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STUDIA UNIV. BABES—BOLYAI MATHEMATICA, XXVII, 1982

UNIFORM CONVERGENCE STRUCTURES FOR FUNCTION SPACES

VIRGIL BALAN

In [5] C. H. Cook and H. R. Fischer introduced and investigated
a uniform counvergence structure on the set ¥¥ of all functions from X to Y,
taking on X a collection of nonempty subsets of X and on Y a uniform conver-
gence structure. . .

If this paper we suggest another way to define a uniforin convergence struc-
ture on Y¥ under the assumption that A° has a ,,) — structure” (this concept
is introduced in [3]) and Y has a uniform convergence structure, and we investi-
gate some properties of Y¥ equipped with this structure. o

If the D-structure of X is generated by a convergence structure (or, it is
a uniform convergence structure) then we obtain the uniform convergence struc-
ture of continuous convergence (sce [3]) (respectively, the uniform convergence
structure of uniform continuous convergence),

If the D-structure of X is generated by a family ¥ of filters on X, then
we obtain the uniform convergence structure of ,, 2-uniform concergence’. If
2 is a family of principal filters on X, then we reobtain the structure of C.H.
Cook and H. R. Fischer.

1. Basic delinitions and results. Given a set X, we denote by F(X) the
sct of all proper filters on X. For a nonempty F C X let F e the principal
{1_‘lter on X generated by the sct F. If x € X, the # denotes the ultrafilter
{x}. _ N .

If F an‘d G are su’l‘)set;s' of the product X X X, then F-1 = {(x,y) € X x X:
:‘y'l%') EFI’}' \.a'tlld ({'. °G = {(xb.y) sXXX:JgeX, (x,2) cF, (9 =G}

‘or £+ (C &, the diagonal of ¥ will be denoted by Ay, thatis, A. = {(x, ) €
€ X X X :x e F}. We use A for Ay, Y or » B = {{x 2)
P If & < F(X,:_X,;‘X): then 5“1' ={f"1:Fe &} is again a filter on X X X.
-l?riF\v% fllt‘lch O f (X~j>< X), EiF 0 ¢ is the filtgr on X X X generated by
all oG with F « &, ¢ = §, provided that cach F oG is nonempty.

%fctrX , X;t\fo sets and YX be the set of all function from X to Y.

Al Setsdfi" (Ag_t?llcll!: S = ¥¥ then f(¥) denotes the filter on Y gencrated by

the filter (01)1 ;:, >l< 1Y o &.t I; o = T x X) and /€ YX then (f x f)(§) is
cnera = . T

whith ¥ < &, g ed by all sets (f X f)(F) = {(f(=x), f)): (%, y)  F}

If ® €« F(YX) and Fe F . .
the sets H(F)(_—_){ 12): f : II; (X) then O(F) is the filter on Y generated by

If &« F(yx x 2 ¥ € F} where H e ® and F e §.

Y x Y generat((-:d bx 11/1‘) and & < F(X x X) then &(F) denotes the filter on

Hed it e g aIf s;ts HIEF) ={(/(x), &(»):(fg) € H, (x,9) £}, where

Ag is the filter op X P € F(X) then O(¥) denotes the filter ®(Ag), where
X X generated by all diagonal scts Ag, with F e x
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A comvercence structurc ([6]) on the set X is a mapping 7: X, g
such that for cévery x € X, vx is an (-ideal in F(X) and # € <x. The pair (ﬁXg
is called a comvergence space. If (X, ) and (Y, o) are two convergence Spaées
the function f € YX is called continuous at the point x € X if § & 14 implies
f(§) € o f(x). The function f is called continuous if it is continuous at every
point of X. We shall denote by € (X,Y) the set of all continuous functions from

X to Y.
A uniform convergence structure (w.c.s.) ([5]) on X is an (N-ideal 3 in F(X x X)

such that

(U)K e

(U,) if & =9 then §-1 <3

(Uy) if 5, G <9 and §0§ exists then.goc?f ey

An (-ideal § in F(X X X) which satisfies the axioms (U,), (U,) and (U}
% € X implies # X # € 3, is called (like in [3]) an almost uniform comvergence

structure (a.%.c.s.)
If 9is a ucs. (a.ucs) on X, then the pair (X, 3), is called a uniform

convergence space (almost uniform convergence space).
If §is a u.cs. (a.ucs.) on X, then tgdenotes the convergence structure on

X induced by 9, where for every x € X tgx ={F € F(X): §x % €3},

A u.cs. (a.u.cs.) 3 on X is said to be separated if %xy implies x = y.

A ucs. (aucs.) 3 on X is called principal if 9 is a_ principal ()-ideal in
F(X x X). 3 is principal iff there exists a uniform structure (Rourbaki) U on
X such that § = {¥ € F(X X X):§ D U} = [U].

If (X, 9) and (Y, &) are two (almost) uniform concergence spaces and f €
< Y%, f is said to be wniformly continuous if § = 3 implies (f X f)(&) < &.
We shall denote by UC(X, Y) the set of all uniformly continuous functions f €
e YX,

En [3] we have shown that if § is an a.u.c.s. on X then the family 3* =
={f* = F(X x X):35 =3, §FN ch} is the finest u.c.s. on X such that
3 C 3*. Moreover, 3 and 9* induce the same convergence structure.

_ A D-structure ([3]) on X is a subset ® ( F(X x X) satisfying the following
axioms.

(D;) If § € ® then §1 < 9;

(D;) For §<= 9 there exist ¥, &, 9 such that & o 5, C &

The pair (X, ®) is called a D-space.

Example 1. Every u.c.s. on X is a D-structure on X.

Example 2. If v is a convergence structure on X then the family 9, = {§ X
X§:§ geF(X),3x X, FN§ =14} is a D-structure on X.

Example 3. Let £ C F(X). For each & < T let A be the filter on X x X
generated by all diagonals Ag, whith F e §. Then the family 95 = {As : & € %
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is a D-structure on X. If cia a collection of nonempty subsets of X and Z; =
K = {As :S = 0'}.

= {:9_": Se o} then we have 9, . o

If (X, ®,) and (Y, 9,) are two D-spaces, then the function f € Y* is said to
be (9, D.,)-continuous if § «9®, implies (f X f) (§) € D,. We shall write €(9,,
®,) for the set {f € YX : fis (91, &,)-continuous}.

In [3] we have shown that if (X, 7) and (Y, o) are two couvergence spaces
then €(D,, 9,) C €(X,Y), and if o is almost uniformizable (i.e. there exists
an a.u.c.;. 9 on X such that ¢ = t4) then €9, D) = €(X,Y).

If & C F(X) and (Y, 9) is a u.cs. then e(Dg, 3) =YX, . o

Finally, we give a generalization of the classical concepts of equicontinuity
and uniform equicontinuity.

Let (X, ®) be a D-space and (Y, g) be a uniform convergence space. A subset
H C YX is calles (9, 3)-equicontinuous if § e @ implies Ay(F) = 9.

If (X, <) is a convergence space, a subset H C YX which is (D,, 9)-equicon-
tinuous is said to be equicomtinuous. In the case of a topological space X and
a uniform space Y, this definition coincides with the usual concept of equiconti-

nuity.
If (X, &) is a uniform convergence space, a subset H (C YX which is (X, 3)-
equicontinuous, is said to be wuniformly equicontinuous. In the case of a uniform
space X and a uniform space Y this definition coincides with the definition of
the usual concept of uniform equicontinuity.

2. Uniform and almost uniform convergence structures for funetion spaces.

In [3] we have proved the following result: If (X, ®) is a D-space and
(Y, 8) an u.cs. (not necessarily diagonal, i.e. not necessarily satisfying the axiom
Uy) then the family I'(®,8) = {® = F(YX x YX):§ =« ® implies &(F) < 3},
1s a nondiagonal u.c.s. on Y¥,

Moreover, we have the following result

THrOREM 1. L'ct (X, 8) be a D-space and 9 be a nondiagonal u.c.s. on'Y. Let
(D, 9) be the nondiagonal u.c.s. on YX defined above.
We have '

(1) If 8is an a.w.cs. on 'Y, then I'(®, 3) is an a.u.c.s. on €(D, 3).

2 3 . . .
is a (u)cslf fnz;].a cs.on Y and H CYX is (9, 9)-equicontinuous, then I'9, 9)

The proof, being trivial, is omitted.

Cororrary 1. If (X,1) is a , ,
convergence space, then I‘(@,), J) is sz;zrzg;eztic ;ﬁag&? n;i,)(Y, ?) 5 am almost uniform

. t;'icsls obv1;uithat I‘g?’-')f, 9) ={d SFEXE): Vxe X, §erx = O(F x #ge)
conver ecase (@, 3) will be denotes by I',. In [3] we have shown that the;
gence structure on €(X, Y) induced by the au.cs, T, is exactly the
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convergence structure of continuous comvergence, Y. If IT'?
¢ c

. is the u.c. i
with T", the we have Tevidently Ty = Y, f¢:5. assoclated
[4

We call I'? the w.c.s. of continuous convergence.

CororLary 2. Let (X, &), (Y, 9)
(X, 8) 1s an a.u.c.s. on UES(X, Y).

In this case we have T(H, 3) = {® = F(ue, ue): § < o = & () < 9

The convergence structure induced by I'(¥, ) is exactly the convergence
structurc of uniformly continuous convergemce, v,, (a filter ® e F (YX) is said to
be uniform-continuously convergent to f € YX if § « & implies (® X f)(&) = 9).

If T}, is the u.cs. associatgd with T, then, evidently, we have Tre = Yuc-
We call T the u.c.s. of uniformly continuous convergence. “

CoroLrLary 3. Let £ C F(X) and (Y, 3) a uniform comvergence space.
Then T'(9g, 9) s a u.c.s. on YX,

Proof. 1t is sufficient to observe that YX is a (9, 3)-equicontinuous set.

Indeed, for every F(CX we have A, X (A;) C A,. Consequently A, X (Ag) DA,.
But Ay, € 3, thus KYX(A§) € J. Hence YX is (9y, 3)-equicontinuous.

It is obvious that I'(®y, 9) = {® « F(YX X YX):§ € £ = O(F) = 3}. We
denote I'(9y, 9) = I'y and call I'y the wu.c.s. of uniform convergence on the mem-
bers of Z, or the wu.c.s. of T — uniform convergence. We denote by yy the conver-
gence structure generated by I'y and call vy the convergence structure of Z-uniform
convergence.

If ¢ is a collection of nonempty subsets of X then I'(®,, ) is exactly the
u.c.s. of uniform convergence on the members of o, introduced by C. H. Cook
and H. R. Fischer in [5].

Now, we present some of the properties of the a.u.c.s. I'(®, 3) on €(9, 9),
where 9 is a D-structure on X and 3 is an a.u.c.s.on Y.

Let Y’ be the subset of Y¥ composed of the constant functions, i.e Y’ =
= {f, € YX :y e Y} where f,(x) =y for each x € X.

Firstly, we remark that Y’ C €(9, 9). Indeed, if f, € Y’ and &§ € 9 then
(fy X5 (5) is the filter on Y X Y generated by the sets (f, X f, )(F) with F e §.
But, (f, Xf,.)(ﬁ) = {(y,y)}. Hence (f, xfy)(SF).z'vy X 9. Since 3 is an a.u.cs.,
it follows that ¥ X y € & and therefore (f, X f,)(%) < 3.

Cousequently f, € €(®, 3).

TaeorEM 2. Let (X, ®) be a D-space and (Y, 8) an almost uniform conver-
gence space. Then the uniform subspace Y’ of (€(9,3), I'(2, g)) is uniformly isomor-
phic to (Y, 8). . . . -

Proof. Let o2 Y’ — Y be defined by a(f,) = y. It is clear that « is a bijec-
tion of Y’ onto Y, and a~(y) = f, forevery y € Y.

be wuniform convergence spaces. Then
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In order to prove that « is a uniform isomorphism, it is sufficient to observe
that for any ® e F(Y' xY'), § ET(X x X) and q e F(Y xY) we have
(a X a)(®) = (§) and [(e=! x a~)(@](8) =§.

Indeed, let H(CY' x Y’ Then there exists G C Y x Y such that H =
—{(f,, X f): (32 € G}. It is cleat thar (a X a) (A) =G = H(F), for any
F CX x X. Hence for every b = I'®, 3) and F & we have (« X o()(q))
= O(F) € 9. Thus « is umformly continuous.

On the other hand if GCY XY and FCX X -X, we have [(a—x X
X a'l)(G)]( ) G. Hence for every @, cgand § €9, [(x=! X a—l)(q)](g:)
= é Thus («~! X a‘l)(@) e I'(9, 9). Hence «~! is uniformly continuous.

TaporeM 3. Let (X, D) be a D-space and (Y, 8) be an almost uniform con-
vergence space. .

(1) If (©(, 9), T(D, 9)) is separated then (Y, 3) is separated.

(2) If (Y, 8) is separated and the D-structura has the property (A) for each
x € X, there cxists & € @ such that § C % X %, then (€(3, 9), T\(D, 9)) is separa-

ted.

Proof. (1) Suppose that (&(9, 3), I'(®, 9)) is separated. Then the subspace
(Y’, T'(®, 9)) is separated. But Y’ is uniformly isomorphic to Y. Hence Y is
separated.

(2) Suppose that (Y, 9) is separated and 9 has the property (A). Let

f .8 €€C®, 3) such that f X g € T(®, 9). Let x € X. Then there exists § € ®

such that § C # x #. But (f x &F C(f x & (x x %) = f(x) x g(x). Now,
since f >< g<TI(d 8), and § €9, it follows that. (f x &) (5) € J. Hence

ﬂ Xg(x) € 3. Then, since (Y, ) is separated we have f(x) = g(x). Thus
we have shown that f=g. Consequently (&(®, 3), I'(®, 9)) is separated.

THEOREM 4. Let (X, ®) be a D-space, satisfiyng property (A) and (Y, 9)
a scparated almost uniform convergence space. Then Y' is closed in €(§, 9) with
respect to the convergence structure ~ induced by I'(9, 9).

. Proof. Let ,(,D = F(Y) and @ € t.f. We need to show that f € Y, i..

or every x', 2 « X, ' # x” we have f(x') = f(x”). Indeed, since the D-

;t'ructu,re 9 has property (A) it follows that there exist &, §’ « ® such that
C# X 4 and §' C4” x 2. Then we have (® X f)(F) €9 and (@ x f)-

(") « 5. But (0 x f)E) C (o xf)(x X #) = O(x') xf(x') and (@ X f)-
-5 (O X )z x 2) = O(x") \<f(x") Hence @(x') Xf(x) €3, d(x") x
xf(x ) €3 and as 9 is an a.u.c.s., it follows that f(x) X ®(x') €3 and
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/;\

(/i) x ®(x)) 0 ((x") x () =3. Since ® < F(Y') we infer that ®(x) =
=®(x"). Thus (f{z") X ®(x)) o (®(x") x f(&") = f&) x f(=”). Hence f(2)x

FomnY

X f(x") €. Finally, since 9 is a separated a.u.c.s. it follows that f(x')=f(x").
Consequently f = Y.

Other results will be proved for the particular cases of structures I'(®, ).

3. The uniform convergenee structure of Z-uniform convergence. Let X
be a nonempty set, ¥ (C F(X) and (Y, 3) be a uniform convergence space. Let
I's be the u.c.s. of uniform convergence on the members of I, that is Dy=
={P € FYX xYX) :&F € £ = O(F) € 3}. We have seen that I'y is a u.c.s.
on YX,

In this section we present some properties of T'y.

Remarks : (1) It is easy to see that if Z,, X, are two families of filters
on X such that X, C X, then I'y, D I',.

(2) If 2, is the M-ideal in F(X) generated by Z (C F(X) then a simple
computation shows that I'y, = I';.

);I‘hese remarks show that X may be assumed to be an (-ideal of filters
on X.

(3) Property (A) for the D-structure ®; given in Theorem 3, is equivalent
to the following condition on X:

(A’) for each x € X, there exists § € ¥ such that § C %.

Indeed, if the D-structure @y has Property (A) then for every x € X
there exists § € ¥ such that Ag C % X #. Since § X § C Ag it follows that
F X FCx X% and hence F C x. Conversely, if £ has Property (A’) then
for every x € X, there exists § € Z such that § (C #. Hence for every F € §
we have x € F. Therefore (x, x) € Ag. But this implies that Ag C % X Ae
Thus Dy possesses Property (A).

The results obtained in Theorems 2, 3 and 4 may be stated in the follo-
wings forms:

CoroOLLARY 4. Let T C F(X), (Y, 3) be a umiform convergence space, Y’
the subset of YX composcd of the constant fumctions. Then the uniform subspace
(Y’, Zg) is uniformly isomorphic to (Y, 8).

CorROLLARY 5. (YX, Ty) is separated if and only if (Y, 3) is separated and
% has Property (A').

Proof. The proof follows from Theorem 4 if we show the necessity of Con-
dition (A).

Indeed, suppose that (YX, 9) is separated. In order to prove that X sa-
tisfies Condition (A’), let M ={x, € X :V¥ € £, § ¢ #,}. Let a, b Y,
@ #b and f, g © YX be defined by: f(x) = a for each x € X, and g(x) =«
for each x # x, and g(x,) = b, where x, is a fixed point in M. Then, for every
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§ e I there exists F € & such that x, & F. Thus, for every x € F we have
flx) = g(x) and hence (f X g)(F) C Ay. Consequently (f X &)(F) = (f X g)(F)D
_—_)KY and since J is a u.cs. it follows that (f X §)(F) € 9. Thus f X g € I';.
As (Y%, I's) is supposed to be separated we conclude that f = g. Hence the
set M is empty and thus % satisfies (A').
CorOLLARY 6. If (Y, I'y) is separated then (Y’, I'y) is closed in (Y%,
Fz) Proof. Since (YX, I'y) is supposed to be separated, from Corollary 5 it
follows that 3 has Property (A’) and (Y, ) is separated. Then, by Theorem
4, (Y’, T'g) is closed in (Y¥, T'g). )
Remarke. If 8 = [U] is a principal u.c.s. on Y then shall define a principal
u.cs. on YX as follows: for § € £ and U € U let W(F, U) = {(f, g € Y¥X
xYX:3F € §, (f X g)(F) C U}. Then the family Wy ={W({F, U): &§ =
e T, U € Q(} is a base for a uniform structure Uy on YX, as is easily seen.
In addition we have I’y D [U]. But, in general [Ug] p I'y i.e. 'y is not ge-

nerated by Ug. ) ..
A sufficient condition in order to have I'y = [4fz] when § is principal,

is that £ be an (N)-ideal of principal filters. But in this case, if X, = {§
:S € ¢}, the uv.cs. Ty is exactly the u.cs. of uniform convergence on the

collection o.

Example. Let (X, t) be a convergence space and (Y, 3) be a uniform
convergence space. Let £ = {§ € F(X) : § € 1z, for some x € X}. We denote
Iy = T and call Ty the uniform convergence structure of almost continuous

convergence. I',. is the u.c.s. of uniform convergence on the convergent filters.
Let y,. be the convergence structure generated by I'..

If ® € F(YX), f€YX¥ and ® € y,f then we say that @ converges to
f almost continuously. ‘I'his means that for every x € X and § = vx we have

(P X f)(F) = 3. If 7 is a principal convergence structure and J is a principal
u.cs., i.e. § = [U] where U is a uniform structure on Y, then ® € v, f iff:
Vxe X, YUeU 3FHed 3V e¥ (x):£<H implies (g X f)(V)CU,
where “P_ (x) is the neighbourhood filter of x.

In a subsequent paper we shall investigate some properties of the u.c.s.
T, and its relation to the continuous _convergence.

( Received May 23, 1979)
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STRUCTURI UNIFORME DE CONVERGENTA PE SPATII DE FUNCTII
(Rezumat)

Se di o noul metodd de a inzestra o multime de functii cu o structurd uniformi de con-
vergentd, dotind domeniul de definitie al functiilor cu o ,,D — structuri” (notiune introdusi in
[13 §i [3]). Se studiazi unele proprietiti ale structurilor construite §i citeva exemple de structuri
obtinute prin particularizarea D — structurii : convergenta continu#, convergenja uniform continug,
convergenta uniformd pe o familie de filtre, convergenta aproape continui.
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OBSERVATII ASUPRA ECUATIEI DIFERENTIALE DE TIP FUCHS
IN ALGEBRE BANACH (II)

M. FRENKEL

Aceasti lucrare constituie partea a doua a lucrdrii cu acelasi titlu pub-
licatd in [1]. .

§ 1. Fie & o algebrd Banach, F(z) o functie analiticd de variabild com-
plexa z cu valori F(z) € & si ecuatia diferentiald

w'(z) = F(z)w(z) (1)

Reamintim urmitoarele proprietifi cunoscute din teoria ecuatiilor diferen-
tiale [2].

Daci F(z) = —:-
z =0, ziccm ci z = 0 este un punct singular regular pentru ecuafia (1).

in acest caz are loc teorema:

TrOREMA. Dacd a, = P(0) verifici una din urmdtoarele doud condifis :

1) ay apartine centrului algebrer &,

2) oricare doud valori proprii ale spectrului o(a,), nu diferd printr-un numdr
intreg,

atunci ecuafia diferentiald

w'(z) = Plz)wl(z) @)

P(z), unde P(z) este olomorfi in vecinitatea punctului

admaite solufie de forma

w
w(z) =) czmta, c,, € B

”:=0
in vecindtatea punctului singular z = 0.
Ecualia de tip Fuchs. Daci

F@) =Y %, g, 8 Sa, #0
k=1

F=1% T % k=1,n
zeltuHC} §1 _numai atunci a;, o, ..., a, oo sint puncte singulare regulare i
cuatia diferenfiald nu admite alte puncte singulare.
O asemenea ecuatie diferentials se numegte de tip Fuchs.

