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LINEAR OPERATORS THAT TRANSFORM A NORMAL CONE IN
COMPLETELY REGULAR CONES N

A. B. NEMETH

The Fredholm resolvents of a wide class of operators, which are sublinear
with respect to the ordering induced by the wedge W in the normed space
Y, have the property that transform W into completely regular cones [6].
These resolvents approximate indefinitely the identity map in the topology
of uniform convergence on norm bounded scts. This advantage is associated
with the drawback that composing them with convex mappings with values
in Y, the resulting operators fail to be convex with respect to the ordering
induced by the transformed cone. '

The linear operator 4 on Y has the property that compesed with any
W-convex operator yiclds a mapping which is A(W)-convex: The complete
regularity of A(W) remains of a crucial intercst for applications. But it appears
that when W isn’t regular, the linear operator with this property cannot appro-
ximate indecfinitely the identity map (Corollary 3). However, some important
operators (sec the cxample in 12) have good properties from this point of
view. Hence we devote the present note to investigation of the linear operators
A with the cone range A(W) being a completely regular cone.

If the lincar and positive operator A maps the closed normal cone C witi:
nonempty intcrior, contained in the Banach space (B-space), Y, into a comgplc-
tely rcgular cone, then any abstract Hammerstcin operator AF, where F is
C-convex and continuous, is subdifferentiable at any interior point of the dc-
main of F (sce Proposition 19). ' '

1. Operators with ompletely reqular ene ranges. Let Y be a normed space
over the reals and let C be a come in Y, ie., a:subset having the propertics
C+ CCC, tCCC for any positive real number, £, and C ) (—C) = {G}.
The conc C induces a reflexive; transitive and antisymmetric order relation
<onY if we put # € v whenever 4 — » « C. This order relation relates to thu
lincar structure of Y by the properties: # < v implies » + w < v 4 » for any
w in Y and fx < tv for any positive real number £. -Since in the sequel we have to
do with different cones, we shall call C-ordering the ordering induced by C. Simi-
larly, we shall use terms as C-order bound, C-monotone etc.

The cone C is said to be normal if there exists a positive number & such
that jju|| < bljv|, whenever 0 < u < .

The cone C is called completely regular (regular) if any C-monotone norm
bounded (C-order bounded) sequence in Y is fundamental. Any regular conec
which is complete is normal, and any completely regular cone is normal and
hence regular ([3], theorems 1.6 and 1.7). .

If A4 is a linear operator on Y, then the cose range A(C) of A is obviously
a cone. If A(C) C C, then 4 is called positive. For a wide class of cones the
positivity of a linear operator implics its continuity. ‘We shall in the present
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note ignore this aspect and shall explicitly .require in all what follows the con-
tinuity of the cousidered linear and positive operators.- S

The linear operator A is said to be of completely regular (regular) type,
if its cone range A (C) is a completely regular (regular) cone. Since any completely
regular cone is also regular, any linear operator of completely regular type is

1so of regular type. ]
oo We shall frquently use in the sequel Lemma 4 in [6] and hence we shall

tate it here in a slightly modified from. o o .
) 1. Leama. The cone C in Y is completely regular (regular) if it contains

no sequence (y,) having the property ,tlmt Iyl = 2 fqr any 1 and some positive
d and for which the st [Zy": ne N} is norm bounded "( C-order bounded).

2. ProrosITiON. If C liién't a regular cone of the normed space Y, then no
regular tvpe lincar and continuous operator (and hence no completely regular
tvpe lincar and continuous operator) can have continuous left hand side inverse.

Proof. The linear operator 4 has continuous left hand side inverse if and
only if there exists a positive b such that

4yl > bliyll (1)

for any v in Y (see e.g. V. 4.4. in .[4]).
If C isn’t tegular, it contains by Lemma 1 a sequence (y;) with the pro-

”

perty that |y, > d for any 7 and some positive d, for which the set {E Y. n €
1=1

e N} is order bounded. Let y be a C-uppef bound for this set. Then Ay will

be an A(C)-upper bound for the set {E Ay, n N}. According (1) and the
property of (y) it holds =
dydl > bily.]| > bd > 0

for any i. Applying once again Lemma 1 we conclude that the cone 4(C) cannot
be regular. Q.E.D.

We shall denote with (Y) the vector space of all linear and bounded
operators acting in Y, endowed with the norm topology.
i 3. CaroLLARY. Let C be @ cone in the B-space Y that isn’t regular. Then
i open unit sphere in £(Y) with the centre at the identity map I ean contain no
operator of regular (and henece no operator of completely regular) type.

Proof. Any opcrator in the above open sphere h i i
theorem of Banach (see e.g. V. 4.5 il‘ll) [2])1? QT%.Da.S continuous inverse by @

4. Remark. In [6] it was shown that the identit i ini
. - y map can be indefinitel
:gtgr?:;méize% rl;ld ];:hle topology of the ,uniform‘convergencep on norm boundeg
transiore | coneo én rlclzsolvents of jsome sublinear operators. These resolvents
suboones of e e t“', ose closure Isn't a subspace in some completely regular
Gered tapor 18- stricted to the linear and continuous operators the consi-
pology is quite the norm topology. Intuitively the above cited result
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i ,arbitrari to it”*- which are comple-
that a cone contains subcones ,;arbitrarily close tc 1ple
gle;nrsegular. Although, by Corollary 3, the transformation of a cone that isn’t.
regular into a such subcone cannot be realised by a linear operator.

N. The property of a come in_a normed space to be com-
ﬁlcteli; rPelg}z?ll;(r)'si':I;reservcd 1be j:myy linear and boundcd operator with continuous
left hand side inverse. - . o

Proof. Let C be a completely regular cone and assume that A(C) isn’t com-
pletely regular for some linear and bounded A with continuous left hand side
inverse. We have for any y the relation (1) for some positive b. Invoking
Lemma 1, there exists a sequence (y,) in C with [|4y|| > 4 for some positive

«

d and any %, such that theé set {E Ay, ne N¢ is norm bounded. We have for
Eyt
=1

”
dingly the set {E y,:n e N} is norm bounded and we have get via Lemma 1 a
i=1 -
contradiction with the hypothesis that C is a completely regular cone. Q.E.D.
6. Remark. Obviously, any linear operator of finite range preserves the
complete regularity of a cone. The operators constructed in 12 and 14 furnish
other examples having this property. However, there exist linear and compact
operators that transform some completely regular cones onto cones without
this property (see the example in 17). " .

Let & and € be subsets in £(Y). We shall say that € 18 modular' over H.

2b

any ¢ the relation ||y,|| = d/f|l4]| > 0, while from (1), 2 Ay, l Accor-

L

if for any » € N, any B, in & and any C, in @, the operator ) B, C,is in C:
i=1 - ‘

If & contains the identity map, then it suffices to restrict # in the above defi-
nition to be > 2. It is straightforward to show that if & contains all the
positive multiples of the identity map (respectively, its multiples with scalars
in [0, 1)), then if € is modular over &, it is a convex cone -(respectively,
a convex set). If € is modular over itself we shall say that it is awfomodular.

We shall need in: our next reasonings the 5 L

7. LeMuMA. The sum of a finite number of completely regular subcones of a
normal cone is a complciely regular cone. -

Proof. Let C, and C, be completely regular subcones of the normal cone
C and assume that C, 4- C, isn’t completely regular. By Lemma 1 there-exist
the 2sequence ) in C,, j=1, 2 and a positive number d so to have lly: +
+ yill 2 d for any i, while the set L

(R .

lg i+ :in e N] h o

is norm bounded, Passing to a subsequence we ca ' withe
the gemaraney sed: to a st qu n assume w:t.hout loss of

L

;T =aR, ke, R (3)
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n Y, we have .

i

On the other hand if < denotes the Crprderillg 1
. n vy m ' v g. . A' '.- N
. 1’ e ~ 1 2
’ O < kz=\’|y,.' < kESl(yl". +yfk) < Z:i@, +y‘-)r 9
wherefrom, using the normality of the cone C and the norm boundendess of
(2) it resuits that the set .

. ».:.‘- A b
E, y;!‘,_ ke N]
E=1" _

is norm bounded. But this, together with (3) contradicts the complete regularity

of C,. Q.E.D.- ’ o R

8. %ROPOSITION. Let C be a normal cone in the normed space Y. Let B
deiote the subset of C-positive operators in £(Y) that transform any completely regular
subconc in C in completely regular conc. Then B is an automodular convex cone

in £(Y). . , . .

Proof. We have obviously B,B, € & whenever B, and B, are in &. Fur-
ther, by the inclusion . <o . :

B+ BIO CBO) + B0

: Lot :
it follows that the cone in the left is completely regular being the subcone of
the cone in the right, which is completely regular by Lemma 7. That is, B, 4
+ B, is in & From Proposition 5 we have that I and any positive multiple
of its are in & and hence we are done. Q.E.D. .

9. PROPOSITION. Let C be a normal cone in the normed spacc Y. Let @
denote the set in £(Y)-of the operators that transform C in complctely regular subco-
nes of its. Then € is an automodular convex cone in &(Y), which is modular over
&, where & 1s the set in £(Y) of C-positive operators transforming the compleicly
regular subcones of C 1n completely rcgular oncs. '

. Proof. Since € is contained in & it suffices to prove that it is modular
over & Forany B’ in & and any C’ in @ the composed operator B'C’ is obvio-
usly iz €. Because I is contained in 8 we have only to prove that B,C, + B,C,
1s 1n € whenever B, and B, are in & and C, and C, are in €. But this follows
directly from Lemma 7. Q.E.D. S T

10. Remark. From 14 it follows that the cone € i i
in the morm topology of the space £(Y). ne € in general » mot closed

oper::a[i; 'A and B be in £(Y). We shall put A‘ < Bif B— A4 is a C-positive
11. PropostTION. Let 'C be a normal cone in Y. L ‘
o ) 4 ' 2 . Let @ denote the set o
C-positive operators in £(Y) which transform C in completel)y regular ci)cn;.:. I;
Sfor some A and B in (Y) there exist the positive scalars « and B such that

B < A<BB (4)
then A is in € if and only if B is in @.

Proof. The rclation (4) defi 3 \ R Ceei
sufficient to show that %)E e11'1es in fact an equivalence relation. Hence it is

: _ implies 4 « €. According t i
for any sequence (z) in C the norms 1Bzl and |4z, igel;\? :&rﬁl&}; C;fm?é

* PR “.

TN , -
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i ed from above and respectively, lower boungled by a positive. number.
%g;ggbo;;::l Lemma 1 in the \yapy we have donme it in the preceeding proofs,
we get the required implication. Q.E.D. -

2. Examples. The operators of finite range transform a closed cone in com-
pletely regular ones. The image by a compact operator of a~closed‘cone is a
compactly generated cone and hence -the compact operators can -be suspected
to improve esentially the properties of a cone. Are they of completely regular
or of regular type? Unfurtunately they don’t. The aim of this paragraph is to
show that the property of an operator to be of completely regular as well as
of regular type is far to be characterizable with a- property like compactness.
There are linear and continuous operators of rather general form which are of
completely regular type, while some compact operators don’t have this property.
In the same time we complete the results in the -preceeding paragraph. -

Let C[0, 1] denote the space of continuous real valued functions defined
on [0, 1] endowed with the uniform norm and orderéd by the cone C of non-
negative functions. This cone is closed and normal.

12. The lincar operators in C[0, 1] with the representing kernels bounded
rom above and from beclow by positive multiples of « measure function, which
represents a lincar and positive functional, are of completely regular type.

Let A be a linear and positive operator in C[0, 1] and assume that the
representing kernel K of its (sce e.g. VI. 9.46 in [1]} satisfies the following
conditions : : S e

(i) There exist a normalized function g of bounded variation on [0, 1]-and
a positive real B, such that NP

0 < K(s, dt) < Bg(at)
for any s and ¢ in [0, 1];
(i) There exist an s, in [0, 1] and a positive scalar « such that
_agldt) < K(s,, dt) R

for any ¢ in [0, 1].
For any y in the cone C it holds by (1)

Iyl = sup {30 KGs, &) < 6 () gtar). 3

0 o

If |l[Ay]| > d, then this relation together with (ii) yields
1

- adfp < (3OK(so dt) = (43) (s,). , )

0

If (2) is a sequence in A(C) with the L iti
_ property that >d
d and any 4, then we have by (5) the ineguality e for some positive

a z2(so) > ad/B L SIS
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and hence

)

I

}lnﬁd/ﬁ,' !

i=1 b

that is, the set iz‘ p € N] cannot be norm bounded. I’l‘hus by Lemma '1,
im1 . S , "
A(C) is a completely regular cone. , P . N

We have in particular, that if the representing kerncl K of the positive and
compact operator A satisfies the condition ., .. . .

, K(so ) 20>0 ’ '
Sor any t in [0, 1] and some so in this interval, then A is of completely regular
type. ‘

I,

Indeed, we have then:

Kso, 1)dt > adt,
and .
T K(s, t)dt < pdt

for any s and ¢ since K is continuous and hence bounded.

13. Example of a positive integral operator with continuous kernel acting in
‘C[0, 1] that 1su’t of completely rcgular type.

Consider the increasing sequence (a,) of distinct. real numbers in ©, 1/2).
Let we construct the functions %, by putting for any » € N

ki(s, t) = max{0, (a, — @p41)* — (¢ — @, — @ny1)? — (s — @, — @ny1)?}

(s, 8) € [0, 1] x [0, 1]

They have the properties . |

(i) #, vanishes outside the square [2a4,, 2a,.,] X [2a,, 2a,41];

(1) 0< A,(s, ) < max{0, (¢, — @pp1)2 — (¢ ~ @, — Any1)} = ku(a, + Gnis, £)

(i) max k(s §) = (@, — @it o
According (ii) and (iii) the function

’

K(s, 1) = f: ko(s, ¥)

n=l

is non-negative and continuous on 0, 1] x [0, 1].

We shall show that the integral opetator {A defined by the relation

. .
(4y)(s) = Sms, 1)y(t) dt

0

1sn't of completely regulat type with Tespect to the cone C of the non-negative
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functions in C[0, 1]. To this end, we consider the sequence (y,) in C defined
by 1 7 ) -
y,(f) = max {0, c,((a, — )P — [t —a, — an+1)l)}, # € N,

where
2a

¢, = ( S (@0 — @ns1)? — (t — @0 — @n41)?)? dt). )

ol

Then we have the properties
1
(a) The function z,(s) = Sk,,(s, t) y.(t) dt vanish outside the interval

0
[Za‘y 2an+l] y

(b) flzall = 15

1

(c) Sk_(s, £) y,(¢)dt = 0 for any s, whenever m # n.
[

From (a), (¢) and the definitions it follows that

z,(s) = (d,) (s).
The properties (a) and (b) imply

”
224
i=1
for any # in N, wherefrom via Lemma 1 we conclude that A(C) isn’t a com-

pletely regular cone.

14. The integral operator A constructed in 13 can be indefinitely approxima-
ted in the norm topology by positive intcgral operators of completely regular type.
We refer for the notations to the preceeding point. Consider the function

K. t) = L‘ his, )

and let the operator 4, be defined by the relation
(4ay)(s) = §K.(s, y@ya.- -7 ¢
From the properties (i) and (iii) of k,,owe have for any y in C
0 < (4y)(s) — (A,y)’(s)-—- §(K(s, t) — K, (s, £))y(t)dt =

0

=1
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B I
l .
= i k(s z)) v{t)dt < max (a, — a..+:)"'Sy(t)dt < |yl max (@, — appq)2
—S n=mt1 B apmil 7
0
and hence 4 — AL < max (a, — -
nam+1
‘here A converges in the norm to A when m '€ co.
" her\({’?x;:ave" tonchegk that A, is for any m of completely regular type. We
observe first that for any y in C the function A,y attains its_ local maxima
at the points a, + @y, .- -» @p F+ Am41. Indeed, suppose that s is in the interval
24, 20;,] =1 ... m). Then by the property (i) of &,

K.(S»' tj}'(t)dt = Sk:(s» t)y(‘)'dt. (s = [2a), 2aj11]).

0

(A.)(s) =

O,

{
Now, by the property (ii) of %,
1 5 NI A ) o 4

(6. Dyt < e, + asn 030 = (49) @ + ),

L] 0
that is, for s in [2a, 24;4],
(4. 2)(s) < (Aay)e + a541)- )

Consider now an arbitrary sequence (z,) in 4,(C) with the property that
llzll = € for some positive 4 and for any . We have

z(=A-y.) i EN'

for some y, in C. According to the property '(i)‘ of %, it follows that z,(s) =0

for s in [0, 1]\[24;, 2ap4,]. By the relation (7) we have that the maximum

of z must be attamed on some point @, + a4, 7 =1, ..., m. That is, since

Izl > @, there exists at least a j(1 < j < m) so to have '
z(a, + aj41) > d.

Because 4 can have a finite number of values, it follows that there exists an
index & (1 <% < m) and a subserquence (uz;) of (z,) such that

zi,(d. + @) >d
for any / in N. This means that

4

Lt o) >,

and hence the set

\2Aneq
Jj=1
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cannot be morm bounded. From Lemma 1 we have then that A4_(C) is a com-
ly regular cone. ' '

p]etelg. The operator A constructed in 13 is of regular type. We have to show

sn accordance with Lemma 1, that if (z) is a sequence 1n A(C) with t}?e prlcl)-

perty that there exists a positive d such that |z|| > 4 for any ¢, then the

set

1=1

[iz,: n e'N} 8)

ot be A(C)-order bounded (by any element in A(C)). '
CannLet a be( t):hc limit of the sequence (a,). Then K(2a, ¢) =0 for any ¢ in
[0, 1]. Hence z(2a) =0 for any z in A(C). Assume that z is an element in
A(C) which is a C-order bound for the set (8). This means that

iz,(s) < z(s), s [0, 1], n € N.

Since z is continuous, z(a, 4 a;4,) = 2(2a) = 0. Assume that » « N has the
property that z(a, + a;4.) < d/2 for any j > h. Since z,(s) < z(s) for any 4 and
since |lz,]| = d, it follows that the maximum of any clement z, must be attained
at a point s < a, 4+ @44;. According the reasonings in the point 14, an s with
this property must be one of the points a, 4+ a;4 for 7 < h. Hence we get a
contradiction as in the above point with the norm boundendess of the set (8)
which follows from the C-order boundendess of it. Now, if the set.(8) would
be A(C)-order bounded by some element in A4(C), then it would be also C-or-
der bounded by the same clement. But this contradicts, as we have seen above,
the hypothesis that |z,|| > d for any 4. Thus A4(C) must be regular. '

16. Examplc of a positive integral operator in C[0, 1] with continuous kernel,
which isn’t of regular type.

We shall use the constructions in the example 13, restricting the terms fo the
sequence (a,) to satisfy 1/4 <a, < 1/2, i € N. Let be a, = 1/4 and put

kofs, &) = max {0, (a9 — @))* — (¢ — ag — a,)3}
Consider also the function . .‘

Yolt) = max {0, co((ag — ay)* — (t — ag — a,))%}.

where ¢, is given by (6) with n = 0.
The function
o0
K(s, 8) = D ku(s, t)
n=0
is continuous and non-negative and have the property that
, 1 iy

Vxo6, fyaiae=1 " |

for any s in [0, 11.
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The elements
1
z,(s) = SK‘(s, 1) y(t)dt, n €N

0

are of the norm 1 and have the property that “2 z,,“ = 1 for any m in N. Let
n=1 .

us denote by ¢(s) the function identically 1 on [0, 1], and let consider the diffe-

rence

"

Cug(s) = e(s) — 2 z.(s), m € N.

n=l" (

This is for any m a non-negative function of norm < 1.
Consider the sequence (b,), where b, = a, — 1/4, « € N, and put
h(s, t) = u,(s) max {b, — bp41)? — (t — b, — bssa)?}, # € N.

h, is a non-negative continuous function vanishing outside the strip [0, 1] X
X [2b,, 2b,4,], satisfying the inequality A,(s, £) < (b, — ba41)?. Hence

"0
Ke(s, ) = 2 h(s, ¥) .
.on=1
is a continuous mnon-negative function. Let
v,(t) = max {0, ¢,((by — bus1)? — (¢ — by — bus1)?)}
with ¢, given by (6). We shall show that the compact operator A defined by
. - 1
) @ =K. )y
0 )
where K = K 4 K? isn't of regular type.
We observe first that ¢ and the sequence (z,) are in A(C). Further, we have

1 2bn o .

