
0
In aceste formule se va face convenjia ca acei termeni pentru care indicii
limitelor de integrare sint mai mici ca zero sau mai mari ca patru si nu inter-
vind in calcul. Mai mult, volumul de calcule se poate reduce atit datorita
simetriei operatorului A cit si simetriei funciiilor B, si B;, i =04 (iig. 1).
Aceasta induce o simetrie a matricei de rigiditate [Z]_faté de ambele diagonale.
De aceea, in formulele (14) avem :

@i = Bu-p—y, 1 = 0,2; ay41) = ap-iyu-y, 1 = 0,1;
L+ = Aa—pu-9, * = 0,1; Gigra = au_ju-p, 1 =0;

In consecinta, rdmine s se calculeze efectiv cu formulele (14) numai 8 ele-

mente ?le matricei [4], celelalte elemente se obtin prin simetrie fatd de cele
doud diagonale:

v
i @0 01 27 Qo3 0

21 @ Gy

Termenii liberi x
mi liberi b, se calculeazi cu formulele (11) care se pot scrie in forma

2
b.‘ = — g §,(x) dx — a,
0

xBy(z) dx; a, = "’;‘ = 3,194528 (15)

CLwr

Valori i
alorile numerice b, calculate cy (15) sint scrisé in sistemul (16).
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Sistemul algebric al lui Rayleigh-Ritz (13), devine

-3484 —4513 —811 167 07 (c —1,958358
66562 351 —15314 .| |c 28,208810

3964 . | {eap =1 —12583584 (16)
o P 55,681751
o . . . 1t 1 —6,430698

Acest sistem s-a rezolvat cu metoda elimindrii a lui Gauss. S-au obtinut urma-

toarele solufii .
—0,049061; ¢,=0,042327; c,=—0,264463; ¢;=0,062205; ¢,=—0,112217 (16')

Aceste valori impreuni cu relatia (9) dau solufia aproximativid a Problemei
(8):se pot obfine valorile aproximative ale solufiei problemei (8) in fiecare
punct x din intervalul [0,2].

3. Evaluarea erorii. Referitor la eroarea pe care o introduce z (x), in [3]
este dati urmaitoarea evaluare

iz — vl < Ki? (17)

unde z(x) cste solutia exacti, zy(x) este aproximatia lui Ritz de tipul functiilor
spline cubice, 4 este pasul diviziunii uniforme pe [0,2] (lungimea elementului
finit rectiliniu) iar K este un numir pozitiv independent de N. Teoria mate-
maticd a procedeului lui Ritz, [1], [2], care este valabild si in cazul discreti-
zdrii prin elemente finite unidimensionale, ca §i estimarea (17) asigurd con-
vergenta metodei in problema consideratd aici. In lucrarea [2] s-a aplicat
pentru problema (1) o solufie de aproximatie prin polinoame Lagrange liniare
pe porfiuni (o aproximatie de clasd C°). S-a intocmit tabelul 1 in care sint
date valorile nodale pentru solujia exactid u(x), solutia de tip Lagrange u, si
solufia prin functii spline cubice (de clasi C¥) u,(x). Se obtine un inalt grad
de exactitate in cazul folosirii functiilor spline cubice (tabelul 1).

Co=

Tabel 1
x 0.5 1,0 1,5
u(x) 1,648721 2,718281 4,481689
ug(x) 1,648835 2,718546 4,482029
ur (x) 1,634821 2,696116 " 4,460750

(Intrat n redactie la 12 octombrie 1981)
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THE DESCRIPTION OF THE FINITE ELEMENT METHOD WITH SPLINE FUNCTIONS
FOR A SIMPLE BILOCAL PROBLEM

(Summary)

In this paper, the Rayleigh-Ritz variational method on -one-dimensional fini
was outlined, i—.‘ﬁin the general context of mathematical approximation, for g l:i’;lcplgle‘::il]ent.:
differential problem (1). This problemn is also comsidered and is studjeq by piccewise 1.-3%
polynomials in [2). Here, another approximate solution, is proposed (9), givenl by m ans of :lz:r
spline functions. This trial solution (9), is then deterinined by computing the B(2) splines ;
by calculating the coefficicnts ¢; (16%), using the Ritz procedure. The trial solution 1 (%) fro;u ax21
is compared to the exact solution #(x), which can be found analytically, and to the lsine;.r sol t! ),
u1 () (Lagrange). The spline solution u(x) is better than the linear solution (Table 1), ution
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ON SOME CLASSES OF REGULAR FUNCTIONS

PETRU T. MOCANU and GRIGORE $T. SALAGEAN

i i IL,m4n =1,
1. Introdueticn. Let s and # be two integers such that m > 1, -
and let « be a real number, « < 1. We denote by Tmu(x) the class of functions

f(Z) =2z" + am+lzm+l + am+22m+2 + e ey (l)
which are regular in the unit disc U = {z;|z| < 1} and satisfy
Rew> @, z U’ (2)
mzmt
where
= _ 3
Dpnf(z) = ¥ f(2) 3)

Here (%) stands for the Hadamard product (convolution) of power series,
0

o @0
ic. if r(z) = D, 7,2 and s(z) = 25,2/, then (r % s)(z) = Z:or, s, 2.
j=0 7 =0 Je=

For « € [0,1) the classes T, ,(a) were introduced by R. M. Goel and
N.S. Sohi [1], who proved that T, ,4i(2) C Thua(e) and deduced that all
functions in T, ,(x) are m-valent.

In this papcer we extend some results obtained in [1]. Our results, which
are cxpressed in terms of subordination, are sharp and they yield best impro-
vements of the main theorems stated in [1].

2. Preliminaries. Let 7 and s be regular functions in U. We say that »
is subordinale to s, writtcn 7 <, or 7(z) < s(z), if s is univalent, 7(0) = s(0)
and r(U) C s(U).

We will make use of the following result, the more general form of which
may be found in (3].

THEOREM A. Lect v be a complex number with Rey > O and let h be-a
regular function in U such that h(0) = 1, h'(0) # 0 and

Re[1+w]> —-min{Re , L IY"'”—lY_“}
K (z) Ty +U+pw—1/f’ < U (4)

If pd =1+ pz + ... is regular in U and

(z) + %ZP'(z) < h(2), (5)

then

‘P(Z) <4q(2), (6)
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where )
2(*) = 1j* (f) tr~'dt<h(z). @
0
The function q is corvex and the subordination (6) is sharp.

We note that eoudition (4) implies

which shows that his univalent (close-to-convex).

Theorem A is a generalization of a result due to D. J. Halienbeck
and S. Ruscheweyh [2].

The hypergeometric function, which we shall use in this paper, will be
denoted by Fa, b,c;2).

3. Main results. Theorem 1. Let mand n be tw
+ m > 1 ad let h be a regular function in U such that o) = 1, 0) ~ 0 and

Reft + ®I 2 (mm+n) 8

If tre regular functionf is of the form (1) and satisfies

<*W. ©)

then
-CM. (10

where
a2 =m ~ \ )h(t)t*+"-'dt<h[z). (ID

0

The function g is convex and the subordination (10) is sharp.
Proof. The function

plz) ~ (12
tn
ar in U and M= 1 From (3) we obtain
ME>»/*)] = (m+ n)DmnHf[z) — nDm,f(z) (13
and from (12) and (13) we get
fiw.n+i 7 (*)]'

_ 1
mamey = P2+ i+ n 2P\
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Hence the subordination (9) can be rewritten as

Pl) + ——2'(0) < ()

and Theorem 1 easily follows from Theorem A by letting y = m + 7. ;
COROLLARY 1.1. If m and n are integers, m 2 1, m+n=>1and a1sa
real number, o < 1, then )
(15)

Tm,n +1 (a) C T’"."(S (a))’

(14)

where - "
(—1 -
8a) =1—2(1 — a.)(m +n)y, e (16)

k=0

=2 — o) 2 FlmAntlmtn+2;—1)
m a4+ 1
Morcover 8(0) > « and the value of S(a) is best possible.