“in lE:lrrleteorema enunfatd rezulti ci natura solutiilor in vecinitatea punctelor
S gulare a, Azp oy O este lcgata de proprietiti ale elementelor a,, a
o 1ar In vecmitatea punctului oo, de a, + a, + - a b
' a st ... e
face i lfée:)bsg!-\-alu asupra unor ecuafii de tip Fuehs. In continuare se vor
vain asupra ecuatiei de tip Fuchs in anumite cazuri particulare.
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1. Cazul matricial. Fie & = §M,, algebra matricilor cu m linii i m co-
loane. Ecuatia de tip Fuchs cu punctele singulare o;, «,, ..., o, o este

] k
a ... Ay

W) =3 Fow), A=) S0 @

=1f—

k k
A+« « Aum

Relativ la acest caz se pot face urmaitoarele observatii:
a) Dacd matricea A4, este scalard (adicid aparfine centrului algebrei W,
[5]) atunci in vecindtatea punctului «, existd solujie de forma

PO
w(z) =3 culz — )", ¢, € O,
m=0
Aceasta este o consecintd imediatdi a conditiei 1 din teorema enunfati
in § 1.
b) Se considerd ecuatiile

|4, — 2] =0 kE=1mn, = 0,

”A + 2e
;k

numite ecuatiile indiciale corespunzitoare punctelor singulare o, a,, ..., «,, 00.
Se observd cd suma riddacinilor tuturor ecuatiilor indiciale este nuli.

fntr-adevir, fie Af, 23, ..., A ridicinile ecuafiei indiciale |4, — Ae| =0,
avem '
m k m k -
E a; = 2 A pentru k= 1,»

i=1 =1

= 0, avem

3 A, + ke
=1

A

Fie Aj, X, ..., A, rddicinile ecuatiei indiciale

"

S PPN’
k=1i=1

i=1
Rezultd deci proprietatca enunfata.
Aceastd proprietate reprezintd o generalizare a unei proprietd$i a rddicinilor
ecuatiilor determinante in cazul ecuatiei clasice
w'(2) + a(2)w'(2) 4+ b(2)w(z) =0[3], a(2) €€, b(z) €C
c) Pentru # = 2 se obtine ecuatia matriciald de tip Gauss; pentru n = 2,

m = 2 §i particulariziri convenabile se regiseste ecuatia clasici de ordinul al

doilea a lui Gauss.
Pentru # = 1, «; = 0 regisim prin particulariziri convenabile ecuatia dife-

rentiald de ordinul m a lui Euler, cu unele proprietdfi, care au fost puse in
eviden{d intr-o lucrare a prof. D. V. Ionescu [4].
2. Cazul ecuatiei diferempiale clasice

20'(Q) + @@ + gwlx) =0,  p) =C g =C (&)
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Teorema din § 1 este o generalizare a unei proprietdti [3] legate de ecuafia (4),
asupra reprezentdrii solutiilor in vecindtatea punctului z =0, in ipoteza ca
functiile p(z) si ¢(z) sint olomorfe in z = 0. ‘ ) -

fntr-adevir ecuafia diferentiald (4) este echivalentd cu ecuafia

O Y 1 5
w0 =Ly 1~ p) ™ ©

Aplicind teorema din § 1, constatdm cd

Y 1 )
“=(_g0 1-50
nu aparfine centrului algebrei. In consecintd, dacd valorile proprii A §i 2, ale
matricei a, sint astfel incit
M—AegZ

atunci ccuatia matriciala (5) admite o solujie de forma

0
w(z) = E cm Z"‘.‘.“.’ c"l € mﬂ

m=1

in vecindtatea punctului z =0, ceea ce este echivalent cu faptul cd ecuafia
(4) admite doud solutii liniar independente de forma z*¢(z), ¢(2) fiind o functie
olomorfa iIn z=0 s1 A (.,

Valorile proprii A, A, sint rddicinile ecuatiei

—A 1
—4(0) 1 —2(0) — 1

numitd ecuatie indiciald sau ecuatie determinanti.

= Mr—1) + p(0)x + ¢(0) =0

S-a regésit astfel proprietatea corespunzitoare din cazul ecuatiei (4).

3. & este o algebrd de comvolufie. Fie spatiul L,(0,2r). Se defineste pro-
dusul de convolutie f; % f, in felul urmitor

2k
1
Fir o) = 5= {1t — S)fals)ds
0
Algebra Banach astfel obfinuti este comutativi firi element unitate [2],
notdm aceastd algebrd cu L.

Fie F(z, f) o familie de functii analitice, cu valori in planul complex
C, depinzind de parametrul ¢ unde ¢ < [0,2r] si pentru orice z € C fixat
F(z,.) € L,(0,2r), adici F(z,.) < L.

Putem considera ecuafia diferentials in Lg.

% (2..) = F(z,.) « »(z,.)



14 M. FRENKEL

unde conform definifiei produsului de convolutie avem:

2
F(z,.) * w(z, )(t)—-— SF(z t — s) w (z,s)ds
Dacid '
Fa)=-t—g . .+l fiel, k=Tu fitfet ... +/ #0

a z—a,
atunci ecuafia

oz Z— 0 z— o,
este de tip Fuchs in algebra de convolutie L, cu punctele singulare oy, oy, ..., o,
Relativ la aceastd ecuafic se pot face urmaitoarele observatii:

a) Algebra de convolujie Ly fiind comutativd, conform conditiei 1 din
teorema § 1, in vecinitatea fiecirui punct singular cxistd o solutie de forma

=L+ e

Ll
w(r,) = (= afix 3 onlz — %)% om = Ly

b) Ecuatia de tip Fuchs din Lg, cu punctele singulare «;, «,, ..., «

oo,
admite solufia

n

w(z,) = (2 — «) % (2 — ag)" * ... * (2 — &)

functie olomorfa in planul complex, in care s-au efectuat tdicturi de-a fungul
unor semidrepte pornind din «, ..., «,.

Intr-adeviar avem

()_(:—¢‘+"‘+ ! )*w(z,.)

z— o,
si functia (z — «,)/r = €+*° "% este olomorfa in planul complex din care se
scoate o semidreaptd (a,, o)
c) Cazurile n =1 §i n =2
n = 1, obfinem ecuafia lui Euler
= (z,.) = La w(z,.) ‘
or z

Am considerat aici «; = 0. Aceastd ecuatic are solutia w(z,.) = 2/
n = 2, obtinem ecuafia de tip Gauss
‘2—"’ (z.) = (A + —é—] *w(2,.)
H z 1—2
Am copsiderat «; =0, «, =1 §i f, + f, # 0. Aceasti ecuajie arc solujia
w(z,.) = zh% (1 — z)~h
olomorfa in planul complex din care s-au scos semidreptele (—0,0) si (1, =0).

(Intrat in redacfie la 10 decembrie 1979)
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REMARQUES SUR I’EQUATION DE TYPE FUCHS DANS UNE ALGEIBRE BANACH (II)
(Résumé)

Dans la note présente on considére I'équation du type Fuchs

13

a
w'(e) = E A ‘a w(z), a, € B
-

k-1

3, comme étant une algtbre Banach. On fait des remarques concernant la liaison entre le comporte-
ment des solutions dans un voisinage d'un point singulier et la nature des éléments ¢, € 3. On consi-
dére commue exemples I'équation de type Fuchs dans 1'algébre des matrices et 1 équation du type I*uchs
supposant que & est unc algdbre de convolution.
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FORMULE OPTIMALE DE CUBATURA CU ELEMENTE FIXE

DUMITRU ACU

Fie W, (M, D) mulfimea functulor f definite pe domeniul D = {(x, 10 <
<z <1, 0 <y <1}, absolut continue pe acest domeniu si sat1sfacmd con-

difiile f(z, 0) =0, (0, ) =0, [1/41l, < M.
Si presupunem cid avem cunoscutd formula de cubaturid

r m—1 n-—1
Y\ S Ndady = 00 % Cy S0 33) + 7l f) (,
D
cu evaluarea pentru rest
T =y S0P mn (f) - (2)

Acum ne punem problema gisirii unei formule de cubaturi de tipul

p—1g-1

{705 3)azdy = b z Caf (%0 93) + 2 £ Bifle ) + Run(f). @)

$=0 j=0
astfel incit sd fie optimald pe W, (M, D), adicd si determindm coeficientii 13;;
si nodurile (e, B;), =0, —1, =0, ¢ — 1 astfel ca

Ryp = sup_ IR,,. W(f) | (4)
je L‘(hl

sé fie minim.

Formula de cubaturi astfel obfinut3 o numim formula optimald de cubaturd
atasatd formulei (1), pentru clasa de functii W.(M, D).

Pentru o formuli de cubaturi datid (1) se pot obtine diverse variante ale
problemei puse, dupi cum se cauti o formuld optimald de cubaturd atasatd
formulei (1) printre formulele de forma (3) a caror coeficienti By §i noduri
(¢, B), 2=0, p —1, =0, ¢ — 1 nu sint arbitrare, ci sint supuse unor legi-

turi dinainte date. .
La formulele de cuadraturi o astfel de problemi a fost studiatd in lucrad-

rile [=>] (1], [2].

Se stie ci orice functie f din W, (M, D) se poate scric astfel

flx )= SS fulth, v) E(x — u, y — v)dudv,

unde
1, dacd x >u iy >v

E(x — u, —_— ) = -
( 7 ) [0, in celelalte cazurl.
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Folosind aceasti reprezentare integrali a lui f, pentru restul formulei (3)
obtinem expresia :

Rua(f) = SS K(#, ¥)fult, v)dudo, (5)

unde

K, v) = (1 — w)(1 — ) E— X — u, y; — V) —

..m.

2? i? —u, B — ). (6)

Aplicind inegalitatea lui Cauchy—Buniakowski, din (5) rezultd:
| Rualf)| < M (S 5 K*(u, v) dudv)‘”
D

Se poate ariita ci existd o functie fo = Wy, (M, D) pentru care in inegalitatea
precedentid si avem egalitatea, ceea ce ne permite si scriem

Ry = M(S S K(u, v) dudv)?. (7)

D

In acest fel problema pusi s-a redus la determinarea coeficienfilor Bj; §i nodu-
rilor (e, By), +=0,p—1, j=0, ¢ — 1 astfel incit integrala

I= SS K2(u, v) dudv 8)
D
sd fie minima.

Sé consideram acum drept formul3 (1), formula optimali de cubat
clasa W, (M, D) (vezi (3], [4]) M P ¢ ur pe

gg f(%, y)dxdy =

D

m—1n—1 2i+2 2]]‘
2m + 1)(2,. +1) E (Zm + 1’ 2a + l) + mn(f (9)

cu

_NdmE o + ) F1
3(2m + 1)(2n + 1) M. (10)

In aceasti lucrare ne Propunem si construim formula optimald de cubaturi
atasatd formulei (9), considerind p = m, ¢ = # si nodurile (@ Bj), ¢=0, m — 1,
J=0, » —1 fixate astfel:

rm 0 T

1t % 241 . ——
2 Tamyi1r =0 m—12_,=0, (11)

2 — Mathematica 1982
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§i
Yiat¥ 2% +1 .
Bj 2 2n+l’] O n—1 y"‘1=0' (12)
Riamin de determinat coeficien;ii B, i=0, m
incit integrala (8) si fie minima

—1,45=0n—-1

, astfe]
Sintem coudu;i astfel la sistemul de ecuatii

aB =0, k—O m—1,1=0, n—1

care se mai poate scric sub forma

m—1n-

2 E B SS —u, Bj—0) E(a, —u, B,— v)du dv =

= SS (1 — #)(1 — v) E(«

x — %, B, —v)dudv — (13)
D
m—1n~—1

C.,S) E(x,~u, y;—v). E(o,—u, B, —v)du dv,k =0, m—1, £ =0, n
=0 j=0 D

-,

unde «, ¢ =0, m — 1 5i B; j=0, » — 1, sint date de (11) §i respectiv (12)
iar
4

=t i=0,m—1,j=0 =1
2m + 1)(2n + 1)

%42 .

X = 1=0 m—1, 14
i1’ (14)
x’=2]+l

2m+1,]=0’n—1.

Sistemul de ecuatii (13), dupd calcularea integralelor ce intervin in ecuatiile
sale, se poate scrie astfel:

k

! -1
5 (2 + 1) [2 %+ DB+ 2+ 1) 5 B,~,~]+
=0 =i j=t+1

F (2 + 1) ; [L (2 + 1)By + (2 + l),";:, B,,] (1)

21y
2(2n + 1))
(P4 ot ) (—K42mh 4 m), k=0, m—1, t=0, AL
(2m + 1)(2n + 1) ’

= (2k + 1)(2t + 1) (1 - 2;:::-11))(
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Punem
¢ .on—1

XWQJ@+U&+@HJ E.mw—Om—lt—Qn—l(@
é =t+1

7=

si sistemul (15) ia forma:
k m—1

(20 4 1) £I+(2k+1).;lX“'=
=0 1=h
B U ES IV TS 17
—W+m%+wlzm+“0 mwn) )
B __—_4——“_( k-+2mk+m)(-12+z”‘+”) k= O m—1,t=0, n—l

{Zm + D(2n 1)
Rezolvind sistemul (16), gisim urmitoarele solufii:
X, o dn@E D) 4R 43
4(2m + 1)(2n + 1)

1
T, o= oy = e = m—2t = ’ 18
Xy =Xy X @m + 1)(2n + 1) 18

A—m-ll= 3 > t=0, ”—1.
2(2m + 1)(2n + 1)
Acum, tinind scama de (17), relatiile (18) conduc la m sisteme de 7 ecuafil

cu necunoscutele By, ¢ =0, m — 1, =0, » — 1.

Rezolvind acest sistem, obginem:

S
Bgo = ?
4(2m + 1)(2n 4+ 1)
BO[ - L » = 1:, n — 2:
(2m -+ 1)(2n + 1)
‘ k=T, m—2, (19)

- @m + )@2n + 1)’

Bo'l-—l = Bm—lO = 3 »
2(2m + 1)(2n + 1)

By=0, k=1, m—1,t=1 n— 1.
Pentru valorile date de (19) din (7) gasim :

R, = Vit ) 11

(2m + 1)(2n + 1) A M, (20)

unde

Ay = \/1 3 Am® A a4 6m2 -k 6n? 4 12mn -+ 50m + 500 + 39 ;
2 (@m + 1)(2n + 1)(4m? 4 dn? + don + 42 + 1)
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fn acest mod am demonstrat valabilitatea urmaitorului enunt .
TROREMA. Formula optimald de cubalurd atasatd formule; (9) este

m—1 nu—1
- 4 20+ 2 2
(e 90 = Gy & (B 22

@2m+ 1)2r 4+ 1) s=0 j=o0

5 f(l ’ 1)+ an

4(2m 4+ 1)(2n 4 1) 2m 41 2n+1
m-—-2
1 2k + 1 1
( ’ ) +

T (2m + 1)(2n 4+ 1) k=1 2m+ 1 2un+ 1
n—2
1 1 25+ 1
+ (2m + 1){2n + 1) F=1 f(2m—|—l 2n+l)+

3 2m — 1
- P Iem "
2(2m + 1)(2n 4 1) [f(2m+l 2n+lj+f(2m—{ 1 2n +1 ]+ (f)

cu restul dat de (20).

(Intrat in redactie la 18 mai 1980)

BIBLIOGRATIE

1. Acu, D., Noi formule de cuadraturd cu elemente fixe, Studia Univ. Babeg-Bolyai, Math., XXVI,

2(1981).

2. A(c u, D., Optimizarea formulei trapezelor, Bul. st. Inst. imv. sup., Sibiu, ser. Tehn. Mat., 1979,
T2.

3. Coman, Gh., Asupra unor formule de cubaturd cu noduri fize, Studia Univ. Babeg-Bolyai, ser.
Math,—Phys., XIIX. 2 (1968),51—54.

4. Levin, M., Ekstremalnaia zadacia dlia adnovo klassa funkfia, Izv. AN. ESSR, ser. Fiz.-mat.
i teh. nauk, 2 (1963), 141—145.

5. Levin, M., O naslucisih kvadraturni formulah s fiksir imi uzlami, Izv. AN, ESSR, ser. Viz.

-mat. i teh. nauk, 2 (1964), 110—114.
6. Nikolskii, S5. M., Kvadraturnie formulf, Izd. Nauka, Moskva, 1974.

FORMULES OPTIMALES DE CUBATURE A GLEMENTS FIXES
(Résumé)

On pose le probléme: étant donné la formule de cubature (1) avec l'évaluation d’erreur (2).

on détermine la formule de cubature (3), c’est-d-dire les coefficients B; i 1=0,p—-1375=0 49— 1
et les noeuds (o, By), 1 =0, — 1, § =0, ¢ — 1, ainsi que le reste Rm ,, Soit minimum pour la classe

de fonctions W, (M, D). La formule de cubature ainsi obtenue est dite la Jormule optimale du cubature

attachée & la formule (7).
Dans le présent travail, on obtient la formule optimale de cubature attachée a la formule opti-

male de cubature (9), pour la classe W L'(M, D), dans la situation p =m, ¢ = n et les noeuds
(2, By), i=0,m—1,7=0 n—1, donnés par (11) et (12). Cette formule est donnée par (21)

avec le reste (20).
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FIXED POINTS THEOREMS FOR MULTIFUNCTIONS

VALERIU I'oPA

The following theorem was prowed by Jaggiin [1]:

TugoreM 1. Let f be a continuous self-map defined on a complete metric
spice (X, d). Further, lct f satisfy the following condition :
a- d(x, f(») - 4y, fy) b-dlx 1
af), fo) < ALDLID p-dgx, ) M
forall z, y € X, x # y and a, be [0, 1) witha+b<1 Thenf has a unique
fixed point in X.
F The following thcorem is a generalization of theorem 1:

TuroreM 2. Let f be a continuous sclf-map defined on a complet metric space
(X, d). Further, let f satisfy the following condition :

d(z, %) - d(y, fy) . d(x, fy) - d(y, f%) |
<k ; s d(x, ] 2
a(fx, f3) < kmax [ L0 o (%, ) (@)

forall x, ye X, x #y and 0 < k < 1. Then f has a unique fixed point.
Proof. Obviously the condition (2) of theorem 2 implies

(2) d(fex, fx) < k-d(x, fx), Yz € X.

Hence theorem 2 is an immediate counsequernce of theorem 1 in Kasahara
(2]
2].

CoroLLARY 1. Let f be a continuous sclf-map defined on a complete metric
space (X, d). Further, let f satisfy the following condition :

d(fx, < g .35 SR T 1) p 2. fx) - d(x. 1) .
(% 1) 00 gy S LA yogn, ) @
Jorall x, y € X, x £y and a, b, c € [0, 1) with a+ b+ c <1. Then f has
a unique fixed point in X.

Remark 1. If b = 0 then theorem 1 on obtained.

There has been written a lot about the conditions in which a multifunction
admits fixed points. Some recent results are given by Smithson [3], Rus
(4], Avram [5], B. K. Ray [6], [7], Iseki [8), Kaulgud si Pai
[9), Toru [10], Czervik [11], Achari [12], Popa [13] and others.

The weak-continuous multifunctions are defined by us in [14] as a ge-
neralization of the univocal weak-continuous applications, defined by Levine
In {15]. Smithson also defines the weak-continuous multifunctions in [16].

Some of the applications of the weak-conti i i :
Joseph in [11),17’]' continuous multifunctions are given by
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Dermxition 1. Let X and Y be two topological spaces.
(a) The multifunction F :X -+ Y is upper weakly continuous (uw.e) in
the point x, € X is for every open set G C Y with F(x,) ("G, there exists ap

open set V (C X containing %o, so that F(x) C G, Vx < V. (G stands for the
closure of G).

(b) The multifunction F :X —»Y is lower weakly continuous (Lw.c)) in
the point %, € X if for every open set G CY with F(x,) N\ G # @, there
exists an open set ¥ (C X containing %, and F(x) N\ G # &, Vx < V.

(c) The multifunction F :X — Y is weakly continuous (w.c.) in the point
x, € X if it is upper and lower weakly continuous in this point.

(d) The multifunction F :X —Y is weakly continuous (u.w.c.; Lw.c)) if
it has this property in any point x € X.

In [14] we proved that if Y is a T, space, then l.w.c. coincides with
ls.c. and if F is also punctually finite, then u.w.c. coincides with u.s.c.

As the paracompact sets can be defined in two ways [18] we shall define
the paracompact sets in this way:

DeriNirioNn 2. The set M from the topological space X is called strictly
paracompact if every covering with open sets from X of M is refined by a
covering with open sets from X, locally finite in X. ([18]).

It is known from [18] that the notion of strictly paracompact set and that

of the paracompact set defined with the help of the relative topology do not
coincide.

TueorEM 3. For the multifunction F :X —»Y, with Y T, space and for
which F(x,) is a strictly paracompact set, the concept of multifunction u.w.c. in
%o coincides with the concept of multifumnciion wu.sc.. 11 %,.

Proof. Suppose F u.w.c. in x,. Let G C Y be some open set so that F(x,)CG.
Space Y being T, for any y; € F(x,) there is an open set D; so that y; < D,C
CD,CG. So

‘F(»)C U D,Cc U D,CG.

¥y € Flx,) ¥ € Flx)

F(x,) being a strictly paracompact set, there is a family {4,; 7 € J} of open

sets so that 4; C D, for an i € I and {4,; j € is a local finite covering
of F(x,). We’llihave ' Wiy =y

Flzd C U 4;C Y DiC U DCG
to !

Fr)C U 4;C U 4;C Y DCG .