SK(s, 1) v,(t) dt = S (s, 8) v,(0) dt =

2b

T

= ¢, #,(s) S

2b

(B = basa)® = (t = b, = bpa)2)2dt = u,(s)

by the definition of the sequ;ance (b,) and of the numbers ¢
The obtained relation shows that «, is in 4

{”E:l Z,im € N]

w 7 € N.
(0] and that the set
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js A(C)-order bounded by the element ¢ of A(C). But lIz:,,l[ =1 for any # in
N, and invoking Lemma 1 again we. conclude that 4 isn’t of regular type.

' "17. Example of a linear, positive and compact operator in ¢ that transforms
a completely regular cone in a cone that isn’t completely regular.

‘Denote by ¢ the space of convergent sequences of real numbers, endowed
with the usual norm. Let C be the cone of the sequences 1n ¢ with non-nega-
tive terms. The subcome C, in C of the nondecreasing sequences is completely
regular. Indeed, if y is in Ci, ¥y = (), ¥ <R, then |ly]l = lim y". Accordingly,
for y, and y, in C, we have ly: + 3.0l = flyall + lly.ll and hence there cannot
exist any scquence (y,) of elements in C, such that |y 2 d for some positive

d and auny 7, for which {E yoin € N} is a norm bounded set. That is, C, is
i=1

completely regular by Lemma 1.

Let us consider the infinite matrix of real numbers denoted by 4,
A = (a5)ijere,... @5 =27" 3

with & standing for the Kronecker symbol. If we define Ay for some y in ¢
as to be the multiplication of 4 by the (column) vector y, then 4 can be
interpreted as a linear operator in c. It is straightforward to see that 4 is com-
pact.

Define the sequence (y,) of the elements in the completely regular cone
C, by putting

y.-_—..(o, c ey 0, 2", 2", ...)
n—1 times
Then
Ay, =z, = (20, 22, ..., 20, ...),

where 2 = 27" y7, that is,

z,=1{0, ..., 0,2° 271, 2~2, . ).
n—1 times

We have ||4y,| = llz.]l = 1 and

ly: + Ay. + ... + 4y, < 2
for any # in N. That is, 4(C,) isn’t completely regular by Lemma 1.

3. The subdiiierentiability of some Hammerstein type
e operators. A total
;r@ereq subset of the ordered vector space Y is said tg pbe ap chain. The 2;:13.'
1s said to be chain complete if any chain that is bounded from below (from

above) has an infimum (a supremum) in Y. If Y i

by a closed cone, then the limit of a . ically decesasingy (oomared
( , ny monotonicall 1

-Sequence is also the infimum (supremuym) et (g, {cteasing)

e is also of this sequence (see I1.3.2 in [8)).
I'E)et.xtc'e 1sr§ t difficult to show (see for example the reasoning in(the proof lonf ][Pr]g—
ﬁ: s:v 10?1 in (7)), that a space with this property is chain complete. Thus for
- ¢ have the conditions used in (5] in order to prove the existence of the
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subgradients for convex mappings. Ths -operator F :from the vector space X
to the ordered vector space (Y, <) is said to be convex if

Fltx, + (1 — )m) < 1F(x) + (1 — )F(z,)
for any #, and ¥, in X and any ¢ in [0, 1). The linear operator 4 from X to Y

is said to be a subgradient of F at x if
F(x 4 u) — F(x) > Au

for any # in X.

Suppose that X and Y are B-spaces and that Y is ordered by a closed, nor-
mal cone with nonempty interior. Then if F is a continuous convex operator
from X to Y, then from the existence of a subgradient of F, it follows its continuity.
There exist examples (see e.g. [4]) showing that even for rather nice convex
operators there are points in the domain of them at which no subgradient exists.
We shall use in this paragraph the results we have estabilished in order to give
some sufficient conditions for the existence of subgradients. First of all we prove
the foliowing preparatory result:

18. LExma. The closure of any completely regular cone is completcly regular
too. ' .

Proof. Assume that C is completely regular and C isn’t. Then there exist
a d > 0 and a sequence (y) in C with the property that |yl > 4 for any 4,

so to {2 Yon <€ N] be a norm bounded set (Lemma 1). Suppose that \Z Y€
i=1 3

=1
< o for any n. Let z, be elements in C which satisfy the conditions |jz,]] >
2 d[2 and |z, — y,|| <2~ for any 7. Then

n

[[EA -

=

< E‘ y, —zll <1
1=

and hence
|

for any #n. That is, the set {2 zp:m € 1‘] is norm bounded. Thus we have get
=1

a contradiction via Lemma 1 with the hypothesis that C is a completely regular
cone. Q.E.D. o ,
. 19. ProrosiTION. Let Y be a B-space ordered by a closed normal cone C
with nonemply interior and let F be a continuous convex mapping from the B-spacc
X toY. If A is a positive operator in Y of completely regular type, then the abstract
Hammerstein operator AF has continuous subgradients at any point of X.
Proof. From Lemma 18, A(C) will be a closed completely regular cone. The
operator AF will be convex with respect to the 4(C)-ordering in Y and hence it

will have /T(C)-subgradients in any point of X. Since A(C) C C, these subgradients
will be C-subgradlen'gs too. Hence they will. be continuous opecrators by our
comments at the beginning of this paragraph. Q.E.D.

”»

24
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20. COROLLARY. Let the space C[0, 1] be ordered by the cone of non-nega-
tive functions and let F be a continuous convex operator acting‘ in.-it. Consider the

Hammerstein operator defined by
1
G(x) (s) = SF(x(t)) K(s, dt),
0

where the kernel K satisfies the conditions in 12. Then G has continuous subgra-
dients in each point of C[0, 1]. ‘

Proof. The positive cone 1n c [0, 1] is closed, normal and has vnonempty
interior. The linear operator defined by : pi

1

(45)) = (YO (s, dt)

0

is of completely regular type by 12. Now, G = AF aﬁd hence we are in the con-
ditions of Proposition 19. Q.E.D.

(Received March 13, 1981)
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OPERATORI LINIARI CE TRANSFORMA UN CON NORMAIL IN CONURI
COMPLET REGULARE

. (Rezumat)

In lucrare sint studiati operatorii liniari §i continui care transformi un con normal in conuri
C?;nplet regulare. Se dau conditii suficiente pentru ca un operator liniar §i continuu din spatiul func-
fillor continue definite pe un interval compact de pe axa reald, si aibi aceastd proprictate. Se

°‘1§t_mle§c operatori liniari i compacti definiti in acest spatiu, care nu transformi conul functiilor
Pozitive intr-un con regular, ) :
N
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F CERTAIN FUNCTIONS WITH

. INTEGRyy,
REPRESENTATIONS |

THE HARDY CLASS O

OTTO FEKETE ‘-

. Introduetion. Let S denote the class of functions f(z) = z + a,23 .
whiclll are regular and univalent in the unit disc U and let S°, S*, K and
B(a, B, 9, S*) denote the usual subclasses of S consisting of functions whigp
are, respectively, conveg, starlike, close-to-convex and Bazilevi¢ of type (a, B)
in U. Let L be an integral operator. Several authors .[1 1. 3], (4], (5], 6]
have investigated the invariability of subclasses of univalent functions witj
respect to some operators I, and have shown that L(S°) C S°,

L(S*)C S* LK) CK, L(B(«, B, 8, S*)) C B(«, B, &, S*).
In this note we determine the Hardy class to which L(f) belongs for some
integral operators L and for f € §°, S*, K or B(«, B, €, S*).
2 Preliminary results. We shall need the following results.
Lemta 1. If f is in one of the classes S°, S* or K and F is defined by

F(&) = L(f) = 2 ( St 0

dhen the function F is likewise in S°, S* or K. |
Lesya 2. If f is in one of the classes S°, S* or K and F is defined by

F) = L) =< { oy, 05051 @

then the function F is likewise in S°, S*, or K.

i II’;Emm 3. If f is in one of the classes S* or B(a, 0, 2, S*) and F is defi-

I3 1
—_ . c~1fa a :
F(e) = L¥(f(z)) —[7°St 'f(t)dt] ,a>0,c€C, Rec=0 ()
1}
then the function F is likewise in S* o7 B(«, 0, 8, S%).
Lema 4. If fe g», 0 <P <1 then f e Hria-p),

Lesa 5. * : ; .
=¢(f) >0 suc;,fﬂ{ate fse I‘;’fz +f; (f’) # ki(z) = z/(1 + e 2)? then there exists €=

1

L 1
e 6. If f) = (aSP(t)g“(t)tfldt “ € Bla, 0, 8 S*¥) with g # K

there exists ¢ y v,
Te exssts € = e(f) > 0 such that f « Hie+e,
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Lemma: 1is’ in 1], Lemma 2'is.in. [4]), Theorem 4.1.,. Lemma, 3 was pro-~
ved in [6] for @ and ¢ positive integers and in [5] in the general case, Lemma
4 and 5 are well known and Lemma 6 is in [2]. AT TN

3. Results for operntors of the Lnbera type. Let f(z) =2z 4 a,z’ +

. 2 o : T -‘
regular in U and F( =2 S F) 3. We have

Fo) ==L F@+ 2 £

For 0<p<l, z=re? 0<r<1 we define

2 - N

1() =S |F*(re®)| p dB @
K} R e
4\’ : obtain
i ' e {yet0 o {0 VSRV P i ."\,\‘”._\‘.I
° re e , P
B B . (5)

sijw(rew )ipdo + (2 , Slffe“’lﬁdﬂ :

Vo Tt

THEOREM 1. If fES* f#k and L is the operator defined by (l) then
there exists € = e(f) > O such that L(f e Hits

Proof. Since f € S*, Lemma 1 implies that F = L(f).= S*. By Lemma 5.
and (5), hm I(r) exists if p < 1/2, i.e. F' € H? for all p < 1/2. By Lemma 4

we have F € H? for all p <1 and this implies that F 3 k. Since f # &,
we have from (5), lnn Ir) <0 if p=1/2+¢, e=¢(f) >0, ie. F' & Hlz+e,

Applying again Lemma 4 we obtain our result.
The condition f # A in the theorem is essential. This may be seen by

talﬁng f(2) =z/(1 4-2)8. Then Lf(z) = _SA(I e dt = %[
We show that L(f) & H*. Let
— (1 L(fire dO—-" In(1 + re® a0
Jer) §| (flre®) | S [n< +e )+,+,,e” =
gis de-——S [ 1n(1 +re'°)ld9—~]1(r) —.— J.(f)

l+n

2 ~ Mathematica — 1983
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he proof will be complete if we establish that '111}1 ] <

Since lim Jl(')=w’t . G.oon Lot e
=1 . v ','l"‘:. ceL S l.ll

< 0. We have e . . . i
. 2 - f oo E .
2 ’ ; rsin@ 37 -
]:(7) _ S ]ln( + re) | d0 = S [(lnll + reej + (arctg——l 7 cos e) J df) s
0 -

[

2z ) Fi rsinb g
gs In|l + re’|d0 +S arctgm
0 0
ETY, iy | s
A simple calculation shows that Sarctg TTro0s0 d8=0. On Integrating
Vb |‘_-f 0

2r . .
Sln| 1 + r¢®)d0 as an integral depending on a parameter we obtain Jy(r)=(,
0

Remark 1. In fact we can prove the following more general form of Theo-

rem 1.
Taeorex 1. If fe S*, f -,\é R and L, is the operator defined by (2) then

there exists ¢ =¢(f) > 0 such that L(f) € H'+te.
TueoreM 2. If f € 8, f.# &t (k:(z):= ‘6%) and L is the operator defined

by (1) then L(f) e H>.
Proof. Since f € S, Lemma 1 implies that F = L(f) € S° and for f € &

it is known that f € H?, for p < 1. By (5) we have hm I(r) exists if p <1

ahd by Lemma 4 we have F € H? for-all p < . Let now assume p > 1.
The mequahty (5) can be replaced by -

i 2! e :
(| _Fee ey P
v 1 om 1 2n o lp ’ v
. S {2 e pasfe 4 2 [.S e as]’} @

o
Since f # ki, f € 5, there exists ¢ = e(f) > 0 such -that f'e H'*"
Since F’ € H! implies F e H®, we conclude that F H®,
The condmon F#R s essentllal because for f(z) = z/(l - 2) we have
Lifz)) = —2- 2 - In(l —2) ¢ g®,

Remark 2, o o
Theorem 3. In fact, "we can ‘prove: tHe following more general form of
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TaeoreM 2" If f € S, [ # R and L, is the operator defined by (2) then

L) = B~
The fo]lowmg theorem may be 51m11ar1y proved

. .
operator defined by (1), .then there exists & = e( f) > 0 such that L(f) = H'*s.
Remark 3. In fact, we can prove the followmg more general form of Theo-

rem 3. oy

TarorexM 3. If f < K f(z) # S (1_4_1_'17 P(z) dt,‘ Pe® and L, igwt}w

operator defined by (2), then there exzsts e = ¢(f) > 0 such that L(f) € H'te.
Remark 4, For Theorem 1’ and Theorem 3 we have not shown that the

results are sharp. ’ . e oy
4. Results for operators of type L. Let f(z) =2z 4 ayz* 4 ... be regular
in U and F(z) = L{(f(z)), L defined in (3). We have o .
wzF*=1(2)F(z) = (a + c)f*(z) — cF*(z) L, @)

If we let ®(z) = (F(z)/2) then ® is regular in U and satisfies
popy _ F@FV) — oF% g
®'(z) = 8 ®)

From (7) and (8) we obtain

V@) =250 Fo) (9)
For 0<p<l1, z=17¢% 0<7r <1 we obtain
.23' K 2
I(r) = S (@) a6 = S l - .o)¢+. (f“(re"’) —F“(re'“))‘ a0 s
0o 0 .
la—+ox" 2n o b
'7 s—(,—,( { lf(fe‘ﬂ) Jerdt +‘§ |r<fe‘9) we)m_ (10)

THEOREM 4. If feS* £k and I is tlze oj)erator defined by’ (3) ‘then
() if0< a S—- LYf) « H™.

e e Lo e

,,,,,

(") ’f ax > ; there 'é')cists € =e(f) >0 Suqhthat;l,g‘(f)eHm“ T
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“ Proof. (i) Let 0< « £ l- ,f € 8% p<1. Since ap'<*‘i #; using Lemma 3
and (10) we sec that lim I(') CXIStS lf P < 1, ie. @ EH’ for all $< 1 By

r—l .

l
a 4we have ® € H? for all p < oo and since. F(z) = #( (2 ))‘, we have
F e H? for all-p < oo. (11)

I,et us assumc nowf e S*, f 96 k. By Lemma 5'there emsts €= e(f) >0

Lemm

such that f e H 2 For p > 1 the mequahty ( 10) becomes

m)E;"‘, o' (re) P ae<-’%[[ S |flre) l’“dﬂ]l [?‘rF(re“» l»«]%]' (12)

Since @ £ — 5 ap< +s for all jz< I 4. By (11), (12) and Lemma 5 we
therefore conclude that lim I(r) < o for p = 1 + ¢, i.e. ® e Hi+e This

r—1- -
1"
a

implies ® « H® and since F(2) = z(®(2))*, F « He=,
(i) If « > f e S* ‘Lemma 3 1mp11es that F L“(f) e S*, By (10) and

Lemma 5, lim I(r) emsts 1f ap < —,le. @' € HP for all p < —. By Lemma

71"
; 1
4 we have ® € H? for all p< ﬁ . Since F(2) .-.—.z((b(z))“, we have
«— .
-2k -

|F(re’°) P d9 = rl’S | ®(re®) |* 40

0

I~

(13)

Sl

and consequently, thlS last mtegral will be bounded prowded that £ < 2 ! "
a 2a—

A

»

ie. F e H? for all p < . Foreg, < a FEH2 ‘and by Lem-
2a~1 - 20 -1 = ,2
. | R |
_ ) L . AT N )
ma 5 there exists gy =¢,(f) > 0 such that fe H 2 Taking €’ = min
and hence

{e1. &1}, we have by applying (10), lim. I(r). < 0 for ap = 21 + ¢
. r—1" . .-

+e R
.

x
by Lemma 4 and (13) Fe H*-!
Remark 5. Setting a =1 and ¢ = 1 we obtain Theorem 1.
Setting @ = 1 we obtain Theorem 1”. S |
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Remark 6. A sxmple calculatxon shows that for f(z) = z/(1 — z)* and a €

eN, I."(f) = H 2“""‘ 'In the general case we . have not shown that {he Tesult

is sharp. P
The following theorem may be 51m11arly proved.

s 1
TrEoREM 5. If f(z) = (as P(t)g*' (-1 dt) € B(a, 0’,.“2,,:._5*_), g # kg'_;ax}fi
r o 3. bl repr

i,“ is the. oj)erator dqﬁncd by (3) then L e F T T PO

(4

) f0<asc, L) sH"

(i) f « >-;— there exists & = e(f) >O such that L“ f) = H““1 v

s vt e __: ,.~|.

. (thnwd Mnrcln 30 1981)
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CLASA HARDY A UNOR FUNCTII CU- REPREZENTARI INTEGRALE .-
(Rezumat)

! Pornind de la invarianta unor clase: de functu umvalcntella operatori integrali L de forma (1),
{2) sau (3), se determini clasa Hardy pentru L(f) in cazul in care S € 5% S*, K, sau B(a, 0, 8, S*).
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'FORMULE OPTIMALE DE CUADRATURA DE TIP INTERVAL

PETRU P. BLAGA o

’

X

Formulele de cuadraturd sint folosite pentru calculul valorii aproximative
‘a unci integrale definite, cind se cunosc valori ale funcfiei de integrat pé anu-
mite puncte si ale derivatelor acesteia. In practicd, deseord, sint cunoscute valori
medii ale functiei de integrat, pe anumite subintervale ale intervalului de in-
tegrare, pe care le numim intervale de evaluare.

Bazat pe aceastd observatie, in lucririle [2, 3, 4] sint studiate astfel de
formule de cuadraturd numite de tip interval.

In cele ce urmeazi sint considerate formule de cuadraturi de tip inter-
val, care sint alese dintr-o clasi de astfel de formule. Aceasti clasi de formule
de cuadraturi de tip interval se obfine considerind coeficientii formulei si distan-
tele dintre doud intervale de evaluare ca parametri. Determinarea acestor para-
metri se face in aga fel incit formula si aibd gradul de exactitate unu, iar restul
formulei s& fie minim, intr-un sens precizat mai jos.

Pentru precizarea celor spuse, fie functia de integrat din spatiul de functii

H,[0, 1] = {f « C[0, 1], f’ segmentar continu%}

si intervalul de integrare [0, 1] cuintervalele de evaluare [x,, y,], k£ =0, m — 1,
definite prin sirul de ‘inegalitati:- . x ' :
0=y_, <% <Y< <N< 0 <Xt < Ymor € % = 1.

Se noteazd lungimilé intervalelor de evaluare §i respectiv distangele dintre
aceste intervale de evaluare' ptin: - "

h=y.,— 2, k=0, m —1; dy =%, — Yp_1, k=0, m.