Proof. Let h(z) = h(2) = l—-"—l(—l—_——zi)‘ and f € Tyuti(a), ie.

-z

[Dp a1 S} < h(2). (17)

mem—1

For h = h,, from (7) we get g =g, where

Since, by Theorem A, ¢,(z) is convex and for y = m 4+ » it has real cocffi-
cients, we deduce

infg,(c) = qu(~1) =1—-2(1 —o) 222 Fllm4n+1, mtdn+2;—1).
el m+ 41

19

By Theorem 1 the subordination (17) implies (a9
DII'II ’

Pea ) < gu) < 1ule) (20)

m L

and from (19) and (20) we deduce the corollary.
Remark. Since 3(a) > «, from (15) we obtain

Tonn+1(2) C Toma(@)-
This last result was proved in [1, Theorem 1], for « & [0, 1).

THrOREM 2. Let m and n be two integers, m > 1, m +n>=1 d l
» =z 1, = 1, t ¢
be a complex number such that Re(c +m) > 0. Let % b wetion
U such that h(0).=1, (0) # 0 ™ ¢ @ regular function on
Re[1+.wl>—min{Rec m,_1_l6+m+1|—|a+m—1|
220 Rt Gl P oararmare oy SR )

L
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If the regular function f is of the form (1) and satisfies
[D-,uf (z)], h
=== <), (22)
then
[Da.» £(2)Y
Epyrwra < q(2), (23)
where
_¢ctm i -
o) == () v (24)
0.
and
c+m 3 m—
ql) = £ 5 h{t) t+m=1 g, (25)
0
The subordination (23) is sharp and gq(z) < h(2).
Proof. From (24) we obtain
cg(z) + 28'(z) = (¢ + m)f(z).
Hence

¢Dppg(2) + Dmal2g'(2)] = (c + m)Dmaf(2),
which can be rewritten as
¢Dy0 g(z) + Z[Dppg(2)] = (¢ + m)D,, . f(2). (26)
If we let
P(Z) — (D, 3(’)]"

m ™1

from (26) we get

1 40 — [Dasf0))
m-{-czp(z) - m z™—1

?(5) +

and (22) becomes

@) + ~ :_ czp’(z) < h{z).

N .
ow Theorem 2 easily follows from Theorem A by letting y =7 +¢

Cor
a real n:,fféﬁ,kya 2<11 de m and n be two tnlegers, m > 1, m +n 21, « be
) and let ¢ be a complex number such that Re (c + m) > 0
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If f & Toala) then £ < Tn(8(x), where g is given by (24) and

S THNIETEY O8 Y VNSNS DR ST 28
: cdm 1+ )t“*‘"'-ldt . ( )
8(“)_335Re = S S

best possible.
Moreover 8(a) > « and the value of 8(a) 1s .
‘. .Remarks 1.. If ¢ is real and c:+ 7 > 0; then S(a) defmed byx.(28) 1s ‘g.le,elI'J’\ ,y
T G e o ! 2 1 ‘
— l 1 c + m + ) 1
e =120 ST F (e .

. coihar oot oy
i 2. Since ¥(a) > o, from *Corollary 21 e deduce o ~|‘ .‘ y 1“13‘. "
RS T . Ll f P= Tm"(a) =>g E T,,,,.(a.) ‘ .; .,.,..,.‘,?,v " SV

where g is given by (24). For ¢ real, ¢ + m. >0 and « 5., [0, 1) hhls last :result

d 1, Theorem 2].
i é) r%‘;iolllal;y [21 shows that for all real a« (even nega.tlve) for’ which

3(a) > 0, the integral operator (24) maps each function f in T,,.(«) onto a

functlon g in T,,(0), which implies that g is m-valent.. . .. .,
For example, if c=m =1 and n =10 we obtain -:fz‘; R T

’ Ref'(z) > a0=>Reg(z)>0 (29)
where aa
% = ———‘““2‘3=—029435.... P T
- 4In2 -2 R A S CRRRTINR M
We also have ' - X .", 5» TR RN TT N B ITI

| Re/() > 0 = Regs) > @ (30)

where ' o - .
@ =3-4In2=022741.... D m)/'

These two 1mphcatxons improve the results of R. M. Goe l and' N. 8. S ohi
[1], who proved (29) and (30) w1th ®9.2and «, repleced: by —]1/4. and 1/5 res-
pectively.

IEIAE B PRI
e S it e v e by ey o (Received N”""""fq 198”
., 4 " Sh Lnsotyas \_. STATRPRTE
e A ey v {0) ar el
REFERENCES

l Goel R. M., Sohi, N. S., New cntena or -valmca, Indian ur 1. M
(1980), 1356—1360 - p I pure app ?th ll (l)

2. Hallenbeck, . D. J., Ruschewe h,. S, Subardmalum 00 L.
Math. Soc., 52, (1975), 191—195, '+ -t -t 2. eomes fune wm"Pmc'JAmer'

. Miller; s. S Mocanu ‘P, T, ’Read‘e, B%s ’0 " Subordindtion’ esemm 4 -
ralors (to appear) L A LN ERE TR ,‘{m.{r Ly gmegrdl a?‘

(38 Vo oo AR

A R T AU P L S i & ]'l\vr,':);':‘[

O B N B SR R O N R TR T

L P [P R AN v

| o ASUPRA UNOR 'CLASE DE' PUNC’.;.‘II 'OLOMORF\E 2L rihny ey
[P S N ;., .-‘:u'r‘ "‘(Rezume.t) _j ll';}"'ﬁll in-ll’] - fnl,'\

Aplicind un rezultat general ot PR

. din (3] se fmb
Tuia(a) definite de (1), (2) & (3). 8] se unltiitesc unele rezultate din [1) privmd clasele

§ — Mathematica — 1984
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E — CONEXIUNI SEMI-SIMETRICE

P. ENGHI$

In prezentul articol ne propunem reformularea, precizarea §i completareg
rezultatelor lui S. Golab [3] privind spatiile cu conexiune semi-simetrics,

A, fiind un spatiu cu conexiune afind, notim cu [j; componentele cope.
Xiunii afine intr-un sistem de coordonate, cu Tj = I'jy — I'}j componentele
tensorului de torsiune a conexiunii I' si cu T, = Ty, componentele vectorulyi
de torsiune (vectorul lui Vrinceanu).

Spafiul 4, se numste semi-simetric (Schouten) dacid cxistdi un cimp vec-
torial covariant S, astfel ca

Th=S 8 —S. 39 (1

unde 3; sint simbolurile lui Kronecker.
In (1) daci se aplicid o contractie in 7 si j se obtine pentru n # 1
T,=(1—mn)S, 2)

Din (2) rezulti:
ProrozITIA 1. Nu existd spajit semi-simetrice cu vectorul lui Vrdnceanu nul.
Dacd tinem seama de (2) in (1) avem:

(1—m)Th=T,8 —T.8; 3)
Avem deci? .
ProroziTia 2. Intr-un spatiu A, cu conexiune semi-simetricd are loc relatia

. Din(3) putem deduce o noud definifie pentru spatiile 4, cu conexiunescmt-
simetrica:

DermniTiE. Un spatiu A, se numeste semi-simetric dacd intre tensorul de
torssune §i vectorul de torsiune are loc relatia (3).