Let A = U A;. The family {4;;j € J} being locally finite, then 4 = J 4;. s0

ieJ , ' . <-J
F(x) C A4 C A C'G. The multifunction F being u.w.c. in x, and 15’(%) C 4

there is an open set ¥ (— X so that x, € V and F(x A, Vx € I, and thus
F(x) CG, Yx € V, this showing thaot F is us.c. (1r2 %o, . '

Reciprocally, if the multifunction is u.s.c. in %o it is also u.w.c. in %o
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DrrINITION 3. The multifunction F :X —Y has a closed . graph 1? foz
each (%, y) € G(F) there exist the open sets U C X and V C Y contaiming
x and y, respectively, so that (U x V)N G(F) =@.

An equivalent definition is given by the following lemma : )

Lesva 1. The multifunction F :X —Y has a closed graph if and only if
or each x € X and y € Y so that (x, y) € G(F), there are two open sels UucX
and VCY, containing x any y, respectively, so that F(UYN\ V = @.

The proof of the equivalence is immediate. : )

THEOREM 4. If the multifunction F: X - Y, with Y a T, space, is u.s.c.
and F(x) is a closed subset of X, Vx € X, then F has the closed graph.

Proof. Let (x, y) € G(F), then y € F(x) - F(x) being closed and Y being
T, therc are the open sets U, VC Y withy € U, F(x) CVand UN V=40.
F being u.s.c. results that there is an open set G C X with x € G so that.
F(G) CV, then F(G)N U= and from lemma 1 results that F has the

closed graph.
We denote by C,4(X) the set of all nonempty closed bounded subsets of

(X, d) and by D the Hausdorff —Pompeiu metric on Cgz(X): %
D(A, B) = max {sup d(x, B); sup d(y, A)}
where A, B € Cyx(X) and ! 7"
d(x, A) = inf d(x, ¥).

yed
Yet A, B € Cy(X) and k> 1. In what follows, the following well-known
fact will be used: For each a € 4, there is ¢, b € B such that

d(a, b) < k-D(4, B).

Jet T : X - X a multifunction. Denote FT)={x <= X,; x « T(x)}
TuroreyM 5. Let (X, d) be a nonempty complete metyi : : )
e ColX) a it T Pty complete metric space and F: (X, d)—
(1) F: (X, d) = (X, d) is ww.c.,
(2) D(Fx, Fy) < k-max /%% F‘;""‘y' ), B - dx By gy y)] for
(. %) d(x, y) T
all x,yEX,xaéy,andO<k<(l then F | ; “pos
Proof. Choose a real number q v'vith s fixed points.

1 1.
<g< ;
Let 2y € X and ; |
< 9-D(E(vo), F(m). We hags) Then there is an x, « F(x) so that d(x,, x,) <
51, %)) < ¢-D(F(xy), F(x,)) < q-k-max [(l‘}‘°' Flxo)) - dlan, Fx))
d(x,. F(x,)) N d(r,, F(x,) . d(x, x) ’

3 d(x,, x,)] < ¢-k-max [d(x"' %) - dx, x)
d(xg, x)) '

d(x, x,)
d(x°, xz) . d()fl, .1’1) .

oy s e, xl)}= (gh)-d(x,, ).
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Suppose x5, ..., %, ... could be chosen so that
%, € F(x,-1) and d(x,, %»41) < ¢ - D(F(%,-,), F(%,_,)).
Repeating the above argument we obtain
A%, Xus1) < (qR)"d(xq, xy).

Then by routine calculation can show that x, is Cauchy sequence and since
(X, d) is complete, we have x, — x. A

The space (X, d) being metric, it is paracompact and as F(x) is a closed
set, Vv € X, F(x) is a paracompact set in X and according to theorem 2.6
from [18], F(x) is striclly paracompact. Then, according to theorem 3, F is
s.c.s., according to lemma 1, F has a closed graph and then from x, € F(x,_,)
results ¥ € F(x), so F has fixed points.

Remark 2. During our proof, %, # %,_, was suposed, because if for a
certain #, x, = x,_, results that x,_, is a fixed point.

CorOLLARY 2. Let (X, d) be a mnonemptly complete metric space and F :
(X, d) = Cg(X) a multifunction. If

(1) F : (X, d) = (X, d) is uw.c.,

2) D(Fx, Fy) < oS0 00 D0 4 A0 L8002 1 4 c.d(s, 5)

X, Y. X
Jorall x, ye X, x ¢y and a, b, c € [0, 1), with a + b+ ¢c <1, then F has
Jfixed points.

Let X be a nonempty set, ¢ and d two metrics on X and f : X — X a
single-valued mapping. For such mappings M aia [19] proved a fixed point
theorem which was generalized in many directions by Iséki [20], Rus [21],
[22], S.P. Singh [23]), K. I. Singh [24] and others.

The following theorem was proved by K. L. Singh in [24]:

THEOREM 6. Let X be a metric space with two metrics e and d. If X sa-
lisfies the following conditions :

(1) e(x, ¥) <d(x, ¥); Y, yin X,

(2) X s complete with respect to ¢, )

(3) two mappings f, g : X — X are conttnuous with respect to the metric
e and

(A) d(fx, gv) < k-max[d(x, ¥); d(x, [x); d(y, gy); 1/2-[d(x, gy) + _

+ d(x, fx)]) for cvery %, y in X, where 0 < k < 1, then f and g have a unique
common fixed point.

We'll give a generalization of theorem 5, weakening at the same time
the conditions given in sentence 3 of theorem 5.

Leapia 2. Let F, G (X, d) — C_(X) be two multifunctions. If

(A) D(Fx, Gy) < k - max[d(x, y); d(x, Fx); d(y, Gy); 1/2 - (d(x, Gy) +
+d(y, Fx))], holds for all x, y € X, 0 <k <1 and T(F) # @, then T(G) # ¢
and T(F) = T(G). ,

Proof. Let w  T(F), then by (A) d(u, Gu) < D(Fu, Gu) < k - max[d-
< we, w); d(u, Fu); d(u, Gu); 1/2 . (d(u, Gu) 4 d(u, Fu))] < k - d(u, Gu),
which implics d(#, Gu) = 0. Since Gu is closed, this shows that » € Gu, which
implies T'(F) C T(G). Analogous T(G) C T(F).
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TamsoreM 7. Let X be a metric space with two metrics e and d. If X sa-
tisfies the following conditions : ]
a4 (1) e(£, y) < d(x, ) '}1:01' all ,;c,ty in X,
) lete with respect 1o ¢, .
((% 500181:;%’7};1¢ect521s F, PG : X — X are punctually closed with respect to

)
¢ and )d and punctually bounded witltz respect to d,

4) F or G is u.w.c. with respect Lo e,
gsg D(Fx, Gy) < k-max[d(x, ¥); d(x, Fx); d(y, Gy); 1/2-(d(x, Gy) +
+ d(y, Fx))], kolds for all x, y € X, 0<k<], then F and G have common
fixed points and T(F) = T(G). .

Proof. Choose a real number g with

1

Let %, € X and %,  F(x,). Then there is an %, € G(x,) so that

%, € G(x,) and d(%,, %) < g - D(Fxy, Gxy).
We have
d(xy, %) < q - D(Fxy Gx,) < q -k -max[d(xo, %); (%, Fxy); d(x,, Gxy);
1/2 - [d(xg, Gxy) + d(xy, Fxo)]] < g -k - max(d(xe, %) d(xy, %); 1/2-d(x,,
%)) < ¢ - k- max[d(x, %,); 1/2 - (d(xg, %1) + A(x1, %2))] = (gR) - d(xq, %)

Suppose x3, ..., %X2,, ... could be chosen so that
Xoy—1 € F(Xpp-2); %24 € G(%2,-,) and
d(%2n-1, Xon) € q- D(szn-z. xzn—x); d(xzn-z. 9«’2»—1) <q- D(szn-z, G’«’zn—a)
Repeating the above argument we obtain

A%, %n-1) < (g - R)" - d(xo, %))
Therefore, by ¢ £ d

e(x,,, xu-l) < (q . k)'I - d(xo’ xl)'

Then by routine calculation we can show that x, is Cauchy sequence and
since. X is complet with respect to e, x, — x. As F is u.w.c. with respect
to ¢ there follows as in theorem 6 that F and G are commun fixed points
and by lemma 2, T(F) = T(G).

THEOREM 8. Let X be amelric space with two metrics ¢ and d. If X sa-
lisfies the following conditions :

(1) e, @ and X satisfy conditions (1) and (2) of theorem 7,

(2) The sequence of multifunctions {F.}uen is formed by punctually closed

Znuétzfunctions with respect to both metrics and punctually bounded with respect
0 a,

(3) F, is uw.c. with respect to e,
(4) D(Fyx, F,y) < k- max[d(x, y); d(z, Fy2); d(y, F,y); 1/2(d(x, F.y)+
+ d(y, Foa))forallz, y e X,0<k<landn > 2, then {I,}uan has common
fixed points and T(F,) = T(F,)
1t follows by theorem 7 and lemma 2.
(Received October 20, 1980)
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TEOREME DE PUNCT FIX PENTRU MULTIFUNCTIL
(Rezumat)

Folosind notiunea de multifuncfie superior slab contiud din [14] §i [16] se demonstreazd

.urmitoarele teoreme de punct fix:

plet. Dacd: (1) F: (X, d) -» (X, d) este superior slab continud (s.s.c.s.);

N g1 ; ia F: - X, d) este un spafin metric com-
Teorema 5. Fie multifunctia F: (X, d) -» C (X), unde ( ) 9) 'F satisfacs condifia 2

din teovema 5, pentru Vx, y € X, x £ ¥ §i 0 < k < 1, atunci F are puncte fize.
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Teorema 7. Fic X un spafiv cu doud metrici ¢ si d. Dacd sinl satisfdcute conditiile ; (1)
elx, y) < dlx, ¥), Vx, 3 € X (2) (X, e) este coﬂylpl‘dg (3) Doua multifunctii F, G: X —» X sint
punctual inchise in raport cu ambele metrici §i mdrginite fn vaport cu d; (4) Una dintre cele doud
multifunclii este s.s.c.s. in raport cu e; (5) Este satisfdcutd condifia (A) din _teorema 7 pentru Vz,ye
€ X 5i0< k<1, atunci F §i G au puncte fize si T(F) =T(G), unde T(F) ={x € X; x = F(X)}.

Teorema 8 generalizeazi teorema 7 pentru un §ir de multifunctii. Rezultatele obfinute in aceasts
lucrare generalizeazd rezultate cunoscute din [1], [14], [21), [22] si [24].



STUDIA UNIV. BABES—BOLYAI, MATHEMATICA, XXVII, 1982

REZOLVAREA NUMERICA A UNOR PROBLEME LA LIMITA CU
AJUTORUL METODEI DE ALTERNATIVA

DAMIAN TRIF

Metoda de alternativd este un instrument eficient pentru studierea exis-
tentei solutiilor diferitelor probleme diferentiale neliniare. Mai mult, pe baza
acestei metode se _pot elabora a]gontml pentru evaluarea solutn]or acestor
probleme si a erorii cu care o anumitd functie aproximeazi solutia exacti.
Asemenea algoritmi sint descrisi in lucrdrile lui J. Mawhin [27, C. Banfi
[3), D.A. Sanchez [4], L. Cesari, T.T. Bowman [5] precum si
in bibliografia citati in acestea. -

In prezenta lucrare vom studia un algoritm pentru determinarea solutiilor
periodice ale ecuatiilor diferentiale de forma x'" = g(x, ). Vom elabora un
procedeu constructiv care permite stabilirea existentei solutiilor exacte, apro-
ximarea lor numericd §i delimitarea erorii. Algoritmul se remarci printr-o pre-
cizie bund pentru un efort de calcul redus, el putind fi programat si pe cal-
culatoare mici.

1. Fie S spatiul Banach al funciiilor ¥ :R — R, continue si periodice cu
perioada 2w, inzestrat cu norma ||x|} = sup {lx(t)l t € [0, 2r]}. TFiecdrei
functii x € S i se atageazi seria sa Fourier]

x(t) ~ ‘12'1 + 2 (a, cos (st) + b, sin (st)),

unde
2n 2
a, = —_lr—Sx(t) cos (st)dt, b ——Sx'(t) sin (st)dt, s=1, 2. ...
[ 0

Fie m € Z,. Definim operatorii P,, : S —+ S §1 H,:S—S prin P,x(t) =
+ r (a,cos (st) + bysin (st)), H,, x(t) = E —’ (a, cos (st} - b, sin (st)).

s=m+1 §
Pnn calcul direct se demonstreazi imediat urmitoarea teoremi:

TEOREMA 1. Peniru orice m € Z,, H, este liniar §i mdrginit, H, x(t) =

=-ﬁ . (¢t — =) 1t — =] _= - cos s(t — <)
§ [ 4 sy mded ]x('r)d'r,

2

2%

IIH",H=S

0

"‘i"i‘:' Ecos(s)

pyie sl 2 dv st lim ||H, || = O

m= w0

Vom nota S, = {x € S|P,x =1}, S\, = {x « S|P,x = 0}.
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. - . . vx A, 4]x

sidera_ ecuafia diferentiald _x g(x, t), unde ¢ ‘[ A, <
X RZ;\gn:stceOlt:ontinui, periodicd cu perioada 2x fajd de ¢, derivabild fafd
de x, derivata lipschitziana. Fie

| aq(x, )
K = max{|g(x &) |, ¢ < [0,2x], |x] < 4}, M=max{ IT

, t<[0,2x], |%| sA}

) rns | 94 _ 9% < M, |%,—x entru orice ¢ € [0, 2x]
si M;> 0 incit P (%1, 8) P (%2 t)l 1l 1 al .P . | [
si orice x,, %, € [—4, 4]. Vom ciuta solujiile periodice cu perioada 2n a
acestei ecuatii. .

3. Fie m € Z, sulicient de mare, %X, € Sy incit ||x0]|] < 4 si S(xo) =

={x € S|Pz =z, |II— Poxz|| <a} unde a <A — [|x,||. Fie opera-
torul 1 : S(x,) — S definit prin Tx(t) = 24() + Hnq(x(#), ¢). Evident P, Tx=x,
si || — PmTx|| = ||Hug(%, *)|| < [|Hnl| - K < /2 dacd m este suficient

de mare, deci T":S(xo) — S(%o). Dacd x5, %, € S(x), atunci ||Tx—Tx,]||=
= ||H (g% *) — q(%2 )| < [1Hu||M]|]|xy — %,||. Pentru m suficient de
mare, 6 = ||H,|| - M <1 deci I este o contractie. -

Pe baza teoremei de punct fix a lui Banach, existd §i este unic y € S(x,)
incit y = Ty. El se va numi funcfia asoctald lui %, $i se poate obtine prin metoda
aproximatgiilor succesive y° = x,, y**!' = x4, + Hoq(y* ), k=0, 1, ..., avind

0¢ 1 0
T Y =L

4. In realizarea numericd a calculului funcfiei asociate vom inlocui pro-
cedeul exact de mai sus cu procedeul trunchiat 5, = x4, 9*+! = Ty*, k =0,

delimitarea ||y* — y|| <

2 N ,
L ... unde Tt =z, — | [ $ cosst=

s=m+1 s

}9(")"("),“7)‘1" cu N >m. Se de-

monstreazd imediat prin inducfie completi ci pentru N suficient de_mare
sirul 4* este fundamental §i 4* = S(x,). Oprind iterafiile in momentul cind
it —nt | <8 avem ||Tq*— Tn*| | = ||Hyg(n*,-) || = | [Hnlg(n*, ) —i%) || <
< HHxI- Tlglet, ) —i*|| =e de unde ||y —qt*1|| < ||Ty — Top|| +
T UTH = T < 01y — 24| +e < 8|y — nt+1 || + 0]+t — *|| + ¢ si

atunci — e g EF0 A
[y — = II\:+0 A

In continuare se va lucra cu 4*+' notat 7 in locul lui y.

5. Se demonstreaz3 ca in [2] ¢4 daci Xy = % + 2 (a, cos (st) + b, sin (st))
$=1

$i notdm cu «, s=1, ..., 2m 4 1 componentele vectorului (202, a,, by, ..
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a,, b,) atunci y admite derivate parfiale in raport cu «, i=1, ..., 2m 4 1
si acestea se pot obfine din procedeul iterativ ' .

3° __ Ox @t 9% H[_a_q RN ol R A
- + m ox (y' ) aa‘ » O, 1, e e

da; du;  Ou; da;
si avem -gi !_ . Acest procedeu va fi inlocuit cu
a 1—6 . .
z?: 9%, ,'z?“:ﬁ'l*Hm a_q(y' )zf , k=0, 1,
Juag da; ax
Avem ” 72 _ < 1H ) - “ 2 (yh, “ l
J,
. ‘_g. . k < ”Hm” - 0yt — 90|
+ | Hal| || R B s T +
HHm |+ M, [1y* — y°[]
ol 2 — i ver € 5
T day “ ‘ (r—os (k+ 10
deci pentru 1 =1, ..., 2m 4 1, lim z =%
k~+ 0 o
6. Si acest procedeu va fi inlocuit cu procedeul trunchiat
N 2%
0 — 9% yrp1 __ 9% _ 2 & k { — E=0 1 .
¢ oa; | ¢ da; s=2m+l s'n S ax (9, ) §¥(x) cos s 7)dr, ot

0
adich 41 =% 4 (H, — Hy) | L (5, )8, deunde |2+ — 1 <(1 1Hal ] +

+ [1Hyll) - M - ||¢* — ¢-1||. Intrucit pentru N suficient de mare, 6’ =
= (||Hu|| + |[Hy| )M < 1 rezultd ca ||+ — L¥]] — 0 cind 2 — 0. Oprind

iteragiile cind ||{*+'— ¥*[| < &’ §i notind &' = ||Hy]]| - aq (y, ) CF— ay “

_ g g8 HH [+ M, A___
S 1— 0 (1—op

avem dupi o serie de delimitari

aa,
Notam c~+1=% :

7. In [2] se demonstreazi urmitoarea teoremi:

TrOREMA 2. Ecuafia x'' = q(x(t), t) are solufic periodicé cu perioada 2

dacd §i numai dacd existd m € Z, §i x5 € S, incit xg(t) = P g(y(t), t), unde
y este functia asociatd lui x,.

Ecuafia %(f) = P,q(y(t), t) se scrie pe componente

2 2r
zleq(y('r), t)dv =0, E \9(3(5), =) cos (s)dx + sta, = 0
0 ]

—qu(r ©) sin (se)ds + 8, =0, s =1, 2, -+, m,
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formind un sistem de 2m 4 1 ecuatii algebrice numit sistemul ccuafiilor de-
terminate §i notat F(a) = Q, 9“,ﬁmd vectorul coeficientilor lui- x,. Functia aso-
ciatd y va fi solufia periodicd a ecuatiei date. . . '

in calculele efective, acest sistem se va inlocui cu un sistem aproximant
F(a) = 0, obfinut prin inlocuirea functiei .asogiate y cu §. Avem [F o) —
—F(a)| < M|ly — 91| < M4, pentru_ornce 1 = 1, 2, ..., 2m + 1. Analog,

: . 65 e e s . . -
9% se va inlocui cu aproximarea sa (—?—' , obfinutd prin inlocuirea lui y cu y

By ~ oF A o
ialui &2 cu &, Avem | % ) < M 4 M. A Vom nota cu W(a)
7 ca; &ag Jay deyf 1-0

Jacobianul lui F in punctul « §i cu W(e) aproximarea sa. )

8. Studiul cxistenfei si aproximarea unei solutii a sistemului ecuatiilor
determinante pot fi cfectuate cu ajutorul urmétoarei teoreme date de Urabe
13
- TrorEMA 3. Dacd W(ao) # 0 §5 caisté v >0, k < [0, 1) incit

a) Q, = {a| |la — agl] <Y} CQ, Q fisnd domeniul de definifie al lui F

b) [|W(a) — W(ao) || < k/M’ pentru orice o € L,

¢) M'rj(1 — k) <y, unde ||\ F(ag) || <7, |[|W o)) < M/,
atunct sistemul I'(a) = 0 arc solupie o in Q. $1 || — ao|| < M'r[(1 — k).

Din demonstragia teoremei rezultd cd girul aproximatiilor lui Newton
aril= af — W)l (a?), p =0, 1, ..., a® = «, converge citre solutia ' a,
of apartinind Iui Q..

Vom alege y astfel incit « € Q, sd atragd ||x|| < 4, x fiind elementul
din S, cu coeficientii dagi de vectorul «. Vom lua drept «, coeficientii unei
solufii aproximative Galerkin de ordin m, imbunatdfitd cu citeva iteratii ale
mctodei lui Newton, m fiind ales conform celor de mai sus. Calculind 7 pentru
carc [ oa) || <7, avem |1F(aa) || <7 + |1F(oa) — Flaw) || < 7+ 201 -
“MA = 7.

Notind C = W(a,) — W(a,), D = W-1(ay) — W-Y(a,), din calculul lui
WW-1 = E prin neglijarea lui C - D, obtinem IIW'l(ao) I} < [IW-Yag)|] -
. (1 + (Zm + 1) (;—V—‘—A(—) + MA’) J = M. Pentru verificarea condifiei b) din teo-
rema 3, observim cid pentru functiile asociate Yay 51 ¥y, corespunzitoare lui

% $i o € Q  avem ||y, — y, {| < “T:T;’” <J;)T; ?:-% <
< “”m'('l“"_ff;f;”ﬁ de unde ||W(a) — W(ao)|| < (2m + 1) "3%—3%“—) <
< @4+ VM1 — Yol | - ey + M Pa_ Ve, }=‘2'”+(‘3’Klf,,4”'+“, =
=1, ..., 2m+1,1ﬁ=1,...,2m+1. ! ! )

(?onditiile de verificat pentru y si % sint deci ¥t (11)111,;):/'”—“ < 11_:7
§i l“i'k S Y, ceea ce este posibil numai daci 7 < (1 — o

AM?2m + 1) Jm + 1 M,
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Daci aceasti condifie este satisficutd, sistemul ecuatiilor determinante
T My - Jm F 1M . o g
are solutie @ si [|@ —aoll ST 7, 1% — Y ll <i-ma-g & o final
Hys — Pull € (T‘/f—’;'(l—l% + A, y; reprezentind solufia exactd a problemei iar
7., aproximarea sa generatd de funcfia asociatd lui x,.
9. Acest algoritm a fost aplicat pe exemplul lui Cesari x" = sin ¢ — 3.
S-a ales m=4, M; =9,6; =0,5; M =0,27; r=37 X 10-?; £=4,18x10-°=
= 10-8, = 1,6 X 10-°, N =17, obtinind in final delimitarea ||yz — ., ]}<
< 52 x 10-° - §,, coincide cu aproximarea solufiei acestei probleme obfinuti
de Urabe [1] prin rezolvarea unui sistem Galerkin de 15 ecuatii, algoritmul
bazat pe metoda de alternativd conducind la un sistem format numai din 2
ecuatii §i oferind o precizie mai bund.