Se considerd formula de - caudraturd de tip interval

. (fwax = S22 e an + R, (1)
g kR g TS

cu proprietatea R[1] = 0.
Restul are urmitoarea reprezentare integrald

R[f] = SK(t)f’(t) dt,

[

unde
m—1

K@) = R[(x — %) = (1 — ) — 5 2 (04 — ) + (6 — 2],

A=
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Din reprezentafea integrald a restului se obtine: ., .. -

.
A g

IR[f]I sup If @ §|K(t |dt

o PR

Vom spune ci formula de cuadratura de tip interval (1) cu Ao, A,, A €
e R, respectiv dy, di, ..., dm € R, este o formuld- optimald de cuadraturd

de tip interval, dacd - o . R
I(Ao, .o ,,,_1 ; do, aoey d,.,,) = min I(Ao, ‘.‘..', A,,...r ;do, oo .,.’d;),
Ag..\d
doerndy
unde -

_ 1
(Ao ey Amers. dov -o., dy) =‘S|K(i)]dt_.
°
Pentru determinarea formulei optimale trebuie rezolvate doud probleme.
L Prima datd sc determind distaniele dintre mtervalele de evaluare,
ds, ..., dn, astfel incit

I(Ag, ..., Am)) =I(Ag ..., Ay do, ..., dp) =
= min I(dy, ..., Am=1; 8o, ..., d,).

4y, s . oo

II, Se determini apoi ponderile A4, ..., A:._ 1 astfel ca:

I*=T(do ..., Am-y) = mm I(A.,, ey Ame).
LI -—l
. Rezolvarea problemei 1. Tinind seama de expresia nucleului X, se poate
scrie

*e

I(Ao -\ Ame; dov <., d)) = S |K(f)|dt +

1]
m—-2 . f “'(1 .
+)::S lK(t)ldt+p S K@ a+ | K0 a,
Ym—1
unde —t, dacatE[O Zol, L LEi
BENPIPY |- I—l't-.{'- 2,4“ '—j"f"* dach £< [x, ], k=0, m — 1,
K(t) = ¢ ] : . i L6
R o8& re
EA,—t daci ¢ € [y, x,d.,] k=0, m—2,
Jj=0 .
1—¢ daci t [y,,._,, 1]...‘
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Considerind indeplinitd conditia 4, —3, >0, 2 =0, m — 1, se obfine :
I(Ao; '0;, Am—l; d s ey d-) =
I = .. - i 2
. 2+2.:§°4: :[( . z=: ) (g f y,)]+
m=2fr j ' 2 '. ' Y (:1"_'_'3,'”_"):-
+ = 2[(2 )+(xi+l"—'2Al) ]-I-‘-—' :
2 7=0 +=0 $s=0 2
Tinind seama de faptul ca ., B

m—~1

E d, + Zl =1
se obtine valoarea minimd a lui I, pentru A4, ..., 4,_;, fixati, ca fiind cea

- . . . -
realizatd pentru valorile do, ..., d,, determinate prin rezolvarea sistemului
a.]oebnc

_ k-1 e )
Xy +*y,—22A, —A4,=0, k=0 m—1,
Jj=0 i
24+ 21 =1
i=0 5
Solugia acestui sistem, cu necunoscufele do, eeny d, cste
A

dy = t_‘_lk—l""A.;l‘;"pelltl’uk=0, PR

2
unde L .

A i Aoy ey A e =08 e e

In acest fel se obtine

v : zk: A + I [ A
X P
‘,‘=EA,+ ,Pentruk_O m—1,
L J=0 ;- "y = 2 X T et ; L
iar .
o T(Ao' seey Au—l =—2A(A _ll) e
Rezolvarea probleme: 1. Determmarea mmmmlul tui T se face ;mmdu s¢
seama de relana 5- \s
Ty WA TN > B R S

EA'EI.. - : N ' .v 5

l-o PR N O
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in acest fel se obtine ci valoarea minimi a lui I este atinsi pentru

1 o+ ... in — 1 -—
Ap=L gt ¥ EZIDLF . Fdey pentruk =0, m—1,
o 2m P
jar . N ’
. * I# l T l m-d .
oo ~ 16 ».-2—’
in final se obtine: L H
d’—l_,’l_ 1 m—ll
0 2m 4 4m2 »
=0
1 L + 1 1 ol
dy=—~ 2221 __ NNy pentru k=1, m — I,
h m 4 2m§ » P
. 1 1 7ol
d, = — — 21 __ __
i 2m 4 4»12’

j=0
» b4 . * -~ L4 S v
Se observd ca d; > 0, § = 0, m, in .ipoteza in care s-a lucrat, adicd 4, > d,,

<

j=0, m—1
Cazuri particulare.
1) Dacd in formula optimali obtinuti se face [, =+ 0, k=0, m — 1, se
obtfine optimald de cuad:aturé cu evaluiri punctuale 4

gﬂx SR+ R

1 Cie i
pentru care I* = —. S .,‘
4m

+ 2) Dacid I, = I, pentru & =0, m — 1, se obtine formula optimali de cua-
draturd de tip interval e e

Hit L
1 } m= 2 2
[7n)dz = }_; { swaz+ RiAL
° 214
2m 2
iar %= L=
4m
In cazul in care I = 2i se objine formula optimala de cuadraturd de tip interval
i 2)+l
1 -—1 “am
S f(x)dx =2 S f(x)dx + R[f),
0 =0 9ia
4.
cu =1
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OPTIMAL QUADRATURE FORMULAS orF INTERVAL TYPE
(Summary)

Let us consider the qutdratﬁre formula of interval type-

! . m—1 A' e v
dx = —
Sf(r) P, Sf(x) as + R/ “

0 e
with - o L
0=y 1€ 25 <Y <H<N<. ¥ 1<Ya—1< ¥u=1,

lk""}'g—xg"‘, k%O.m—l;dk;-x,_y‘_hk=0'm

of the exactness degree ome.
One defines optimal quadrature formulas of interval type, i.e. the formula for which Peano’s

kernel function is minimized in L,-norm, with regard to parameters. A,, k=0, m~1 and 4,

k=0, m.
In this paper the optimal quadrature formula of the given: forin. is obtained. Also, two remar-

lable cases are given.

AR T A SR
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ON THE ORBITAL ECCENTRICITY AND INCLINATION OF AN
ECLIPSING BINARY SYSTEM e

I0AN TODORAN

1. Introduction. There are lots of problems where an accurate determina-
tion of the orbital eccentricity and inclination is required. Among such situa-
tions we can mention here, for instance, the problems concerning the geome-
trical characteristics and physical features of the . close binary systems, the na-
ture of X-ray binaries where the compact object is linked to a massive star etc.

Taking into account the recent accuracy of the photoelectric minima de-
termination and the possibility to dispose of successive X-ray minima, it
would often be very important to dispose of a suitable method for orbital eccen-
tricity and inclination determination without the use of a whole light curve.
‘That is why we shall review, in the present note, the problem of apsidal motion
and the possibility we have to use it in order to determine the two orbital
parameters ¢ and ¢, of course where its effect is observable.

2. Equations of the problem. In two previous papers (Todoran [3],
[4]) for the establishment of the ephemeris formulae for the primary and secon-
dary minima, we have followed the method exposed by Martynov (see
Zverev et al [6]), but taking into account all expansions into series correctly
to the third power of e inclusively. In such a way, the ephemeris for the two
kinds of minima is given by :

(Ty)y=To+ 8E — ff{cotzi + 2 — e’[i cot®s — 1 2+
2r 4 4
+ cosec??) cot? i cosec? z]} cos @ 4- :l' [cot’ t cosec? 7 4-
b

+ 2cot? 7 + %] sin 2w + ?[(2 + cosec? i) cot? 7 cosec? 1 -

. 4
+ 3 cot?*s 4 ;] cos 3w, (1)
and : IR
(Tua = To + ;P + 8E +»2£:{covt’ i+ 2— e’[% cot? i — % @+

+ cosec? ©) cot? 7 cosec? z]} cos o + 141' [cot’ 1 cosec? 7 -
. Tl T

., 37 . Po
+ 2_991;’ 1+ %] sin 20 — P [ @+ cosec? ) cot? ¢ cosec? i +

4

.4 -
+3eottit Jemdo, o @

Tespectively. S
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Here we have used the abbreviation

anc the jollowing usual notations:
P — orbital period;
T, = initial epoch;
E = whole number of periods;
7 = g-bital inclination ; r
¢ = orbital eccentricity ;

&, = Jongitude of periastron at E—O
e, = veriation of the longitude of periastron.

New, ¥ we consider that the apsidal motion is going on witz
% iollowing equation may be written:

© = wo + &,E, ()
w—h:
T ox
0 = EP, '—31'
wiere U denctes the corresponding apsidal period.
Foorher, let vs put for abbreviation:
cot*i=y; cosec*t=1-+cotti=1+ v;:
O—Cyy=(Th —Ty+2E; 6
©—Cg=(Tdg— Te— T —<E,
a=d the perher E is teken zs O (zero) when the lougitude of periasen s o =
sccoh a

=908 er 270" and the line of apsides is parallel to the lire of sight. Is
momenr we have :
C=6,fe x(E=0=

and. comsequoartlv -

9° or 270°

x .
U= - P = apsidal period.
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Now, using the above mentioned notations, fromi (1) and (2) we have:

[Z;f(o—c)l] -—Asm—E . Bsin2 %" E+Csm3 *E, )
[%‘(O—C)"] _'—Asm—E Bst E Csm3 E, - (8)_

_.| . A

where : .
A= C{y +2+ c’[yz\.+ %y’)} N

B = ‘;"(33' + 5t + %) ; )

¢ =§’-(6y+4y’-l:y“+%]g

If we dispose of a sufficiently great number of observed minima, we can
perform an O — C diagram, the corresponding differences being considered as
an effect of the apsidal motion. In this case we can determine the abscissae of
those points where we have O — C = 0 (see Fig. 1). Consequently we can write :

" = oo+ o,F ]=>o>" —o' =, (E"—E)=n=
o =w,+ o,F

and:

—=—. 10
wl Ell_ El J( )

From (10) and (5) we can write:
U=2(FE" —E)P. (11)
In this way we can determine a preliminary value of the corresponding

apsidal period U.

If we substitute U in Egs. (7) and (8), for each observed minimum we
can write an equation of condition. A least squares solution of the correspon-

ding equations gives us the preliminary values A, B and C, and from (9) we
<an write :

A=" +2), B—e'(3y+y=+ 3 (12)

where, in a first approximation, we have omitted the terms in &, In such' con-
ditions we have :

‘= G+ 2 B= 22(3; + 5+ S} 207 + 47 + 417
or:

3+ (8B — 34528 — 49 + (168 — 34%) [2(2B =)]—1 =0 (13)
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So, in a first approximation, we have: .
cotti=y and c= A+ 2™

ith the assumption that s < 90°. ‘ ' _
Now, we have to improve our results. For this purpose, we shall put y,

P Ui s. (1) and (2), and by considering Egs. (4) and (6) we shall obtain
:h:nico,:;,igd"(o — C differences. In such a way we have:

©—C) =20 = Caw — (0 — Cheomy ) (14)
where we have put: ) '
© = Cloww = [(Ta)ilow — To —2E;
(0 - C)obmp = [(Tz)n]mm;:'i;’ To — &F. (14')
If we accept: _ T
te U= ﬁ-l—'dU; Ie=?—,?&ie; _y=;—|'-'¢‘iy (15)
in order to determine the most pfoi)ablé values U, e and ¢, a set of successive

approximations must be used. With this end in view, from Egs. (I) and (2)
we have:

(0—C)y=@ade+ 8, dy + & dU, (16)
0 — C)yy = @y, de + By dy + CrdU, (17
where : '
ax = ax(ﬁ» T: ;)
8, =801 e (18)
i ex =@1(ﬁ: ::; 8),
. lp= an(q' 2: i), '
. By=8,(U, 1, ¢)
A
For each observed minimum we have an equation of condition of the form (16)
or (17) for the primary and secondary minima respectively. Then, by the least

squares _method, we obte}in the corresponding corrections de, dU and dy and
from (15) we obtain the improved values, e.g. in the: second approximation and

~—

(19)

4

SO on.

Remark : T we dispose of the primary and secondary m{nima observed
almost successively, the differences between (8) and (7) is:

. e

2:
0 ~Cp—(0—C)]=—24sin"E —2Csin37E
P oL N U U
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or: - Tt 4 N

:n ! P e D . . 2x
;[ (Todg — (To)e — E] = — 45 TF — Csin37E. (20)

In a first approximation C may be neglected and for U we are able to deter-

mine the corresponding value 4. N . v
Now, if we suppose, in addition, + = 90°, y = 0, then from (9) we have:

(21)

vl y

; = RIS . -
and with these approximate values: 2,y (=0).and U, we can resume all the
problem ; in a second approximation, from (17) and (16), we have:

(0 — C)iy — (0 — C)y = (G — &;)de + l(&n _ &)dy + (en — €)du, .

or: . Y
(0 — C)' = ade + Bdy + vdU. (22)
3. Applieation to Y CYGNI. Having in view the fact that the apsidal mo-
tion for Y Cygni was well studied by different authors, we shall use the corres-
ponding observational data in order to illustrate the numerical application of
the above presented considerations.
From Fig. 1 (see Todoran [5]) we have redetermined:

Epax = (4315 £+ 20)P; Enin = (1438 4 14)P.
Consequently,
U = 2(Epax — Egi) P = 5754 P
and

Ay

~ ~ 360° .
= 2 = e— O. . !
@, (n/Q)P = oot 0°.06256
Now, from (20) it follows -~ -
. r [ n ’N . 2=n -1
T= = 2|8 W) = Ted = § Pl fShainZ 2],

but in order to avoid a possible undetermination, we have to write ‘apart the

gﬁresponding sums of the positive and negative terms. Thus for Y Cygni it
ows '

~ n &4 . 4 .\
4, = s (Te)u — (Te 1)~ 7P]’( 51}1—(._]-E,) W

t=1 t=l

'Z_

T L v & 2w Y
P12, (@en = Te ) = 72| (o sn T EJ,

=15
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he numerical data from Table I (see Todoran [5]) we have .

or, if we use t
1.048481 (18.5687 — 20 97433) 0 ')9677

Ay =TT e L
~ 1048481 (24.2376 — 20.97433) ) ogg)
A-="— 80 ¢, ,
and _ R ‘ -
~_ §=%(~+ + 4 =.:-(029677 + 028910)
e=0. 1464.

P A

So, in- a first aoprox:matlon, we have' ‘
B U—0734P e—01464and1—90°
and in the second apprommatlon
U=5758P; ¢=0.1450;  =87°.6 - 2°-5
+4 . +16 .
which are comparable with,the corresponding values obtained . from a very
good light curve: o | .
U= 5801 P £=0. 1458 (see O Connell 19/7)
;I:l -l_,:2 Y
and ! 1

4

i= 88° 2 + 1 8 (see Kopal and Shaplcy 1936\

180 4 Cygm - . .
3 o o s . e @8 ® Se oo
1.50 | " toe o
16 . . o3
L 4 ..'. LT .. 'Y
120 | e o o ° t
- ,é ; - 1 ] 1 1 3
_ 1006~ . 2000 3000 . 2000 . s000
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4. Concluding remarks. By using the above presented method, we have a
new p0551b111ty to determine the orbital eccentricity. and,.inclination, at least
with the same' accuracy as they would be determined from the’ analysis of an
excellent light curve. This new method makes use of primary and secondary
minima observed within a long time ‘interval, but it does not need a whole
observed light curve. Therefore, this new proceeding gives us a supplementary
possibility for orbital parameters (e, + and U) determination in such peculiar
cases where a whole light curve analysis is not possible, ‘orfand the ength of
the orbital period is not known with a very great accuracy, _or/and when some
physmal changes in the orbital period are observed, etc. "~ ~ oo

" In order to perform a numerical application, we have uséd a scquence of
observed minima of Y Cygni (see Todoran [3]), whose eccentricity and:
inclination were also determined by using other different methods. The nume-
rical comparison shows that the above method may be used successfully.

The above presented method gives also important results in the case of
the X-ray binaries where the compact object is linked to a massive star. In

this last case, the correspondmg orbital -period can be deduced from the time
interval between two. successive X—ray minima,

P

h . .7

( Received May 2‘9, 7981)
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ASUPRA INCLINARII $i EXCENTRICITATII ORBITALE ALE UNEI STELE
DUBLE CU ECLIPSE

(Rezumat) E
fn prezenta lucrare este propusi o mouid metodid pentru deterininarea mclmam $l excentncl-
tatii orbitale ale unei stele duble cu eclipse. In acest scop se analizeazi efectele miycdrii apsidale

asupra momentelor eclipselor corespunzitoare, eficienta metodei fiind verificatd in cazul stelei duble
fotometrice Y Cygni.

3 — Mathematica — 1983
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oX STEFFENSEN'S METHOD IN FRECHET SPACES

\l. BALAZS and G. GOLDNER

i

- - & ith a quasinorm induced b vt
t X be a real Fréchet space Wi - Y an invarq
djstall;ece dﬁe "‘l” = d(x! 0)) (Se,e e;rg.. [4' Pdl4])' an’si Pi". ‘Xl)_’ X a Continua;.]x:
operator. We shall note by [»', 27 P ] and [#, 27, x"; P] the SYymmetricy)
divided difference of the first, respectively the second order of P i, the cop.
sidered points [2]. - . :
We consider the equation

P(x) =z — ®(x) = 0. M
If we have the sequence (x,) in X, then the sequence (#.) is defined by
, = ®(x,), and T, = [x,, 4, P]7%, if this inverse operator exists. There exists
the results concering the existence of the so!utlon of the equation (1) in Banach
spaces [3], as the limit of the sequence given by
Xnt) = X, — I‘.P(x.); n = O; l; 2; . . (2)
The purpose of this paper is to generalize these sufficient conditions for the
case of the Fréchet spaces. A
TaEOREM. We suppose that there exist the numbers By, 1o, K and the point
xq of X so that: '
@ NP = llzy — Oz}l = llxs — #oll < Mo
(i) there exists I‘o = [%o, %; P]Y, and’ IToll < B,
- (itl) sup {{i[x, 2", 2*; P]||: &', 2, ' € S(xe, 7)} < K,
where S(ro ) = {x & X:lx =z <7, 7= (2B + 1)
() ho= BuK (2 + Bofme<g
In th iti ; ned b - '
p:topei;?czindmons there exists the sequence (x,) defined by (2) having the following

(§) there exists :1:1: X, = %% x* € S(x,,7), and P(x*) =0

(Gj) the rafidily of th TR wli * 0
the (3y i Zivgn by erkence of the sequence (x.) to the solution ¥ /

o~ 01 < 41y (2] (%)”._ (Bho)™2.

ke ‘o tiep | ; i .
havi:av’?j:li;r-‘:’i:f nee N this paper the quasinorm of the linear mappxngs)g’
WAzl < &I | ?I 7 1roperty (i, thete exists M > 0 so that for every % 9f &
i i Mixil) and N = inf {M> 0: ||I.(x)|| € M||x|| for every x = X}.
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Prof. By (ii) and (2) we can comstruct the points x, and #,, and using
(1), (2), (i) and (ii), we have

llzo — woll = llxo — B(xo)ll = IIP(xo)ll Mo
lxo — 21ll = Lo P(xo)l < Bones

L (8}
"31 — ol = llxo — [0, #0; P11 P(xo) — woll = P (xo) — '
[Xo» Yo s P]—IP(xo)" < no(l + Bo)
By Newton’s interpolation forinula ‘
P(z) = P(x) + [%y; P)z — ) + [z, x ;P — 3)(z — %), (4)
choosing z = x,, X = %, ¥ = #,, the equality (2) gives
P(x)) = [%, %o, e P)(x1 — no)(%, — xo) "
using (3), (iii), and (iv) in quasinorm we have
1 =
NPl < Kllxy — %ol - lay — #ll < KBeng(1 + Bo) <hone=m << Mo (5}
We also have
xo — #all = llxg — %y 4+ 20 — )l < flxg — 20l + “P(xl)“ < (6)

1 1Y,
< Bono + ;”Jo=7)o(Bo+'3‘)'

We shall show that there exist the numbers B,, v,, &, so that the points x,, #,
satisfy the analogous conditions with (i) — (iv). By the identity

[.y: P] = [5v; Pl = [%,y; P]— [%.2; P] + [%2; P] — [5,0; P] =
= (%52 Ply.— 2) 4 [%.2,9; Pl(x — ), (7

if x=1xy y=1uy z=1x, v=u, using (3) and (6), and the fact that x,, «,
#o = S(xg, 7), it results

ITo{(x0, #a; P] — [%y, %y P} < KBo("xl - ’”o" + lxo — wll) <
1
< BiK (; + 2Ba) o = hio < - . ®
If I is the identical mapping of X, then we have

{Tolxy, 6y ; PR}2= {I — I'{[x, ';uo‘;'P] — [%), uy; P}}2
and by (8) it results the existence of the mapping {['¢[x,, %,; P]}~* and

I{To %1, 2, ; P]}T‘Il < ,
. . P LSS
and using the equality

{Pol21, s P30y =T
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we obtain

Nl < 5

B, =BIS-:-Bo . (B?<BI)'_:

Hence, the hypothesis (n) is satlsﬁed for #,, %;. 'The hypothesis (i) for % is
verified in (5). We have X

.\.