Dacé in (3) inmulfim contractat cu 7T, objinem

LT =0 (4)
Avem deci: e )

Prorozitia 3. Intr-un spatiu A, semi-simetric are loc rcla,tt{l.(‘l)- . .

Un spatiu A, cu conexiune semi-simetrici se numeste semisimetric special
(S. Golab) daca cimpul vectorial S, este gradient. Din (2) rezultd: ,

PRO?OZI’;‘IA 4. Intr-un spatiu A, semi-simetric special vectorul de torsiune
este gradz;nt $1 reciproc, dacd intr-un ’Qpatiu A, semi-simelric vectorul de torsiune
eSe gradient, spaiul este semi-simetric special.

tr-0 lucrare i0ars s i 4 onexiune I’
D anterioari [2] am introdus spatiile 4, a caror ¢
verifica relatia 2] pat "

T"'j — Tj',' = O (3)
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zsrzur? r?2oTili - st
cele ce urmeaza aceste conexiuni, ¢ conexiuni.
Scriind dezvoltat relatiile (5) avem
8., o ¥

si daca conexiunea este semi-simetrica rezulta

E *l/w=
ge  d*

iar din propozitia 4 rezultd ca spatiul este semi-simetric™ special. Am regasit
astfel rezultatul lui S. Golab [3] potrivit caruia, daca o conexiune semi-
simetrica este o0 ¢('-conexiune ea este semisimetrica speciala.

Sa observdm acum, reciproc, cd dacd conexiunea F este semisimetrica
speciald, din propozitia 4 si relatiile (4), (6), (7) rezulta ca ea este o ¢(-conexiune.
Avem deci:

Propozitia 5 Orice conexiune semi-simetrica speciala este o E-conexiune.

Observatia 7. Faptul cid o conexiune semi-simetricd speciald verifica relatia
(5) a fost pus Tn evidenta si de P. Stavre [4] intr-o altd problema.

Din propozitiile 4 si 5 rezultd ca ¢-conexiunile semi-simetrice sint caracte-
rizate de faptul ca vectorul lui Vrinceanu este gradient.

Considerind relatia de definitie a ¢-conexiunilor [2]

Do= ~ T, Th (8)
unde a Thdx*si tinind seama de (4) rezulta:
Propozitia 6. Intr-o E-concxiune semi-simetrica forma  este Tnchisa.
Sa notam !
ar ar
bien = 7 -¢r+ Rurj, - 1w

9)

componentele tensorului M L . < -
P de curbura a conexiunii I\ Se stie [1] [5] ca in acest

caz avem

A= Sor e (10

a conexiunii simetrice & =
- 2 U/* + rv] asociata conexiunii F, iar O]*, este dat de

(1D
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Contra..nnd lﬂ (ll) m rapOl’t cu ' §.1 '7 AVem:. ; :!r){ :;.3';‘\)‘: a2 7;':"‘! 1:7‘1|i ’;})z;.'J

PN S NS < aT. aT‘_'i) Gl ST .’.

- N —_— AL St
Ow'= 0 = Tont Vi Ay, (12)

IS l‘\ ‘.‘"! ‘Al )/\.\ :.,‘ l:r

Daci conesiunea I' este acum o E-conemune semi- 51metr1ca ‘din (12) rezults -

I Y-y

;'\_ N B Qkh 0 - [ (13)

relatie ce reprezintd o condltle necesard -§isuficientd ca o conexiupe semi-si-
metnca si fie o E-conexiune. Avem dec1 PR

Proroziyia 7. 0 conditie neccsara si- suficientd ca o comexiune semi-sime-
ir:ca sd fie o E-conexiune este datd de (13).
:*-.. Puterh acum objine mai simplu teoremele 5 $i,6 dln 1uc1area dui; 8:iGolab

{3], derivind covanant (3) Avem. T G T i iy
, J Dy ahiaj

it 2y 1 ( ”)Tl’“ TI'S* T*'f 8 I e e X

H . PO N : L K ’ v .I/"s" !
s COntractmd in ¢ si°7 rezulta' R R L R L AT SN Tos N B e
S o
)

e T SN EA A DO A (1 —n)T,k,,,_—v.,' j”f‘.',l__',rklj (o e (14)

-DECi; LT A ; B : YN ‘.5" Vo gl " SRR I L | : ~‘V ‘ ot Ak
PROPOZ'ITIA 8 fntr—ol E-conexmne -Semi-simetricd . dwe;genta rtorsmmz este

owld- oo s el olinuo-R B Luna 8 I SIS SN RV EER R

Observatza 2. Proprietatea:ca intr-o: .conexiune semi-simetrica 'speciald diver-
genta torsiunii este nuld, a fost; pusd, in- cviden}d pentru prima datd de:P. Sta-
vrie [4].
2> 54 observim ci din (1), (3); (14). ‘rezulti si reciproc, dacd intr-o conexiune
semi-simetricd divergenja torsiunii este nuld, conexiunea este o E-conexiune.
Avem deci o altd conditie necesara. $1, sui1c1enta ca o, cone\xune seml-smlctnca
si fie o E-conexiune, expnmata ‘de' v

PROPOZITIA 9. 0 condifie necesard §z éafzczenta ca

tricd sd fie o E-conexiune este ca divergenta torsiunii sd fie nuld. '’
;.. Pentru a obfine o-alt3 cond1§:1e necesard §i suficientd ca o conexiune semi-

simetrici si fie o E-conexiune, considerim bine cunoscuta [5] relajie dintre
contracta;u tensorulm de curbu:a.

s -,
0 conexmne_ sum szme—

i NEEEASIE TR I " n!([. ) {) i 'l” NOEH I " "."‘"}'“Z”'ii:;”""
Pﬂ. - I‘;,, + Rh: = }u — Th; + Tin + T. T3 i (15)

111!516 ,.'(7_ A 2 = 'l

I‘,. = I‘,,,, 1ar R,,, = P.;.,
i H e / ;i)f"l
In (15) daca: tmem seama de (3) (4) (14) avem ' O ”‘)"’l” ! l
i FEP N Sai T Hngizeoeos Atsiooas A b 0=
w2l G 3 ‘
Pfh - Ph; + Rh; = = (T - Th.:) (16)
iy :

Avem deci: SN .‘_ NI L e e e T
PROPOZITIA 10. Intr-un spatm A, cu comexiunc Semi- -simctrica are loc rela-
pa (10 N WS S R OB
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Din (16) rezultid acum usor ci daci conexiunca este o E-conexiune, # # Z
aVeM: Loy DT M A TIOUIS A INGE RO TIAUY 0D

’ T, — Iy + Ry =0 (17)

si, reciproc, daci (17) are loc, conexiunea semi-simetricd este o E-co'nexiune..Dfecu