(Intrat in redacpic la 18 noiembrie 1980)
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LA RESOLUTION NUMERIQUE DE; CERTAINS_ PROBLEMES AUX LIMITES A L'AIDE
DE LA METHODE DE L’ALTERNATIVE

(Résumé)

Le travail contient une application de la méthode de l'alternative de Cesari a I’étude numé-
rique des solutions périodiques d’équations différentielles " = g(x, #).
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PROJECTORS AND C.; ERING SUBGROUPS

RODICA COVACI

1. It is the aim of this note to prove that the answer to the open problem
given in [2] is affirmative: the only w-homomorphs with respect to which
the finite m-solvable groups have projectors are the n—Sc}lunck classes. F}u’-
ther, we study some aspects of the connection between projectors and covering
subgroups in finite groups and, particularly, in finite m-solvable groups.

All groups considered are finite. )

We give the following uscful definitions:

DerinitioN 1.1. Let G be a group. )

a) If H is a subgroup of G, we call core of H in G the subgroup:

coregcH = N{H/g = G}.
b) We shall call a stabilizer of G a maximal subgroup W of G with
coregW = 1.
Gc) The group G is said to be primitive if G has a stabilizer.

DiriNitiox 1.2. a) A class ¥ of groups is a homomorph if ¥ is closed
under homomorphisms. .

b) A homomorph i is a Schunck class if it is primitively closed, i.e. if
any group G, all of whose primitive factor groups are in X, is itself in X.

Drrinirion 1.3. Let € be a class of groups and G a group.

a) A subgroup H of G is called ¥-maximal if:

() H e«x:

(i) H < H* < G, H* € € = H = H*,
. _b) ([4]) A subgroup H of G is an ®¥-projector of G if for any NAG, HNIN
1s ¥-maximal in G/N. o

c) ([5)] A subgroup H of G is an X-covering subgroup of G if:

(1) He<x,;

(i) H< K <G, KgAK, KIKye ® = K = HK,.

DEeriNitioNn 1.4, Let n be a set

. of prime ! .
n 10 the set of all primes. P s and =’ the complement to

a) A group G is w-solvable if every chief factor of G is either a solvable

m-group or a w'-group. If & is th i i i
obrable rons P e set of all primes, we obtain the notion of

b) Let % be a class of groups. We shall say that ® is m-closed if :
Glom (G) €EX=>G e X,

Where O, (G) denotes the largest normal 7’-subgroup of G.

3 — Mathematica 1982
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¢) We shall call n-komomorph a m-closed homomorph and n-Schunck class
a =n-closed Schunck class.

In our considerations, we shall use the following two theorems of R.
BAER.

TueoreM 1.5. {[1]) A solvable minimal normal subgroup of a finite group
ts abelian.

TueorREM 1.6. ([1]) If W is a stabilizer of a finite group G and N is a
minimal normal subgroup of G, then G =WN and W N = 1.

2. In this section and the text, all groups considered will be finite n-sol-
vable. We give two lemmas, which will be used in sections 3. and 4. to prove
the main theorems.

" LexyMa 2.1, If X is a w-homomorph, G a w-solvable group, H a subgroup
of G, H#G, H ¥X-maximal in G and N is a mininal normal subgroup of G
with HN = G, then N 1is abelian.

Proof. N being a chief factor of G, there are two possibilities :

1. N is a solvable n-group. Applying 1.5., N is abelian.

2. Nis a =’-group. Then N <0 (G), hence GfO.- (G)==<(G/N)/(O« (G)/N). But
GIN = HN|[N~ H/H(\ N € %, because H € ¥ and % is a homomorph.
It follows that GO (G) € %, which implics, by the m-closurc of ¥, G € X.
This is a contradiction with H # G, H ¥-maximal in G.

LemyMa 2.2, If & is a w-homomorph, G a w-solvable group, H a subgroup
of G, H # G, H ¥-maxtmal in G aund if there is a minimal normal subgroup
N of G with HN =G, then:

a) H is maximal in G;

b)) HANN=1.

Proof.

a) Let H* given with H < H* < G. Let us suppose that H < H*. It fol-
lows that there is an element A* e H*\ H. Because G = HN, h* = hn, with
heH and n € N. We shall prove that N (N H* = 1. Then n = h~'h* is
in NN H*, so » = 1. But this implies 4* = k € H, in contradiction with the
choice of A*. It follows that H = H*.

Let us prove that N () H* = 1. We mnotice that N (N H* A G. Indeed,
for any g € G and any x € N H*, we can take g = i*n, with i* € H¥,
n € N, because G = HN = H*N, and so we have:

g~ xg = (h*n)~1x(h*n) = n-Y(h*~xh*)n.

Denoting by y element A*~1xh*, it follows that y € N N H*, since NNH*A H*.
"So y € N. But, by lemma 2.1.,, N is abelian. This implies:

gxg=n"yp =n"my=y € N H*.
This proves that N H*AG. Now, N H* # N, because N H*= N
leads us to N < H*, hence the contradiction G = HN = H*N = H*, From
N mi}r}ima] normal subgroup of G, NN\ H*AG and N H* # N f{ollows
NN H*=1.
b) From H* = H in the proof of a), we obtain H N = 1.

3. In [2], is given the following result: if % is a m-Schunck class, then
any finite n-solvable group has H-projectors. We shall prove here the converse
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theorem, concluding that the only m-homomorphs respecting to which the finite
x-solvable groups have projectors are the =n-Schunck classes.

THEOREM 3.1. A m-homomorph X with the property that any finite m-solvaoie
group has H-projectors is a Schunck class.

Proof. We show that ¥ is primitively closed. Let us suppose the contrary
and let G be a finite =-solvable group of minimal order with respect to the
conditions: G & ¥ and any primitive factor group of G is in X. Let M be
a minimal normal subgroup of G. Then G/M € X, by the minimality of G.
Let H be an ¥-projector of G. It follows that HM(M is ¥-maximal in G/M,
hence G = HM. Applying lemma 2.2., we conclude that H is maximal in G.
Suppose G is not primitive. We have then corecH # 1. So that G/coresH <X,
by minimality of G. But HjcoregH is an ¥-projector (if G/[coregH. Hence
H = G, contradicting the hypotheses G & ¥ and H € %. Thus G is primitive,
in contradiction with the choice of G.

‘4. The last section of the present note deals with some aspects of the con-
nection between projectors and covering subgroups in finite groups and, par-
ticularly, in finitc m-solvable groups.

First, some results for finite groups.

Iet X be a homomorph and G a group. It is easy to see that any ¥%-
covering subgroup of G is an X-projector of G, but conversely not.

TrroriM 4.1, If X% is a homomorph and G a group, the subgroup H of
G 1s an H-covering subgroup of G if and only if H is an H-projector in any
subgroup K of G with H < K. .

Proof. Let H be an ¥H-covering subgroup of G and K. a subgroup of G
with H < K. Wc shall prove that for any L A K, HL/L is ¥-maximal in
K([L. Indeed, HL[LL ~ H{H "\ L € % and from HL|L < H¥/L < K|L, H*/L =
€ ¥, follows H < H* <G, LA H* H*/L €%, which implies H* = HL,
that is HL|L = H*|L.

Conversely, let H be a subgroup of G which is an H-projector of any
subgroup K of ¢ with H € K. We have H € %. Let given K and L, with
H<K <G LAK, K|[L «¥. H is an %-projector of K, so that HL|L is
H-maximal in K/L. But K/L  %. It {ollows that HL|L = K|L, hence K=HL.

Remark. In [3], P. Férster defines the ¥-covering subgroups by the
condifion of thcorem 4.1.. Thus, theorem 4.1. shows that the two definitions
of the covering subgroups given by W. Gaschiitz in [5) and by P. Fé6r-
ster in [3] are equivalently.

An immediate consequence of 4.1. is:

TaroreM 4.2. If ® is a homomorph,
of G which is maximal in G, then H is
~ Proof is based on 4.1..
tinguish two cases:

I. K =G. Then H is an X-projector of G = K.

2. K <G. From H < K <G, follows, b i i
p . s ) » by the hypothesis that H is ma-
:i\sm;)?*inileldc;, that H = K. But H € % is its own X-projector. The tehorem

G a group and H an A-projector
an N-covering subgroup of G.
Let K be a subgroup of G with H < K. We dis-
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CoroOLLARY 4.3. If X is a homomorph and G a group, then any subgroup
H of G with the properiies :
(i) H is an K-projector in G ;
(ii) H is a stabilizer of G
is an ¥-covering subgroup of G.
Let = be a set of primes. Fromn now on, all groups will be finite n-solvable.
Lemma 2.2. has the following two consequences:

THeEOREM 4.4. If ¥ is a m-homomorph, G a =-solvable group and H an
K-projector of G with the property that there is a minimal normal subgroup N
of G such that HN = G, then H is an K-covering subgroup of G.

Proof. Two cases are considered:
1. H = G. The result is trivial.

2. H < G. We are in the hypotheses of lemma 2.2.. It follows that H
is maximal in G, hence H is an ¥-covering subgroup of G, by theorem 4.2..

THEOREM 4.5. Let ¥ be a w-homomorph, G a w-solvable group and H < G
with the property that H is A-maximal in G. Then, the following are equivalently :

(1) For any minimal normal subgroup N of G, we have HN =G ;
(2) H is a stabilizer of G.

Proof.

(1) = (2). H is maximal in G, by lemma 2.2.. Further, coregH = 1. In-
deed, if we suppose that corecH 3 1, it follows the existence of a minimal
normal subgroup N of G with N < corecH. But this means G = HN < H-
-coregH = H, ie. H =G, in contradiction with H <G.

(2) = (1). Follows from theorem 1.6..
( Received December 12, 1980)
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PROIECTORI $I SUBGRUPURI ACOPERITOARE
(Rezumat)

in prezenta notd se arati ci rispunsul la problema deschisi formulati in (2] este afirmativ:
singurele m-omomorfe in raport cu care grupurile finite n-resolubile au proiectori sint r-clasele Schunck.
Pe de altd parte, se studiazd unele aspecte ale legiturii dintre proiectori §i subgrupurile acoperitoare
in grupuri finite si, in particular, in grupuri finite m-resolubile.
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FUNCTIONS ALPHA —CLOSE—TO—-CONVEX OF ORDER ¥y

DORIN BLEZU and NICOLAE N. PASCU

Let S be the class of functions f(z) = z + @2 4 ... regular and univalent
in the unit disc U. By S* we note the subclass of starlike functions, by K

the subclass of convex functions. We shall use the simbol K(«) for the sub-
class of the « — starlike functions introduced in [9], [10]. By C we shall
denote the class of the functions close-to-convex, defined by W. Kaplan
[3]. The class of the functions close-to-convex of order y (or of type y), de-
noted by C,, have been studied by Rényi [13]. (It is obvious that C;=C
and C, = K). .

We say that F(z) is close-to-convex of order y in the unit disc (0 <y <1)
if F(z) is regular in U and there exists a functions ¢(z) € K, so that:

F'(z)

<Zy Vz2eU
?’(2)

ar
g 2

In [13] (Theorem 3) A. Rényi proves that the above definition for
the class C, is equivalent to the following definition :

The function F(z) is close-to-convex of order vy in the unit disc if and
only if

0,
1 4 Re 242 —
| [1 o+ me T 20 >
0,
where z =re%, 0 <7 <1, 0<0,<0,<2r, 0<y <1

Remarks

1) For y == 1 the above definitions reduced to the characterization of
the close-to-convex functions given by W. Kaplan [3].

2) For v =0 it is evident that one obtains the convex functions.

Finaly we note by C («) the class of alpha-close-to-convex functions intro-
duced in [8], [10] defined in the following way :

The function f(z) = z + @2® + ..., regular in U belongs to C(a), if the

function
F2) = (1 — a) f(2) + ezf'(2) (1)
is close-to-convex.

We call operator of Libera type the operator:

L{F@)] =2
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where Re « > |aft. The above operator can be obtained by integrating the
differential equation (1). For o« = -;— R. J. Libera [4] proves that if

F(z) belongs to one of the classes S*, K, C, then L,(F) belongs respec-
tively to the same classes.

In [1] S.D. Bernardi using « = obtained the similar results.

n +
It is shown in [8), [10] that if Rea > |«|? and F « K, S*, C then
L,(F) belongs respectively to the same classes. In [2] the similar results is
obtained for functions classes noted C(a, ¥, ¢).

DerFINITION 1. We say that the function f(z) is «-close-to-convex of order
v if the function

F(2) = (1 — a)f(2) + azf'(2)
belongs to the C, class, where « is a complex number and 0 <y < L.

We note with C,(«) the class of a-close-to-convex of order « functions.
We notice that: C,(a) = C(a)
C,0) =C,
" C,(0) = C(close-to-convex)

Co(e) = K(a, K) — subclass of K(a)

both studied in [10]. It is said that f(2) = z + ... regular in U belongs to
K(a. K) if f(z)f'(z) # 0 with z € U — {0} and the function

G(2) = (1 — a)f(2) + azf'(2)
belongs to K, and « is a complex number.

Finaly C,(0) = K.

In the following we shall use the method of the admissible functions introduced
by S.8. Miller and P.T. Mocanu in [5] and developped in [6].

Let be the function g¢(z) =( 1 'H)Y for which we select the branch

11—z
with ¢(0) =1 and which is a conformal mapping of unit disc U on to the
domain Q,;

Q.,:{W, larg W | <%Y, 0<y< 1}

According to the general definition of admissible functions given in [6] we in-
troduce the following definition :
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14z
I —2z

DerINITION 2. Let ¢,(Q, ) =, [QY,( )Y be the class of admissible

functions. ¢:C? —C which satisfy conditions
(A) ¢ is continuous in a domain D £ ct

(B) (1, 0) =D and larg ¢ (1, 01 < Xy, v € [0, 1]
(©) larg $lra, sal|> v = for (ro, s0) € D
where 7y = g(o); 1ol =1; Lo # —1
and
102
so=mE&eq (L) =m -y -7y (r: — 1)

where

mz=n =l

THrOREM 1. Let § € ¢, [QY, ( : i;ﬂ with the coresponding domain D and

let p(z) =1+ p2" + ... be regular in U, p(z) 1. If
(i) (p(z), 2p'(z)) € D; Vz e U
(ii) larg ¢(p(2), 2p'(2))] < %y VzeU

than larg p(2)| < v % Vze U

This thcorem is a special case of theorem 1 of [6]
TueoreM 2. If the function
E(z) = (1 — a)f(2) + azf'(2)
is close-lo-convex of order v with respect to the comvex and univalent funct;ion

H(z) and Re o > loc |2, then the function f(z) is also close-to-comvex with respect
to the convex and wunivalent function h(z), where

h(z) = Ly[Ly(zH'(2))] (2)
In other words Cy(a) CC,C C

Remark. The function % is given by the system of differential equations :
G(z) = zH'(2)
G(z) = (1 ~ a)g(z) + azg'(2)
g(2) = 2h'(z)
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Proof : We have:

F@| = 3
Iarg el S22 7 (3)
I s sufficient to show that:
f@ = 4
el v <3 (4)
we can write
. zf'(2) o 2f(2)
FO o dOree L 0 s 5
B T i ae ter@ 0L ww )
82

where zH’'(z) = G(z) is a starlike function.
According to the theorem 1 of [9] it follows that

gz) € K(a) C S* since Rea > |af?

If we put “f—((;l = p(2) the egality (5) can be written:
g(z

, 28'(2) .
) + e [zp () + Ty pla) — ﬁ(:)]

F'(@)
arg
H(2) . ()
—a-ta
£(2)
=) +———— - 2p'()) =7 + Plag) - s
1 —a+4 :g_(z)
8(2)

where

a

r=p@); s=2p(s) and P(a, g) = -

1_a+a~'8(~')

§(2)

We will show that {(r, s) is an admissible function (definition 2) with A =
= c®. The conditions (A) and (B) are obvious. In order to verify the condition
(C) it is sufficent to show that

$o = Y(7e, So) & Qy
or

Yo = 9(Co) + m P(ax, 8) Log'(%o) = Qy

where

,c0'=l:§o#_1
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we hawe
¥y — 9(Zo) — m Pla
Zoq'(%o) ( g)
or
| arg Yo —4(%s) | = |arg P(a, g)| 6)
%0q'(%o)

Since g is starlike and Rea > |a|* we deduce

2g'(2)
Re(a — | «}?) + | a|*Re @
Re P(a, g) = £ >0

Hence we have
|arg P(z, g)] < -

From (6) it follows that the angle 0: between the vector ¢, — ¢({,) and the
outer normal to the boundary of ., at g({,) is less than g-

Since Q, is a convex domain it follows that ¢, ¢ Q,. Hence ¢ is an admissible

function from thcorem 1 we deduce (4) whieh completes the proof of theorem
2.

Remark. In the above proof we have used only the property that g(U)
is a convex domain.

THEOREM 3. (INTEGRAL REPREZENTATION FORMULA) .
A function f(z) is in Cy(a), Rea > |a|?, 0 <y < 1 if and only if there exists
a function F € C, so that

fz) = L,[F(2)] (7)

Prqof. The pr'oof of this thcorem is similar to that of theorem 3 on [2]
where it shows first that the function L,(F) is regular and univalent, then
through differentiation the equivalence between the relation (6) and the de-

finition 1.
CoroLLAry 1. If F & C, then L,(F) < C,
The proof is imediately using the conclusions of theorems 2 and 3.
TaeoreM 4. If f (2) « C (a) and f(2) =2z + ap® + ... then
la,|] ¢ ~=Yr=1
11+ a(n —1)|

Sfor
n=23 ...
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Proof. In [13] A. Rényi shows that if F « C, and F(z) =z + b,22 +
... then '

b <ldyn—1 0<y<l

According to the definition 1 we have

b, = (1 — a)a, + ana,

or
a1+ alh —1)] < 1+4y(n—1)
therefore
la,| < I’Tj{—:“(:—:%
Remarks
1) If « = 0 and y = [0,1] we obtain the estimation for the coeficients a, given

by A. Rényi in [13].

2
3)

in

) If vy =1 we obtain the estimation given in [8], [10].

If « = 0 and y = 1 then we rediscover the estimation given by M.O. Reade
[11] for the coeficients of close-to-convex functions |a,] < #; and for « =0,

Y =% we obtain the estimation in [12].

—

da N

o N »

{Reccived January 26, 1981)
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FUNCTII ALYA-APROAPE-CONVEXE DE ORDIN vy
(Rezumat)

fn aceastd lucrare este introdusi o moud clasi de functii notati Cy(a) §i se aratd 1:83“‘;
steia cu alte clase de funcfii. Este datd reprezentarea integrald a funct;x‘llor din aceastd aS-
aic eestimm'ea coeficientilor, Pentru valori particulare ale parametrilor se regisesc rezultate impor

tante cunoscute.
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INDICATEURS INFORMATIONELS DE CLASSIFICATION

ELENA OANCEA

I’article présente deux indicateurs informationels avec leurs propriétés
dont il résulte certains procédés qui peuvent étre utilisés dans le probléme
de classification.

1. On sait que la redondance [1] est un indicateur informationel associé
A deux variables aléatoires — caractéristiques statistiques X et Y, données par

R(X|Y) = H(X) — H(X[Y) (1)

ot X, Y ont respectivement les répartitions:

X(i) % (&) 2)
Pii=Tm g5 lj=1m
H(X) c’est l'entropie de Shannon [2]:
H(X) = — 21, log #,
H(XY) = 27 H(X | y)9;
H(X|y;) = =2 1«1 P(X=x,|Y=y,) log P(X =x, |Y=_v,-)=21’="-;'—’1°s';“‘," (3)
5

les probabilités p,; = P(X=x, N Y=y,-) caractérisent la répartition bidimensio-
nelle de (X, Y). Il en résulte de (3) que I'entropie conditionée de X par Y : H(X |Y)
peut étre donnée par:

N H(X IY) = - ;Ll q,- 2;;11-;‘—’ (log j>,-j —_ log qj) — H(X m Y) __ H(Y) (4)
]
ou 2iati=g, =1, m

Propriété 1. Si X, Y sont des variables aléatoires indépendantes alors
R(X|Y)=0."

On sait que X, Y étant indépendantes < p,; = pg;, =1, #, j =1, m.
De (3) on a:
H(X|y)=—2iplogp, Vi=T, m
H(X|Y) = H(X),
par conséquent R(X|Y) = 0.
Réciproquement si R(X|Y) = 0 = H(X) = H(X|Y), c’est-A-dire :

—2iapdogp = — 3 Fig; T B jogt (5)
’ s
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de cette egalité = .
Pij=ﬁuQJ» 1= 1: n, .7= lv m,

donc X, Y sont des variables aléatoires indépendantes.