. ., 2B
b= B3 +231)m———-K(3+ °)"o’lo<

1=
Bokt (3 + ZB) B 1 1
<h Io . o . x 7 <'—
(L=hg (l —hp 4 3
and so the constants By, my, K veritfy the condition (iv)..
By induction we can prove the following relations :
a) 7, € S(x,,7);

B) IP(I < i Maos =10 < 2057

’
’l

’

C) n, € S(;l'o, 7);
d) There exists

T. = (%, #,; P]% and [T} < —2= =B.<(%)"
’ )

l‘hu—l 'BO;
4 k3. 3.2 1
e ho=BE[L 42B)n <l . (372 1,
’ [ 28m < < 5 e < 5

By e_) and b) we have
.h'. S(%JZ(Z _I) ' ]Ig.’ 12 = 1: 2: s

< 303" (3)” (3",
Using the ine

lit -
we obtain Wallty Mraps — x| <

)

(10
B, Mo and the relations (10) and d)

EAN "f-" %Bmo( ) ( , (3,10 -1 .é(}_)n (‘%)2"(2"‘—1)<

s=1 3 4 . c
< 4B (3] 3) (3::0)2"‘ o (1)
The space X being ¢ A
(x.), and lim %, = xf eo ﬂ;lg‘ﬂlt results the emstence ‘of the limit of the sequencc
(1]

). For p — oo, the inequality (11) gives the rapi-

dity of the conporgence of the Sequence (x,)
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We shal prove that the point x* is the solution of the equation, (1). By
the equality ., ) RN o
(%, u,: P1e= [, th; 2*; P] (s, = x*) + Ty w*, 205 P — xo) + [2*, x4 P),
using the hypothesis (iii), it results ' 3
(%, %,; Pl < 3Kr + |lfx*, x, ; Pl = M, (12)
hence the set of linear lipschitzian mappings {{*., #,; P):n € N} is uniformly

bounded in quasinorm. ' ) } ‘
The equality (2), using (12) gives . ‘

”P(xn) ” =' ” [x_m 'It,; P](xn-H_ xn)” SM”wa - ‘2’.”,

A}

and for » —» oo we obtain S
L Hm [Pl = 1Pl =0."

] )
' {Received September 2, 1981)
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METODA LUI STEFFENSEN IN SPATII FRECHET
(Rezumat)

Se considerd spatinl X real Fréchet cu o cvasinormi indusi de o distan{i invariantd (vezi
{4, p. 14]) si o functie continud P: X — X. Pentru rezolvarea ccuatiei (1) P(x) = x — ®(x) = 0
se studiazi metoda iterativi datd de formula (2) .., = x, — I',P(x,), n =0, 1,2, ..., unde T,
cste inversa diferentei divizate {x,, u,: P], de ordinul intii a functiei P in punctul (x,, u,) =
= (% ®(x,)) € X x X. In lucrare se demonstreazi urmitoarca teoremi: Dacd existd un punct
%9 € X 51 numerele Bo, 1o, K astfel incit wrmdtoarele condifii sa fie satisfacute : i) 1Pzl = llxo —
= Dz}l = |l¥g — |l < my; (3i) existd Ty = [y, 4o; P]=! §i |[Toll < By (743) sup {)I[#’, ~”, =";
Plll: %', a7, 5" & S(x,, 1)} < K, unde S(x,, 1) ={xreX:llx— 2l <7}, r= 1428, + 1); (iv)

4 1 -
Ay = B,Kl; + 2B,) No < ; » @ unci egalitatea (2) defineste prin vecurentd un sir de puncte (x,) care

”~®

are srmdtoarele propristdfi : (j) existd im x, = 2* € S 5i P(x*) = 0; (j) rapiditatea de convergenfd
a sirului (x,) este datd de inegalitatea : '

i

2\n (3 2" 2'_] e .
lI#a — #*|| < 4B, 7, ('5) (:J (3h,) R n=1223 ...



2 VALA CU POTENTIAL LOCAL PENTRy
O METODA VARIATION IMITA HIDRODINAMIC
\s L.UI MISES A STRATULUI LI} IC DE pg
PROBLEMA LUI } O PLACA PLANA . v

. PETRE BRXDEANU '’

Se aplica o metodd variafionald, bazatd pe conceptul ‘de potenyial local, oy
ajutorul cireia se rezolvd problema la limita neliniard a stratului lumtaL incom-
presibil, in raport cu variabll_ele Jui MJS(}S. care s¢ fq;meaza pe o placa Plani,
Operatorul neliniar al lui Mises nu satisface conditiile pentru existenta unui
potential (simetria derivatei in sens Fréchet a operatorului) §i in consecingi
nu se poate defini §i nici construi un potential al acestui operator dupa proce-
decle matematice clasice (Ritz, Mihlin, Galerkin, derx'va.ta Frechet_). Din acest
motiv am introdus, ca si alfi autori in probleme similare, folosind principii
fizice — care pornesc de la principiul minimei prosiucen de entropic — un
potential special, pentru operatorul lui Mises, denumit potential local (o func-
tionald de minim). .

Se considerd un fluid viscos incompresibil cu parametrii fizici v = (x, v) —
viteza, p — densitatea, p — coeficientul dinamic de viscozitate (v = p/fp), in
miscare pland peste o semiplacd plana fix3. Fie Oxy sistemul de referinta legat
de placd : axa Ox este dirijatd longitudinal pe placid (in sensul miscirii fluidului),
axa; Oy este normali la placi iar originea O este bordul de atac al plicii (vir-
ful). -

Ecuatia migcarii stafionare a fluidului in stratul limitd, in forma lui Miscs,
este
ud

pr=z(2) G nea=010x04.); 0.1)

oz
u(x,0) =0, u(x, o) = u_ (= const?.), 0<z<L (dat arbitrar) ;

| 40, 9) =u,,. . 0< <. (sau < )i
unde’ u(x, §) este funcfia necunoscuti ;  fun

este functia de curent (1 = 0¢/dy
v= —3¢/8x, (x: y)—' (ﬁ, (ll). e Gy o ql . . t o - ( :
Ecuatia miscarii ‘nestationare in stratul limiti este
' R R Y A ‘
— = — oy N g auy . ) 0.2)
pa‘ . Puax+ua¢(p‘ua¢] A' . - (

. . - j‘ ,.
punz:?{t o(rlozlztll'all[rga potentialului local. Pentru a construi potentialul local cores
a miscirii nestte:;:iloxsixr::etulslz1 .Ilmltla stationar (0.1) vom porni de la,,ecuatia'(o'at
,migc - d¢ inm 3 i i i —
iS¢ introdus Funcia nepozit‘;vt?te aceafta ec;{atle cu derivata locald —d%
. RN BT
Ty b

. o

.

~

& ox a " 3

1£—01
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v

fn- planul (», 4») m ‘domeniul Q, si mtroducem functla 'if* 1‘3!“3{*"- :

, ...'.;,.,.;:;. 1;(;) ._'SSf(x " ) dx dv <0 (v >0) o s

s

Avem, imediat, identititile (indicele notcazi -derivati parfiald)
. uu, = (wPu,), T U U — uru,,, i
4 : ,o 2 s L :

e, (vny)y = (0P 1, 1y)g — HUiUGy — WP UGG ot 8 SR

Daci se aplicd formula lui Grecn, sc obtine

(: \ e

F(t) = SS (— pU, u, pu? u,, —|—l p.z;‘u?, o, + peel uy uy,) dx dy 4
(> .: .
+ S (Pu* u,dd + put g dv) <0, (C = 0Q) @)

c ) e G vy obi

Se presupune, acum, cd migcarea nqstattonara seprezintd o abatere micd de la
o migcare stationarid a fluidului caracterizatd, la rindul ci, prin funcfia inde-
pendentd de timp #° = u®(x, $). Atungci, se poate scrie relajia o
L

. " :

F(t)'=—]<0 S ; 6

! { t- |

 —

in care funcfionala J: H'(Q) - Rl unde H‘(Q) este spatlul functulor % st u°
(Sobolev) are forma R sl

) = (= o 2 ?_'_‘_ o[ o dut du a“
J(u, %) [ ou® = pu % + 127 ( ) %+ @ 2 dq; |+
+ S (pu“udq; + put — i udq.t} HEREYRS 4)

Aceasta functlonala descreste in raport cu t1mpu1 devenmd mmlma peutru

migcarea stationar3, adicd atunci c¢ind % = #°. Deci, ol

8,J(u;u°) =0 cu condifia ‘complementard u = 20

vanatla avind loc numai in raport cua % (u® este o func‘;le fixatd, datd de ecuatia
migcarii stafionare). Dupd ce se calculeaza varlatla 1nL11 a functionalei, §,],
se va putea face .4 = u.

Se poate arita, si este necesar acest lucru, deoarece s-a admis o aprox1ma];1e
(abatere micd) care permite scoaterea operatorului 9/d¢ in fata integralei, ca
ecuatia extremalei u pentru J(u;u?) este chiar (0.1). In acest scop se poate
nota cu @ functia de sub semnul 1ntegrale1 duble si dovedi usor ci ecuatia
Euler-Lagrange i '

.;[«',,. o (D -—((D ) (‘D )¢=O r i .“,A_f’,_‘.::j - (5)

se reduce la (0.1), 1a ecuatig” migcariit stanonare,.. i
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2. Solutic de aproximafie. Ecuatia;’mi?gi{;i, d(0‘1') esée de nagna Parabolicy
) i (2 — G2 ecuatia (U. evine = pu .S .

marea # = (4 ,G) TN S Y§- D€ Obseryy
S; It)z?lx:ioru - u_ (spre f‘;ontxera.extevnoara a st{ajc_ulgl lln}}ta) ecuatia mi§c§1‘ria{
se poate aPl'O-\’in:na prin ecuafia simpld a propagarit cildurii (pu, = const.) :

G .

te, incercim pentru problema de stafionaritate (minj

ind aceasta proprieta . : ;
Folosin prop ) o solutie de aproximatie de forma

mizare) a functionalel Ju, u°

R g
u= erf (-zi Z(x)) ="i§ S e¥dxr (6)
fer ]

unde z(x) este noua functie necunoscutd cu proprietétile
2:(0,1) » Ry, z € C'(0, L], lim z(x) = oo )
: il xa0 :

Functia z(x) se va determina cu 'indepiinirea conditiei de stationaritate a poten-
tialului local J(u:#?), care devine o funcfionald pe spatiul liniar al functiilor
z(x) st 2°(x). Deci, avem conditia '
Je: ) =Ji+ i+ Ja+ Jo+ J, = minim, (cu 2° dat) (7}
unde ], sint cele patru integrale din (4) iar J, este integrala curbilinie din (4).
Fie §,](z,2°) prima variafie a functionalei J(z;2z°) in raport cu funcfia
2(x) ; funcfia 2°(x) nu are variafie. Din (7') rezulti conditia

8J(z;2%) = »z;'x 8Jule; 2) + 8], = 0, cu 20=z2 (8)

care se va transforma, dupi iatii I 3 o di iala
] ) calculul variatiilo - i
pentru funcfia z(x). , fiilor 8,] b, intr-o ecuatie diferential

Avem )
= . [(, 00 9% .
.‘,Jl Psg uO adxdq;:
L a -
= o — ‘ :
== 2 (e (2 Jg 2 c-suts amay
Folosind e I -

\

3z’ e~y — ., .\ :
(Z [ /4) _(82’ _ 32 22’ q’]e_'.,w‘, 2 = dz

cu o integrare prin parti < awts.. -
BrA1€ pnn Parti 5i aplicare, apoi, a conditiei 20 = z gisim

i) =30 Jye) 4 T, 1C)
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unde

64 pu

31 Jy(2) = e K, S 32 8%,
0

K, = S N e orf NdA = _%S N erf hd(e=2) = T = 0,096225,
0 0
(-] L
T,=— 2 (8z (VEemerpae d«p)
‘\/'R o ' L o \

Se poate ardta ca

3 Jule) = — 2= SS e erf ABzdxdy = — .;_ 3 J,(2) ;
. K 0 . v ,' ‘
@ L

S 2o opf A Szdxdd = 2o K, g 2(x) 8z dx
1]

mm-” ™

=H
v

unde

o0 i f
K3 = S e—3k' erfld)\ — % E - l((;”l-)F 1) S )‘o” +1 e_sxt d)\
0 =0

J— (0,16666 — 0,01852 + 0,00370 — 0,00090 +

-+ 0,00023 — 0,00006) = - 0,15114 ¢

Jn
Si trecem la integrala J,. Avem

= o M Mg =£‘388(i‘1 —3e ;\oJ Mg dd

]‘ F.SQSu oy o ¥ 4’ 4n a ¢ e‘ erf:z': z?zv: ¥ v»',

Variatia acestei funcfionale este

L ! L
3 J(z) = "_:‘fs S ze= (1 — 22) erf? A 8z dxd—:'-'—— "_;1:21(.5 2(x) 8z dx
00 0

unde

r

‘ :K‘f §° (—i— - 27\) e~ erft Adx

41

(10)
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Aici, pentru caleulul integrales, determinim dezvoltarea
iC1,
erf‘ ;\ = - E c(2k) A
e

nde
’ e2) =1, c(4) = -—0666666 £(6) - ——0311111 ¢(8) = —0, 114286 ;

£(10) = 0,035132; ¢(12) = —0,009363; ¢(14) = 0,002211

Avem N 1;

=i£’\3 (@8) T2k — 1) = 212k + 1)]

unde ..
- o St T ‘
. v R ! —
- -2n = - - 1), k= )1
1(2k+1)_8w+le ) - - 1(2% 1) i
’ .
si C e e D
1. sy 1 1 ‘3 3
_ — = - = —, I7 = -, IQ = —;
M=+ I8 =5: 10 =3 (7) ) = 3
1(11)-_-_“‘ (13)_.- 1(15)_35‘;5

T ! ,4 -
N

Se alege valoarea aproxxmatlva

Ky= :—: K=~ [0,0_83333.,—».(0,0777773 —0,064286) —

— (0052698 — 0 043889) —... ] % ;1 -.0,061033

Integrala curbilinie J,, din ( (4), conduce deocarece frontiera x = L cste Jliberd,
la o variafie 3] (z;2%) care, ins3, se anuleazd cu termeuul la lumta T, din
expresia variafiei .3J,(z;20). |, "5 -

— 53 revenim la formula (8) a varxatlel totale fn care se mlocmesc toate
variafiile calculate mai sus. Conditia (8) se reduce, atunci, la egalitatea

T UL t

fz)—fS{lﬁpK—+“°°Kz)32()dx=o (1)

(K = K; + K)) PR (12

din care rezults, 3z(x) fii e
necunoscute z(x )[Z -(+)oo I;vd-»vgr]latle arbitrari, ecuafia diferenfiald a funct

wUg ' :
z4 + 16z X (x) = 0 = z(x) (:;p 1}({, i}:/c (13)
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Solutia aproximativ3, distributia aproximativé. a vitezei, in problema i Mises
este . - T

S (oo Y gty (Y P R
1‘(2;1 V)_.' @ erf * ¥ - - , -:; ';“. 2\ )- ’ "‘/vax- . N

v

4 K Vg X ) '
C— Verificare. Pentru verificarea exactitatii formulei aproximative (14) facem
comparatie cu solufia lui Blasius [2] si solufia obfinutd cu o ‘metoda variatio-
nali in planul fizic Oxy [1]. In acest scop introducem variabila lui Blasius
9= yx/% Jvx §i functia vitezei f'(n) = #/u,. Pentru functia de curent ¢ avem

formula

, S /_:_f Y -
L= pn) = [ oy = YT A @
¥ v Y ur Vit P K
Prin urmare, formula (14) poate fi pusi in forma W
JRE % = eff(0.772x/f(‘/))) .-, ‘:"-._i . .:.‘r (b)

Formidm, acum, tabelul 1 in care este trecutd solufia lui Blasius §i valorile
date de (b) ca si solufia aproximativd din planul coordonatelor (x,y) [1]. Valo-
rile date de (b), care corespunde la‘ (14), sint in -acord cu solufia lui Blasius:

i .

. - Tabel 1
7 fin) S =wlug | wlig(14) | wfug (1]
0‘0 . 0 I'O . o 0 i ’ ‘lltot '21,1 !
02. |- 000664 006641 |  0,06762 007050 .
N 0,6 0,05974 0,19894 °. |' 042009 " 0209

1,0 0,16557 032979 . |.. 0338 ; | 0342 . .. .
1,6 * 0,42032 - '0,511676 |- 05205 ' 0,521 " et

. o Lol ARSI |
2,0 065003 | 062977 | 06194 | 0624 S
3,0 1,39682 0,84605 0,8019 0,816

- Formvul.('z tensiunii de frecare. Tensiunea de frecare a fluidului viscos pe
suprafata plicii, 7,(x), este dati de formula lui Newton

du du 1
(%) =p|— =Wwiuw —

(%) = ‘6}' }y=o [J-( ¢ ly=0 (19
Se deduce, de aici, imediat ci

A

el 2 1 ¢ uud
T.(x) = ?:l z%(x) [—)7"_'5 e—o daJ = 2_: 7%(x)
0 A=0
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Formula tensiunii de frecare este o

% |/ — s

. o 339. Procedéul variational descri i
Blasius introduce factorul 0, e Py i sla i e
:1{1?(:1? ulxllnrezultat, in problema determindrii frecarii, mai slab decit procedey)

‘pumeric al lui Blasius. v
i " (Intrat in redactic la 11 seplembric 1981)

R Y '
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A VARIATIONAL METHOD WITH LOCAL POTENTIAL. FOR THE MISLS PROBLEM OF
THE HYDRODYNAMIC BOUNDARY LAYER OVER A FLAT PLATE
(Summary)

A variational method is used to solve the nonlinear boundary value problem of the incompre-
ssible boundary layer, in terms of the Mises coordinates, which forms over the flat plate. We have
a problem which cannot be described by self-adjoint differential equations.

We start from the equation of the unsteady motion in order to comstruct a local potential
(the_ functional (4)). This functional decreases with time and assumes a minimum value for the steady
motion. The motion equation - (0.1) is of parabolic type. Using these propertics for the minimi-
zation problem of the fupctional we try the solution (6) which introduces the unknown function
z(2). The_staﬁonarity condition of the functional leads to the differential equation (13) and to
the function z(x), (13). For the approximate distribution of the flow velocity the formula (14)
is qbtmneq. In ordgr to verify the exactitude of the approximate solution (14) we make a com-
gfm with Blasius solution (Table 1). A formula, (16), for the skin friction on the surface

the plate is given. This formula has an accuracy smaller than the Blasius formula.
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OPERATIONS AVEC DES INTERVALLES DE CONFIANCE

P PO

E. OANCEA, M. RADULESCU ‘- -

PDans une recherche statistique relative & deux caractéristiques statistiques
X et Y, on se pose le probléme de déterminer des intervalles de: confiance cor-
respondant respectivement i la variable aléatoire X + 7Y, XY ou X/Y. Aux
caractéristiques statistiques X, Y correspondent, du point ‘de vue théorique, des
variables aléatoires X, Y. Le probléme qu'on se pose est de déterminer un
intervalle de confiance pour la variable aléatoire X 4 Y, XY, X/Y, en connais-
sant préalablement des intervalles deconfiance pour. X et Y. - ..