ProroziTia 11. O conditie necesard si suficientd ca 0 comexiune semi-sime-

o . \ P P BIUEFTS IS B DN |
tricd sd fic o E-conexiune cste ca. (Z7_) sd aibd-loc.: i vy R p» 0o
g A R BT R P I P L T Yag QO
SUoeed el Do e e WO dedu e LG T e Sinar b sedactic Ja 71 noiembiie 1981) .
TR ST AR (R A { [FRS TS TSI N ERSSE NS SN SR el 97}
R O v ek e N )
) IS At
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() Daps le présent travail an apporte queulques préclsions, additions et‘reformulations des résul-
tats de 5. Golab {3} concernant les counncctions semi-syinétriques. On y montre qu'il n’existe
pas d'espaces semi-symétriques 2 vecteur Vrinceann nul. De la relation (3), on donne une nouvelle'
définition aux connecctions semi-symétriques. On moutre que toute connection semi-symétrique spé-
ciale est une I — coxanection (proposition 5) ¢t on cn donne par les propositions 6, 8, 10 les pro-
priétés. Dans les propositions 7, 9. 11 on donfic les conditions nécessaires et suffisantes pour qu‘une
counection semi-symétrique soit une E — connection par les relations (13), (14), (17).
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CONVEXITY OF SOME PARTICULAR FUNCTIONS

PETRU T. MOCANU

it dise i lane. A regular function fi :
t U be the unit disc in the complex plai . s saiq
to bg‘ ecomrcx in U if it is univalent anq f(U) Is a convex domain. It is well
known that this geometrical condition is equivalent to f'(0) % 0 and

Rezfl—lz)+1>0, for z € U.
f@

Consider the particular function
d l = Bu
= —— =1 - Z = , 2 € U,
fe) =g =1 2+,f2(2k)lz (1)

where By are the Bernoulli numbers. From a result due to K. Iibera (1]
it is easy to show that 1/f is convex in U. We shall prove that f and log f
are convex in U, by using the following lemma, which is a slight modification
of a result due to D. R. Wilken and J. Feng [4].

Lemua L. Let p be a positive measure on [0, 1] and let g(z, 1) be a com-
plex-valued function defined on U x [0, 1], such that g(z, -) is integrable on
[0, 1] for each z = U. Let a(t) be an integrable function, a(t) > 0, on [0, 1] and
suppose that

1 1
R 7z —, ’ = ’ : 2
S Sy T EEUES(0,1] @
If
1
glz) = Sg(Z, £)du(t)
then °
Re——>—1 ey )
gl 1
J alau(
0
Proof. Condition (2) is equivalent to
) — ] et '
)~ PN<Y ey e 1y,
Hence

1

8 — 1 &a(t)dp(t)[ =| f Jete, 1)~ g’] 2l <

1

S a(t)du(d),

1
2
0

» - o
which is equivalent to (3).
€ also need the following Tesult,
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Levmia 2. If f is the function defined by (1) then .\
Re[2f(2) + 2] < :—’-_f—i for ze U. 4)

Proof. Since 2f(z) + z is an even regular function in U, to prove (4) it is
sufficient to check the following inequality
A(x, y)=ach x — x sh x— (acosy+ ysiny) = 0, (5)

where 22 +32=1, 2« [0,1], y € [0,1] and a= H’i > 2. Since for a> 2
g—

the function &(y) = a cos y + y siny is decreasing on [0, 1], we deduce £(y) <.

< #{0) = a. Hence
A(x, ) > a ch x — x sh x — a= B(x).

Since B(x) = C(x) sh x, where C(x) = a th ; — x is concave on [0, 1]

and C(0) = C(1) = 0, we deduce B(x) > O, for all x € [0, 1], which yields (5).
TuroreM. If fis the function defined by (1) then f and log f are convex in U.
Proof. 1) 1f f is given by (1), we have

1+ 78 _ pr—y)

" e
where
P =14 s _ 2z _ z(er — 1)
U i Sl (R 2 N
Let
£ 1 '
P —-1—z
gle) = == = ele, Hau(0),
where °
iz
) =2 -
gz e and du(f) =t dt
We have

where h(z) = (e# — 1)}t, for a fis
- . f xed t =« (0, 1]. Si : .
19[1eenrci star\l)é,ke)., from the well-known (mea g-vaiﬁgetﬁe:)sr :onvgx, with %2(0) = 0
Trkes-Wright, [2], (3], we deduce mot Sakaguchi-

1 1 .
Re >~ZEU,te[0’1].

&lz, ?) = e
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IS TSN

T R R T

T Re >, - = o ’\“:,195{
8(-!) 1 e—2

jc tdt

S SIS ES AV I P U NPT SN

ai 3 wvora of 0 i moiionn

M -L,(»?.}\.Q‘ ':")fli."ff- .\\(\a"‘"\(‘:
. . Pt ‘;)11‘...«!.'.‘ o odd e S T
which yields N - s 0f s
) At 0 itz T SR S QT d-;,_ 3 “r . : .
ResEi—1 " T cey, b

- . . v - ’
$w wl oopie DG - 4::"‘;".3151"’1‘! ter2 o, o TR P R (7)

- s LR RN S AP (11

USlng ‘Lemma' 2 and U) vfrom- (6) - we:deducer -+ i+ w0} naibag

»

oo

e.+ 1 3_, Sonstt oy - (())«_‘._ .
— = 0, z =
il - He SV1ie — 2) > g U,

Re P(z) >1j- £ 1 2

which. Sh'ows'-’th'at"'ﬁf 4s convex.:ain‘~U.= AT wiad o e (0
e

.')\ I e Tet F(z) ?:logf(—z o L Mhen Ot i

( i
PIRWOT YL EIR YRR ) !n\ u»«"— '-‘,',',-,“ SRS RN )

"\I

-
4

o

1+ FUg) sl —1) _ze "’_'_:_'_""“z('e"" 1)) '_x_‘_( £ -‘,;’4\

F'(2) e —1—z e‘-—-l, L et=1l—z 2 et — 1 2

kY

(i(:;’_—ll—_ﬂ)‘ [2f(2) + z]] 8
) St S e R

Let Tee e t i

ef—1—2
.__—.——= ,t d t
(Z),\\ zc‘—l-,- SG(Z ) [J-()

where 6
DYV
iz
Glz, ) = ——F1 _ and -dplt) =¢dt
& AT e at: "i:,\l‘y'(‘-‘)- T

We have e
l l } 4 ) . ‘_ s ¢
— . . 6 :.'-.J ,I 5 , (1 _0., -—fw1.r dw,
s o S (@ 1y dy =25 (ke 11 1)
N °

whexe h(z) (e" '—”1)[1 for .a flxed t e [0 1?,, :(Jsmg ag 1q the :,nea.n-value)
theorem of Sakaguchl-Merkes-anhtL,Jwe,udgd,uce? Je iy Tt Aol

Re

- - o
G(”) 5 & V +e *ae ""'l,.J""ff:,[?‘ﬂl]'
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1, with a(t) = 1/(e‘"1 +e"'). we obtain A o

Applying Lemma ' i

1 z(es — 1 4 2) 1 N iy

Re— =Re ——mm = —> oo
G(2) ef—1—12 I
EEES IR T NPT I | el [

1 ‘ i AR .
7 ‘ (- B S S

’ L : 'I= S ot~ anl o s el I
.’ = ooaloe e

A stmple calculatmn shows that

r'4

' "'!'f:’il'""’.dt ’_/0 ‘arctg .\/a—arctg 7 ':<' 4
0 C : ‘ S '

St 4 B T

Usmg Lernma 2 and (9), from 8) we deduce o o o .""‘.’f,-'":
- 'R’F(’)+I>OzEU ) £
wh1ch shows . that log f is' convex in U. T e

.COROLLAR\’ If t is real, and By are t/ze choulh numbers tken

oy .‘ e ,! r .' BT

TS 1 <t B ' 3 ’
<1 —-= L —2_ cos 2kt : el it
e—1 2 A1 (2K ¢ — 1 R T TR

(Rtmusd D:umbn 15 1981)

R Cew ey [P IR ST S B L

G it [
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m, Problems in Analy-

d Gelbau
Bernad ¢ Vork, Heidelberg, Ber-

sis, Spinger-Verlag, New
lie, 1982, 228 p.