Propriété 2. Si X =Y on a:

R(X|Y) = H(X) = H(Y) (6)

et réciproquement. " o

Si X =Y il résulte que les probabilités p; vérifient
0,7 +#)

i i=1mn (7)
Pi=q, 1=

pii= ‘
Alors R(X|Y) = H(X). &
Si R(X|Y) = H(X), c'est-a-dire H(X|Y) =0, et en tenant compte de
(3) il faut que H(X|y;) = 0. On sait [2] que ’entropie d’une répartition dis-
créte est nule si le systéme des probabilités a la forme (0, 0, «.., 1, 0, ..., 0).
Par conséquent dans ce cas:

I, i=j53 . . —
glgi= 1" i, j=1,mn, 8
Piild; [O, i £ J 8)

c’est-a-dire p;=y¢;, j=1,n Et en tenant compte de} la répartition bi-
dimensionelle de X, Y, il résulte g; = p4, 7= 1, » et en supposant x, =y,

t=1,n cet a dire X =Y.
Propricté 3. Quels que soit X, Y la redondance R(X|Y) vérifie I'inégalité
0 < R(X|Y) < H(X). '
Dec 'inégalité de Shannon: H(X|Y) < H(X), il résulte immédiatement que

R(X|Y) > 0. Aussi de la relation (1) et de la propriété 2, voit-on que R(X|Y)
a la valeur maximale H(X), donc: '

0 < RX|Y) < H(X).
Proprieté 4. La redondance est symétrique relativement a X, Y:
R(X|Y) = R(Y |X). 9)

On sait que [2]
H(X N Y) = H(X) + H(Y |X) = HY) + H(X|Y),

d'ot on a:
H(X) — H(X|Y) = H(Y) — H(Y |X)

R(X|Y) = R(Y |X).
On peut considérer la redondance normée

ou

- HX|Y .
RX|Y)=1-— ﬁ, X différant d’une constante,
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On voit que

i. R(X]Y) =0« X, Y sont indépendantes,

ii. RRX|Y) =1« X =Y (dans le sens des probabilités)

iii. 0 < RIX|Y) < 1.

Remarques. 1. La propriété 3 devient 0 < R(X|Y) < logyn si X a le sys-
téeme de probabilités (1/n, ..., 1/n).

2. Dans le cas ol la dépendance entre X et Y est de la forme Y = f(X)
f étant une fonction detérministe, alors la répartition de Y est

“(5)

et R(X|Y) = 0. C'est-a-dire R est un indicateur qui donne information relative-
ment 3 la dépendence aléatoire entre les deux variables X et Y.

2. Un autre indicateur informationel pour deux variables aléatoires —
— caractéristiques statistiques X et Y est la distance informationelle

i=1,n

_ HX|[Y) + HY|X)
DX, Y) HE ) , HXNY) #£0, (10)
ob H(X N Y) = — ) i;pilog py
et HXNY) >0, pour X, Y différent d’une constante.
On voit que D(X, Y) > 0 quels que soit X, Y avec H(X N Y) > 0.
Proprieté 7. Si X et Y sout indépendantes il résulte D(X, Y) = 1 et réci-
progquement.

De la propriété 1, point 1, on a dans ce cas H(X|Y) = H(X) et H(Y |X) =
= H(Y), et on sait [2] que
_ [H(X) + H(Y) pour X, Y indépendantes,
~ |H(X) + H(Y|X) pour X, Y quelconques.
Donc si les variables aléatoires X, Y sont indépendantes il résulte

' D(X)Y) = 1.
Réciproquement, quand D(X,Y) = 1, c’est-a-dire
H(X|Y) + H(Y|X) = HX O ),
mais en tenant compte de (4) on a
H(X|Y) + H(Y|X) = H(X) + H(Y|X), (1)

Et pour que (11) soit vraie, il faut que H(X [Y) = H(X), ct en conformité avec
la propriété 1 point 1, il résulte X, Y indépendantes.
P;ropneté.Zt.'SQT X_=}/ la distanc}e{ D(X, Y) =0 et réciproquement. On
a vu la proprieté 2 point 1, que pour X =Y H(X|Y) = 0 et aussi T1X) =
=0, alors D(X,Y) = 0. (K1) € ansst HY1X)
Réciproquement si D(X, Y) =0, il faut que

H(X|Y) + HY|X) = 0,

HXNY)
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ce qui est possible parce que H(X|Y) > 0, H(Y|X) > 0, seulement quand
H(X|Y)=0 et HY|X)=0.
Mais de la proprieté 2 point 1, on a dans ce cas: X =Y. - .
' Proj)riétf‘) 3.P Quels que soit X et Y, la distance D(X, Y) vérifie la rélati-
on:
0<DXY) <1 (12)
La premiére partie de cette inégalité résulte immediatement. Pour la deuxi-

¢me on a:
HX|Y) + HY|X) _ HX|Y) + H({Y |X)

DX, ¥) = HIX nY) H(X) + HY |X)
¢t conformement a lindégalité de Shannon H(X) > H(X[Y), on a
DX,Y) < 1

quels que soit X et Y. _ .

Remargues. On voit que D(X,Y) est un indicateur informationel rélative-
ment 4 la distance aléatoire entre l¢s deux variables. La distance est nule si
X =Y ¢t dans le cas ou X, Y sont indépendantes la distance a la valeur
maximale un. .

La rcedondance a la valcur maximale dans le cas ou la dépendance aléa-
toire cntre les deux variables cst la plus forte (X =Y).

3. Ces indicateurs informationels, donnés au point 1, et 2, peuvent étre
utilis¢s pour la classification de deux ou plusieurs variables aléatoires (carac-
téristiques  statistiques) aprds lcur d(pendance aléatoire. Clest-a-dire la crité-
rium de classification est la dépendance aléatoire cntre les deux variables
aléatoirces. .

Soit X et Y deux variablcs al¢atoircs discrétes avec les répartitions don-
nées par (2). Alors en calculant R(X|Y) on a:

. Si RX)Y)=1eX=Y.

2. R(X|Y) =0« X, Y sont indépendantes.

3 R(X|Y) =¢, e = (0,1), la dépendance aléatoire entre X, Y est de
niveau e.

De fagon analogue si on utilise la distance D(X, Y) et ses proprietés.

Dans la pratique statistique X, Y sont des caractéristiques statistiques
obtenues par la recherche, avec les distributions statistiques de la forme discréte
données a (2), ’

L'algorithme pour évaluer la dépendance entre X, Y est:

Avec la redondance R :

1. On caleule R(X|Y).

g. g.n choisit un niveau de signification a(a € (0, 0,05))
. Si

a. I?(X IY) 21 —a=X=1Y, si on suppose que les valeurs de X et
Y sont aussi coincidantes.
b. R(X|Y) <a, = X, Y indépendantes.

c. RIX|Y)=8,B<=(e, 1 —a)=X, Y ont une dépendance aléatoire
de niveau .
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Remarque. On peut classifier un nombre quelconque # > 2 de variables

aléatoires ou caractéristiques statistiques X,, ¢ =1, # aprées la valeur de R
par le tableau

R|X, |X|...|X.

Xy Rnl Rnl . l _1'.

X, | Reel - - - | Ran (13)
RN

X | | |Rw

ol Rij= R(Xu Xi): i=1, n j= L, n Rj ct le"f: LLi=1 n

Avec la distance D

1. On calcule D(X, Y)

2. On choisit un niveau de signification « € (0, 0.05)

3. Si

a. D(X,Y) >1— a, = X, Y indépendantes.

b. DX, Y)<a=X=Y (si les valeurs de X et Y sont coincidan-
tes).

c. D(‘)Y, Y)=p, B=(a, 1 —a)=X, Y ont une dépendance aléatoire
de niveau 8. .

On peut aussi classifier plusieurs variables aléatoires ou caractéristiques
statistiques en construisant un tableau du type (13) pour la distance infor-
mationelle.

Conclusions. Les indicateurs informationels présentés étant calculés seule-
ment avec les probabilités des leurs répartitions ont aussi 'avantage d’étre
utilisés avec succeés dans le cas des caractéristiques statistiques de type qualita-
tives (sans des valeurs numériques dans leurs distributions statistiques).

2. Ils donnent une indication aussi dans le probleme de la correspondance
entre deux distributions statistiques ou répartitions probabilistiques, ce qui est
inclus dans la proprieté 2 point 2 et 1.

-
<

-,

(Manuscril regu le 7 février 1981)
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- INDICATORI INFORMATIONALI IN CLASIFICARE
(Rezumat)

Articolul prezinti doi indicatori informationali:

: C redundanta i distanta informationald cu
proprietdtile lor, din care rezult¥ anumite procedee uti e : '

le in problema clasificarii,
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CONEXTIUNI SI SECTIUNI PARALELE IN FIBRATE VECTORIALE

M. TARINX

§ 1. Notaii si preliminarii asupra fibratelor veetoriale. Fie £ = (E, =, B, F)
un fibrat vectorial, avind E spatiul total, B spatiul de bazi, =: E — B proiectia,
F fibra tip (spatiu vectorial real, dim F = m). Vom presupune cd E si B sint
varietiti C®, far  este o aplicatie diferenfiabild C®. Fibra in punctul x€ B
este varietatea F, = n-1(x), avind structura de spajiu vectorial. Notim cu §(B)
multimea functiilor C=, definite pe B cu valori reale si cu Sec g, §(B)-modulul
sectiunilor lui € cu valori in R.

Notim cu £* dualul fibratului £, anume E* = (E*, =, B, F*), unde F* este
dualul spatiului vectorial F, E* = |J F;, unde F; este dualul lui F,, iar =*:

e B
: E* — B este proiectia.

Ne vom referi in continuare la constructiile standard efectuate cu unul sau

mai multe fibrate vectoriale date peste aceeasi bazd. Anume, fie §, = (E, =, B,

f“) i =1, p p fibrate vectoriale peste B. Produsul tensorial al fibratelor &, este
ibratul

El®"'®5ﬁ={El®"‘®Eﬁlﬂ®iBlFl@"'®Fﬂ} ‘
unde avem E; ® .... ® E, = L_)D(F,)z ®...® (F,)., proiectia n® fiind definita

XE

in mod obignuit. Dacid avem §, =§, = ... =§, =% vom nota cu ®*§ =
=E® ... ® E, puterea tensoriala a fibratului .

Notam f{ibratul tensorial de tip (p, ¢g) construit pe & prin
& =(® ) ®(®%")

NA?E = (APE, A, B,A*F)
puterea exterioard a lui § datd prin A’E = \J A?F,, (F, o~ F) si unde x: A’E —

. . xea M
— B este proecfia definiti in modul obisuuit.

In. mulfimea B-morfismelor fibratelor vectoriale de aceeasi bazi B, un rol
deoseb1t. il au B-.m'orflsmele liniare, respectiv multiliniare, canonice, ce co’respund
unor obiecte definite in algebra liniara. In cazul fibratelor de dimensiune finita
l$a11 alr thc?tulor bijective, B-morfismele respective sint izomorfisme. Referitor
disgri% ultlisst'lit 8t:gensonal avem 1zomor_flsmele de asociativitate, de comutivitate, de
cle qavitate, precuflp $1 izomorfisme le.gate de dualitate, care combinate intre

Su difer ¢ morfisme canonice referitoare la fibratele tensoriale.

¢ linga acestea, avem §i morfismul liniar canonic

Fie de asemenca

GiE—ET p21,¢4>1
fumit contracfia in indicii j §id. (1 <4<, 1 <5 <y9).

4 — Mathematica 1982



M. TARINA
50

De asenienca existd citeva B-morfisme remarcabile, legate de algebra exte-
rioard, de. proprietatile nmulfirii exterioare §i. de.dualitate. Morfismele, mentio-
nate mai sus se definesc prin corcspondcntele indicate mtre sectmmle corespun-
zitoare, deasupra unei multimi deschise U.c B

Un astfel de morfism se obtine considerind aplicafia

,h,|
o: 1S eo&XHSec E,*xSeeE’—»Sec E,”“’
1 . ;

ot

o ; Lo ) .
def)mtade -; e T ! }

1

(s e 5 S S M@ ® DM . @u) = D
. <S;u t*) <u=' sl> . <“h: sh> “’l-l-l ® ® u‘l ® tk"l ® ® tP

unde 'li <q k j) iar ¢si, Iy, smt conccputc ca 51 sccpum ale f:bratulm
trivial B X R - B..

PROPOZI’}‘IA 1 1 A;blzcaha o mduce morﬁsmul de f'zbralc

o EF ¥

" .

S,.. +k [,“ Sy oo Sk . p—k

P-s' = Ck+h .- Ck+\ Ck .0 o Eq—’ Ean
*h

unde " '.',,,s* : E - E, k este definit local de
. 1 vei'$ » i . R A

O TREN 3;

<t® FOKB.. B =8® . BUBL® .-
®tﬁ®31® PR ... @up

Citeva cazuri particulare vor fi considerate in cele ce urmeazi.

1. Fie k=0, p =0. o sectlune in fibratul &) ~ (£*)§ se poate coucepe
local cao forma q-hmara ' Sec £ Xx. - X Sec{ —+R §1 avem

R
a B N \

(sl, S, ...,s,,, ‘) (s,.+,, ...,sq) —co(sl, ...,s,,, ceey sq)

Aceasta revine de.fapt la flxarea argumentelor S1y +v ., S in forma conmderat'l
Forma o corespunzitoare sectlunu lui & poate fi o formi ‘simetrica *sau anti-
simetrici. Cea de a doua 51tuat1e ne va furniza o operatle cunoscutd in algebra
formelor deerentlale exterioare .pe €. Mai precis are loc urmitoarea situafie,

2. Considerind cazul formelor exterioare’ i -aplicatia canonicd 9: ®" E*
—A%* deducem cia aphcatla G mduce acum un ‘morfism -

, y.s.,,. s -/\" E* - /\”"E"‘
definit de Ms,,....s, 51 0, (£ =0).
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“.Dealtfel putem considera fibratul'A? £* ca pe un subfibrat al fibratului g3
Smtem condusi ‘astfel la cunoscuta operatic de produs 11.1tcnor Anume pentru

=0, p =0, & =1, aplicatia p. revine la
- o1: Sec £ X A’ % - Ao
fiind definitd de o
R oy(s, @) (S, + o) Sg—1) = @(S, S1, .0y Sq—1) - T
adica
. 04(S, ©) = 3(s)w
unde 7(s) este produsul interior definit pentru orice ¥ € B, pe modulul Sec AE*
prin relajia
i(s,)o, = s, to,
Demonstratia Propozijici 1 se face fixind secfiunile sy, s,, ..., 55 € Sec §,
s}, 83, ... Sx € Sec &*, considerind aplicajia

o

gl 5ec b — Sec £} 1 e Sec & ‘
sl,...,sh
undc
"o - o RN P
S1s cven § . . . Lo Lt .
r)'s' s"(T)=O‘(81,$2,...,S,, S1, S2, +. 3 Shs T)- .. R

1 s

e SN ' - h
si tinind scama ca in general avein & ® &), ~ E97}0

Ulterior folosim notagia . » 7 ( T

I A
Tv csl,., S, (T) ot .
@i § 2. Conexiuni gi secfiuni paralele. O conexiune liniard in fibratul vectorial
§ este ckfnnt?t printr-o aplicatie $(B)-liniard in primul argument .
v; 3’0(B) X Scec £ —» Sec & (2.1)

. H . TS . . “’ ' ] ; N .
astfel ca pentru orice: X = ST l(B) aceasta dcfmestc un opcrdtor Vx De. Sce &

..on'/= V(X, O') .

care este R-liniar §i este o derivare, adici ’ :

UV 8) = X s+fV s fegr(n) seSeC g | [(2:3)

O sectiune s € Sec £ se nmne:;te paralela in raport cu conexiunea y daca.
avem D

i

Ves=0 VX < gl(B) (2.4
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O conexiune liniari pe fibratul £ induce o conexiune liniard pe fibratul dual,
respectiv pe fibratele tensoriale sau exterioare asociate. Astfel existd o conexiune
unici y* pe E* care verificd relafia

< Vis*, s> + <s*, Vs> = X(<s* s>) (2.5
De asemenea, daci pe fibratele vectoriale £, £ se dau conexiunile liniare V, res-
1 2 1

pectiv V, atunci pe fibratul produs tensorial £ @ £ se defineste in mod unic
2 12

conexiunea produs tensorial V=V ® V. In particular pentru o conexiune
t 2

liniard V definitd pe £, existd o conexiune liniard pe fibratul ES, respectiv pe
AYE*, astfel incit, pastrind acecasi notatie si avem formulele

Vi(s® ) = Vys @1 + s @ Vyt (2.6)
respectiv X
Vi(s* A t*) = Vys* A t* 4 s* A V,i* (2.7)

operatorul V, comutind cu contractiile.
Intr-adevar, pentru o l-formid o € Sec £J, s € Sec § din (2.5) rezultd
(Vxw)(s) = X(a(s)) — o(Vys) (2.8)

Mai general, pentru un fibrat £/ si pentru o secfiune w € Sec! din for-
mulele (2.5), (2.6) deducem

Veo(ST, <o Sp3Sp, -0y Sg) = X((S1, -+ Sp; Sy - -- Sg)) + (2.9)

P L . L q L] .
=208 o VxS, Sy e S) — Yo 0(st, e Spi Sy e ViSg Sy
t=1 J=1

unde s; i =1, p;s; j=1, g sint secyiuni ale fibratului E* respectiv £. In
particular pentru o sectiune w & Sec &) avem

,
Vxo(s1, Sz, -+, ) = X(o(sy, Sp, ..+, §)) — D08, o Vysy, ... Sg) (2.10)
=

care este valabild de asemenea pentru derivata covarianti a umei secfiuni o €
< Sec\? £*. Astfel, de exemplu, pentru ¢ = 2 avem binecunoscuta formuld

(Vxw)(s1, 82) = X(a(sy, s2) — (Vx 81, 83) — ea(sy, Yy 55)
Cu notatiile din § 1 avem
Prorozitia 2.1. Fitnd dat fibratul vectorial £ dotat cu o comexiune Liniard
V 51 sectiunile paralele s; = Sec £*, s; & Sec E avem relatia
Vr = V7% (2.11)

pentru orice + € Sec EF.
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Afirmatia rezultd imediat din formula (2.8) si din . conditiile Vys, =0,
i=T,—f,VXS;=O,j=1,k. .

Sectiuns recurente. Enuntul propozijiei precedente se poate extinde in anu-
mite conditii pentru sectiuni recurente ale fibratului  in raport cu legea de deri-
vare V. O secfiune s € Sec £ se numeste recurentd fatd de V dacd existd un
covector ¢ € T9(B) astfel incit sd avem :

Vs = @(X)s (2.12)

Aceasta nofiune constituie o generalizare a nofiunii de sectiune paraleld. Atunci

putem enunia ) ) )
ProrozITIA 2.2. Fiind dat fibratul vectorial E, 0 conexiune V pe & s1 sec-

fiunile recurente s, € Sec £ i=1, %, s; € Sec&*, j=1, % satisfdcind Vys, =
= @(X)s, Vx5, = $;(X)s;, atunci pentru o sectiune T < Sec g are loc relatia
(2.11) dacd st numai dacd avem

Set Dby =0 219)

i=1
intr-adevir, $inind seama de relatiile de recurentd in formula (2.9), in baza
L d .

Sk

relatiei (2.13) prin aplicafia o::ﬁ'_',',; obtinem

~ ﬁ i
Voe(one1s e or Spi Sto oeor S0 = X(x(sg Spo v o s s) = 3 w52, VigSwre - -1 57)
a=h+1

h

L L4 . k A .
TSy, .- Sp S1 - .. VySa, ...,s,,)—(Ecp,—}-zt.{;;)r(sl,s,, ce Sg)=
i=

=1

g
B=k.

1

= (VT)(SIH-;, Sgy « 4 S;).

_Afirmatia reciproci este de asemenea valabild cum se recunoaste imediat
din formula de mai sus.
§ 3. Fibrate vectoriale inzestrate eu strueturi geometrice. Fie £ un fibrat
vectona;l, V o conexiune liniard pe £ 5i @ € Sec &) o sectiune paraleli a fibra-
tului §;, adicd pentru care avem ‘

Vo =0 (3.1)

_Putem considera ca sectiunea w defineste: o structurd geometricd pe &, co-
]nemunea v f.nndA 4compat1‘b11a cu aceastd structura. Cazurile remarcabile pe care
ie vem studia sint cele in care avem o € Sec y2E* respectiv @ € Sec AZE*.
: ax; %Jnm]uldcaz vom spune cd fibratul £ este inzestrat cu o metrici riemanniani,

. v cel de al doilea caz vom spune cd § posedd o structurd simplectici. Conexiu-
nea VS {amxtne in fxegare caz compatibild cu structura data. -
4 notdm cu Sec i iuni i i lele
conenmaram o v & m}llpmea secfiunilor fibratului g paralele in raport cu

S . Cu notapllc introduse mai sus avem.

. < SI{OP(())AI’?‘IA 3.1‘. Fie v o conexiume liniard pe fibratul vectorial §. Dacd
ecyly 50 s, & Secg &, ¢ = 1, h atunci avem §i & = Secy E_,.
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vs

intr-adevir, din relatia (3.1) si din conditiile Vs, = 0 rezultd . : -
_ V& =0 . ,».
COROLARDL 1. Dacd » € Sec VIE* ,n emsta q—2 sectwm paralclc ;be

rezultd ¢d & € Secy \/2E*. ' ’

Cu alte cuvinte, forma w defineste o metricd riemannian pe E, fibratul E
fiind in acest caz metrizabil.

. _CoroLARUL 2. Dacé o € Seco\? E* 51 dacd existd 9—2 secfiuni paralele
pe B, atunci & € SecgA? E*, prin urmare & defineste o structurd szm;blectzca pe E.

Y — conextuni. Formularea propozitiilor de mai sus este posibild utilizind
notiunile de X-fibrat §i X-conexiune, introduse in [3]. Un Z-fibrat apare ca
analogul notiunii de G-structurd, din cazul fibratelor principale, fiind o reducere
a fibratului £ la un subgrup algebric al lui GL(F). Un astfel de grup este deter-
minat de elementele lui GL(F) care invariazd o formi o € A? E*. Notiunea de
ZT-conexiune se introduce in mod natural, prin cerinfa de a fi invariate sectiunile
dintr-un anumit sistem Z. Omitem acum aceste detalii.