1. L’opération somme. Soient X, Y des variables aléatoires indépendentes,
continues avec la densité de probabilité respective f,, f, et les intervalles de
confiance (a«,, B;) et (a,, Bs) donnds par: )

Y .
)

PX € (0, B))=1+q ‘ (1)
PY € (a3, B)) =1 —4¢, .- '

¢1, ¢» fixés préalablement.
On cherche un intervalle de confiance pour la variable aléatoire somme
Z = X 4 Y en utilisant l'intervalle de confiance pour X respectivement pour Y.
Quand on peut déterminer la densité de probabilité o

fte) = (ful=) 1l - x)dx,

alors on a un intervalle de confiance pour Z donné par: |
P(Z € (0,8) =1=9, g¢=min(g,q) -

Mais notre probléme s’agit du cas ot on ne peut pas déterminer f,. Alors

on choisit pour Z un intervalle de confiance I, = («; 4+ a5, B, + B;) pour lequel
on a: '

L PZel) > PX e (B)NY S (a B2)) = (1 _‘91)(,13 T%) =1—gq (2)

¢ est-a-dire -q = q,g, — (91 + ¢2)-
SZEt'mterva]lc de confiance peut étre toujours déterminé, mais généralement
i n’est pas optimal.
On réalise I'amélioration de I'intervalle de confiance associé i Z soit par:
a) la majoration de la probabilité de confiance 1 — g '
b) la diminution de la longueur de Iintervalle: de ‘confiance 1,

a) Dans cc but, on choisit 0 <.§ < ¢ et lintervalle S :
ol I(2, — kK, 2, -—i‘-‘_ﬂkh)
.S % T R

. 2
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h € R, suffisamment petlt ainsi que |
PX € (%, %a + 1) 202
P(Y b (y-’-y- + h’)) = hfl(yu

{4
x.=__¢|'2|'al' , J’l-=—-l—2*-_p2
On évalue la probablhte N
Pz e G+ kh)) €N (4)
par la discrétisation: o ’!‘i - |
p(z e (z + = lh e 1h)) = SSfx(x)fz(y) dx dy =
. . PP
1+ ' :_+.‘h—x U Y tih
= { s ax S fy)dy = hfl (%) 5 foy) dy
L PRSI ; C Y=k
ol
D, = {(x, ), Tn S ES x4 b 2+ T =1 < 24y <z, + i)
Par conséquent " o .o |
A~1 -
P(Ze (ta, 2, + Bh) = P[UOZ' €l + bz, + j‘+‘1h))] -
i=
At YuHiF1k Vo tkR
=R (A <inm) (s )
- - Vo +iB ¥
De fagon analogue : .
PZ & (@'~ kb, 2)) ~ bfyfx) S 1) dy (6)
A]ors : R R A . i O
~ P(Z o
( E(z.,_p(kzh z(+kh))-P(Z € (2, — kb, )+
...... S ozt b)) =1 ’ (7
En utili i
n uti 1sant les evaluatlons (5) et (6) on'a . .
Cpathh - Lt
") | foey=1-4 ®)

Vo —kh
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d'onr on peut déterminer k. Cest & dire, de.(8) il résulte ... -~'- . =

hfl(x.) [Fa(ya + kh z(y,. —kh)]=1—-7q (9)
I, étant la fonctlon de repart1t1on de Y, ou :

kh) — Fy(y, — -9
Fy(y, + kh) oy — RE) h f;(z’..) (10)

En considérant la valeur Fy(y,) de la fonction de répartition F, (on sait
que pour les lois les plus usuelles de probabilité on a des tableaux), on déter-
mme un intervalle approximativement centré sur Fa(ya). .

(Fo(¥n — ¥)s Falyn + 7)) o
pour lequel on a la relation (10). Alors, en notant
v v=hk
il résulte 2 A qui on attribue la valeu'r

S
h )
. I

b) Dans ce cas, on cherche la diminution ‘de la longueur de lmtervalle de’
confiance initial I,. Aprés l'évaluation de la probabilité (7) on choisit y = &k,

k fixé prealablemeut en conformité a (3) ainsi que l'intervalle I; vérifie la con-
dition

2kh = |||} < Nl
aprés quoi on détermine § de l'égalité
1 — [Folya + kh) — Foly, — kB)] Hfs(2a) = §

Remarques : 1) On peut procéder de maniére analogue pour déterminer la
valeur de % respectivement §, en utilisant I’évaluation

AL 'S S dz =17

2) On peut choisir % la valeur qui représente le pas des tableaux des fonc-

tions de répartition F,, F, ou f,, f, si celles-ci sont les usuelles (de la lois N,
X Student).

3) 1l est possible quelque f01s d’amellorer par le procéde donne les deux
aussi la longueur de.l, ainsi que la probabilité de confiance g.
4) Le procédé donné est valable aussi dans le cas d’ une somme de #» > 2

variables aléatoires indépendantes, en lapphquant consécutivement pour X, +
+ ‘X2 et X 3 etc.

5) Le procédé peut étre utxhse aussi pour
- Z=aX + bY.

sens :

[}

S
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ar Pamplification de Vintérvalle de confiance pour de X et ¥ respectivemey
z\'ec aetb o
6) On peut ausst cho

(o + @27 2 + Bi + kl); 05 Ry < B, — a, ST

isir 1’ix1tervé,lle de confiance i)our Z de la forme
I 13 =

oll
I-_,;=(a1+12._,-{f Ry ) @;'ffpz): 0 §k%-< By — & -

bles aléatoires X, Y ne sont pas indépendantes, .mais de ty
continu, pour déterminer un ir}tervalle de -confiance de X +Y ame’liore: con-
formément au procédé donné; il est p9551b1E, si on connait auss la densité de
probabilité du vecteur (X,Y). ] L . .

8) Le procédé présenté est utile dans ‘le cas ot les variables aléatoires ge
la somme X -+ Y sont de lois de probabilité de classes différentes, par exemple :
X est. N(m, o) et Y est X(s, c). Dans le cas olt !gs ldeux vapgb’les appartiennent
A la méme classe, quelquefois il existe la propriété de stabilité et alors la dep.
sité de probabilité de la somme X 4 Y est connue.

9) On observe que le procédé d’évaluation' de Ia probal_)ilité. (4) est applicable
généralement si les fonctions fj, f, sont continues, ce qui arrive toujours pour
les lois plus usuelles-de probabilité.. . . L .

.. 2, L'opération produit: Soit X, Y les. variables aléatoires du point I,
indépendantes, avec les densités de probabilité f,, f, et les intervalles de con-
fiance (1). .

Le probléme d’un intervalle de confiance pour Z = XY, si on peut en déter-
miner la densité de probabilité . ' .-

s

7) Si les varia

«st simple, on a ° i AT
P(Z'e(aB)=1=q, ¢=min(g, q)
Dans le cas ot f, n'est pas connue on proced il sui
ca _ e comme 1l suit:
On considére pour Z 1'intérvalle I, = (azl,J B) ott
a = m.in {al‘az,.ﬂlﬁg} )
" ores - B=max {“1“2: ﬂx@z}-uw

is cet inte ’ . . y e
pett - e rvalllle n'est pas toq’]'opr_s 0pt,1mval,_. ?,101»5 pour I’améliorer on

2 m@jorer la Prot_)abilité'-.‘de COnfiat‘Lee': 1 —q olt
Tl =g = (I M1 N e e .
b im0 ) = PX S (e p) (Y (a8
minuer la lon - -
a) On choisit § < quiu;'ixiiri;;?lg?‘,"auflq T :

i ) EEICE

I; = (z- - kh, 2 + kh)

-
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ol
z' e i e + ‘5133
2
et b en conformité a 3) et |
X = oy + BXBI' ) y = ay + g’
" ag + Ba - 2

ainsi que 2, = XgVa:
Alors

k=1 |
P(Z € (2, 2, + kb)) P[UZE(Z +]hz+]-|-1h))]

2 'ggmx ) Fil3) dx dy,

I

10
ot
D,={(x,9) %a < x < %o+ h, 2, +jh < xy < 2, + 7+ 14}
et

sat+h

[§rafil)dndy = ful) ax g fo) &y an
5_Ajh

D, . w7

De (3) et (11) il résulte

P(Z € (2., 2, + k) = Nfy(%.) g fo(3) dy

et de fagon analogue

PZ (2. — kh,2.)) = Hfy(x.) S fil9) dy

hd
8
Par
rarce que

P(Z e (z,—kh 2z, +kh)=1—3 (12)
on a ' -

W [Fafrat B = Fap = %] =1 -

4 — Mathematica — 1983
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ou ; : _ 1— 9
Folya + 1) —Falu =) =5700

- I SR
Jooe R ST

YX-'
01‘1'{=ﬂ' et donc k=[—h—l'

Sl » {ance initial I, aprés I'évaluati
ver Pintervalle de confiance initial I, P . ation (12),
on cl?t))isli,to?r—_ih ;zl;;uét 1 fixé conformément 2 (3) et pour quon ait )
2kh = WGl < 1L

et on détermine § de I’égalité o -
= by Y ) n
L= [Fafpn +2) = B = )| at) = 4

Les remarques 1,2,3,7 et.9 du point l:restent, par analogie, valables
aussi dans ce cas. _

3. I/opération quotient. Soit les variables X, Y 1ndépendan"ces, comme
celles du point 1 et les intervalles de confiance (1) si on peut déterminer la

densité de probabilité de la variable aléatoire - Z = ;;, Y #0,
o Sl = (L foleu) [l -
R . ."i

‘alors un intervalle de confiance pour Z est donné par
V4 E—'-‘(d: By =1-— g, ¢ = min (g4, ¢,)
4 Mais dans le cas olt il n’est pas possible de déterminer fz, on procéde comme
swt : -
On considére pour Z .)l’intervalle

Y et " I

Ig = (a’ B) ot

a=min(ﬂ, ]
%3

w

B2
f = max (ﬂ &) RHETIPRLE
oz Ba

avec ay #0, B,'# 0. Parce que'Y %0 il 1é ‘ i ne
2, L sulte ‘que I'intervalle (ap, B2)
peut Par contenit Yorigine, c'est 2 dire soit 0 < a < Ba soit 0 < Py < 0
e to 2 \ -
fiance, o?eli?ltqggig :a us les cas précédents, pour améliorer I'intervalle de con
.<I" a) majorer 1a probabilité de confiance 1 —

b) diminuer 1a longueur de lintervalle I .

a) On choisit__q <_q_ et Vintervalie I;:

1

i
. .

st SRR
= (2. —,'kh, Z'.—'— kh)}' T

E i

few oY
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3 i)

ol

=21 Bi)
. z"_2( + Im
( )aa’*'pa

yn—— e + By .

LI A LA DI
. P ‘ el

etk en confonmte a (3)
En considérant le cas ou y < 0, on evalue la probablhte

P(Z e (2,2, + kh) = (UZe(z —]-]h z, +]+lk))

k-

—.

, ijl(x)fzu) dx dy
j=0 ~
ol ! !
D, = {(x. R R R R A <z._+j+.1h}
Alors v
I th Y5, +7+14)
((fnrpandy = ( po)dy (Al dx
D, . ¥n (x,,+74)
et f 5
Y, Hhhy, :

PUZ = (oa 2+ WU = W) g 5t ax

De fagon analogue

m

PZ & o= khz) = Milys)  ( fulx)dx

x”—khy'

Donc I'égalité
PZ e (z,— kb2, +RR)=1—g

devient :

Wo(ya) [Fi(xa + khy,) — Fi(x, — khy, )] =1—q (13)
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SN B _1-1
Fy(x, + 1) — Fal%a — 1) = R

.

ou

\
[

=X
Y= khy_, k= [y.h]
b) Pour diminuer I'intervalle de.confia_mc_e 1, ap_résl I’évaluation (13), on
choisit y = kh, h fixé comme dans (3), ainsi que - ,
2kh = LIl < I

donc

et on détermine § de I'égalité ,

i = 1 — Wiy ) [Fa(rn + Bhy) — Fu(z — Ehy,)]

(Manuscrit recu le 20 seplembre 1981 )
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OPERATII CU INTERVALE DE INCREDERE
(Rezumat)

Iutro cercetare statistici relativ la d ici i
ntr-o 1 oud caracteristici statistice X §i Y se pune problema
(;{e/t}e’rnlunnim unor mfervale de fincredere corespunzitoare variabilelor aleatoare X +4 Y, XY sau
varizlb‘l ;:iez:nta noti se daa un moq de determinare a acestor intervale in cazul in care X §i Y siut
ile aleatoare de tip continuu si in general, cind X §i Y nu verifici aceeasi lege de probabilitate.



TUDIA UNIV. BABES—BOLYAL MATHEMATICA, XXVIII, 1983

ON THE TRANSITIVITY OF AFFINE STRUCTURES

MINAELA BERINDEANU-BAXNYAI

s

In the paper [2} F. Rado has proved that a planar affine Barbilian
structure is L-transitive fo.r any line L, whenever it is Ll-,‘L,- and L,-transi-
tive, where L, are cross lines two by two. == . .

In the present note we shall extend this result for an arbitrary rudimen-
tary affine plane. To this effect we have to admit two supplementary hypotheses :

1) there exists a line L, such that the six pairs L,, L, (i # j) are cross lines;

2) for any line L, there are‘two lines L’ and 'L” such that L, L’; L, L"”;
L', L"" are cross lines. . e

Nothing about non-neighbouring . pairs of points is -supposed. “

« A rudimentary affine structure is a system (2, &, |}), where & is -a .set, £
is a non-empty family of non-empty subsets of € and |[ is an equivalence rela-
tion on &, satisfying the following condition - ;.- - .

(E)VpeeVLlee 3L =2:peL|L

The elements of € will be called points, the elements of € lines; if Ly||L;, them
L, and L, are said to be parallel; the line .L’ occuring in (E), determined uni-
quely by p and L, is denoted by (p||L). The lines L, and L, are said to be cross
lines and denoted by L, ® L, if any parallel line to. L, intersects any parallel
line to L, in cxactly one point.

A map 3:9 - € is called a dilatation if g € (p|IL) = ¢° € (P3||L).

A bijection ¢:8 —» € is called an awutomorphism of (&, &, ||) if for each
S<¢2 and each L,,L, € £ : L

. SesepS) g v R

LilL, < o(Ly)lp(L,)- oo

The_sct of automorphismus of (8, &, |) is a group under composition denoted
by Aut (2, &, |). Let L « €; ift « Aut (8, &, |)) is also a dilatation and ~(L’) =-
= L' for any L’||L, then <t is called a trace-translation or, more precisely, an
L-translation. 1f for all p, g € L there exists-an L-lranslation such that t(p) = g,
then (8, &, ||) is said to be L-tramsitive. '

Let T(L) be the set of all L-translations.  Then T(L) is a subgroup of:
Aut (2, &, {|)." The subgroup of Aut (2, £, ||) generated by all trace-translations
15 called the translation group of (€ &, |) and is denoted by T(&, &, |); its
elements are called translations.

In the paper [1] the following results are proved :

THEOREM 1. Suppose that the rudimentary affine structure (2,8, |) ¢s L,
a’;zd Ly-transitive, where L,© L, and that there exists Ly such that L,©L,, L,®L,.

en

i) Vi, € T(Ly), V1, € T(L,) : 747y = a7y, : :

1) T(L,) - T(L,) ds a group acting sharply simply transitive on the seb 8.
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TrmorEM 2. Admit the hypotheses of Theorem 1 and that T(L,)
R e SV LG '_"Z'.rl PR DR
Then S e A i S

i T(L,) - T(Ls) fs Abelian. ' ) ,
13 If( flo)r :m(v ﬁ!lin.c L, there exist h.nesti'dﬂd.If.-'i such that LOL' @ L"®r
! y L € & T(L) is sharply simply transitive on L, and the translatio,

H "
tg):::lé)o}(ag’_& l) coincides with T(Ll) '_T(,L’)' L

In what follows we shall 'estabhzstll; the follov;}l?g : t re and |
. . Let (8,2, I) be a rudimentary affine structure and) L, I, 1
L, c;lt‘als{f(l?iii;[ ?woLby (two,- Ilew_h that (8, £, ||) 1s.Ly-Ly- Ly-transitive. Then z L

i) T(L,) is Abelian for i.=1,2,3, 4. o C A

ii) If for any L = & there-exist L' and L" such that LOQL'®L"®L, they
T(L) is sharply transitive on L for every line L and the translation group T(g, e, )
coinctdes with T(L,)-T(Ly). ' S

Proof: We may admit without loss of generality that L,, L,, L,, L, have
a common point o. Consider p € L, and p,: = (p‘IILl) N Ly, 42 (PIIL,) N L,
By hypothesis there exist 7, € T(L,) and v, € T(L,) such that =,(0) = P
14(0) = p,. Denote 7: = 1,7, ; by theorem 1 v = 1,7,. We have t(0) = 7,7,(0) = b
and <(L,) = t(o}lL,) = (o"lL,) = (plIL,) = L,. Let H|IL, and prove +(H) = H.
Let g: = H( L;. We know that there exists 7, € T(L;) such that ,(0) =g¢.
Since H = (¢liL,), it follows that +(H) = *(qlIL,) = (4"I[L,). We have <(q) =
= T,T37y(0) = Ty7y73(0) = T5(p). On the other hand r, € T(L,) implies

5oLy = wollLy) = (% L) = (gliL) = H ;
thus 14(p) € H, which implies

is 4 belian.

[y

1(H) = (gL = (L) = (p~IIL,) = H.

Hence (2, &, [|) is L transitive and in view of Theorem 1, ii each v € T(L))
can be written as 7,7, with 1, T(L), :=1,2..

. Now we prove that T(L,) is Abelian. Let ,, «, € T(L,). By what we have
just shown, there exist v, € T(L,) and v, € T(L,) such that 7, = ,7,. We may
wrnte, using also Theorem 1: . : D .

- ., I .
TaT =TT =TTy = T Ty = ThT,.

Thus T(L,) is Abelian. Similatly T(L,), T(L. are also Abelian, Statement,
ii) follows from Theorem 2, i). (.,.‘)f (La), TALs) are él_s_?_Abe. en o

‘ (Reccived October 15, 1931 ) .

1
o e DT o ey ;:'_'
. l{EFERpNQEs' S e e tom

I B R T A <y

1. B. Radé, Affine geometries and affi Barbili . Couoquiurﬁ.o"'
, Soomeiny dd Topel Tl Babiian st Pocstings of ghe Colgeis
- . R ad 6, . Affine” Barbilian Strictires. Journal of Geometry, 14 (1980), 75102 .-}: -
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‘jiosti-, . DESPRE TRANZITIVITATEA SIRUCTURILO,R’A_F}NE CeTATT DT
SRR LR * v T o S Lo e e ot ik
(Rezumat) ., ,

H

P. Rado a demonstrat ci o structurd afini Barbilian pland este ‘L-tra‘nzitiv«fa in raport cu
: d}eapti L, daci este L;-, L,- §i L,-tranzitivé, dreptele L,, L,, L, fxiu'cl incrucigate dou# cite
one? in prezenta noti se extinde acest rezultat pentru un plan afin rudimentar cu urmitoarele
douﬁx.-l tagl: 1) existd o dreaptd L, incrucisatd cu L,, L, $i L,. 2) pentru fiecare dreapti L se pot
g;:ipd:epte' L’ §i L” astfel incit perechile de drepte L, L’; .L’, iL”; L", L si fie incrucisates

3 NI I SO 4 s D
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NSFER IN A VISCOUS UNSTEADY FLOW THROUGy

THE HEAT TRA CIRCULAR DUCTS

DOINA BRADEANU

1. Formulation of the thermal Pl‘Oblt'fn- a). The problem equatio?zs. Let s
considered a viscous incompressible fluid, w1th. thermal conductivity 3 in
unsteady flow inside a circular cylinder (tube) of radius R and very long lenght
L. It is assumed that at the initial moment ¢ = 0 the f'luld s at rest anq ig
subjected to a pressure gradient (o — pu)/L where po 1s the pressure in the
cross section z = 0 and p, < b is the pressure of the fluid in cxrculgr section
z = L (here, Oz is the axis of the duct). It is assu1ned~also that 7O is the
temperature of the fluid at the moment 7 = 0 and that T, is the temperature
of the duct. Suppose that the flow, which is produced in these conditions, is
unsteady, axisymmetrical (straight lines). The thermal conductivity of the fluid
is not neglected. In the domain of the flow, let us now introduce the cylin-
drical coordinates (7, z, ¢) where 7 is the radial coordinate and ¢ is the polar
angle (iig. 1). Then, the velocity and temperature field in the fluid is repre-
sented by the scalar functions v,(r,#) and T(r, t) where ¢ is time.