This book contains over five hundred Pmbk’m_5
and solutions in modern mathematical analysis
including teal znalysis, measure theory, topology
and topological vector spaces. It is §tr}1ctured
into fifteen scctions, the problems within each
scction being ordered according to their difficul-
ty. We g1've‘here the titles of these sectioms in
order to show the variety of problems offered
by the book: Set algebra; Topology; Limits;
Continuous functions; Functions from R* to
R™: Measure and topology; General measure
theory ; Mesufes in R*; Lebesgue measutre in
R*; Lebesgue measurable functions; L}X, p):
L¥X, u) or Hitbert space; L*(X, p), 1 € p € 0;
Topological vector spaces; Miscellaneous pro-
blems.

Each section is provided at the beginning
with some brief explanations of the mnotations
and notions which occur in the folloving pro-
blems.

The solutions are given in the second part
of the book. Some of them are complete and
may enrich the experience of the readers in
solving problems, others are rather sketchy
leaving the completion to the reader. Some
solutions afe illustrated by graphs which make
them more suggestive.

‘Although the notations and notions are those
widely used in literature, at the end of the book
there is a glossary and an index which allow
an easy undestanding of the problems and the
solutions to those who are familiar with analysis.

The bibliography lists a number of books

v\::]ich copstitute the book's background mate-
rial.

M. BALAZS jr.

Daniel Gorenstein F
s inite stmple
groups, An Introduction to Their Classificatic]:n

Plen: New 3
Y, t;!;:g.Press, New Verk and London, 1982,
This is a fascinating book describing one of

the greatest mathemat i i

St mathematical discoveries
tht:i dcte.tmmatl?n of all regular bodjes ‘bymgllﬁg
and the determination of aij si

Al, MATHEMATICA, XXIX, 1984

more than a hundred, among whom ¢
of the reviewed book is one of the pr

The book has four chapters. In th,
there is made a description of the
R. Brauer’'s character theory to loca] anal
The four phases of the classification, ijtg cg:es.
quences and the future of the finite gToup the ose-
are sketched. Yy

In the second chapter the simple nonabeliap
groups are briefly described namely the gToups
of Lie type, the Mathieu groups and the other
sporadic groups.

The third chapter shows us how to make the
identification of a group under investigation
by means of some known simple groups.

The last chapter jllustrates the main methods
and results that underlie local groups theoratic
analysis.

This book presents in a brief form the work
of more than a hundred mathematiciauns, its
anthor being one of the most successful in esta-
blishing simple groups. We must be grateful
to the author of this scientific work cho revcaled
us in an accessible form and in few pages a very
cxtensive work, which would have needed more
than 16000 pages to be presented in detail.

G. PIC

he authgr
otagonistg,
e first one
Wway from

W. Reisig, Petrineize. Eine Efnfdhrong.
Springer-Verlag,  Berlin-Heidclberg-NewYork,
1982, 158 S. 111 Abb.

Petrinetze sind auf die Dissertation \'On,c'A'
Petri im Jahre 1962 zurlickzufiihren. Sie finden
in letzter Zeit ein immer breiteres Interresse
in den Reihen der Informatiker, da sie Si%
besonders fiir den Eutwurf und die Analyse

nicht-sequentieller (paralleler) Prozess¢ un
Systeme eignen. ene
Das Buch setzt sich zum Ziel cine geschloss of
Theorte

und motivierte Einfiihrung in die o die
Petrinetze zu vermitteln nund den Leserf 1t tur
Lage zu versetzen sich in der SPeZian‘teraind:
deren Umfang und Vielfalt iiberwiltigend
zurechit zu finden. hel
Es beginnt mit einer Einleitung, in Wel;lde
verschiedene Beispiele und einige grm-ldle%liche
Definitionen gebracht werden. Der €iB¢S . .
Stoff des Buches ist in drei Teile gegl'ﬁ'ausi‘
Bedingungs/Ereignis-Systeme, Stgllt_in/en als
tionen-Netze und Netze mit Individy
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Marken, entsprechend den moglichen Interpre-
jonsmuster. .
ta?;n slersten Teil werden die kausale Abhnngi-
ol:eit und Unabhingigkeit zwischen Erexgmsser},
'Zne Metrik der Synchronieabstinde und die
TFormulierung von Systemeigenschaften in der
Sprache der Logik, als Fakten vorgestellt.

Die Netze im zweiten Teil entsprechen eciner
heheren Taterpretations ebene und eignen sich
besonders zur Formulierung des Blockierungs-
problems. Als Untersuchungsmethoden }Verdcu
Uberdeckungsgraphen, sowie der Invarianten-
kalkiil erklart, Fiir spezielle Netzklassen werden
Lebendinkeits- und Sicherheits-  Kriterien ge-
bracht. L

Imm dritten Teil werden Pridikat/Ereignis-
Netze sowie Relationen-Netze vorgestellt und
cin verallgemeinerter  Invarianteukalkiil fiir
den Bewcis bestimmter Systemeigenschaften
entwiclelt.

Das sehr sorgféltig geschricbene Buch bringt
auf wenigen Sciten die meisten Konzepte der
Petrinetztheorie, ilire exakten Definitionen und
dic 1athematischen Hilfsmittel dic benétigt
werden. Es kann allen, die Petrinetze anwenden
wollen, als  unentbehrlich  empfohlen  werden.

FRIEDRICIH LANDA

Nicolaie Lungu, Pulsatif stelare. Teorie
matematied (Pulsations stellaires. Théoric mathé-
matique), Ed. stiintifici si enciclopedicd, Bucu-
resti, 1982, 180 pag.

Sans la prétention d’étre exhaustif, le livre
traite un des plus importants aspects de la re-
cherche astrophysique actuclle — I'étude d-s
pulsations stellaites — en faisant appel 2 la
méthode moderne du modelage mathématique.
Le phénoméne de pulsation est étudié tant
séparément qu’ecn connexion avec d’autres
phénoménes qui influent sur lui, enmvisageant
d’abord une théorie simplifiée, celle des pulsa-
tions linéaires, puis le cas le plus général, la
théorie des pulsations mnon-linéaires.

Aprés une classification des étoiles pulsantes
et aprés I'énumération des parameétres utilisés
pour la comparaison de la théoric aux obscrva-
tions, la premiére partie de livre (comsacrée
eux pulsations linéaires) présente quelques mo-
déles globaux ot l'on entreprend un imodelage
mathématique et mécanique des pulsations,
sans se s oucier de la production d’énergie ou
du maintien du phénoméne. On Temarque entre
ceux-ci les modéles A rotation proposés par V,
Ureche et par I'auteur. On étudie ensuite les
modéles 2 envelopps et on préssnte amplement
un modéle théorique de pulsations linéaires
& totation. Les équations qui y intervienuent
sont eésolues dans le cadre de quelques hypothe-

ses simplificatrices et les résultats tl:xéonques
obtenus sont comparés aux domnées d’observa-
tion dans le cas des pulsantes RR Lyrae. )

La seconde partie du livre est axée sur I'étude
des pulsations non-linéaires. On ptésente.dans
ce cadre le modéle & enveloppe prqfonde intro-
duit par Clristy et on étudic ensuite les effets
de la rotation sur ce genre de pulsatious. Les
équations du 1modéle- tudorique ainsi obtenu
sont intégrées numériquement par la méthode
des réseaux plans, les résultats permettant —
par comparaison aux observations — quelques
conclusions sur les étoiles RR Lyrae.