§ 4. Cazul fibratului tangent la o varictate diferentiahili. Considcratiile
de mai sus se aplicd in modul cel mai simplu la cazul fibratului tangent E,, al
unei varietiti diferentiabile M (dim M = n), adicd fibratului &, =(T(M), =,
M, R”). Sectiunile lui €, sint in acest caz cimpurile de vectori tangenti, iar sec-
tiunile fibratului (&,,)) sint cimpurile de tensori de tip (p, ¢). Particularizarea
aplicatiilor si a relatiilor considerate este in acest caz evidentd. Astfel, de exemplu,
formei w € Sec £) si unui sistem format de r cimpuri vectoriale paralele Y,
{ = 1, &, le corespunde forma & € Sec (EM)q B

fntr-un sistem de- coordonate (%), in care sectiunile Y au componcntck
Y*, componentele formei & sint.

«

PR

Oji e Tgey = Wi, .. 5, 5 R

YR YR Y
1 2 r

Proprietatea de invariand. a operatiei considerate, in raport cu counexiunca
v, exprimatd de formula (2.11), rczultd astfel si pe comnponente. Corolariile
propozitiei 3.1, corespund respectiv urmétoarele enunfuri.

Prorozryia 4.1. Dacd pe varietatea cu comexiunc afind (M V) existd o
formd y de grad q simetricd, avind derivata covariantd nuld si q-" cimpuri vectoriale

paralclc U,, i =1, ¢g—2, atunci forma - ER L
FXY) =y(Uy :ih Upnas XYY
dajme;te 0 metricd riemanniand pe .M, mvamanta prm V.-

PrOPOZITIA 4.2. Dacd pe varietatea cu comexiusie afma (M, v), -éxistd o
g-formd « cu derwala covariantd nuld §i q—2 czm;‘mn vectomale pardlcle mdepen-

dente U, i =1, =2, alunci 2- ~forma , T
oo b0t P A
a(X,Y) = (U, ..., U,_Z;X, Y).,
defineste pe M o structurd simplecticd, invariantd prin .y. - -
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Observatii. 1. Formele ¥, & depind respectiv de ¢impurile vectoriale ‘paralele,

dar nu depmd de pozifia argumentelor fixate de acestca.
C 2. Propozltu]e de mai sus se extind la cazul cind forma multiliniard conside-
ratd aré proprietifi de simetrie (antisimetrie) numai in dou3 argumente, restul

de q—2 fund fixate de c1mpur1le date. Aphcatu ultenoare s€ vor referi la acest
CaZ. A N s

3 O oblectle asupra ef1c1ente1 cntenulm de 1netr1zab111tate dat. de Propom-
;m 4.1 ar fi existenfa formei multiliniare simetrice y cu derivati covarianti nuli.
Pentru o varietate diferentiabild paracompacti emstenta unei metrici riemanniene
este asiguratd. Plecind de la acesta se pot construi forme simetrice (alternate)
Aplicarea procedeului de mai sus acestor forme poate da unele situatii intere-

sante. De exemplu considerind forma y € §3,(M), y=g® @ «.. ® g-§i

. . ] . A R on

cimpurile paralele . U,, 7 =1, 2»n — 2, .metrica ¥ obfinutd prin fixarea primelor
2n—2 argumente este conformi cu & factorul de conformitate fiind .p = g(Uy,
U,) ... g(Usu-3, Usu-2). Pe de altd "parte, existenta celor 2#n—2 cimpuri para-

lele mdcpcndente U, este asiguratd pentru spatiile 2n — dimensionale. K* —
simple, in sensul lui ‘AG. Walker [61.

Aplicafii la spajii simetrice. Propozifiile de mai sus se pot aplica la va.netatl
riemanniene (M, g) simetrice in sensul lui Cartan (yR = 0), v fiind conexiunea
riemanniani.

1. Astfel, considerind tensorul,simetric de curburd
GU XY, V)= %{R(U, X, Y, V)+R(UY, X, V)} " (4.4)

si cimpurile paralele U, V, € ¥(M), din Propozifia 4.1 rezultéwéﬁ tensoru !
G(X,Y)=G(U, X, Y, V,) defineste. o metrica remanmana pe M invarianti
prin V. Analog cousiderind tensorul alternat

A(U.X,Y, V) = S{R(U,X,Y, V) — R(U, Y, X, 2)) (4.5)

din Propozitia 4.2 rezultd cd tensorul A(X Y) = A(U,, X, Y, V,) defineste
o structurd simplectici pe M, invarianti prin V. Dealtfel, astfel de structuri se
obfin §i direct fixind primele (sau ultnne]c) variabile in tensorul covariant de
curburd R. <

2. Spatulc (M, V) K*—31mctnce [6] smt accle <paj:n 51metnce Cartan (VI"
= 0) pentru care existd un cimp ¢ € § Y(M), astfel ca si avem

, o T chl + (Pk Jlt + th = O . ‘ (4.6)
Daca ) ;1 U sint paraleh fa;a de v, din Propoyma 2.1 rezultd ca forma L
. . ’ ‘Dkl == Fm P U e (4.7)

-4

defme§te o structuri sxmplectlca pe. M mvananta fa‘;a de V.- =

4
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Introducem tensorii contractai de curburd
1 i
Py=Tw Ti=Thu ) (4.8)
mentionind ci in cazul unei metrici riemanniene avem Py =0, iar in cazul
unei conexiuni liniare fird torsiune avem Py =TIy — [u.
Din (4.6), prin contractie, deducem ¢, Py + ¢, Py + ¢, Py = 0 adici ¢ A P =0.

Pe de alta parte notind v, = I' U4, inmulfind contractat relafia (4.6) cu
U’ obtinem, contractind in ¢ §i 4, ‘

Oy = Do Ui =Ty 9, U — Do, Ui = v, — UWPr

adicd avem ® =9A ¢ astfel ci tensorii P §i ® definesc structuri simplectice si
putem enunta

ProvroziTia 4.3. Dacd (M, V) este o varictate cu conexiune liniard, K*-
simetricd cu vector @ paralel, iar U este un cimp vectorial paralel pe M, atunci
Jorma @ defineste o structurd simplecticd invariantd pe M 5i avem ® =v A ¢ unde
v are componentele v, = I'y UJ.

Un analog al acestei propozitii se poate stabili pentru spatii K*-nesimple
(in care se stie cd vectorul ¢ este recurent), particularizind in mod convenabil

Propozitia 2.2.
(Intrat in redactic la 10 fehruaric 1981)
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CONNECTIONS AND PARALLEL SECTIONS ON VECTOR BUNDLES
(Summary)

In the paper some topics about the comnections defined on a vector bundle Z and on their

tensor bundle 5‘; are discussed. Namely, given the sections s; € Sec &, (i=1, & &k < P sy €

. .
€ Sec£* (j=1, k& h < g) the morphism ' "%k,
S$)p000,8
to be induced by a product of comtractions. (Prop. 1).
Then one considers the case of parallel (or recurrent) sections s,, s; such that the formuia (2.11)
holds. (Prop. 2.1, 2.2). Yiber bundles endowed with a Riemannian (or Symplectic) structure, which
is induced as above from a syminetric (or skew-symmetric) parallel form o € Sec 52 and from

9 — 2 parallel sections, are considered in §3. (Prop. 3.1, 3.2). Some applications are given in §4
concemmg‘the t'angent bu{ldle of an affine connected manifold A7. These involve the curvature
tensor of Cartan’s symmetric spaces, or of Walker's symmetric K* — spaces (Proposition 4.3).

5: - Ef”:: is introduced which turns out
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SUR IL’APPROXIMATION PAR DES POLYNOMES, DANS Ch.y

SORIN GH. GAL

i

Notons Clo, 1= {f € Cp, 1); f': [0, 1] =R, f’-continue}.
En utilisant les résultats de [1], [2], le but de cette note est de montrer que,
pour chaque fonctionf € Clo, 1;, on peut trouver une suite de polynbmes (P.)nam
ayant les propriétés: L
1) (P,)sex converge uniformément vers f (sur [0,1]) ,
2) (P,)nex est décroissante, c’cst-a-dire
P(x)> Poii(x), V2 [0,1], VneN

"3) (P.)nex converge uniformément vers f' (sur [0, 1])
4) (P,),en est décroissante, c'cst-a-dire

Pyx)> Pon(2), Vx<[0,1], VneNl.

Puis, le résultat s’étend dans le cas de I'espace Cly 1j, p > 1. R
§ 1. Soit f € Cy, 1; et notons avec

(Bm f)in) =§(’:) cxb - (1 — x)mh f(f;) m « N,

les polynémes de Bernstein. Dans [1], j'ai démontré le résultat (théoré‘me 32):
Pour chaque f € Cy ) il cxiste une suite (M)uey, M, €N, m, <my < ...,
m, 225 4 oo (dépendant de f), ainsi que la suite de polynémes (Q,)nen,

Qn (x) = (Bm;.f)(;v) + a,',,
(ot

k4

a_=2k0-2jl’=2ko(—(l+2l’+3l’+ N ))

j=n (»— 1)

ko = la constante de Stkkema) converge uniformément vers f, monotone décroissante.
Mals-,f(g)n( sait gue si f € Clo, 1;, alors la suite (B, f)%hy converge uniformément
vers sur [0, 1]). Alors, il résulte immédiatement que la suite (Q» ; er-
ge uniformément vers f#), p > 1. A lieu le i (0" )nex. conver
TueorEME 1.1. Vf « Clo ,, 1l existe une suite (M )ran, 7, € N, 2, <1y <
< ..., m 00, ainsi que la suite de polynémes P,(x) = Qu (%) + = - a,
vérifie les propriétés 1), 2), 3), 4). Ko
Démonstration. Comme (Q;).ex converge uniformément vers f (sur [0, 1]),

il existe (®rex, m, €N, By <y < ..., 1 -0
avec * '

10n(x) = f@)1< =, YEeN, Vze[o1] (1)
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. . % .
Evidemment (Q,):en converge uniformément vers f et = % converge uni.

formément veérs 0, d’ot1 '(P,)iex converge uniformément’ vers f. Puis, nous
avons
RS IR SS ST

Pk(x) - P’H-I(x) = an(x) - th.H(x) + 1%0 : ((l‘, - ak-H)'

Mais . .."-m:f""

~sp ey g TR

’ "a_-i -,"‘ Q’nk(x) ‘—L "H-l x‘) > O Vx E [O 1] Vk EN- . '1

[T

vy
)

(car (Q.)sex est décroissante) et a, — apyy >0, d'oll P( ) - i’:k+|(x)‘> 0
Vx € [0,1], Yk €N, donc (P Jken €st dccroxssante

Puis Pi(x) = Q., (v). T donc év1demment Pk)keu converge muformément
‘0

AR

vers f'. : o o |
Enfin, Pk(x) - Pk+l(x) = Qn,‘(x) Qnisr(%) + ;;__ oty — ) = 0 () —

Mais, de (l) nous avons | Q,,(x) —-Q,.Hl(x) |Q,.k(x) —'f’(x?] + lf‘(?) -

— Qe (0| —+— <2, VxE[Ol] VkeN,

(& +. 1)- T B
d'ot Pi(x) — PH](x) S0, vx € [0, 1], Y% N,
donc (Px)re x est decrmssante c.q.e.d.

COROLLAIRE 1. 2." Pour chaque fe< c! 0, ,], il édiste ‘une smte de ;bolynémes
(R )nenN, avec les propriétés 1) 3) et 2) (R ),‘eN est crozssante '
3’). (Ru)nen est ‘croissante. »
La démonstration en est analogue en tenant compte du corollaire 3.3. dc [1].

COROLLAIRE 1.3. Soit p > 1 et f € Cfy ). Il existe une suite de polynémes
(S\)nen en vérifiant les propriétés : :

o

I). (SV),en corverge uniformément vers f9, sur [0,1], Yi=0,1,. , p.
H)’."'"(Sf.“)',','ejq ‘est décroissante, V¥ =0,1, ... p. " :
' Démonstration. Considérons P =2et la suite de polynomes (P,)nex du théo-

réfine 1.1 Connmne® foe €y, il resulte que la suite (P,.),.e\ converge umforme-
ment vers f”. X

Alors, il existe-{1,hre,n, 1, € N N By < i aeey By = 00,
avec shoe s ,‘.'"\ Cuger ey

vy A

) ([ =Sl < VRSN vee[aT @)

fohs

Notons . .o ' Cra e

Lk(x) nkx)'i'—"-‘ a,,xE[O 1] keN
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fividemment (L).en converge umformement (sur [0,1]) vers f¥, ¢ =0, 1, 2.
Puis, il est clair que
S Lol <L) VRSN ¥aS0.11 ot
et. .. S .. i . -
Ling{x) < Li{x), VkeN, Yx e ][0,1)
Aussi

Li(x) — Lip(x) = P, (%)~ Pn,,;,(x) + L (a' = @pq) =

R R =P,’:‘(x) _.v "k+l( ) + e N ot oos ot

s

Maxs, de (2) mous avons.|P;, (x) ,.Hl(x)] < —. T T P PP
R e P SR ST AL RUS T R

d’otr
Li(x) — Lysi(x) >0, YREeN, Yx < [0,1],
donc (Li)rex cst décroissante. Maintenant, considérons p =3, f € C:{o'u.

Alors évidemment (L;'')yey converge uniformément vers f** (sur [0, 1]). Donc,
il existe

(”’k)kENa n1<n2 <.'°-'nk_’+w: n, € N

avec
lL"l;’(x) _f'/l(x) | < k—l’ , Vx [O’ 1]’ Vi N. (3)

Notons

T,(x) = L, (%) + qfh e, Vxe<[01], Vk <N

Alors, on montre facilement (comme ci-dessus) que (7§)gen, converge uniformé-
ment (sur [0, 1] vers f“’ monotone décroissante, V7 =0, 1, 2, 3.

En raisonnant par récurrence, le corollaire résulte facilement, pour p > 1, quel-
conque, donc 'existence de la suite (S,),en, en vérifiant I) et II).

CoroLLAIRE 1. 4. ST p> 1, f = C’{o,u, il e.xiste une suite de polynomes
(F.)nex en vérifiant 1). et

IIT). (F),ex est croissante, ¥ i = 0,1,...,2.

Le corollaire 1.4. résulte immc’-diatemcnt du corollaire 1.2, ct, ¢n remplagant
dans les raisonnements précédents la suite (a,)yen par la suite b, = —a,, & =N.

(Manuscrit regu le 12 février 1981)
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.ASUPRA APROXIMARII PRIN POLINOAME IN _c{o.,]

(Rezumat)

In aceasti noti, folosind tezultatele, din [1] si {2), se demonstreazd, pentru fiecare functie

eC }o,n' existenta unui gir de polinoame (P,), .y, convergind uniform citre f, astfel ci sirul de-

rivatelor (P;), .y converge de asemenea uniform cltre f’, convergenta ambelor giruri filnd monoton

descrescitoare. Apoi, rafionind prin recurenti, se extinde rezultatul in cazu! general, f & Cfo,l‘ ,
P > 1, oarecare.
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LORENTZ FORCE INFLUENCE ON THE ANOMALISTIC PERIOD OF
ARTIFICIAL SATELLITES

VASILE MIOC and EUGENIA RADU

1. Introduection. In order to perform a qualitative analysis of the influence
of Lorentz force on the anomalistic period of an electrically charged satellite,
we shall study (as we made in [1] for the nodal period) the difference between
this period and the corresponding keplerian one, difference caused by the main
geomagnetic field, in the following approximations : R

(i) we shall consider only the dipolic part and the first term of the non-dipo-
lic part of the main geomagnetic field ;

(i) the Earth’s magnetic axis will be supposed as being identical with the
Earth’s rotation axis; : '

(iii) only the quasi-circular orbits will be considered.

2. Basie equations. The anomalistic period (7,) of an artificial satellite
is defined as being the time interval elapsed between two successive moments
when the real position of the satellite coincides with the perigee position on the
corresponding osculating orbit. It can be written in the form:

1‘,‘ = 1~0 + AT‘I’!’ (1)
where 7'y is the non-disturbed period corresponding to the osculating orbit (¢,
= osculation moment), while AT, (the difference between the anomalistic and
osculating periods) has the form [2]:

AT, =1, +1,+ I, (2)
with:
in

I, = (3[2)ps? u~ S (1 + Aeg)-1Ap dv,
[1]

n .
To= — 25 ™" { (1 + deg)=* ABeds, (3)

0

n

T

Iy = ( {9{r*(dw(dt + CAQJdt){up]/do}ady,

<

where we have used (as in the rest of this paper) the ti :

B =sinv, C = cosi, D =sin i, paper) notations : A
supplementary index ,,0” fixes th
ment [ = {y (v = v,)
factor.

= COS v,
the other notations being the usual ones.’ The
. > the values of the respective quantities at the mo-
, while ¢ is a small parameter characterizing the disturbing
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' The quantities Ap and Ae (the variations of p and ¢ in the interval [v,, )
.Ca'll ‘be'ca:lcglated f:onl: oot v,y .'".tz..:"': . 'L"'- PR AT T N AR S
Ap = S (d;b/dv)dv “pe = S (de/dv) (4)
i cgd e BHE ;1)1,‘ sl

where the essentials are given by Newton-Euler equations for the osculating
elements, written with respect to. the true anomaly [Z] As for, dw/d¢ and dQJdt,

v “As the expansmn m series. of powers of the eccentr1c1ty w111 be héed, we
can cgnmder ‘with the condition (iii), that (1 +Ae) 1’4+ nde; this approxuna.—
‘tion will also be used to the estlmate of, th,e geoceutrlc radlus vector ;- N

sinca it hone = pf(L A= Ae) = r" & p"(l - nAe) R . (5)

.. ,3: The disturbing factor. For Ap . and Ae we necd only the cxprcssmns of
the ‘radial (S) and transversal (T) components of the disturbing acceleration
[2]. It is the same w1th the expressmn of dco/dt + Cd.Q/dt necessary for the cal-
culation of Is.
“iniIn a-first Approximation, we shall consider-as a disturbing factor the dipolic
part-of the mdin-geomagnetic field. Taking into account the considerations of
Selinal [3], the two needed components of the dlsturbmg 1ccelcratlon have
the expressions ; : .

A Sy = —F R \Ju/p r-2C(1 + Ae),
I 5 27 BVT7 e o o

. PR B it o PR 1
vuth F,= ng/m Here R is the Earth’s radius. Q and m: are' respectlvely the
electrical charge and the mass of the satellite, g, is a constant coefficient cha-
racterizing the dipolic part of the miain geomagnetic field.

In a second approximation, the first term of the non-dipolic part of the
main geomagnetic field will also be considered. Now we can write: S = S, +
+ S;and T = T, + T, where §,, T are given by Equatjons (6), while S,, T,
have the expressions:

(6)

Sp=— 3F,R« Jpp r-‘CD(EA FB),

(7)
T, = 3I‘2R4 Jup r-seCDB(EA FB),

with F, = Qg.o/m. Here g, is a constant coefficient characterizing the first termn
of the non-dipolic part of the main. geomagnétic ficld. We have also used the
notations : E = cos », I = sin », where o is the argument of the perigce.

4. Results, From Newton—Euler equatlons [‘7] and. Equations (6), and. (7),
respect;ve]y Equat1on§ (4) give: e Ve

[P

“"t ‘e .‘ ‘;:‘:,:.. , _.~._ 2F Rs 0 oo A sl Ao ,.:;.'.‘ LU
PR DS PR sl 1’ /JPP c ( ) * R -N(S)-

e = Fy(Rop, JiBCold — 40,
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and: S . T P AR S A TN
" Agp = 3F(RYpo po)CoDotolEo( B — BY) + Fo(AB — A,Bo) —
— Fo(v'="7y)],
U Age = (3[2)F 5 (RYpE AfuBo)C D [2E o2

+ 21:030(.33‘ - Bg)/3_ EO(BZ - B‘z’)—'Fo( |

. IR S AP

34) + Fafv.-—0g)1 =

With Equations (8) and (9), respectively, (for I, I,), and with Newton-
Euler equations [2] (for I3, with ¢ = F, and ¢ = F, successively), Equations
(3) give:

I(ll) = GI(IOA oeo, .
I = — 2K (1 + 344¢,), (10)
Iz(il) = 2K10»

and:
I = 9K ,geo[Eof2 — EoB2 — Fod By + Fo(ve — w)),

IP = 9K, 4eq[— SE/12 4 EoB3 + Fody By + Folvy — w)], (11)
I = 3K yoE o(1/eo — 59¢4/4),
where Ko = nF,(R3u)Cy and K, = nwF (R4 up)CoDy.
Finally, by putting I;=I" 4I¥,  =7T1,3, we find from Equations (2),
(10) and (11):
AT = 9K, [E /3¢y — 29E ¢4/6 + 2F geo(ve — =), (12)

where the index ,,Q"’ signifies that the difference AT, is caused in this case only

by the interaction between the main geomagnetic field and the electrical charge
of the satellite.

(Received March 6, 7981)
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INFLUENTA FORTEI LORENTZ ASUPRA PERIOADEI ANOMALISTICE A SATELITILOR
- ARTIFICIALI
(Rezumat)

. Se stpdmz_ﬁ diferenta produsi de actiunea cimpului geomagnetic principal intre perioada ano-
malisticd si perioada kepleriand corespunzatoare in cazul unui satelit artificial cu sarcind electrica
evoluind pe o orbitd cvasi-circulari. Se deduce o expresie aproximativi a diferentei mentionate
pq::nt}:tt caz.ul in care se iau in considerare numai partea dipolard si primul termen din dezvoltarea
partii nedipolare ale expresiei potentialului geomagnetic.
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BLENDING INTERPOLATION IN CURVED TRIANGLES

I. GANSCA

The blending interpolation over triangles has been investigated for the
first time by Barnhill, Birkhoffand Gordoninthe paper [1], (1973).
Since that date several other papers (see [6]) have dealt with this subject.
The main results and many applications of this method are given in the sur-
vey-papers [2] and [3].

g Ifnpthis [no]te one [gegacralizes the scheme of interpolation from [2] page 25.