The momentum and energy equations (Poiseuille flow) are deduced from
the equations of the Navier-Stokes type in the form [1], [3]

e __ 9%, w 9 U 1}
ot az+r ar(rar) O

oT ), » o[, oT 9
¢, — = ] AR Pl )
P'at y'(ar)Jrr ar[r ay) (

r/' ly)
/.

I\
Rl Y Pirz ,Y) vy
¢/
Po 0 1 =L 2-

Fig. 1.

where the notations are i ; o
st fopatons & in the usual form; the term p(dv,/dr)? represents t

measure of the heat produced by the dissipation of the

mechanical energy by fricti pa ,
viscosity and thfxymalycof:;fxg?) b and A are the constant coefficients of th

vity, p — the density and ¢, — the specific heat-
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. We can now make the following transformations for the independent varia-
ples and functions o : .

R 4 ut Ve . L T-Tw.
=, 1= —, U= L2 , 0 =2 —
YER' TR 2| B o T, — T® ®)
: - 3:) 4
and we introduce the notations (¢ — Prandth number)
‘ RU@pIOS o _weye .
le’c,’(’f,,—-T‘("))" T oA s
Then, the equations (1)—(2) take the form
au 1 0 ( aU , .
—_—= 4 — — — E d
™ +2 5 (y %)’ (y,7) =Q (4)
B _ (VP12 oy a0
o m(éy)-l-oxayyay)'(y'?) G,Q 5 ©)
Uly, 0) = 0, U(0, ) = finite (‘;J 0, %) = 0) , Ul 1) =0 .. (8)
y
O<y<1;7t>0)
8(y, 0) = 0, 6(0, ©) = finite (“’9_" 0, 7) = o]', 8(1,7) = 1 @)
y

O<y<l;7>0); Q=(0,1) x(0,7)

For this problem we seek the solutions U, 8 € C21(Q) of which derivatives
dldy = 0 for y = 0 — by this condition the discontinuity in these equations is
climinated — and which, of course, must verify the boundary condition -and
the symmetry condition (6)—(7).

Let us consider the set of the functions

S={U,0U, 8 <C>Q),U and 6 verifies (6) — (7)}

In set S, [5], [4], the motion cquation has the exact solution & .

U(y,..‘r) = 1 _y2_82 Jo(a,, }') e—a"”-'rl (8)

=1 af jl(an)

where jo is the Bessel function of the zero order and the first kind (Jo(«) = 0) :

® :
=5 (=D (ay s =012 ... ©
v-:-];(“-.’)’) .kE-ohl(k-l-P)l( 2) s ! ? 0:1! AR .'.
. ..2. The exaet solution of the energy equation. The energy equation, (5),
1s linear and nonhomogeneous under a nonhomogeneous boundary condition.
For solving this problem we seek the solution in the form 8 =8, + 6,, where
o Verifies the homogeneous equation subjected to nonhomogeneous gondxtxons
given in this problem) and 8, verifies the nonhomogeneous equation under
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s et the linear operator from the‘energy o
neous conditions. Let 4(8) be 3 “theenergy oo,
?i((’)rx??g:hus, for the verification of the equation we have IR Qua

v : g _9U)e
A(8) ‘—;"A(eo) -+ A(91) =:g(y, 1) gy, 7y =m ggj
By, 0) = Bu(, 0) + 83 0) =0, 8(1, %) = B(L, ) + 01, 7) = 1
energy équation “under’ nonhomogeneous ‘conditions. Let

homogeneous energy equation under nonhomoge.
d let the change of the functions be

a) The homogeneoks
6,(v, 7) be the solution.of the
peous boundary conditions an:

V==01t—1; (&= 1/0)

Then, we have the problem . . .

LG G 14
Z o a(ay’ + v ayJ (10)

Viy, 0) = —1, V(1,7) = 0; (V(0, v) = finite)
We use the separation method of the variables by choosing
Viy,7) =Y()T(x)

and we obtain the differential system

aT

— = —otadr
ay 1 dY
—+—-——=+aY=0
dyt -y dy.

i !

where a is an unknown constant value. The solutions of these equations are

« T(x) = Coe—otr, Y(y) =CyJ o(dy) + CzN o(xy)

where C,, C; and C, are arbitrary i i
e C,, y integration constants and J, N, are Bessel
functions of zero order and 1* and 2" kind (the equation of {ﬁe fuonction Y()
1s Just the Bessel equation of # = 0 order).

The general solution has the following form

V(9. %) = Coe=s [C, T o(ay) + CoNolay)] (1

i:qﬁefggrw?& gﬂgrﬂiﬁt; he Neumann function N(x) —» —oo when x — 0. Con-
(17), we take C— 0 ave a ﬁmf;e solution, imposed by the physical problem
The boundary conditior TR o ) )
equation 1y condition on the wall of the duct V(1,t) =0 provides the
. . ciaowiy 'j’() R NI e, ERR
. - T 0 3 .='0:u'v - “‘ R . .
Let @y a, ... cot S = R e e
are the ?igén;/atlﬁé: hgf I;;)SItlv'e_ Toots ‘of ‘this’equation which at the same D¢
-t dessel’s ordm?,ry differential OpE:rator' To thesse eigen-

DS system corresponds Fo(a,y), # = 1,2 3, " -
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onsequently, £he problem (10)- has’ the ‘particular solutxons of the form (B
are arbitrary constants) .

,. V0, 7) = B Jo(m3)n=1,2,3, .
The lmear problem ( 10) has the solutlon )

ch 9 = EBe‘"'*Jooz y) B ar)

'[_
A PN . Doy
T RN AR I

jn which the coefflclents B must be determmed \ o [ e, et
Let us impose the initial condition V(y, 0) = —l and then we obtam

—I—EB]o(a y)

that is, the Fourier-Bessel series of the functxon f(y) ='—1. In order to deter-
mine the B, constants we use the orthogonality property on [0, 1] with the
weight y of Bessel’s function. We obtain

—(Jola)ydy =35 B.{ Jolwa 3) Jolen )3y =
= B.{ o)y dy = 3 Bu[Ji(w) I (12)

if we use the orthogonality property and the known formula from the theory:
of the Bessel functions

{rUo@ndr = Usfew R (13)

(x. — eigenvalues, J,(«,7) — eigenfunctions)

We now calculate the integral from the left side of the equality (13). If we
introduce the Bessel function Jo, in accordance with (9) and then integrate,

we obtain

1 o f

i (— 1)k 2k+l _1_ _1
OSJo(a..y yly=3 =t (3 ) - L(a.)

f&uis also known that Jj(x) = —J,(»), [4]., Ihep, from (12) we obtain the
ues \ A n (1<

- 2.3
S 1{2m)
‘One can now write, by means of :(117), the solution V(y, ).

1 B"=
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The solution of the pomogeneous €ergy equation under nonhomogencqy,
e 50 ) -

ditions 15
boundary €OV o e Je)
. S Ll R4
eo(y» T) =1- 2;;‘6 _“v]x('an) (14)

(a2, — @r€ the positive roots of the equation J g(d) = 0; see (22))

. b) The solution of the nonhomogeneois energy 6‘1’;“”0.” S“beCth to homoge-
neous boundary conditions. Let %, = L2 ... ,Fﬁ t Ve;hellegsenva ues t%f the ope-
rator from the homogeneous ezlerg)}’je?:;t)lon-_‘ ]:!(a"y) dnb:r:he ziéggfts of

1 = - ol %4 y' L) yoeo s n ,"" unc-
the equat;ono{ ((ﬁzl; “(,)i'tﬁ;e]giggwalﬁes %.. The functions 0, and g are deve-
;nonsd ci%ﬂasgeries of Joles) eigenfunetions (generalized Fourier series), introdu-
c?e%e bv the homogeneous equation, which forms an orthogonal system of func-
tions ’(a system of linear indepepdent_functlons; a complete system).

Iet us. introduce the Fourier-Bessel expansions Dby setting T
Ba(y, %) = 25 &ale) Jolea y) (15)

g, ®) = 2 alr) Joloe 9) (16)

Bp0 =0  &LY9=0 (16)

where the Fourier coefficients c,(;r) and d,(x) are the unknown functions which
are to be-determined. : :

The generalized Fourier expansions (155-—(16) are substituted in energy
equation (5), which, reduces to the identity

T e Tolen 3) = 2 da Jola ) + a[‘Zc,‘@ LIv, :i_f_)
» n m dy? y = dy
with

Jolewy) =0

o291 delany) | 2
Py .+.y, ” ~ + o

This identity is further reduced to
. - VE -d_c_-' _ d . 2 ».
~\ ds n+ac-¢”)]0(aly)50
From here the resulting nbnhom‘og'eneoﬁs‘ or'dinary.éaquatious arc

dcn (") -
=2 taael) =d,(), =123, ... (17)

a0 =0, =123, ...
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whose solutions are
]

.
) !

ca(x) g e;;“:‘ §'e‘4= ‘d, () dé |

The solution of the nonhomogeneous ‘energy equation (under homogeneous con-
ditions) can be written in the following form

T

0y, ©) = 3 (74,00 Jolw ) &t (18)
n=1 o
Now, we must calculate the Fourier coefficients d,(f). In order to do this, we set

$80 A ole) = 3o 48) Tulo3) Jolaa 3y

From here, by integrating on [0, 1], we find
1 1
[ 80, %) Jo(ou) y dy = dufe) { Uslaay) Py dy =
/] [

4u(s) Us(@) P = 3 dua(s) Ua(on)

if we take into account the orthogonal Bessel functions and formula (13). We
obtain the formulas

1
2

1

Sg(s. ) Jolow ) sds, n=1,23, ...

[}

The solution of the problem, from (18), is

_ 2
(Ji(=n)]*

d,(v)

t1
0,(y, ) = 5 SG(y, s, T — t)g(s, £) dsdt (19)

00

if we introduce Green’s function :
Gy, 8,1 — 1) = 30 —=— Jolow ) Jo{ans) €49 (20)

s=t [Ji(ad)]?

¢) The solution of the energy equation. The solution of the energy equation
(5) under initial and boundary conditions (7) is

Al ayJa(xy)

© 1. T 1
80y, 7) =04y, 7) +0,(y,v) =1 —2 3 ¢ 7 T Lolwd) SS Gy, s, ©—£) g(s, £) ds ds.
00

(21)
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where . — he Bessel ator has th. . -
— The Green function G(y,' 5% t.):;f‘or the Bessel operator has the Xpres.

sion (_20’)1;he function g(¥, t) has the é"xpression
t)=m ?E}’

’ P oo s o

SFuE
; .ven in (3) and U given in (8) .
mthl” '%llre coefﬁ(cio)ents a, are the positive I°°t5( (found in Tables) of the equatiop

T Telw =0
(o0 = 2,4048; 0 =55201; oy =8,6537; ¢y =117915; s =14,9309; ...) (a9
— Jo and J, are the Bessel functions of the first kind and of the zero

and first order, given ini(9). .. . "¢

( Received Octobey 12, 1981)
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TRANSFERUL DE CALDURA IN MISCAREA NESTATIONARA A UNUI FLUID
ViSCOS PRIN CONDUCTE CILINDRICE CIRCULARE
‘(Rezumat)

. _ Se presupune C.i‘n‘ﬁsca.tea nestafionar in conducti este axialsimetrici pe traiectorii rcctjlinii
%1_ c;x ::z_briliiomentul initial (t = 0) fluidul este in repaos §i este supus la un gradient de presiunc.
e.l(i)::i:at djntm:ea termica .a,ﬂludul“_i §i disipatia nu sint neglijabile dar termenul de convecfie es:e
Teatvans ecuafia energiei. Fcuatia neomogend a energiei are conditii la limitd ncomogene §t € €

vatd cu ajutorul functiilor Bessel si a funcfiei Green, . . ' o

iy e
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A METHOD FOR THE CALCULATION OF I!‘,X(.’)‘SJ,’II.F,’RI? :
EMPERATURES.FROM OBSERVED UPPER ATMOSPHERF,
o DENSITIES

| IRINA PREDEANU*

P e e .

. " ) exospherie temperatures. The exos-
seuliarities of “observed” exospheriec tempera C

-1' Some B a basic parameter-of the high atmosphere, from which
pheric temperature(c?osncentra‘cion deunsity, etc.) can be deduced, according to
other ]pqrame»tetr:blished for a gi;/cu atmospheric model. The -knowledgc of this
t}iiaﬁeitelf nfioc)i observitions is very important; the comparison of its values
I\)\fith the theoretical ones yields an improvement of the models. By comparison
with the density, the exospheric temperature (being 1ndepe_ndent_ of the helght)
has the advantage that its values detérmined at dlfferent.helghts can be directly
compared, while the density .values, in order to become comparable, must be
normalized to a standard height; this supplementgry operation can alter the
results. So, the existence of some errors in the model can lead to errors of
about 50—100% when the density is extrapolated from a height of about
1500 km to a reference one of 2300 km (4]. - .

The passing from density values (determined from satellite orbital drag
data or from direct measurements with accelerometers or mass spectrometers)
to exospheric temperature values cannot be made by close calculations, because
in the frame of the atmospheric models one determines the parameters inthe
following succession: exospheric_temperature, temperature -in the c:ons1dered
point, concentration of constituents-and afterwards the density. An interpola-
tion (linear or using a polynomial with coefficients determined by the least
squares method) betwcen the model data is possible but unpractical. Moreover,
above 1000 km, where the concentration of the atomic-hydrogen increases
and the biunique- correspondence density-temperature vanishes, the errors of
the values provided by this method can reach 1009 [3].. 7~

The density variation with the exospheric temperature for. constant heights

between 120—2000 km [2] is plotted in Figure 1. It is obvious that above
800 km thcre arc two temperature values corresponding to'a single density
value. Also, the temperature T, corresponding to the minimum of the function
Q(T) lies _b.etween 500—1000 X and shifts toward higher_values when the con-
s:der.ed altitude increases. So; it is possible that above 1000 km to a single
density it would correspond two temperatures differing each other by a factor
larger than 2.
.. .Therefore, it is useful to find a method which would remove these uncer-
t?}gi;es,: able to prolede ‘correct ‘temperature ‘values with a 'small” calculation
— T

* Centre for Astronomy and Space Sciences Bucharest,

HUPE I .
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2. The method
neutral atmosphere .ail::lﬁl p.l,lbe the density — considered as know
¢ height z,, obtained from orbital drag dat

to determine thy
. e co i
the function : Tresponding exospheric temperature T, we have €O

[ 1]

FIT) = og o(T) ~ log p, 1, g
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where p(T) corresponds to the temperature T at the height z,, gccqrydjng 1(:0

ted ‘model. : o : S : )
the e’ﬁ]c;p xfeeded value (T;) is the solution of ithe:equation F(T) = 0, which

i 7y i i imate solu-
t be directly solved. Consequently, in order to find an approxima
:i%inoT, for whichyF (T) would acquire a small enough v,a}lue, we have used the
successive approximations method of the ,faster slope’ [1]: o N
“The minimum of F(T) is to be found first by calcq{lkatmg .fsucce'sswe_values

of T for. points T, having the form: B i
T, = Tyos — h(dF(dT)z, @

with A, = 2h,_, and:
(@F[dT)r, = {[F(T + 3) — F(T)]/8}r-1, 3)

an appropriate increase 8 being chosen. ) .
When we obtain for F(T) a value greater than the previous one, the seeking

will be performed in the last interval, at points T, determined with the relation:
T, = Tj-1 — by(@F[dT)z, (4)

where k, = k;_,/2, till h, reaches a fixed lower limit. In this case, one calcu-
lates again the derivative of F and repeats the proceeding till F(T) reaches
a value smaller than a given ¢ > 0. _ )

The rapid convergence of this proceeding is ensured by a suitable choice
of 8, ¢, &, and of the last value A, according to the considered accuracy.

3. Praeticability. The method was successfully tested to recalculate tem-
peratures from deusities using Jacchia’s (1971) model [2]. The uncertain-
ties related to the possibility of two solutions was restricted to a vicinity of
about 100° around the minimum T, of the functions p(7T) (Figure 1). In the
neighbourhood of this point we stated onc of the boundary values of the exos-
pheric temperature, in order to have a biunique correspondence density-tem-
perature, The other boundary value will be at 500 K or at 1900 K, as the
theoretical temperature (including diurnal, solar and geomagnetic variations)
is lower or higher than an estimated value of T,.

As initial value of the exospheric temperature in the successive approxi-
mations process, a value close to the theoretical one for the considered point
and moment will be chosen. In this manuer, the probability to choose the
correct solution of F(T) = 0 between the two possible ones is maximal.

( Received October 14, 1981)
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. "A TEMPERATURILOR Exq :
METODX PENTRU CALCULAREA SFERJc
0 METO OBSERVATE ALE ATMOSFERE] INALTE E piy DENSITAT
I

(Rezymat)
Este propus un proceden practic §i precis pentry determinarea de v

o s t pe ,,metoda pantei celej i ias,,Yalori ale ¢,
osferice din densitati observate, bazat p it °l mai rapjge ale tem .
fe:m;ij prin aproximatii succesive. Metoda a fost testati cu ajutorn] modeluh?ie Minimi, Pelatyyy

1971. Rezultatele obfinute justificd utilizarea acestei metode, in special pengr, fn«’ﬂo? €ric Jaceh,
de 1000 km. fimi pg; T
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SOME APPLICATIONS OF A COMMON FIXED POINT THEOREM

OLGA HADZIC*

In [1] the following common fixed point theorem is proved. '

TueorEM A. Let S and T be continuous mappings of a complete metric
space (X, d) into itself. The mappings S and T have a common fixed point if
and only if there exists a continuous mapping A: X — SX N TX, which com-
mules with S and T, such that: - .

d(Ax, Ay) < q - d(Sx, Ty), for every x,y € X

where ¢ € [0, 1). Then, there exists one and only one fixed point of the mappings

A, Sand T. o
Remark: B. Fisher has proved that the assumption of the continuity of the

mapping A can be dropped.

Using this theorem and fixed point theorem from [7] we shall prove the
existence of a common fixed point for mappings S, T and A + F, where F
is a compact mapping.

First, we shall give some notions and a result from [7]. Let E be a vector
space over the real or complex number field &. The mapping || |[*: E = [0, o)
is paranorme if and only if the following conditions are satisfied :

1L Jx]|* =0<>x = 0.
2. ||—x]* = |lx||*, for every x € E.
3. llz 4+ ylI* < |xi* + llyl*, for every x,y = E.
4. If |lx, — xl* >0 and », 57y (7,7, € X, 2 € N) then
”rnxn - 7oxo”* - O;
Then (E, || ||*) is a paranormed space. Every paranormed space is a topolo-

gical vector space in which the fundamental syst f nei
B s e petiace 0 ystem of neighbourhoods of zero

V.={xz e E, Jal* <s} (s> 0)
In [7] the following fixed point theorem is proved.

THEOREM B. Let (E, || I*) be a paranormed space, K be a convex and

closed subset . .
L) > SO" s:{ hE); h:;’:d J:K = K be a compact mapping so that theve exists

lexl* < C(F(K))eNxI*, for every t € [0, 1]
and every % € f(K) — f(K). Then there exists x « K such that x = fx.