Afin de faciliter la compréhension de l'exposé,
le livre contient trois anmexes concernant res-
pectivement la théorie des champs, la théorie
de la stabilité et la méthode des réseaux plans.

Bien que destiné en premier lieu aux spécialis-
tes, le livre (le premier publié cliez nous qui
traite en profondeur un seul aspect des recher-
ches d’astrophysique) constitue — par les métho-
des employées et par la rigueur de l'exposé —
un excellent matéricl qui peut étre utile 2 des
cercles bien plus larges de lecteurs, tout particu-
liérement aux mathématiciens et aux physiclens.

VASILE MIOC

Application and Theory of Petri Neots (in
Englisch), LEdited by Claude Girault and Wolfgang
Reisig, Informatik-Fachberichte, Springer-
Verlag, Berlin, Heidelberg, New York, 1982,
Band 52, 337 S.

Dicser Band veranschaulichit den Fortschritt
auf dem Gebiet der Thcorie und der Anwendun-
gen von Petrinetzen scit der fortgeschrittenen
Vorlesung iiber Allgemeine Netztlheorie fiir
Prozesse und Systeme, welche in Hamburg,
8.—-19.10.1979, gchalten wurde und wo das
was auf diesem Gebiet in dem 20 Jahrem seit
seinem Bestehen erreicht worden ist, im Detail
vorgestelit wurde. Der Band enthilt 34 Beitrige
der ersten Arbeitstagung der verschiedenen For-
schungsgruppen auf diesem Gebict, dic in Strass-
burg, 23.—26.09.1980, abgchalten wurde, sowie
10 Beitrdge der zweiten Arbeitstagung, in Bad
Honnef, 28.—30.09.1981.

Die Beitrdage in Strassburg wurden in den
folgenden sechs Sektionen vorgestellt:

1) Anwendungen vou Netzen auf Realzeit-
systeme

Die Niitzlichkeit und die Fidhigkeiten vers-
chiedener Extensionen des Petrinetz-Konzep-
tes sowie Probleme beziiglich deren Anwendung
fiir Reclinersysteme werden behandelt.

‘E) Programmiersprachen und Software- Tech-
nik

Man lhofft die Software-Entwicklung mit
Hilfe von Netzen in ein technisches Fach umzu-
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wandeln, wobei die Netztheoric zur Beschrei-
bung des wachsenden Verstehens des System-
verhaltens durch den Analysten oder als seman-
tisches Mittel in Systementwurfssprachen benutzt
werden kann.

3) Informationsfluss und Parallelitat

Es wird versucht den Informationsfluss in
cinemn  Rechnersystem genauer zu definieren.
Ausserdem werden gewichtete Syuchronieabs-
tinde, Erreichbarkeit in einem Ereignisuctz
and eine Methode zum systematischen Auibau
von Netzen vorgestelit. :

4) Netzmorphismen und
pretation
Es werden Morphismen, die gewisse Bedinguu-
gen, wie z. B. Beibehalten der Lebendigkeit
und der Synchronieabstinde erfilllen gesucht.
Ausserdem werden iiber den Morphismus hinaus-
fithrende Konzepte vorgestelit.

§) Mathematische Anaiysis und Netzsprachen
Fiir die Analyse von Platze/Transitionen-
Netzen werden abgewandelte Methoden der
Pritfung sequentieller Programme, graph-theore-
tische Methoden, Mecthoden aus der Theorie
der Formalen Sprachen und Methoden der
Formalen Logik vorgestelit.

hoéhere Netzinter-

IRt RS
B il

BRI N IR )
S un
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G) Zuverlissi

gkeit und Versucl Viedler-
hersteilung e zur Wieder ;

Ausg'ehend von den FPragen: Wie verwaltet
man ein System?, Wie erhidlt man ein Netz
welches cin System beschreibt?, wird eine kom-:
pakte Beschreibung fiir ejn zuverlissiges System
gesucht. Es werden cinige Ideen und Hinweise
gegeben. e
Auf der Arbeitstagung in Bad Honnef wurden
Beitrdge aus allen Bereichen der Theotie und'
Anwendungen der Petrinetze gebracht. In den:
Band wurden aber nur diejenigen aufgenommen
welche zum Gebiet der Kommunikations —:
protokolle gehoren. Dieses, weil eiverseits yomt
praktischen Gesichtspunt aus Kommunikations-:
protokolle immer mehr an Bedeutung gewiunen,
andererseits, weildie Netztheorie fiir die Beschrei--
bung, Abschitzung und Priifung von Kommuni--
kationsprotokollen gecigneter als andere Metho-
den ist. i
Der Band gibt cinen Uberblick der neuesten

Torschungsergebnisse, der Entwicklung  der
Konzepte, Methoden wund der Problematik.

R Er ist fiir alle Petrinetz-Interressierten ein
niitzliches und brauchbares Werk. )

FRIEDRICH LANDA
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STUDIA UNIV. BABES—BOLYAI, MATHEMA

CXXVII, 1982)

- L. Burs, I. Manea, B.

.l'ubli.cvn[vli ale. seminariilor de  corcotare x_lle
Facultiafii de matematici (seric de preprin-
turi) (continmare din Studin, Mathematica,
A

Preprint 1—17982, P.- Brideanu, I. 'Pop,

.+ 1. Stan, T. Petrild, M. Driganu, D. Brideanu,

C. Gheorghiu, S$t. Maksay, L. Mﬁncn, Semi-
nar of Numerical Approximation ’J‘fCUIOdS
in Hydrodynamics and Heat vy ransfet;.

Preprint 2—1982, I. Gy. Maurer, N.
Both, I. Purdea, I. Virdg, M. I'roda-Schech-
ter, Seminar of Algebra. ]

Preprint 3—1982, C. Drambi, A. Pil,
M. Jarini, V. Mioc, E. Radu, 1. Predeann,
Parv, M. Trifu,
A. Dinescu, T. Oproiu, M. Cirgmaru, Semi-
nar of Celestial Mcchanics and Space Research.

Preprint 4—1982, P. P. LEenigenburg, S.
S. Miller, P. T. Mocanu, M..O. Keade, T.
Bulboacd, Gr. S. Saldgean, V. Selinger,
Seminar of Geometric Function Theory.

Preprint 1—1983, D. Briideanu, A. Dia-

~ comu, ¢, Iancu, I. Piviloiu, I. Serb, P. T.

» Mocanu, D. Ripfanu, C.

Mustija, A.B.

- Németh, Seminar of Functional Analysis

and Numerical Mcthods. . -

Preprint 2—1983, E. Popoviciu, D. An-
drica, Gl Aniculdesci, M. Baldzs, G. Gold-
per, D. Bors, O. Carji, Gh. Coman, I

. Ganscd, G. Cristescu, B. Cristici, M. Neagu,

. E. Duca, D. Dumitrescu, I,
. Hambufg, P. lemburg, M. Ivan, P. Iacob,
: C Kalik, I. Kolwmbén; L. Lupsa, C. Mocanu,

I. Muntean, N. Vorpicescu, . I.  Duca,

Gavrea, 1.

“P. ' Mocanu, N, Negocscu, M. Nisipeanu,

BN

o
W

T':V.‘ Berinde, , 1
V. Muregan’,

R. Piltanea, 'F. A. Potri} K. Precup, P,
Rasa, D. Rendi, B.;Rendi,. I. A: Rus, G.$.
Siligean, E. Schechter., F, Stancu, D. D.