Ict O M N be the curved triangle
delimited by the segments O M, O N
and the curve (C) (figure 1} repre-
sented by equation . _Flz0)

fx) +gly) =1, (1)
where the functions f and g are con-
tinous and monotone.

In order to determine the blen-
ding function ¢ which interpolates
to a function I on the border of
curved triangle OM N (87), that is
G(x, 0) = F(x, 0) P
G0, y) = F(0, 5) (2) Fig. I
G(x, y) = F(x, ), if f(x) + g(y) = 1,

we define the projector P,F
(PF)(x, y) = fLOF[f~(1 — g(y)), y] + g(»)F[x g {1 — f(x))] 3)
and consider the projector P,F defined in [4], )

(P.F)(x, y) = F(0, y) + F(x, 0) — F(0, 0). (4)
One observes that

(BrF)(x, ) = F(x, y), if f(x) +g(y) =1

-~
R

(3539

{F(r,y)
£lz)+qly)=1

1
!
|
}
I

LN

and

(P2F)(0, y) = F(0, y)

(P.F)(x, 0) = F(x, 0).
. Easily one checks that the
15 given by the Boolean sum :

Glx, 3) = (P, ® Py)F)(x, ) = f(x) F /=11 —g(»), )] +ely) F [z g-1(1 —

— &(»), 0] — F(0, 0)} — g(»{FIo0, g-1(1 —f(x))]{+ F(}:;, 0) _UF((()' 0)}. (3)

blending interpolation function to F on 9T

§ — Matbematica 1982
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We mention the following special cases:
1. For f(x) = x» and g(y) =y one obtaines the interpolation function of

Barnhill and Gregory [1] (or [2] page 25).
2. If f(x) =(i  and gly __( ' ; a>0, b>0, that is the curve

(C) is a segment of astroid, them (5) becomes

Glx, y) = (a *F a (1 — (FJMJSP’ J ( J”“F
+F(0, 9) + F(x, 0) — F(0, 0) — (u J”’{F(o, ¥) +F[a( 1 "(%)2/3}3/2' 0] _

— F(0, 0)} [ { [o b[1 - —)”” “"]+p x, 0) — F(0, 0)} (6)

2/313/2
ST+

a

b(l——

yi

= ((¢) is an arc of ellipse), from (5)

3. In the case f(x) =% and gly) =
at

it follows
G(x, y) = —F ( \/1
+ F(x, 0) — F(0, 0) — Z—,[F(O, ) + F{a\/l —%.0) - Foo, 0)] 7)
—g—’,[zr(o, b \/1 ~Z) + Fis 0) — FO, O)J-
For a =0 =R, that is (C) is an arc of circle, from (7) it follows

Glx, 3) = }; (FJRE=%, 9) + ;yel’ (F x, T =) +

}+b,F(x, bVl————}-Z(O ) +

+ F(0, y) + F(x, 0) — F(0, 0) —i:[F(O, N+FWR=3 00— (@8

— F(0, 0)]—_ (0. =) + F(x, 0) — F(0, 0)].

4. Finally we mention the cases:

f(x) = 2* and g(y) =

or ‘
J(x) = % and gly) =

when the interpolation function (5) has the forms:

G(x, 3) = #F (JT =3, 9) + yF(x, 1 — %) + F(0, y) + F(x, 0) —
~ F(0, 0) ~ 2[F(0, y) + F(T=3, 0) — F(0, 0)] — (
— y[F(0, 1 — x?) 4 F(x, 0) — F(0, 0)],

Q0
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and respectively

G(x,y)=2F(1—5%9) +5*F (2, T—x)+
+ F(0, ) + F(x, 0) — F(0, 0) —
—x[F(0, y)+F(1—y*, 0)—F(0, 0)]—
— p[F(0, yT= %) + F(z 0) —

— F(0, 0)). (10)

By direct calculus, one obtains
the following. '

TaroreM. The interpolation ope-
rator G = Py ® P, .dcfzncd f)y (3)
with the projectors given by (2) and
(3) respectively has the property

(P, ® P)F =F, if F(x, y) = o(x) + $(»),

where the functions @ and § are arbitraly.

In other words the operator (5) reproduces the solutions of partial dife-
rential cquations C

Fig 2

%z __O

oxey
which represent surfaces shown in figure 2.

( Received March 30, 1981)

REFERENCES

1. Barnhill, R. E, Birkhoff, G, Gordon, W. J., Swmooth Interpolation in Triangles,
J. Approx. Theory 8 (1973), 114~128.
2. Barnhill, R. L, Blending Function Interpolation : A survey and Some New Resulls. Procee-
dings of the Conference on Numerical Methods in Approximation Theory, Oberwolfach, Germany,
ISNM 30, pp. 43—90 and University of Dundee Numerical Analysis Report No. 9. .
. Barnhill, R. K., Representation and Approximation of Surfaces, in Mathematical Software 111,
1977, Academic Press, Inc.,, New York— San Franscisco—I.ondon.

.Barnhill, R. E, Gregory, J. A., Polinomial interpolation to Boundary Data on Triangles,
Mathematics of Computation, 29 (1975), 726--735. -

.Barnhill, R.E, Gregory, J. A, Compatible Smooth Interpolation in Triangles, J. Approx.
Theory, 15, (1975), 214—225, ’

. N els‘o n, G. M, Thomas, D. 1, Wixom, J. A, Interpolation in Triangles, Bull. Austral.
Math. Soc., 20 (1979), 115—130.

INTERPOLARE BLENDING IN TRIUNGHIURI CURBILINII
(Rezumat)

In lucrare se generalizcazi schema de int i i i

_In lucrare s nerali schem erpolare blending din [2] pag. 25 pe triunghiul

curbiliniu din f‘lg. 1. Tunctia blending interpolatoare este dati la (3) avin]dpprgoprietzs:ea: &
(Py,@® P)F =F,’

dack F(x, 3) = o(x) + Y(3). 1O

Se prezintd cazuri particulare ale ¢

urbei (C) di i i NN s P
polatoare (5) ia formele ©, (), 8, ©) i | 1(0)) in triunghiul curbilinin OMN cind functia inter-
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BEZUGLICH EINES INTEGRALOPERATORS VOM TYP
VOLTERRA—-SOBOLEV

VIORICA MURES$AN

Die verschiedenen Probleme fiir die Differentialgleichungen des Typs Sobolev
wurden in [1], [2] und [5] behandelt. Gleichzeitig wurden auch ecinige Eigen-
schaften des Integraloperators vom Typ Volterra in {3] bekanntgemacht.

In dieser Arbeit erweitern wir diese Eigenschaften {iir cinen Integraloperator
des Typs Volterra-Sobolev und stellen dann zwei Sitze iiber die Existenz und
die Eindeutigkeit der Losung eines Problems mit Initialbedingungen auf.

1. Wir notieren I, = [a,b] X [a,b], 2 > 0. Man nimmt folgendes Problem

u,(t,x) = K(t,x,u(t,x),u(x,2))
' (1.1)
u(a,x) = f(x)
wo
(i) feClab],K €C(I; X R X R).

Das Problem mit Initialbedingungen (1.1) ist mit folgender Integralgleichung
dquivalent
3

u(t,x) = f(x) + SK(s,x,u(s,x),u(x,s)) ds. (1.2)

Man nimmt den Operator T : C(I,) — C(I;), % — Tu, der folgendermafen
definiert ist

(Tw) (t,%) = f(x) + S K(s,%,u(s,%),u(x,s)) ds, (t,%) <I,. (1.3)

a

Wir setzen voraus, dap die Funktion K die Bedingung voun Lipschitz
erfiillt
(ii) | K(2,2,00,00) — K(6,2,u5,0;) | < Ly |4y — uy| +

+ L2 lvl —~ U I: v (t;x) eIg und V H, Y € R,
1=12 wo L, L,>0.

Es gilt
SATz 1.1. Wenn die Bedingungen (i) und (ii) erfiillt sind, dann ist der Operator
T: (CI) M -le) =€), H1-1lc) vom Typ Lipschitz mit der Konstanten

a= (L, 4+ L,) (b—a); ||-|| sei die Norm von T'schebyscheff.
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Beweis. Die Norm || -]|g: C(I,) =R ist durch ||#]]|c = max | %(t, x) |

—(l. )€ I,
definiert. :
Wir haben
!
| T u(t, x) — To(t,2)| < Ly S L u(s, x) — v(s, %) | ds +
s
[

+ Lo 14(xs) = vlms) 1ds < (L + L) ¢ —a) [Iw—2llc<  (14)
S(Li+ L) (d—a) ||u—v]|le, V(%) €1,
Dann
[|Tu—Tojlg S L+ Ly) (b —a) |ju —v]]¢

und folglich ist T mit der Konstanten « = (L, + L,) (b — @) vom Typ Lipschitz
beziiglich dieser Norm. Also ist der Satz bewiesen.

Es sei in C(I,) die folgende Bieleczi-Norm [|:||pz: C(Is) — R, die durch
Hulls = Jhax | u(t, x) | e "9+ =91 Gefinjert ist, wo v € R+,

Dann gilt folgender Satz:

SATZ 1.2. Wenn die Bedingungen (1) und (ii) erfiillt sind, dann ist der ‘Operator
T: ((13(12), 1. He) = (C(L,), || .1lg) vom Typ Lipschitz mit der Kostanten
= 1(L +Ly).

Beweis. Wir haben

IT ut,x) — T (¢, x)|"< g {K(s, x, u(s, %), u(x,s)) —

= Kls, %05, %), 0(x, o)) [ ds < Ly { |uls, %) — o(s, )| ds +

¢ ¢

+ L, \ lu(x,s) — v(x,s)[ds < Ly ||u—v]||, g grle=atz=a) 4o +

a a

13
- T[(x—a)+(s—a)
tLallu—vllp O g L 4 L) [ — 0]

« (et Hr~a)) __  2(r—a) 1 _
(e ) < — Ly + Ly) | |4 — 0] | e*te-+tc=a),
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Folglich
NTu—To|lp<~(Li+L)lu—v]lg
T

. 1 .
also ist T vom Typ Lipschitz mit der Konstanten B = — (Ly+ L,), was wir

beweisen wollten.
Analog mit der Eigenschaft c) aus [3] geben wir folgendes Ergebnis

» Satz 1.3. Wenn die Bedingungen (i) und (ii) erfiillt sind, dann ist der Operator
T, neN, T": (C(Io), || -lle) = (CL:), || -|lc) vom Typ Lipschitz mit der

Konstanten a, = Ll [2(b—a) (Ly + L,)1".
n

Beweis. Mit (1.4) haben wir gezeigt, daf
ITu(t,x) — Tot,x)| < (L, + L)t —a)||w—v]]l, V(x) <l,
Ahnlich mit (1.4) kann man zeigen, daf
I Tu(x,t) — To(x8)| S (Ly4+ L) (x —a)) ||u—v]||, VY(xi) <1,
Dann
|T2u(2, x) — T2(t, x) | < S‘ |K(s, x, Tu(s, x), Tu(x,s)) —

¢ .
— K(s, x, Tv(s, x), Tv(x,s))|ds < L, S | Tu(s, x) — Tu(s, x) | ds +
t
+1, S | Tr(%,s) — To(x,s)|ds < L, S (Ly+ Lo) || —v]|g(s—a) ds +

'
(¢ — a)?

FLe { (Lot L) 1w = vile (v — @) ds = Ly (Ly + L) [ — o]l L2 +

a

+ Lo(Ly + Lyl [u=v] I (x — @) ¢ — @) < (Ly + L) [(L, + Ly) (t—a)2 +

+2 (L1+Lz) (x—a) (t—a)+(Ll+L2) (x_a)zJHu_z')HC=
= L (L 4+ L + % — 20 |[u =]l V(%) <L,

und analog
| T*u(x,4) — T*(x,1)| < i, (L1 + Lo)* (x + £=2a) | |1t — v] |, V(t, %) €1

2
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Durch vollstindige Induktion, kann man zeigen dal}

Tl D) — Tl 8) | < 5 (L L)+ % = 20 | [u — vl V62 < T

Folglich
| T u(t, x) — T"v(¢, x) | < i (Ly + L3)" (20 — 2a)" | |u — v]]c, V(i %) €1,

und dann
1T — T"lle < = (Li+ L) 2" (b — @) [[# — v]lg

Das erhaltene Ergebnis zeigt, dap T™ vom Typ Lipschitz mit der Konstanten

a, = — [2(6 —a) (L, + L;)]" ist.

nl
Weil «, — O fiir # — 00, existiert » € N so, daf «, < 1. Also ist dieser T"
cinc Koutraktion.

2. Ausgehend von den vorhergehenden Ergebnissen, erhilt maﬁ Sitze itber
dic Existenz und die Eindeutitgkeit der Losung des Problems (1.1). Es gilt

SATz 2.1. Wir setzen voraus, dap die Bedingungen (i) und (ii) erfiillt sind. Dann
hat das Problem (1.1) in C(1,) eine cinzige Losung und diese Losung kann man aus-
gehend von jedem Element aus C(I,), durch die Methode der sukzessiven Approxi-

mation erhalten.

Dasselbe Ergebnis wie in [1] kann man crhalten, wenu wir fir (1.1) Losungen
in der Menge S = {u<s C(I,)| |u(t, x) — f(x)]| <7 V(, x) € I,} suchen, in der
die Norm || - ||, definiert ist. So wird (S, || - ]|g) zu einem vollstindigen met-
rischen Raum. Dabei gilt

Satz 2.2. Wir selzen voraus, daf die Bedingungen (1) und (i) erfiillt sind.

Es sei M = sup |[K(t, %, u,v) | und 8 = min (b —a, L)
t, <1, M
{(uv)e R > R

Wir notieren A = [a, a + 8). Dann hat das Problem (1.1) in
Si={n = CA X A)| |ult, x) — f(x)] <7, V(,x) €A X A}
eine einzige Losung und diese Losung kann man ausgehend von jedem Element
aus S,, durch die Methode der sukzessiven Approximation erhalten.
(Eingegangen am 15. Juni 1981)
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ASUPRA UNUI OPERATOR INTEGRAL DE TIP VOLTERRA-SOBOLLV
(Rezumat)

In prezenta lucrare se extind proprietitile operatorului de tip Volterra date in (3] in cazul
unui operator inmtegral de tip Volterra-Sobolev, iar apoi se prezintd doud teoremc de existenfd
§i unicitate pentru o problemi cu conditii initiale.
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LIMITES DES RELATIONS DE TOLERANCE

MARIA CAMPIAN

Le but de ce travail est de définir et d’¢tudier les limites des suites généralisees
des relations de tolérance. Les définitions et les notations qu’on va employer sont
celles données dans [2].

Soit A4 un ensemble. Une relation binaire p € A X A s’appelle relation de
tolérance sur 4 (ou simplement tolérance) si elle est réflexive et symétrique, c’est-
a-dire A,Cpet p=pl ot A, ={(x, %)| x< A} est la diagonale de 4. Un
ensemble A de pair avec une relation de tolérance définie sur 4 s’appelle espace
de tolérance; il est noté (4, p).

Tout comme dans le cas de la relation d’équivalence sur un ensemble,
la relation de tolérance partage l'ensemble donné en classes de tolérance.

Si p C A X A est une tolérance sur 4 et si A’ C 4, alors A’ s’appelle
une préclasse si A’ X A’ € p. Une préclasse maximale s’appelle classe de tolé-
rance. L’existence de la classe de tolérance résulte du fait que I'ensemble de
toutes les préclasses est inductif par rapport a linclusion et par suite toute
préclasse est contenue dans une préclasse maximale.

Exemple. Soient A = g*({1, 2, 3}) = {{1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3},
{1, 2,3} et pc A x 4 défin;[e par XpY ﬁ )}{ (% %’ ;{é }(D.{Alor}s I{{z, l’}ens{embl}e
des sous-ensecmbles contenant 2, est une classe de tolérance.

En effet, K, X K, = 7, parce que l'intersection des deux ensembles quel-
conques de K, cst non vide; si l'on ajoute un nouvel ensemble & K,, il ne
va pas contenir 2 ct son intersection avec {2} sera vide. Par conséquent, K,
est maximal.

(’)bservatwns. 1) Si p = A X A est une relation de tolérance et {4, i « I}
est I'ensemble de ses préclasses, alors {4, ¢ € I} est un recouvrement de A4

et o =.~LeJxA' X A,. Particulierement, l'ensemble des classes de tolérance {C,

j € J} est un recouvrement de A4 et p=UC;xCy
i€J

2) Si{A4, i € I} est un recouvrement de 4, 4 = | J 4,, alors U4, X 4, =

= p est une relation de tolérance sur 4 et l'ensemble‘ eé S ses
. > es préclasses de -
tient 'ensemble {4,, 1 I}. P p con

3) Une relati s i Squi i
) tion de tolérance est une relation d’équivalence si et seulement

si les classes de tolérance isjoi
sont disjointes deux d ’ i
- > par deux (c’est-a-dire
Cous'r;)riimezt formé par les classes de tolérance est une p(artition de :‘:111)le e
rance &_( ,Bp) m cspa}ce de tolérance. Un cnsemble de préclasses de tolé-
i, ={B.i <1} sappelle base de Iespace (A, p) si p=UB, x B
n ensembl s i " )
ble de préclasses &,, = (B, j « J} s’appelle base minimalia de l'es-

a . .
Pace (4, p) si B, est base et si, quel que soit B; &, &, — {B;} n'est pas
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base pour (d, p). Particuliérement, & la place des préclasses, on peut considé-
rer dans la définition de la base des classes de tolérance.

On va maintenant définir, d’aprés [1], les limites d’'une suite généralisée
de familles d’ensembles. ‘ - .

Soit {4, « = D} une g-suite d’ensembles (D — ensemble dirigé). L'élé-
ment x appartient résiduellement a la g-suite (4,) si 3B = D de sorte que
x € A, pour tout « > B. L'élément x appartient {réquemment 2 la g-suite
(4,) si VB € D, Ja € D, a > B, de sorte que x € 4,.

On appelle limite inférieure de la g-suite (4,) 'ensemble des éléments qui
appartiennent résiduellement a la suite (4,); on la note par

A* = {xlx <, (Aa)}°
On appelle limite supérieure de la g-suite (4,) I'ensemble des éléments qui
appartiennent fréquemment 4 la suite (4,); on la note par
A* = {x|x €4 (4,)}
La suite {4,, « € D} converge vers A4 si
A, = A* = A.
Soit {4,, « € D} une g-suite de familles d’ensembles. On note par

=118, ={{4, « <D} 4, <@, « =D}
a€D .
le produit cartesien des familles &,, « € D. Les éléments de € sont des
g-suites d’ensembles. On va définir la limite inférieure, la limite supérieure et
la limite de la famille {@,, « € D} de la maniére suivante

@, = {lim inf 4,|(4,) = 2},
a* = {lim sup 4,[(4,) € g},
a = {lim 4,|4,). = g},

ot (4,) ct (4,), sont respectivement des g-suites et des g-suites convergentes
de €.

Soit {p,, @ € D} une g-suite de relations de tolérance sur le méme ensemble
A, ot D est un ensemble dirigé.

Tutorevme 1. La limite inférieure, la Umile supérieure et la limite d’une
g-suite de relations de tolérance sur un ensemble A sont des relations de tolérance
sur A.

Démonstration. Soit p* = lim sup {p,, « € D}. On a (x, x) € p* parce que
(x, x) € po, Yo € D, par conséquent p* est réflexive.

Si (¥, v) €p* alors Yo <D, 38 > « de sorte que (%, y) = ps, donc
(3, x) = p*, cest-a-dire p* est symétrique. On a ainsi montré que p* est rela-
tion de tolérance. On pcut montrer de la néme maniére que p* et p sont des
relations de tolérance. '
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THEOREME 2. Si @, est Vemsemble des préclasses de Uespace (A, pq) pour

« € D, alors:
1) lim sup {€, « € D} contient Pensemble des préclasses de tolérance de Ues-

pace (4, ¢*);
2) lim inf {C, « € D} est égale a I'ensemble des préclasses de tolérance de

Pespace (A, py);
3) lim {€,, « = D} est dgale & Vensemble des préclasses de tolérance de !'es-

pace (A, p).
Démonstration. Soient

€* =lim sup {€,, « € D}, p* =Ilim sup {p,, « € D},
e, = lim inf {€,, « € D}, p, =lim inf {p,, @ € D},
€ = lim {¢, « € D}, p =lim {p,, « € D}.
1) Soit (%, y) = p* donc pour Va € D, 38 € D, B > «, de sorte que
(x, ¥) € ps. Mais pg =;EJ1AE X Aj, donc (x, y) € Ah X A, B > o, et par
conséquent (x, y) € A¥ x A*, Fc"est-é-dire p* C U A* x 4*

A+*s¢C*

2) Soit (x, y) € p*, il existe donc B € D de sorte que (x, y) € p, pour
tout « > B. Mais p, = U A% x 4%, donc (x, y) = AL x AL pour « = B, et

ieJ
par conséquent (¥, y) € A, X A,, cest-d-dire p, C U A4, X 4,. Inver-
A*eC,
sément, si (v, y) € U 4, X 4,, alors il existe 4, € @, de sorte que x,y €
Aced,

€ A,, donc il existe B;, B, € D de sorte que x € A,, « 2 B, et y € 4, a 2
2 B, Soit B € D desorteque B > B,et B > B,, donc (x,y) € 4, X 4, pour « > B.
Il en résulte (x, y) € p,, « 2P, donc (x, y) € p,, c'est-a-dire |J A, X A4, Cpx

L’égalité 2) résulte des deux inclusions. st

3) On démontre I'égalité p = U.,A X A de la méme maniére que 1'égalité 2).