* Yniversity of Novisad.
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-~ peeixtrioy. Let (E, ||
is of Z type if and only 1if th
lExli* < C(K) tllx|*, for every ¢ < [0,1] and every x « K _ ¢~

In [7] is given an example of E and K, where C(K) = 3 apq
application on a system of integral equations. If (E, || [I*) is a norme &1120 an
then C(K) =1, for every K < E and so Theorem B is a generalizatig o
Schauder fixed point theorem. . KU : lon of
" Some generalizations of “Theorem B are. proved in [4] and [6]. Fj
shall prove the following Lemma. ... 2 v . : [6]..1 1.1_'515. we
Liwa. Let S and T be continuous mappings of a complete metyie s
(X, d) into itself, U be a topological space, for every. u € U A,: X — SX ﬂﬁ;;g
be continuous mapping so that: o
A4Sy = SA,x, A,Tx = TAzx, forevery x € X and every u « U, Sy,
that the following conditions are satisfied : 4 e Suppose
1. For cvery x € X the mapping u— A,% is a continuous ‘mappi
Uinto SXO TX. | apping from
2. d(4,x, 4,y) < qd(Sx, Ty), for 'every %y € X and q = [0, 1),
Then there exists onc and only one continuous mapping PERTREN z(u)' such that:

C2(u) = A,(2(w) = Sl(w) = T(), » < U. (1)

*) be a paranormed space and K < g T
ere exists C(K) > 0 so that.: . © The set

v NESX . . ' T A P . P .

Proof : From the'cgndmons_‘of, Lemma. it follows: that all the conditions
of Theorem A are satls’fled and so for every # € U there exists one and only
one clement 5(14.) € SX (N TX such that (1) holds. It remains to prove that

i?e mapping z: % — z({u) is continuous. Let u, be an arbitrary element from U.
‘e shall prove that the mapping z:w «—» z(#) is contin i

182 . uous at the point #,.
Let ¢ > 0. Then we have:. . ° : ) s P ’

Kl i

d(x{n), 2()) < d(2(n), A (2(n0)) + (A (2(0)), 2(10)) =
= d(4,(z(n)), A.(2(u,))) + A(A,(2(6,)), Au,(2(20))) <
< g @(S(z(u)), T(2(u))) + d(A,(z(140)), Au (2(20))) =
< g - d(S((w)), T(z(n,))) + d(A,(2(t,)), Au,(z(%o))) =
= qd(z(w), 2(uo)) + A(A4,(z(wo)), Au,(z(10)))

and so:

Aelo), 2oy < B, A @)
B -
Since t} : . B t I ot
V{uy) sneug'fagﬁ"e’f % = A (z(u,)) is continuous there exists a neighbo
= d(4,(2(u,)), A (ze(ment %o 50 that the following implication holds: # = V. lies
d o) Aulefu))) < (1—g)e and from (2) it follows that u < V(#e) 1PPY

{2(u), 2(u,)) .
be a complete.faraﬁo}}ned space, K S X be &

THEOREM ] Let X :
closed ' (X, 1 1) ;
sed and convey subset, S and T:Xx X be continuous additive mappES

i

urhOOd

s
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A:K 5 X, F: K - X be contintious mappings so that F(K) is compact, S|F(K) =
ZTF(K) = I4|F(K), AK +FK < SK(\ TK, SK U TK < K and:

Az — Ayl* < glISx — Tyl*, ¢ < [0,1), for every "z y < K.
If S and T are commutative with A and SK (N TK is of Z type there exists
x € K so that:

x""=Ax+Fx=Sx=Tx.

Proof : For every u € K let A,x = Ax + Fu, x € K. Let us prove that
the family {4,}.<x satisfies all the conditions of Lemma. First ||4,x — Ayl* <
< qlISx — Ty|l*, for every-u € K and.every x,y < K. Since X is a topological
vector space and F is continuous it follows that # — 4,x is continuous for
every x € K. From AK + FK < SK (" TK it follows that 4 K = SK (N TK,
for every uw € K. Further, SA,x <> S(Ax + Fu) = SAx 4+ SFu = ASx + Fu =
= A,Sx and similarly TA,x = A,Tx, for every %, 4 € I{. From the Lemma
it follows that for every u € K there exists Ru € SK (N TK so- that:

Ru= ARu + Fu = SRu = TRu, for every u € K

and the mapping R: K - SK (N T(K) is continuous. We¢ shall prove that K
and R satistics all the conditions of Theorem B. Since R(K) € S(K) N T(K)
and the set S(K) N T(K) is of Z type it follows that the set R(K) is of &
type also. Iet us prove that K(K) is compact. Since X is complete it is enough
to prove that R(K) is prccompact. For every z;,z, € K we have that:

Rzy = ARz + Fzy = SRz, = TRz,, Rz; = ARz, + Fz, = SRz, = TRz,

and so:
IRzy — RzylI* < qlIS(Rzy) — T(Rz)||* + ||Fzy — Fafl* <
< ¢llRzy — Rz,||* + ||Fz, — Fzy||*
and so :
IRz, — Reyll* < —"fil'_—rq’—"- i (3)

Let » > 0. Then there cxists a finite set {Fz,, Fz,, ..., Fz} (z, n K, i € {1, 2,
..., n}) so that FK ¢ LJ: {Fz, + U,i_g}. Then from (3) it follows that RK <

c .~L=J, {Rz, + U,}. So, all the conditions of Theorem B are satisfied and there

exists x € K such that x = Rx. Then ¥ = Rx = Ax 4+ Fx = Sx = Tx.

The following common fixed point theorem is a generalization of the known
result for nonexpansive mappings in Banach spaces

THEOREM 2. Let (X, || {I*) be a complete paranormed space, K € X be a
closed and convex subset, S, T: X —'X be lincar continuous mappings so that
SK ﬂ TK is bounded, A: K —» X be a- continuous demicompact mapping, F:
K = X be compact mapping, x, be a-star. point for SK and TK, AK + FK <
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=T F(K) U {xo} =
TK, SKUTK < K, SE(K) U {x} of =Id F
& 8K T S T S~ Tyl Jor very 53 SKHS g B0
commsdative with A and SKN TK 15 of fvz 3 ’( N TK) < 1 bype the:
there exists x € K so that:

x=Ax + Fx>=Sx = Tx.
Proof : Let {rJaex S (0, 1) be such that lim 7. = 1. For every 4 < N

Ax = f.Ax 11— f.)xo, le = f,Fx, f(_)r every x € K" We shall
{S]tat:’f:r every ,j- e( N, A, F., S and T satisfy all the conditions of Thg;;;‘:;
1. Since S and T are linear it follows that:

SF.x = S(r.Fx) =r,SFx =r,Fx = F,x = Id|F (x), for every v e and
similarly TF,x = Id|F,x, for every x < K and for every n= N. So §| F(K) =
= T|F,(K) = Id|F,(K), for every # € N. Further, S4,x = S(r,Ax +- -
— r)xe) = 7,54z + (1 —7,)%, = 7,ASx + (1 —7,)xe = A_,,Sx, for every x « i
and every # = N and similarly T and 4, are commutative. Tet us show that
AK + F,K = SKN TK. Since for every = € N AK + If',,K =7,(AK +
FK) + (1 — 7.)%p, AK + FK < SK(\ TK and x, is a star point for SK and
TK it follows that A, K + F,K < SK (N TK. From Theorem 1 it follows that
for every m € N there exists x, € K so that:

%z, = A%, + F.x, = Sx, = Tx,. (4)

Then :
%, — Ax, — Fx, = (r, — 1){(Ax, + Fx,) + (1 — 7,)%,, neN
and since lim r, = 1, Ax, + Fx, € SK (N TK and the set SK (N TK is boun-

ded it follows from (4) that :
lim %, — Ax, — Fx, = 0. (5)

B~

The set F(K) is compact and so there exists a subsequence {Fx,}ssn such that
lim Fx, =z € X. Then from (5) it follows that:

k~x

hm Xn K— Ax” = 2. (6)
k~o F i
The mapping 4 is demicompact and so from (6) it follows that there exists
a subsequence {xnt’}IeN such that lim %,, =u < K. From (5) it follows that
% = Au 4 Fu and since x, = S =7 . ? i us it follows
that % = Au + Fy = Sn'w T ;u‘ Tx,and S and T are continuo

Remark : 1t is obvious that w ' =0 if O is int of the
X e can take x, = 0 if 0 is a star poin
set K, since S and T are linear mappings. ’ '

CoroLLARY 1. Let (X, ) e a B : T 3 d convex
. ) nach . K be a closed an )
subset of X, xo, SF and T be as in Theor:ma;, Zp:a ;2 - X,eS and T be comml‘U

Lo d

latwve with A, A be a continuoys ¢ fyi 2 - &
el Q-densifying m , where ®:U /
be the family of all bounded subsets of X, {é‘ i ) bipﬁ ?gfally ordered set and the
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measure of noncompactness ® is monotone, 2-regular and algebraically semiaddi-
tive. ¥ AK +~FK < SKN\ TK and ||[Ax — Ayl < |ISx — Ty|, for every =,
y € K then there exists x « K so that x = Ax +Fx = Sx = Tx.

Proof : It remains to prove, similarly as in Theorem 3, that from (6) it
follows that there exists a convergent subsequence {x,}.en of the sequence
{%}nan. Lot y, = x, — Ax,, for every n € N. Then %, =y, + 4x,, for every
n € Nandso {x,|n « N} {ylnEN}+{Ax|neN} Since x, € SK N TK
and SK (N TK is bounded we concludeé that {z, » € N} < U.

So we have; since ® is algebraically semiadditive, that:

O[{x.|n € N}] < ®[{y,|n € N}] + ®[{dx,In = N}]. |
Since the measure @ is 2-regular it follows that ®{{y,|» € N}] =0 and so:
®[{x,|n € N}] < O[{Ax,|n = N}].

Since the mapping 4 is @ densifying it follows that there exists a convergent
subsequence {x,},ex from the sequence {%,},en. As in Theorem 2 it follows

that there exists # € K such that # = Au 4+ Fu = Su = Tu.
Remark : It is casy to see that in Theorem A we can suppose that instead

of d(Ax, Ay) < q - d(Sx, Ty), for every x, y = X we have the existenceof m € N
so that:

d(A™x, a™y) < qd(Sx, Ty), for every %,y € X, ¢ = [0, 1). (7)

Indeed, in the case that (7) holds we conclude, from Theorem A that there
exists one and only one element ¥ € X such that:

x=A"x=Sx=Tx 8

From (8) it follows that Ax = A"(Ax) = S(Ax) = T(Ax) and so Ax is the
common fixed point for A™, S and T. Since there exists one and only one
common fixed point for mappings A®, S and 7 we obtain that x = Ax =
=Sx = Tx.

Using this generalization it is easy to see that in Lemma we can suppose,
instead the condition 2. that there exists m € N such that:

d(4rx, amy) < qd(Sx, Ty), for every %,y € X (g € [0, 1)

and for some m € N. So, if in Theorem 1, the mapping A is additive, there
exists m € N such that:
- d(A"x, A 'v) € ¢ -d(Sx, Ty), fdr/'every x,y e K
and S and T are as in Theorem 1, then there exists ¥ € K such that ’
x=Ax 4 Fx = Sx = Tx.
Ihe Kuratowski’s measure .of noncompactness a: U — [0, ) defined by

«(4) = inf {ele > O, there exists a finete cover & of the set 4
such that diam(B) < ¢, for every B « @} ’
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. = 0 if O is compact), monotone 01,0, = U, 0. <o i .
s Zregate () and sigebraically semiadditive ({0, + 0)'= g ", "l
and so we have the follomngsC?o;l‘arY;l be as in Corstlarn | -(Qy)
ry 2. Let X, K, S, F, L ana %o orollary 1 and 4. 5
be cfn?mﬁﬁ o densifying mapping: §uch 't;”lafi ||:1;1;;< — Ayl < |ISx = TI§||?f§
every %,y € K, S and T be commutative with A, +FK <SS K 1% J
there exists x € K so that Ax+fx.=Sx;Tx=x. o !
Now, we shall prove & gengrahzat;on of Theorem 1 if X is a tOPOIOgical
vector space, using the following fixed point th,eorefn proved by R z e Peckif
TreorEM C. Let X be a Hausdorff topological vector space, Ut be g, fun:
damental system of neighbourhoods of zero 1n X,F: K —» Z be continuous my bhing
Z be a compact subset of K sa. that for every. V e tand x < Z there cxists [ n 7

so that: S . :
cofx+ U)NZ) % + |4 ©)

Then there exisis x € K so that x = Fx.
It is easy to see that Zima’s fixed point follows from Rzepecki’s fixed point

theorem. , v

PrOPOSITION. Let X be a Hausdorff topological vector space, AU be the fun-
damental system of neighbourhoods of zero in X, K be a closed and convex sub-
set of X, A, P,S and T be continuous mappings from K into X so that AK +

+FK s SKNTK < K and for every V € W and every x « SK () TK there
exists U € U so that: S '

wo((x+ U)NCENTE) < x+ V.

If for every u € K there exists one and o)zly one element Ru € SK (N TK such

tha_t Ru = ARu + Fu = SRu = TRu and the set {Iv‘}uek is compact there
exists x € K so that: ! :

x=Ax+Fx+Sx=Tx,

Proof : As in Theorem 1 weé shall prove that the mapping R: K - SKN
> : pping R:

N TK has a fixed point. Let us prove that the mapping R is continuous. Sup-
pose that {x},.q is a net from K and lim %, = x. We shall prove that
L3 . . —— aea

?:; Rx, = Rx. Since the set {Ru},ex is compact there exists a subnet {xﬂa}"é“
such that ‘laig Rxey = y. Further, for every B < &: Rx,a = AR% + Fay =
= SRy = TR,y and since 4,F, S and T are continuous it follows that:

im Rx,, = A(lim R i — S(L = T(
bog g (613; Xay) + F(:laﬂ %ag) = 3‘32‘2 Kag) = T(gg Ritap)

So we have that y = 4 s e e So,
Y+ Fx = Sy = Ty which implies that y = R%.

z;r;ry m;bne; of {R"a’}dfa has a convergeynt subnet vlzrith the same limit fR:’

$o alexg %s = Rx. Since RK < SK N TK the mapping R on K satisti€
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all the conditions of Theorem C and so Fix(R) # ®. From x € Fix(R) it follows
that x € Fix (4 + F) N Fix(S) N Fix (I) and so ' '

x=’-Ax+Fx=Sx£Tx-

Now, we shall give a Corollary of the above Propositiod. First, we shall
give some definitions. - '

We shall subsequently denote the set of all real numbers by R,. Further-
more, let E be a vector space over K (real or complex number field) and R,
be the set of all mappings from A into R. The Tihonov product topology and
the operations of + and scalar multiplications as usual. If f, g € R, we say
that f < g if and only if f(t) < g(t), for every ¢t € A and by P, we shall denote
the cone of nonnegative elements in Ra.

In [5] S. Kasahara introduced the following notion of paranormed
space, which we shall call @ paranormed space.

DErINITION. The triplet (E, |||, ®) is a ® paranormed space if and only
if |l:E - Py and @ 1s a linear, continuous, positive mapping from R, into
Ry such that the following conditions are satisfied :

1. llx]l =0« x = 0.

2. Izl + Iyll < @(li=l) + @(liyl)
3. kx|l < |¢] |lx|l, for every x € E and every ¢ € K.

_ Let us denote by U the family of all neighbourhoods of zero in R,. Then
E is a topological vector space in which {V}yeq, is the family of neighbour-
hoods of zero in E, and:

Vo={slx = E, |zl = U}

In 5] it is proved that every Hausdorff topological vector space is a @ para-
normed space (E, || ||, ®) over a topological semifield. In [3] the following defi-
nition 1s given.

DerFINITION. Let (E, || |, @) be « @ paranormed space over a topological
semifield Ry and K < E. If for every n € N, every u, < Kf)— K(@i=1, 2},‘) . .5.’, n)

’Aand (51,82 ...,8) € R s_uck that s, € [0,1] ¢:=1,2, ..., n) and Es, =1,

=1
”
2 s %,
i=1

we say that the set K is of ®-type.
Now, we have the following Corollary.
CorOLLARY . Let (X, || ||, ®) be a @ — paranormed space, K be
> 1l A a closed and
convex subset of X, A,F,S, T: K —» X be continuous m?;zppings, AK 4+ FK <

SSKNTK c K and SK (N TK is of ® tyte. I 3
one and only one element Ru € SK ﬂfT K ysjz:ch 'tfh'g: woery S K there exists

< 25,000l

Ru = ARu + Fu = SRu = TRu
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vd the sct {Riuax 15 compact there exists x € K so that:
and x=Ax+Fx=Sx+Tx.

Proof: In [2] is proved that for every V € W' there exists U e gy suck
that for every z € SKU TK ,
co((x + U) U (SK UTK)) sz + V(W = {V,}veq)

and so all the conditions of the Proposition are satisfied.
(Received  October 19, 1981)
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UNELE ALPICATII A UNEI TEOREME DE PUNCT FIX COMUN
(Rezumat)

1a (13 _este‘ demqnsttati urmitoarea teoremi de punct fix comun.
.. Teoremi. Fie S i T‘aplicatii continue a unui spatiu metric complet (X, d) pe el insasi. Apli-
catiile S i T au un punct fix comun daci §i numai dack existd o aplicatie continug 4: X — SX 0
N TX, care comuti cu S si T, astfel ci .

d(dx, Ay) < qd(Sx, Ty),
Tg‘; c;x:ce ¥y € X, unde g € [0, 1). Atunci existi unul §i numai un punct fix al aplicafiilor

Folosind o teoremi a lui B. Fj sh i i !
& i g er [11¢i alui K. Zima [7] se demonstreazd o teorem
e punct fix comun pentry aplicatiile S, T §i A 4 F unde F este o ag)li]catie compactd.



TIFIQUE ET DIDACTIQUE DU PROFESSEUR
TIBERIU MIHAILESCU -

(80 années depuis sa naissance)

1’OEUVRE SCIEN

M. TARINA et P. ENGHI$

Une personnalité marq}{ante de 1'Univer-
sité de Cluj, aprés la deuxieme guerre mondi-
ale, a été le professeur Tiberiu Mibdilescu, dont
Papport 2 l'organisation de I'enseignement et
de la recherche dans le domaine de la géome-
trie a été inestimable. .

1l est né le 6 février 1902 (19 février d'a-
prés I'ancien style du calendrier) dans une mo-
deste famille de la ville de Bucarest. Aprés
de brillantes études aux anciens colléges ,,Sf.
Sava” et ,,G. Lazar” de sa ville natale, il a suivi
les cours de la Faculté de Sciences de I'Univer-
sité de Bucarest, section de mathématiques. Il
a passé son examen de licence en 1927 en-
seignat tout d’abord comme professour de ma-
thématiques aux lycées de Ploiesti, Tirgoviste et
Bucarest. En 1942 il a soutenu sa thése de doc-
teur és mathématiques a4 1’Université de Buca-
rest et puis il a fonctionné comme chef de
travaux 3 la chaire de géometrie de cette ins-
titution. Plus tard, en 1948, il est nommé pro-
fesseur de géométrie a I'Université ,, V. Babes”
de Cluj, A la faculté de mathématiques et phy-
sique. Au temps du dévellopement de cette
faculté, comme de la chaire de géometrie, il a déployé une intense activité
scientifique et didactique. En 1962 le professeur T. Mihdilescu a été transféré,
4 sa demande, comme chef de la chaire de mathématiques a 1'Institut de Pétrol,
Gaz et Géologic de Bucarest. Il y a fonctionné jusqu'en 1967, année de sa
retraite. Malgré d'une grave maladie, il a gardé jusqu'd sa fin une extraordi-
naire finesse d'esprit. Il est mort, le 25 mars 1979 étant enterré dans le cimi-
tlereL],Bellu (évangelique) de Bucarest.

ocuvre scientifique. Les premiers travaux scientifique ihai

.datent' de 1939. Son domaine préféré a été la géometrie d?ffé:eg'fieill‘é Ilzdr:lol;zeuclasxgl
abordée aussi par son maitre, le professeur Georges Tifeica. L'outil qu’il a emplo é
systématiquement dans son oeuvre a été la méthode du repére mobile élagori;e
pour le cas des variétés générales par E. Cartan. L'étude approfondie'des nou-
velles techniques introduites par le mathématicien francais, surtout la théori
CI}IQS systémes extérieurs en involution, I'ont conduit a des résultats reiiiarqua%cigse

ous ‘allons présenter ‘quelques directions d’évolution de la rechérche mathé;-
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tique entreprise par T. Mihiilescu, en rappellant quelques-uns de Tésultatg

ma , -

3 tS. ) . TTe . 3 , .

les le;s tlllll(}eg:ireta(llle "Gseaux conjugués a été le chapitre de la géometriq diffg
lequel s’inscrivent les premiers travaux et Surtout o

jelle projective dans leques : e A A
zitgleel [5? 'i]‘ Mihailescu . étudie des réseaux hcon]ugpes a Izropr 1€t€s spéciale
oL W : asses des réseaux harmoniques et non harmeopia.
Aipsi, il 2 introduit les cl Oniques,

, T L : ’

en déterminant pour chacune le degré de generefht:, P?r;rélsei a‘}tligs contributioyg.

a son étude des réseaux (M) — dénommés aussi réseaux Darboux-Tigejc,
Gont 1l a demontré qu'ils étaient les mémes que les réseaux considerés par iy
Jgﬂa,s_ On a montré aussi que les réseaux (R) de Tifeica et ceux de Terraciy;.
Pantazi sont contenus dans la classe plus générale c.lels reseaux de Laplace oy
correspondance -asymptotique. Des résultats substantle,s concernent les réscayy
isothermes conjugués. Am'm,_ par exerpple, ill a moptre que sur une surface de
courbure projective nulle il existe 'tou]ours un tel' réseau. ,De plus, Sur une telle
surface, il existe un fascicule de réseaux conjugucs dont 1 axe cuspidale coincide
avec la premiére droite de Wilczynski. Dans (26] 1l a adapteé la notion de réscay
jsotherme comjugué au cas d'une surface réglée non développable.