- Stancu, Gh.'Toader, L. ‘fimbnlea, $. Tigan,

R, T. Vescan, R. Zaciu, Ifinerant Seminar

o on: Functional, Bquations, Approzimation and

Convexity. B T T K P
Preprint 3— 1983, 1. A. Rus, M. C, Anisiu,
- Mérgijeany,” A, S. Muregan,
\ N. Negoescu, V. Sadoveann
Seminar on Fivid Point ‘Theory. ~ '
o Preprint 47983, V. Urechdl 4. pal
E. I Popova, I R Jungelson. M,I. Kumsias-
vili, C. Cristescu, I. Todoran, Z..]AKraiceva
L. Patkés, N.' Lungu, T, ‘Oproiu, N. 'Ibnescu-'

. [Fallas, 1. Sofonea, D, Mihailescu,” V. Pop,

D. Chig, G. Oprescu‘,‘M';‘D‘.'Surgn,‘ R. ﬁinescu,

TICA, XXIX, 1984

A. Dumitrescu, ) Semis
! Stellar  Structure ‘alnd‘ \_§tellar‘ E.WW,‘?{"
. Preprint 51983, E. ,Popoviciu, L. Lupsa,
M. Ivan, I. Rasa, Seminar on. Best -'Approfw-
mation- - and  Mathematical . Programming
" (Generalized | Comvexity). 1,1 . .4

nicdrile ;.
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II. Participarl ln manifestiri stiintifice’ organizate
in afara facultdgii- - S PN
1. Scminar de spatii Finsler, Brasov,9—172
februarie 1982 L A 1
Din parteca Facultitii de matematicd au
prezentat comunicéiri: .1 -
M. Tarinda, P.L Enghis,
-Finsler. - L S
M. Tarind, Spatii Finsler si algebre: Lie.

1

- i
. E-tonexiuni
e '

2. Colocvinl nafional de. mecanicd,. Bucu-

: vesti, 26— 27 ‘martic 1982: . .,

S-au prezentat din partea facu‘ltitu comu-

. Y st .
A. P41, Activitatea® profesorlui’ Caius

lacob la Universitatea din Cluj. .,

V.Urcche, N. Lungu (Inst. Poli-

tehnic Cluj-Napoca), T. Oproiu (Centrul
de Astronomie gi Stiinte Spatiale — Colectiv
Cluj-Napoca), - Propriestdfile . hidrdstaticc i
geomelrice ale continuumului spafiu-timp la
stelele  politropice  relativiste. iv. i1 s

T.Oproiu (CASS),. I.- Pop, .‘Asupra
miscdrii unui satelit artificial intr-um' mediu
- vezistent., . <

V. Mioc (CASS — Colectiv Cluj-Napoca),

Perturbatii tn. perioada, nodald, .a.. satelifilor
- artificiali cauzate -de a cincea, armonicd zonald
a geopotenfialului. : .. :

V. Mioc, E. Radu (CASS = Col.

** Cluj-Napoca); ' Asupra “misedrii “salelitului
' artificial al Pamintului

. mal necentral. <. -

T, Petritd Solifli tip itvtsi pentru
| miscdri plane ale fluidelor ideale Ccampresi-
bile 5t rqta;iohalé.""“"‘ eaud Dot L

n cimpul gravitatio-
AR YN (AN

G

© L. Pop, ‘Convedtia ' liberd' pé ‘0" placa
verticald fintr-un cimp gravitational \ neuni-
T T O o O P Y VI L

P. Mocanw, i Condifii - de. . wnivalentd

o pentrie clase vde. funclii- definitén prin’ formule
de structurd. R TE I
it B Poo powiciu, ' Propriathti {dé alurd
care intervin it aplicafiile - matematicis::

o M. Tarind, Conexiuni linjare, siaplicatii
" im mecanica fluideloy, 'V

(PR T BT Y
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3. 4 V-a Consfatuire a personalwlui din
unititile de informaticd din M.E.I., Timi-
soara, 26— 31 iidie 1952

Din partea Czntrului dec calcul clectronic
al Universititii au prezentat comuniciri:

Gr. Moldovan, Operatori convolutivi
pozitivi fn {icoria aproximatict.

I. Chiorean, B. Parv, R. Pop
Deleanu, CROSS — ASAMBLOR i
LINK — EDITOR pentru sistemul MICRO
— ARGUS.

Gr. Moldovan, Gh.
T. Toadere, Optimizarea
sdrii prin dizolvare in sonde.

4. A VII-a Conferintd de teoria probabili-
tatilor, Brasov, 29 august — 4 septembrie
1982

Au participat din partea facultidfii cu
comumnicari :

I. Marugciac, On the polygonal con-
vex functions and applications.

W. W. Breckner, Eguicontinuous
families of genmeralized comvex mappings.

Muresan,
extraciet

5. Colocviul national de mecanica fluidelor,

Galati, 22— 23 octombrie 1982

Au prezentat comunicdri:

1. Stan, Curgere superficiald cu gradien?
de iensiune.

T. Petrild, Procedee de abordare a
studiului influentei peretilor nelimitafi asupra
migcarslor fluidelor ideale.

6. Zilele academice clujene, Cluj-Napoca,
22—26 mnoiembric 1982:

Comunicarea prezentati:

E. Popoviciu, Implicatii inlerdis-
ciplinare ale noilor cercetdri matematice.

7. Primul Seminar national de cercetdri
eoliene, Brasov, 26— 27 noiembrie 1982

A participat cu comunicare :

T. Petrili, Model matematic al turbi-
nelor eoliene cu n pale

8. Sesiunea stiinfificd ,,18 ani de realizdri
in domeniul matematicii romdnesti, 1965—
1983", Bucuresti, 25 februarie 1983

Din partea facultitii s-a prezentat comuni-
catea:

‘A. P AL, Invlamintul si cercetavea stiin-
fificd la Facultatea de matematicé din Cluj-
Napoca.

9. Sesiunea Secjiei de Stiinfe Matematice
a Academiei R.S.R., Bucuresti, martic 1983
tat“Com\m.icarea prezentati din partea facul-

i :

T. Petrila, Model matematic al turbi-
nelor eoliene cu ax vertical.

’!0. Simpozionul nafional ..Gheorghe Titei-
ca”’, Rm. Vilcea, 8—9 aprilie 7983 -

Comunicarea prezentats:
) IEI. Tarini, Teoreme de geomcltrie proiec-
tiva. Aspecte elementare,

11. Sedinga d.e comuniciri a Seminarului
wTh. Anghelwd” a Catedrei de matematica

din  cadrul  Institutului  Politehnic, Cluj-
Nappca, 710—172 iunie 7983
Din partea Facultitii de matematicd

s-au prezentat comunicirile:

D. V. Tonescu, Observatii asupra ecua-
fies diferentiale a lui Halphen.

I. A. Rus, Probleme actuale $n analiza
neliniard.

Gh. Pic, Contributialui Th. Anghelufd in
algebrd.

P. Mocanu, Asupra unor operatori in-
tegrali care conservd stclaritatea.

E. Popoviciu, Asupra unor mofiuni
dealurgd.

L. Lupga, Proprictiti de optim ale
Sfunctiilor tare convexe.
D. Duca, Duale de ordin superior in

programarea matematicd fn domeniul com-
plex.

I. Marungciac, Proprietdfi diferentiale
ale functiilor poligonal convexc cu aplicafsi
¥noptimizare.

I. Paviloiu, Metode iterative de tip
interpolator cu ordin de convergemfd optimal.

D. D. Stancu, Contribufisle lui Th.
Anghelufd@ la teoria aproximdrii  funciilor.

P. Enghis, Subspatii recurente fnir-un
spafiu euclidian.

M. Tarind, Variafia curbelor autopara-
lele §i ccuafia lui Jacobi.

I. Pop, Asupra unor probleme de mis-
care f{n medii poroase.

F, Radé, Asupra ecuapiei lui Cauchy.