Aeg

TI—Iﬁ::Ol{].:).\IE 3. Si &, est une base pour Uespace (A, po), « = ), alors:

1) hm inf {8, « € D} est une base de Uespace (A, p,);

2) lim {&,, o = D} est une base de Uespace (4, o).

Démonstration. Soient &, — lim i i

. + = lim inf {&,, « € D} et & = lim {& e D

Tout comme dans le théoréme antérieur, onOl montre que B s

1) P*= U B*X B*;

Byed
2 p= U B x B.

Beg

par conséquent &, et & sont des bases pour (4, p,) et (4, p) respectivement.
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Observation. Généralement, la limite inférieure ou la limite d’ume g-suite
de bases minimales ne sont pas des bases minimales pour l'espace limite, 3
cause de la condition de minimalité.

En effet, soient 4 = {1, 2, ...,#, ...} et

B, = {{1, 2}, {1, 8}, {4}, {5}, ...},

Be= ({1, 3} (1.2 4 5. 9. )

Bom{(Lont T (L2 n 42 Gh (4o 1)

une suite de bases minimales pour la relation de tolérance p, = |J B X B,
Be&,

On a lim inf &, = {{1}, {1, 2}, {3}, ..., {n}, ...} = &, est une base pour p,,

mais elle n’est pas minimale, car (8, — {1}) est base pour p,.

(Manuscrit regu le 15 juin 1981)
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LIMITE DE RELATII DE TOLERANTA
(Rezumat)

In aceasti lucrare se definesc si se studiazi limitele $mmlor gencralxzate de relatii de toleranti.

Se aratd ci limita inferioard, limita superioard s§i lnmta unui g-gir de relagii de toleranti pe o
mulfime A sint relatii de tolerargd pe 4.
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E. J. Blums, Yu. A, Mikhailov,
R. J. Ozols, Heat and Mass Transier in
Magnetohydrodynamics, Zinatue, Riga, 1980,
355p.

The book of the well-known Soviet spe-
cialists, contains the fundamental results obtai-
ned in the field of magnetohydrodynamics (MHD)
heat and mass transier theory, presented under
the most complete and general aspects. Results
from such work have great practical applications
in giving the design engineer quantitative data
essential for the construction of cfficient fluid
handling systems.

The material of the Dbook is organized
in cight chaptors whose brief descriptions are as
follows: 1. — The MHD-flow equations and
some general considerations of thermodynamics
propertics of the fluid flow; 2. — Ylow in cha-
nuels and in boundary layer, heat transier in
one and two dimensional flow ; 3. — Iree convee-
tion flow in a vertical channel, boundary laycr
free convetion along a vertical flat plate and
horizontal circular cylinder; 4. — Counvective
mass transfer in MHD with special reference to
the flow in boundary layer over a permeable
surface; 5. — Heat and mass translier in a mag-
netizated  liquid, thermomagnetic convection,
diffusion in magnetizated liquids; 6. — “Turbu-
lent heat and mass transfer in a magnpetic field,
special features of MHD turbulent flow, local
characteristics of MHD heat and nass transfer
turbulent flow; 7. — Fundamental applications
of MHD-flow in biology and medicme; 8. —
Experimental studies of heat and mass transfer
in the field of MID.

In the opinion of the reviewer the authors’
development of topic in this book is logical and
the composition of content is excellent., The
text incorporates many of the authors’ original
contributions in the field of MHD-flow. An exce-
llent feature of the ook is that it contains an
extensive list of significant Russian and forcign
references which is liclpful for research workers.
There are many tabulated numerical results
and figures included. The mathematical analysis
1s given in close relation with the physical essence
of thg phenomenon under discussion. The many
experimental results, apparatus and practical
applications described makes the book different
from ’t‘ln'a usual text-books on MIHD-flow.

This ‘fine book is an excellent contribution
tq the subject of MHD-flow theory and can be
recommended with full confidence to all active
research workers engaged in this area.

1. POP

RECENZII

M. Csorgd and P. Révész, Strong
Approximations in Probability and Statistics,
Akademiai Kiad6, Budapest, 1981.

Cartea prezintd rezultatele recente in
problema invarianfei tari pentru sume pal:tiale
si procese empirice de variabile aleatoare inde-
pendente ;i identic repartizate, subliniind aplica-
bilitatea metodologici aproximarii tari la diterite.
probleme din teoria probabilitatilor i statisticd.
13a se adreseazii cercetitorilor din domeniul pro-
babilitagilor si statisticii, §i confine o ampld
bibliografie din acest domeniu.

Materialul este fmpiérgit in gapte capitole.
Dupi un capitol introductiv care face un istoric
al dezvoltirii teoriei principiului invariantei slabe
si tari, urmeazi alte capitole bine organizate,
care coufin tcoreme si rczultate riguros demon-
strate de largi utilitate in probabilitati sistatistica.

Capitolul 2 este dedicat celei mai bune
aproximari tari a sumelor pargiale de v.a.i.i.r.
prin procesc Wiener precum gi problema razei
de couvergentd. Capitolul este precedat de un
studiu al procesclor Wiener.

Capitolul 3 extinde rezultatele precedente
de la procese Wiener de parametru timp la sume
purtiale de v.a.i.i.r. Capitolul trateazi numai accle
proprictiiti a comportérii asimptotice ale sumelor
de v.a.ii.r. care pot li deduse prin principiul
invariantei.

Capitolul 4 contine teoreme de aproximare
tare pentru procese empirice §i procese cuautile
de v.aii.r.

Capitolul 5 extinde tegremele din cap. 4 la
procese de sume partiale $i aratd céd prin apli-
carea rezultatelor acestui capitol, teoremele relativ
la procese Browniene gi Kiefer rimin valabile
$i pentru procese empirice $i procese cuantile.
. Capitolul 6 studiazi alte procese empirice
siruri de densitdfi empirice, functii caracteristice,
d.e.regresie) cu ajutorul mctodologiei aproxima-
fici tari.

Capitolul 7 urmiireste si demonstreze ci
metodologia aproximatici tari poate fi aplicati
$i la studiul proprictigilor de convergenta slaba
§i tare a volumului aleator de sume parfiale gi
de procese empirice, obtinindu-se anumite teore-
me limita.

Cartea este de un inalt nivel stiinific,
tmt_egﬁ o temd fundamentald din teoria pro-
l{abxhtiitilor gi statistici: teoreme limiti, care
sint deduse prin principiul invariantei. Pe linga
acest aspect teoretic autorii aratd aplicabili-
tatca acestui principiu.in alte domenii ale teorici
Probabilitdtilor §i statisticii.

ELENA OANCEA
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Harro Heuser, Lehrbuch der Analy-
sis, Teil 1. B. G. Teubner, Stuttgart, 1980,
644 pag.

Analiza matematici este una dintre ramurile
de bazi ale matematicii. Conceptele gi rezultatele
ei sint folosite cu succes in muilte ramuri ale
matematicii, dar i pentru elaborarea §i studierea
modclelor matematice ale unor femomene din
diferite sectoare ale vietii social-economice. In
cursul dezvoltirii sale analiza matematicd si-a
lirgit permanent obiectul de studiu, reugind
si rezolve probleme din ce in ce mai complexe
$i devenind un instrument de lucru indispensa-
bil nu numai pentru matematicieni, ¢i $i pentru
fizicieni, chimigti, ingineri, economisti §i biologi.
De aceea studinl analizei matematice ocupid
un loc cemtral in cadrul pregitirii profesionale
a tuturor acestor categorii de specialigti.

Tratatul de analizi matematicd al profeso-
rului universitar Harro Heuser vine in ajutorul
acelora care inva{i analiza matematicd §i care
vor si dobindeascd cunostinfe temeinice in
acest domenin. In acest amplu tratat se prezintdi
in spiritul matematicii actuale toate rezultatcle
clasice ale analizei reale uni- §i multidimensio-
nale. Prezentarea materialului se face in aga
fel incit sd@ pregiteascd infelegerea comstructiilor
abstracte ale ramurilor moderne ale matematicii,
in special ale topologiei §i ale' analizei functio-
ale.

Tratatul este impértit in doud pir{i. Partea
intii, pc care o prezentdm aici, cuprinde partea
fundamentald a analizei matematice: teoria
functiilor reale de o variabili reald. Autorul
introduce axiomatic mult{imea numerelor reale,
iar apoi trece la studiul girurilor dé numere
reale. In continuare studiazi amiuuntit couti-
nuitatea, derivabilitatea si integrabilitatea func-
tiilor reale de o variabild reald. Partea intli
se incheie cu un capitol dedicat intervertirii
trecerilor la limita. .

Cartea este scrisi cu o deosebiti miiestrie
didactica §i se evidentiazi printr-o claritate
remarcabild. Pentru a asigura accesibilitatea
intregii teorii $i pentru a micsora dificultitile
pe care le intimpind cei care incep studiul mate-
maticii superioare, autorul pune mereu accentul
pe motivarea notiunilor si rezultatelor, trece
treptat de la comeret la abstract, di numeroase

explicafii, exemple si aplicatii. Este permanent
preocupat sii scoutd in relief atit efectele pozi-
tive pe care le-au avut asupra dezvoltirii analizej
matematice impulsurile primitc din  exterior,
cit si utilitatea practici a rezultatelor analizej
matcmatice. 780 de probleme intercalate iy
text oferd cititorului posibilitatea si-si verifice
cunostintele dobindite i si exerscze aplicarea lor,

Recomandim cartea cu ciildurd tuturor
studentilor care invati analiza matematici, pre-
cum si tuturor cadrelor didactice care predau
anallza matematicd in invi{imintul superior.

WOLYGANG W. BRECKNER

Theodor Brocker, Analysis In meh-
reren Variablen, B, G. Teubner, Stuttgart, 1980,
vi -+ 362 pag.

Cartea de fatii constituie un curs uuiversi-
tar ¢i a fost scrisi pe baza unor lecfii de analizdt
matematici {inute de autor. Ea este destinatd
tuturor studenfilor, care, in urma studiului
bazelor analizei matematice (in special al calcu-
lului diferential si al calculului integral al func-
tiilor reale de o variabild reald), au trecut la
studiul functiilor reale de mai multe variabile
reale.

Din multitudinea problemelor si aspectelor
pe care le ridicit teoria spatiilor euclidienc u-di-
mensionale si u functiilor definite pe muliimi
din aceste spai{ii, autorul prezintd in cele cinci
capitole ale ciirtii calculul diferential al functiilor
reale de¢ mai multe variabile reale, teoria ecua-
tiilor diferentiale ordinare, analiza pe varietiti
§i teorcmele integrale fundamentale. Intreaga
materie, asupra ciireia gi-a concentrat autorul
atentia, este riguros $i comcis expusi. LEa este
insi in permanentd ilustrati prin  exemple,
probleme gi aplicatii interesante.

Recomandim cartea cadrelor didactice de
la facultitile de matematicd ca sursi de infor-
mare in elaborarea lectiilor de analizi matema-
ticd §i de ecuatii diferentiale, precum si studen-
filor de la aceste facultifi ca material bibliografic
in vederea completirii §i aprofunditrii lectiilor
audiate,

WOLFGANG W. BRECKNLR
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I. Publicagil ale seminnriilor' de cercetare a.ulc
Facultagil de matematica (serie de preprinturi) :

Preprint 1—1980, C. Mus Eﬁ tea,
Al B. Németh, I. $erb, L PuQvu]oxu,
A. Diaconu,D. Brideanuy, D.Rlpeaqu,
Seminar of Funcfional dAnalysis and Nuownerical
Methods. .

Preprint 2— 1980, A. P4l, L. B urs,
I. Predeanu, M. Cigmaru, V. Miog,
B. Parv, M. Trifu, E. Radu, T. Oproin,
Gh. Vass, Seminar of Celestial Mecanics and
Spuce Research.

Preprint 1—-1981, 1. A,
Problem of Darboux-lonescu. .

Preprint 2--1981, A. Georgescu, Re-
cent Results in Fhaid Mechanics.

Preprint 3—1981, M. C. Alicu-Anisiu,
M. Deaconescu, I. A, Rus, Seminar on
Fixed Point Theory.

Preprint 4— 1981, A. Diaconnu, C.Ilan-
cu, C. Mustaga, AL B, Németh, L Pa-
valoiu, D. Ripianu, L Serh, Seminar
of Funcfional Analysis and Numerical Methods.

Rus, On the

11. Partielpiari In mankfestarl stilngiflee organizate
in afara facultagil

1. Cel de al 16-lea Congres Intcrnafional
de Istorie a Htiinfei, Bucurestt, 206 august — 3 sep-
tembrie 1981, organizat sub auspiciile UNESCO,
Uniunii Internagionale de fIstorie si Filozofia
stiingei 3i Academiei Republicii Socialiste Rom -
nia, sub inaltul patronaj al tovarigei academician
doctor inginer LLENA CEAUSESCU, prim
viceprim-ministru al guvernului R.S.R., presge-
din{ele  Cousiliului National pentru Stiinya g
Tehnologie.

Din partea Ilacultifii de matematicd au
fost prezentate lueririle :

Gh Chis, Pal A, Les débuts et le
développement de I'astronomic a Cluj.

N. Both, Le Séminaire
de I'Université de Cluj.

M. Tarind, Perspectives historiques et
considérations wméthodologiques sur le développe-
ment des mathématiques.

\f. Urcche, High Encrgy Cosmic Sources.

. T. Oproiu (Centrul de Astronomic si
$t'1m1,'e Spatiale), E. Vidcanu (Liceul indus-
trial ,,Clujana’), Some Considerations of the

Scientific and Instructive Signifiance of the Gno-
monics.

Mathématique

2. A f:'l—anlflnirc de lucru cu tema ,, Teoria
operatorilor”, Timisoara, 1—11 iunic 1981 (cu
participare internaionala)

§—BOLYAL MATHEMATICA, XXVII, 1982

CRONICA

De la Facultatea de matematicii s-a prezen-
tat comunicarea:

I. A. Rus, Coincidence and surjectivity.

3. Al V-lea Seminar romdno-finlandez de
Analizd complexd, Bucuresti, 28 iunie — 3 iulie
7981.

Din partea l'acultitii de matematici s-au
prezentat comunicirile ; .

P. Mocanu, D. Ripeanu, I. $erh,
The order of starlikness of certain integral opeva-
tors.

P. Mocanu, On starlike functions with
respect o simmetric  points. .

P. Mocanwu, 8 S Miller (8.U.A),
M. O. Reade (S.U.A.), Subordination preser-
ving intcgral operalors.

P. Mocanu, S S. Miller (8.U.A)),
Univalent solutions of Briot-Bouquet differential
cquations.

H. Wige¢sler,
Junctions method. .

Gr. 8. Salagcan, Subclasses of uni-
valent functions.

4. Al Vil-lea Simpozion de informatica
si conducere, Cluj-Napoca, 20—22—mai 1981

D. Oprean, Conducerea prin sistemne
informalice. ’

A. Boeriu, A, Diaconu, B. Piryv,
L. Sdcelean, 8. Petrisor, Subsistem
wnformatic pentry elaborarea orariilor intr-o institu-
fic de invdfdmint swperior. )

S. Colocviul de geometrie §i topologie, Bug-
teni, 27—29 iunic 1981.

De la Facultatea de matematicd s-au pre-
zentat comunicdrile '

P. Lnghiy, LE-conexiuni semi-simetrice si
sfert-simetrice.

V. Groze, Asupra wunor proprietdfi de
{ranzitivitate in G-plane.

1Y, R adad, Caracterizarca planelor pre-eucli-
diene peste un cimp pitagorean sau un cimp ordo-
nabil.

M. Tarind, Conexiuni invariante.

A. Vasiu, Caracterizarea grupald a unei
clase de plane Hjelmslev— Barbilian.

6. Consfdatuirea personalului wunitdfilor de
informaticd din vefeaua invdfamintului, Bragov,
27 iulic — 2 awgust 1981.

Din partea Centrului de calcul al Univer-
sitdfii ,, Babeg-Bolyai” s-au prezentat comwuni-
cirile :

Gr. Moldovan, P. Pop si R. Pop,
Pachet de programe pentri exploatarea bancii
de date a M.E.L. la nivelul §i necesitdfile inspectora-
telor gscolare judefene. R

Lxtensions of admissible
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Gr. Moldovan¥§,Gh Muresan,
T.Toadere, Sistem informatic privind inscrie-
rea §i cvidenfa studentilor.

R.Lazar,L.Cobzas,E.Munteanu
Sistem informatic pentru evidenja - mijloacelor
fize la unitdfile bugetare.

B. Parv, A.Diaconw, S.Petrisor,
L. Sicelean, A. Boeriu, Sisitem tnformatic
pentru claborarea orariilor.

1. Chiorean, D. Chiorean, Probleme
de nutrific.

7. Simpozionul national ,,Metode §i modele
structurale in fizicd si in domenii interdisciplinare”’,
Facultatea de fizicd, 25—26 septembrie 1981

De la Facultatea de matematicd s-au pre-

zentat lucrérile :

P4l A., Contribufia Observatorului. astro-
nomic la studiul atmosferei tevestre pe baza obser-
vaiilor optice ale satelifilor artificiali.

V. Ureche, T. Oproiu (C.A.8.8),
N. Lungu (I. P. Cluj-Napoca), Coeficientul de
§mpachetare gravitafionald in cazul politropilor
relativisti.

V. Ureche, Stele relativiste.

1. Stan, Modell distribufiilor in probleme
de mecanicd.

8. Colocviul nafional de mecanica fluidelor,
Brasov, 16— 18 octombrie 1981

1. Stan, Asupra unor probleme de difuzie.

I. M. Pop, Probleme de convecfie liberd
pe un cilindru circular.

T. Petrila, Model matematic pentru siu-
diul turbinelor eoliene cu ax vertical.

9. Al 111-lea Simpozion nafional de analizd
Junctionald si aplicafii, Cratova, 6—7 noiembric
1981.

Din partea Tacultitii de matematicd s-au
prezentat comunicirile :

I. A. Rus, Probleme §i rezultate in teoria
punctuha fix.

C. Mustitea, Prelungirea funcfiilor
Holder 5i citeva probleme de cea mai bund aproxi-
mare.

$t. Cobzag, Rezultate de existenta in
teoria celei mai bune aproximdyi.

A. Németh, Convexitate velalivd la un
operator subliniar cu aplicafii in optimizare.

1. Pavaloiu, Observafii asupra punctelor
Jize ale operatorilor in spafii metrice.

A. Diacounu, I. Piviloiu, Asupra
unei melode de tip Stefensen.

10. Colocviu de Mecanicd si Geometrie, Iagi,
30—31 octombrie 1981, dedicat aniversirii a

s

75 de ani de la nagterea profesorului Mende)
Haimovici.

Din partea IPacultdtii de matematici s.ay
prezentat Jucririle :

A. Pal, M. Tarini, Considerafii topolo-
gice asupra unor probleme de mecanicd cereascd.

P. Enghis, Asupra T-recurenfei unor
conexiuni semistmetrice §i sferi-simetrice.

Cu aceasti ocazie, delegatia I‘acultitii de
matematici, insofiti de numerosi participanti
la simpozion, din Bucuresti i Iagi, a depus o
coroand de flori la inormintul Profesorului
Gheorghe Bratu in cimitirul , Eternitate” din
Iagi, cu umnmitoarea inscriptie:

,Lui Gheorghe Bratu, profesor ctitor al
TFacultiifii de matematici din Cluj, omagiul si
recunogtinfa profesorilor §i studentilor acestei
facultiti, la 100 de ani de la masterea lui’.

11. Sesiunca stiinfificd dedicald aniversdrii
a 20 de ant de la infiinfarea Institutului de invd-
famint  superior, Baia Mave, 6—7 mnoicmbrie
1981

Din partea faculti{ii s-au prezentat comuni-
ciirile :

C.Iancu, I. PaAviloin, Asupra rc-
zolvdrii ecuafiilor prin interpolarc inversd de tip
Hermilte,

Gh. Pic, Despre operafiile n-arc in latici
distributive.

Gr. Moldovau, Unele proprictafi alge-
brice ale operatorilor convolutivi pozitivi.
Baldzs M., Asupra unei meclode itera-
peniru rezolvarea ecuafiilor.

I. Purdea, N. Both, Toleranfe n-tran-
zitive.

G. Goldnecer, Asupra spafiilor semiordo-
nate local pline.

V. Pop, Ajustarca datclor experimentale
prin funcfit spline. -

Gh. Micula, Melode numerice pentru
ecuafia diferenfiald implicita.

12. Sesiunea de comunicdri cu tema : ,,Ine-
galitdpi matematice’’, Sibiu, 13— 15 noiembrie 19871

Din partea Facultitii de matematicdi s-au
prezentat comunicirile

~ D.D.Stancu, Inegalitafi de tip T. Popo-
vicin §¢ G. G. Lorelz in teoria aproximarii.

I. Padviloiu, Rezlvarea ccuafiilor alge-
brice prin interpolave. :

P. Mocanu, D. Ripeann, I Serb,
Asupra stelaritifii funcfiilor Alpha-convexe.

, A. Diaconu, Asupra unor melode itera-
1ve.

tive
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blologie

filozofle

gtiinte economice
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istorie

fllologle

Ha XXVII rogy naganus (1982) Studia Universitalis Babes-Belyai WuXQINT 00 CACAY-
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Guonorus

¢unocopus

SKOHOMHYECKH® HAYXM

IOPH AMNECKH® MAaYXHM

HCTOPHA

dunonornn
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mathématiques
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biologie

philosophie
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sciences juridiques
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