Ls théorie de- varictés non-lhiolonomes coustitue une autre direction des
rccherches du professeur T. Mihdilescu. Son mémoire (7] est en fait le premicr
exposé systématique de la théoric de ces variétés qui utilise Ja méthode du repere
mobile. Les étapes successives de l'installation du repére local sur une variété
non holonome V3§ sont présentées d'une maniére systématique en mettant en
évidence le réle de la polarité de Bompiani-Pantazi et des cones de Malus.
D’autres résultats se rapportent i des classes remarquablcs des varictés non-
holonomes. Ainsi, en ce qui concerne les variétés paraboliques, T. Mihiilescu
a montré l'existence de trois types de ces variétés, dont il détermine le dcgré
de généralité. Il démontre I'existence des variétés paraboliques a des lignes asym-
ptotiques curvilignes. De méme, il a étudié et a donné la classification des
variétés non-holonomes de Tijeica-Wilczynski qui représentent cn fait les sphe-
res projectives. Dans un ample mémoire [32] T. Mihdilescu étudie les systemcs
tniples non-holonomes, en complétant la théorie par la donnée de I'interprétation
geometrique des invariants. Pour d’autres détails concernant ic sujet, voir l'ar-
ticle [2] de la bibliographie. ‘
] 'En’_‘dehqrswdes problémes liés aux variétés non holonomes de l’espace pro-
jectif, T. Mihdilescu a considéré aussi des hypersurfaces non-holonomes d’'un
espace de Riemann [16], en définissant Ja courbure extérieure de celles-ci et
Zf: g;zz:.“t quelques propriétés concernant les' parallelismes de type Vranceant
lice fi‘g gzggede Ia correspondance dans les travaux de T. Mihdilescu est

_de paturelle 3 I'étude des réseaux, des systémes triples et des

varlete’s non-ho!onomes (32), [34], [44). .

D'autres résultats se réferent 4 une certaine généralisation de 1'équation

différentielle de Riccati [13], [14], 2 des théorémes projectifs de type Gauss

Bonnet [21] et 4 diverses questi 3 ie di ; i jective-
st1 3 £ fine ¢t projective
Le professeur T. Mihgiles ons de géométrie différentielle affine ct project

i : . Cu est bien connu par ses livres sur la géometr®
g;{.f]é);ggtlfge l{) r:; e [43]: [44], qui contiennent d’ailleurs beaucoup de Se:
L, witats. Iis ont éte référés trés favorablement dans les revues
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courbes et des surfaces [24], [36], [37] constituent -des synthéses originales

les. S -

rcma.}lr)cellﬁgslbson activité scrientifique T. Mihdilescu a entretenu une correspon-
dance trés étendue avec de grands géometres de son domaine de recherche,
commc par exemple : E. Cartan, E. Bompiani, L. Godeaux, B. Segre, M. Villa,
G. Boll, O. Boruvka, P. S. Finikov, L. Santalo, Su Bttgh{n etc. . -

activité didactique. Le professeur T. Mlhfnlescu a été renommé pour ses
legons d’une éloquence brillante. Pendant son séjour a Cll.l_],' il a donné. d1ver§
cours de géométrie et d’autres disciplines mathématiques comme par exemple :
géométrie analytique, géométric projective, géométric dlfferc'ntlellc,’ fondements
de la géométrie, équations différenticlles et a dérivées parflelles', équations de
la physique mathématique, calcul variationnel etc. De méme, il a donné des
cours spéciaux de géométrie pour les étudiants des derniéres années avec une
thématique variée, en y exposant la théorie des groupes de tr_ansforr,ngtlons, et
diverses questions de géométrie différentielle affine et projective 4 l'aide de la
méthode du repérc mobile. Parfois, ces cours contenaient aussi des.problémes
lics a ses recherches. : ‘ '

Certaines de ses lecons ont été multipliées pour l'usage des étudiants de
PUniversité ct de P'Institut Polytechnique de Cluj, ainsi que -de I'Institut de
Pctrol, Gaz ¢t Géologic de Bucarest. L

Le professeur T. Mihdilescu a été un homme d’une grande érudition, inté-
ressé aussi par des questions d’histoire, de philologie, de philosophie, de physique,
chimie, de technique ¢t biologie. Ces préoccupations se sont finalisées dans sa
collaberation 4 la rédaction du Lexicon technique roumain. Il a été un biblio-
phile passionné et, avant sa mort, il a disposé la donation de sa bibliothéque
dv mathématiques a la faculté de Cluj-Napoca qu'il a servi avec tant de fer-
veur. ¢

La figure distinguée du professeur Tiberiu Mihdilescu restera toujours vi-
veute dans Pesprit de ses ¢leéves et de ses collaborateurs. f

LES TRAVAUX SCIENTIFIQUES DU PROFESSEUR T. MIHAILESCU

a) Notes et mémoires :
1. Sur une classe de réscavx @ transformés de Laplace en cérris d. " »
Sc. Roumanie, IIL. 2, 1939, 121-—124, ? PO”. auce aoymplofigue, . R. Tnst.
. fggr lezs7rze'scauz conjugués de M. M. Terracini-Pantazi, C. R. Inst. Sc. Roumanie, I'I‘I,HS, 1939
. s ° 13 . . '
: ;477_1258 lfészaux isothermes-conjugués & courbes planes, C R. Inst. Sc. I?Ogman.ie, . 111, _,5f‘, 1939,
. Un théoréme sur les réseaux de Jonas analo, 3 3 ' -
J gue & celui de M. Demoulin sur | .
5, in de la Classe des Sc. de 'Acad. Roy de Belgique 5 Serie, T XKV, 1930, crux R Bulle-
- Qur les péscaux conjugués & ransformés de Laplace en corvespondance a's ", l(;ti U, '
Sur les réscaus c : . , Bull, math,
et phys. Te. pol_\.t.: Ducarest, XI. 1, 2, 3 fasc. 31, 32, 33, 1939—1940 J',4011- 13q9 eTeﬂ. d:nsgl;
6 ;n;nt'm matematici, I'acultatea de stiinte din Bucuresti, ’ ’ i
. Rela ¢ ; inéai ' : ’ - ,
35—43115 culre une surface ot un complexe linéaive, C. R. Acad. Sc. Roumadnie, 6, 1—4, 1942,

7. Sur les varidtés Y .- . .
1944.L 35“—);':‘4? non holonomes de 1'S, projectif, Bull. math. Soc. roum. des sc., 44, 1-2, 1942
. i
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27.

31

32.

33.

3n.

. Swr les variétés non kolono
. Swr les réseaus conjugu

. Sur les comgruences
. Corespondenie Sntr-un pu

. Asupra directoarelor
. Sistes de vectori asociad

. Asupra inlegrrii ecuajiei R

. Refele conjugate cu congruenfe asociate de tip parabolic, Studii §i cercet. mat. si fiz., Clyj, 7

. Théorie da la corsesp,

- Invariantii diferentiali projectivi of
8.

35.
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mes paraboligues, Bull. math. Soc. roum. des sc., 45, 12, 1944, 134

185. ¢s & surfaces associées coincidantes, Bull. math. Soc. roum. des Se,, 46,

1-2, 1045, £-76. Mathematica, XXII, 1946, 51—56

3 Ribaucour-Darboux, Ma , I , .
de nct ol unei varietdji neolonome, Bul. stiing. Acad. R.P.R,, mat., fi; |
Wilczynski §i @ suprafejelor minime proicctive, Studii §i cercet. mat., vol. |

fasc. 2, 1950, 374—392.

10, 1949, 947—958.

unei ecuatii  Riccati generalizale. Studii §i cercet. st. Acad. R.P.R

i 9 1-2, 1951, 5—16. ’ L
Cloj, 2, 1-2, 1 iccati genevalizate, Studii si cercet. st. Acad. R.P.R., Cluj, 5, | _o

1954, 3744,

N s Titeica-Wilczynshki i si t. mat., 6, 1—2, 1955, 175193
cavicidti meolonome de tip Tifeica-Wilczynski, Studii i cerce -2 , —195.
. é::{; - ,:;‘:yioara' a kipersuprafefelor neolonome, Comunicare la al I'V-lea Congres al matemat;-

cienor romipi, Bul. mat. Soc. gt. mat. si fiz. R.P.R., 1, (49), 4, 1957, 437—449.

. Sur le repére normal projectif d'une surface, Rey. de matlh. pures et appl., Acad. R.P.R., 1, 2,

1956, 107—132.

. O normalmom prosctivaom repere poverhnosti, Jurnal cisloi i prikladnoi matcmatike, 1, 2, 1956,

141—-167. :

»

1—4, 1956, 1549,

. Varietdti neolonome parabolice cu asimptotice curbilinii, Bul. Univ. , Babes” si ,, Bolyai” Cluj,

seria st. mat., 1, 1—2, 1957, 23—29.

. Théorémes projectifs du type Gauss-Bomnet, Rev. de math. pures et appl., 3, 1, 1958, 63—86.
. Les surfaces R, Czechoslovak math. Journal, 8, (83), 1958, 573 —582.
. Suprafetele de curburd proiectivé nuld, Studia Univ. Babeg et Bolyai, 3, 3, ser I, fasc 1, 1958,

29--37.

. Géométrie différenticlle affine des courbes planes, Czechoslovak Math. Journ., 9 (48), 1959, 265—
288

. Formes différenticlles quadradiques et courbures em géométrie projective, Rendiconti Accad. naz.

26.

dei Lincei, cl. sc. mat., fiz., nat., ser. 8, 28, 1960, 165—168.
Refele izolerm-conjugate situate pe suprafefe viglate, Studia Univ. Babes-Bolyai, math.-phys., V,
1, 1960, 169—174.

sS;bres ]la vaviacion- del arco- afin de las curvas planas, Mathematicae Notae, XVII, 1959—6l,

. Corespondente de tip Segre Sntr-o varietate neolonomd liniard din S;, Studia Univ. Babes-Bolyai,

math.-phys., VI, 1, 1961, 101—1086,

. Systémes triples de variétés nom holomomes de P'espace projectif ordinaive, Annali di mat. pura ed.

30.

appl. ser 4, 53, 1961, 23]1-239..
Problémes variationnels
2, 86 1, 1962, 5—48.

Proprietiti de tip Gauss-Bonnet ale vetelelor cons i irii ie §i ;
K e . 4 jugate, Lucririle consfituirii de geometrie §i topo
logie, 2—5 iunie 1958, lagi, Ed. Acad., 1962, 117—123. ¢

Les systémes triples non holonomes linéai; jecki
: . , Actes
dn Dewssime Zepionon holon ires et la corvespondance entre deux espaces projectifs

1962, 121139, ¢om. diff., Lidge, Libraire Univ. Louvain, Gauthier Villars, Paris.

projectifs de la lhéon'e des réseaux plans, Bull. des Sc. math. Paris, ser.

Suprafete viglate nor ; . i . ai
math-‘PhYS-.gVII, l,,;‘;éez. aé;»c_;aé; unei suprafefe medesfdsurabile. Studia Univ. Babes-Bolyal.

ondance extre deux vari,

naire, Czechoslovak math. Journ, étés mon-holonomes lintaires de Vespace profectif o i

13 (88), 3, 1963, 35-471.
VIIL 1. 1963 ga s su?rafefelor riglate, Studia Univ. Babeg-Bolyai, math.-phy>

Geometria  diferenci ;
2370, iferencial  afin general de las curyas alabeadas, Mathematicae Notae, 18, 1. 1963,

Géométyie différent; ;
1oop férenticlle affine générale des surfaces, Acad., roy. de Belgique, Mém. XXXV, 8, 1965,
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b) Monographies, travaux didactiques ete.

38, Note la cursul de geomelrie analiticd pemtru anul I. (lit.) ,Ed. ‘U.N.S.R., Bucuregti 1948, 178. p.

39. Curs de ccuatii diferentiale, (lit.). Univ. ,, V. Babes”, .CluJ,. 1950,_84 p-

40. Elemente de geometrie analiticd, (lit.) Institutul Politehnic Cluj, ,1?54‘ 329 pag. . .

41. Cercetdrile lui Alex. Pantazi si varicldtile neolonoms proiective, Lucririle Consfituirii de geometrie

diferentiald din 9—12 ijunie 1955, Timigoara, 63—68. o .

42. Varietati neolonome de tip Tifeica-Wilczynski, Gazeta mat. §i fiz. seria A, VIII, 2 febr. 1956,
65 —66. .

43. Geomelvia diferentiald proiectivi. Biblioteca matematicd, II, Ed. Acad., 1958, 495 pag.

44. Geometria diferenfiald proiectivd. Teoria corespondenfei, Ed. Acad., 1963, 232. pag.

45. Elemente de geometric analiticd (lit), Institutul de Petrol, Gaze si Geologie, Bucuregti, 1966, 227
pag. .

46. Elemente de geometvie diferentiald (lit). Institutul de Petrol, Gaze §i Geologie, Bucuregti, 1966,
174 pag.

47. Sisteme triple ortogonale si transformdri conforme fn E,, (lit.) Univ. ,,Babes-Bolyai’’, Cluj-Napoca,
1979, 62 pag.
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RECENZII

R. Ahlswede, I. Wegener, Such-
probleme, Studienbiicher, Teubmer Stuttgart,
1979, 328 pag. -

Lucrarea trece in revisti diferite aspecte

legate de problema ciutdrii, problemi de mare.

importantd si actualitate in diverse domenii ale
stiintei. Ea se adreseazd matematicienilor, infor-
maticienilor, statisticienilor, inginerilor, cerceta-
torilor din domeniul stiintelor naturii §i celor din
domeniul literaturii.

Materialul este organizat in patru pirti si
completat de o bogatid lista bibliografics. In
prima parte se dau o serie de nofiuni §i definifii,
precum §i un model de ciutare. Partea a doua
irateazi problema ciutdrii cu teste de eroare,
§i anume: problema c3utdrii in binar, coduri
alfabetice, problema sortirii, probleme vagi §i
probleme de geometrie, probleme speciale de
ciutare cu teste de eroare.

Partea a treia este dedicatd problemei ciu-
tirii cu teste aleatoare. Dupd o introducere
despre aproximiri stochastice, se prezinti pro-
blema cdutdrii cu rdspunsuri aleatoare §i cu
legituri feed beack, problema identificirii si
ierarhizarii. Partea a patra trateazi despre pro-
bleme de ciutare cu iuspectie, prezentind cele
mai generale modele de acest tip.

Materialul prezentat in lucrare are o formi
stiintificd riguroasd, este bine organizat i siste-
matizat, de mare interes atit teoretic cit §i apli-
cativ in toate domeniile de cercetare.

E. OANCEA

W.'Schempp, B. Dressler, Ein-
fGhrung in die harmonische Analyse, B. G. Teub-
ner, Stuttgart, 1980, 300 pag.

Cartea trateazi Analiza armonici din punc-
tul C!e yedere _al teoriei grupurilor. Prima parte
cuprinzind capitolele : Analiza armonici-pe grupul
torvidal x-dimensional 7+ §i Analiza armonica
pe spatiul real n-dimensional euclidian R® cu-
prinde rezultatele clasice fundamentale din teoria
seriilor 5t integralelor Yourier. Partea a doua
este constitnita din capitolele: Misura Haar pe
gtup.ur’l topologice local compacte, Analiza ar-
m'ainca Pe grupuri compacte §i Analiza armo-
nica pe perechi Ghelfand. Fa este consacrats ana-

ot

liz’ei armeonice uecomutative si implicayij)

teia in teoria dezvoltirii dupi functi oF aces.
Lucrarea contine un mare nm?pecnale.

exemple ilustrative s§i probleme., e

ERVIN SCHECRTRR

An Introduction to Convex l'olyliypes b
Arune Brondsted. Graduate Texts i ’\[ay
thematics. Springer— Verlag, New York— Heio,
berg— Berlin, 1983. VIII 4 160 pp.
Professor Brondsteds very atractive book

‘is- directed to the study of the combinatorial

aspects of the theory of convex polytopes. It

-provides a complete and seli-contained exposure

of the main theorems in this field. Prerequisites
are only standard linear algebra and elementary
topology in Rd. Nevertheless, it takes the rcader
to most interesting recent achievements.

... Chapter 1 contains basic topics as the
affine structure of R4, convex hull, relative
interior of a convex sct, supporting hyperplanes,
the facial structure of a closed convex set and
polarity.

Chapter 2 is devoted to the general theory
of convex polytopes and to the study of simple,
simplicial, cyclic and neighbourly polytopes.

The combinatorial theory of convex poly-
topes is developed in Chapter 3. The first two
section treat Luler’s rclation in the d-dimen-
sional case and the Delin— Sommerville relatl?rnhsé
valid for simple and simplicial polytopes. .o
following sections are devoted to the celeb'll:«illco.
Upper Bound Theorem and Lower Bound b emms
rem, which solve important extremuinl PT;) and
involving the number of faces of .Slml’ce orts
simplicial polytopes. A final ‘sectlon H li)een
on recent results. Many exercises have

rovided throughout. . ith
P There arf three appendices.def“}:’igs “:CS
latices, graphs and combinatorial identiti€s

ectively. . for
? Tg;s beautiful book is well syltlc,;]v
graduate students. It succeed admirably.

f - R nshmg
introduce the readers in a vigorously flov

field,
p. RADO

.I I. P. Cluj, Municipiul Cluj-Napoca, C-da nr. 3017/83



o cel de al XXVIIIlea an (1983) Studia Universitatis Babes-Bolyai apare in specialititile
matematich

fizicd

chimie

geologle-geografie

biologie

filozofie

stiinte economice

stiinte juridice

istorie

filologie

Ha XXVIII roxy u3nauus (1983) Studia Universitatis Babeg-Bolyai BLIXOOHT MO CJELYIOLUHM

NCIHANLIOCTAM ¢

MATEMATHKE

¢n3nka

XHMUR
reonorun-reorpadus
Guonoras

dunocodpns
SKOHOMHUECKHE HAYKH
10pHIHYECKHe HAYKH
RCTODHR

duaonorna

Dans sa XXVIII-e année (1983) Studia Universitatis Babes-Bolyai parait dans les spécialités:

mathématiques
physique

chimie
géologie-géographie
biologie

philosophie

sciences économiques
sciences juridiques
nistojre

philologie
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