Gr. Moldovan, O proprietate algebricd
a operatorilor  convolutivi pozitivi, pentru
Sfunctii de mai multe variabile.

D. Dumitrescu, Partifii nuanfaie in
recunoagterea formelor.

A. Vasiu, Spafii
Hjelmslev— Barbilian.

I. Kolumbén,
predarii matematicii.

12. 4 XX-a sesiune de comunicdri stiin-
tifice a Institutului de Snvdfdmint superior
Oradea, 10—11 iunie 7983

Au prezentat comuniciri: .

I. A. Rus, Convexitate, compactitate,

existenfd.

M. Fariné,
grupuri Lie.

P. Enghig, Spatii K dolate cu o D -
E conexiune.

eliptice de  tip

Despre  modernizared

Conexiuni invariante pé
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j tionald de
13. A XIV-a Conferinfd nal
geomelrie i topologie, ~ Piatra Neam,
76—19 iunic 1983
Matematicicnii clujeni au

Pnlf‘l.'R ad 6, Teoreme de tip Bekman Quarles
in planc Minkowski peste un cinp. o

M. Tarinid, Conexiuni pe grupuri Lie
5t cimpuri facobi. .

V. Groze, A. Vasiu,
clase de plane precuclidienc. .

A. Vasiu, Coordinatizarea unci clasc de
B — structuri, .

P. Enghis, Conexiuni
T-recurente. . m .

F. Rad6, Legatura dintre intuific §i
deductie in predarca matematicis.

14. Cea de-a XVII-a Consfdtuire a Grupei
de lucru permanente , Fizica cosmicd” a
academiilor fdrilor socialiste participantc la
programul de colaborare LINTERCOSMOS™,
Bucuresti-Mdgurele, 7—170 iunie 71983.

La Sectia VI ,,Folosirca observatiilor
asupra satclifilor artificiali ai Pamintului
in scopuri astronomice, geodezice §i geo-
fizice”, din partea Facultitii de matematicd
s-a_prezentat comunicarea:

A. Pal, Realizdri in domeniul studiului
atmosferel inalte st al cimpului gravitagional
terestre in anii 1987—17983.

13, Sesiumca de  comunicdri |, ,Direcfii
moderne in astronomic §i astrofizicd’, cu
ocazia aniversdrii a 75 de ani de la infiin-
tarea Observatorului Astronomic Bucuresti,
Bucuresti — Mdagurele, 9— I1 noicnibrie 1983,

De la Pacultatea de matematici au fost
prezentate comunicirile :

A P il Asupra invagamintului de astro-
nomic din {ara noastrd.

'A. P al, Model Roche pentru o stea dubli
bazat pc schema problemer restzinse cliptice
a lrei corpuri.

L. Burs (Deva), A P&l, Algoritm
st program FORTRAN  peatru  caleulul
dL"ns:ta,tu atinosferer  tnalte din  datele de
Sfrinare a satelipilor artificiali.

V. Ureche, Stle relativiste

V.Ureche, A Imbroane (Intr.
Carbgchuu), Stele  relativiste omogene in
rotafic lenta.

V. Ureche, N. lungu (lost. Poli-
tehnic Cluj-Napoca), )

i imisine T s o Disgrame
nele modele stelare relativiste.

fust prezenti

Asupra unor

sfert-simetrice

V. Pop, Variatii ale perioadelor de pulsa- .

. #ie la stelcle RR Lyrae.

L Todoran (CASS), Pozition 3

) , Po: area oglin-
zilor plane pentri receptionarea energiei so?az;.‘e.

79

I. Todoran (CASS), Considerafii asu-
pra miscdrii apsidale la steaua DI Herculis.

V. Mioc {CASS), E. Radu (CASS),
Asupra  perturbafiilor orbitelor satelitilor
artificiali produse de cca de-a sasea armonicd
zonald a geopotenfialului. .

V. Mioc (CASS), Evolufia miscdrii de
volafie a satelitului 1969—94 B.

T. Oproiu (CASS), M. Cirgmaru
(CASS), Asupra variafiei perioadei nodale
a satelitului SAMOS 2.

D. Chis (CASS), Varigfia perioadelor
stelelor pulsante de tip RR Lyrac tn wrma
neconservdrii  masei sistemului  binar.

16. A VI-a Consfatuire a personalului
din wunitdtile de informaticd, Succava, 29
iulic — 4 august 1983.

Gr. Moldovan, Sistem informatic
pentru conducerca activitdpilor de bazd din
institutele de invdtdmint superior.

S. Damian, B. PArv, P. Pop,
Subsistem pentru  simulavea fundamentdrii
deciziilor intr-o unilate agricold.

B. Pirv, A. Chisdlitd (Inst. Poli-
tehnic Cluj-Napoca), Aligoritm §i subpro-
grame pentru rezolvarca eficientd a sistemelor
de couafii liniare de dimensiuni mari (N >
> 1000 ecuafpii)

B. PArv, R. Pop, Deleanu, Cross-
Assamblor pentru sistemul Microargus

D. Chiorean, I. Chiorean, Link
—Lditor pentru sistemul Microargus.

I. Parpucea, 8 Damian, M,
Topliceanu, Posibilitdfi de (testare au-
tomata, simulatd prin sofiwave, a plachetelor
cu circuite cleclronice cu ajutorul microcal-
culatorului M —18.

17. A IT-a Conferinji Nationald de Ciberne-
ticd, 5—8 oclombrie 1983, Bucuresti

Gr. Moldovan, O problemd de dis-

tribuire a bazelor de date.

18. Al IV-lea Colocviu de Informaticd
INFO—1Iagi, 27—29 oct. 1983
Gh. Coman, Asupra complexitdfii unor
algoritmi numerici.
Z. K 4sa, Fragmentarea inlernd in alo-
carea dinamicd a memoriei.
D. Dumitrescu, Clasificarea ierar-
hicd cu mulfimi nuangate.
L. Tambulea, Delerminarea numd-
rului de RC-multimi maximale.
F. Boiaun, Determinarea funciilor first-
Sollow-1 i eff-1 folosind metode boolzene.
D.Chiorean, B.Parv, I. Chio-
Tean, Cross-asamblor pentru sistemul Mi-
croargus.
_19. Al Il-lea Simpozion National ,,Metode
inlerdisciplinare ale fizicii”, 14—15 octom-
brie 1983, Cluj-Napoca
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1a cel de al XXIX-lea an (1984) Studia Universitabis Babes-Bolyai epare in specialitdtile

matematicit
fizicd

chimie
geologie-geogratie
biologie

filozofie

gtiinte economice
gtiinfe juridice
istotie

filologle

Ha XXIX roay uapnaunn (1984) Studia Unsversitatis Babes-Bolyai BLIXOAHT NO cJjenylo
CNEeUNnaNnbHOCTAM {

MaTeMaTHKa

du3uka

XHMHSA
reonorus-reorpagpus
Guonorus

dunocodun
SKOHOMHYECKHe HAYKH
IOPH AHYECKKE HAYKH
HCTOPHSA

dunonorus

Dans sa XXIX-e année (1984) Studia Universitatis Babes-Bolyai parait dans les spécialités

mathématiques
physique

chimie
géologie-géographie
biologie

philosophie

sciences économiques
sciences juridiques
histoire

philologie
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